
© 2019 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr                                                                    Page | 1 

Brownian motion in strongly fluctuating liquid 

Mouvement brownien en liquide fortement fluctuant 

Daniel Beysens1 
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ABSTRACT. In this paper is reported how the Brownian motion of colloids (beads) immersed in a liquid can be affected 
by the local properties of the fluid and how, in turn, it can alter them. Near- critical binary mixtures are known to exhibit 
important concentration fluctuations when nearing their liquid-liquid critical point (CP). Photon-beating spectroscopy 
measurements show that colloids immersed in such a critical mixture of isobutyric acid and water exhibit a slow-down of 
their Brownian motion due to the fluctuation-induced critical enhancement of viscosity. However, as the mixture 
temperature is brought close to the CP temperature, the fluctuations lifetime becomes large enough such that the 
fluctuations can be in turn strongly deformed by the shear flow around the colloids. Mean-field behavior, where the 
influence of fluctuations can be ignored, follows. Viscosity does not increase anymore and colloids motion ceases to slow 
down. 
KEYWORDS. Brownian motion, liquid mixture, critical point, colloïds, fluctuations. 

1. Introduction 

Brownian motion of small particles (colloids) immersed in a liquid has been studied for more than a 
century since the works of Einstein and Perrini, ii. Recently, the use of modern techniques (fast videos, 
optical tweezers) with high spatial and temporal resolution has given rise to the precise determination 
of instantaneous velocityiii-v. For the latter, the hydrodynamic coupling between the colloid and the 
fluid has been seen to dominate the dynamics of velocity fluctuations. In particular, the equipartition 
theorem is verified only if one considers the “added mass” of fluid accounting for the inertia of the 
displaced fluid in the colloid motionvi. 

Local hydrodynamics around the colloids can thus affect their Brownian motion. Hydrodynamic 
coupling is enhanced when nearing a critical point where the local fluctuations of the order parameter 
(concentration fluctuations in a liquid mixture near its miscibility critical point) affect the fluid 
resistance to flow, resulting in viscosity enhancementvii. When a colloid is immersed in a binary liquid 
near its liquid-liquid critical point, its Brownian motion can therefore be seriously affected by the 
fluctuation-induced enhancement of viscosity. However, the shear flow around the colloid can in turn 
reduce the local concentration fluctuations, resulting in saturation of the friction (see below section 
2.2). This complex hydrodynamic process disturbs the Brownian motion of colloids as shown by the 
result of photon beating light scattering experiments performed in the mixture of isobutyric acid and 
water above its critical point - where it is homogeneous. 

This paper is organized as follows. Firstly, the bases of critical point phenomena, shear flow effects 
and photon beating technique are exposed. Secondly the experimental methods are described and then 
the results are exposed and discussed. 
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2. Theoretical background 

2.1. Miscibility critical point in binary mixtures 

The vicinity of second-order phase transition (critical point) exhibit a number of universal, scaled 
behaviorviii, ix. Fluids near their liquid-vapor critical point and partially miscible binary mixtures near 
their liquid-liquid critical point (the upper point in the temperature-density or concentration phase 
diagram) exhibit the same features as they belong to the same universality class. The class 
representative is the magnetic Ising model with magnetization M as the order parameter. In binary 
fluids, M is the concentration difference c-cc, with c the concentration of one of the components and cc 
the critical concentration. This class is characterized by the dimensionalities of space D=3 and 
dimensionality of order parameter, d=1. An important aspect of the critical region is that most of the 
anomalies of the thermodynamic and transport properties can be set in the form of scaled, universal 
power laws with respect to the critical point coordinates. For instance, the correlation length of 

concentration fluctuations, , asymptotically diverges with the reduced temperature 𝜀 ൌ ்ି ೎்

೎்
 (here T is 

absolute temperature and Tc the critical temperature) along the c=cc thermodynamic path, as 

𝜉 ൌ 𝜉଴𝜖ିఔ             [1] 

Here 𝜈 is a universal exponent and 𝜉଴ is a system-dependent critical amplitude. The value of critical 
exponents depends on D. Above an upper space critical dimensionality Dc=4, the effect of fluctuations 
on divergence can be neglected, mean field approach is relevant and 𝜈=0.5. For the class of fluids 
where the space dimensionality D=3<Dc, fluctuations have to be accounted for, which renormalizes 
the exponent value to 𝜈=0.630viii, ix.  

The lifetime of concentration fluctuation corresponds to the diffusion of a component on lengthscale 
𝜉. The fluctuation indeed vanishes by a diffusion process, with a diffusion coefficient D which can be 
related to the Brownian diffusion of a cluster of size ξ vii. With kB the Boltzmann constant and  the 
liquid mixture shear viscosity, the diffusion constant then reads as  

𝐷క ൌ ௞ಳ்

଺గఎక
             [2] 

Diffusion on length 𝜉 occurs on time 𝜏 such as  

𝜏 ൌ 𝐷క
ିଵ𝜉ଶ ൌ ቀ଺గఎ

௞ಳ்
ቁ 𝜉ଷ ൌ ቀ଺గఎకబ

య

௞ಳ்
ቁ 𝜖ିଷఔ        [3] 

Shear viscosity, defined as the ratio of the shear stress to an infinitesimally small velocity 
gradient or shear flow S, the so-called Newton's law for fluids, is also affected by the coupling with 
critical fluctuationvii. Viscosity exhibits a (weak) divergence such as  

𝜂 ൌ 𝜂஻ሺ𝑇ሻ𝜖ି௒            [4] 

Here the critical exponent is Y=0.04 and 𝜂஻ሺ𝑇ሻis a thermally activated regular (background) 
contribution of Arrhenius form. With E the activation energy and 𝜂଴ the amplitude: 

𝜂஻ሺ𝑇ሻ ൌ 𝜂଴exp ሺ ா

௞ಳ்
ሻ           [5] 

2.2. Effect of shear flow 

Spatial fluctuations near the critical point can be strongly deformed by external influences like 
hydrodynamics. Shear flow alters the spatial fluctuationsvii,x when the shear-induced fluctuation 
deformation, l, during the fluctuation lifetime 𝜏, becomes larger than the fluctuation correlation length 
𝜉, that is 𝑙 ൌ 𝑆𝜉𝜏 > 𝜉, or 
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𝑆𝜏 ൐ 1              [6] 

It means that the fluctuation lifetime is large enough to “feel” the shear. The above condition Eq. 6, 
when considering the fluctuation lifetime expression Eq. 3, corresponds to having a cross-over 
correlation length, 𝜉௖, above which fluctuations become strongly deformed by shear: 

𝜉௖ ൌ ቀ௞ಳ்

଺గఎ
ቁ

ଵ/ଷ
𝑆ଵ/ଷ            [7] 

When nearing a critical point on the thermodynamic path c=cc by changing temperature, the well-
known “critical slowing down” where 𝜏 increases, ensures that the condition Eq. 6 will be eventually 
fulfilled. From Eq. 3 derives a condition on temperature, separating two regions of low and strong 
shear on both sides of 𝜀 ൌ 𝜀௖ where 

𝜀௖ ൌ ቀ଺గఎకబ
యௌ

௞ಳ்
ቁ

ଵ/ଷఔ
           [8] 

The reduction of fluctuations in the strong shear region is such that mean-field behavior, where 
fluctuations can be ignored, becomes relevant very near the CPvii,x. In other words, the upper critical 
dimensionality is lowered (to Dc= 2.4vii), below the space dimensionality D=3. As a matter of fact, 
viscosity in the mean-field approximation does not show any more a divergence and levels offvii,xi. 

2.3. Colloid Brownian motion and shear flow 

The mean value of the colloid velocity can be inferred from the equipartion theorem to be, for each 
Cartesian component of velocity: 

〈𝑉〉 ൌ ට௞ಳ்

௠∗             [9] 

In a liquid, the inertial mass of an object has to be modified by the inertia of the displaced fluidvi, 
(the so-called added mass ma) which is half of the mass of the displaced fluidvi. For a sphere of radius a 

immersed in a fluid with density f,, 𝑚௔ ൌ ଶగ

ଷ
𝑎ଷ𝜌௙. The sphere mass being 𝑚 ൌ ସగ

ଷ
𝑎ଷ𝜌௦, with 

sphere density s, the effective mass m* reads as 

𝑚∗ ൌ ଶగ

ଷ
𝑎ଷ൫𝜌௙ ൅ 2𝜌௦൯           [10] 

When dealing with spherical colloids in Brownian motion, the Reynolds number is generally very 
low (see below Eq. 18 and its evaluation), indicating that the flow is dominated by viscous effects 
around the sphere. Stokes damping can thus be successfully assumed. Hydrodynamics can be 
considered as stationary as it corresponds to a diffusive behavior over times longer than the viscous 
time 𝑎ଶ𝜌௙/𝜂2.6 ns for the colloids used here (see Table 1 for the numerical values). This time is 
much shorter than the binary liquid fluctuation time 𝜏>50 ns (values from Table 1) in the studied 
temperature range. 

The stationary velocity field around a sphere with velocity V at small Reynolds number is 
axisymmetric and is well-knownxii. In polar coordinates (r, ), the components of fluid velocity, 𝑣௥ 
along r, and  𝑣ఏ, perpendicular to r, are 

𝑣௥ሺ𝑟, 𝜃ሻ ൌ െ𝑉 cos 𝜃 ൤െ ଷ

ଶ

௔

௥
൅ ଵ

ଶ
ቀ௔

௥
ቁ

ଷ
൨         [11] 

and 

𝑣ఏሺ𝑟, 𝜃ሻ ൌ െ𝑉 sin 𝜃 ൤ଷ

ସ

௔

௥
൅ ଵ

ସ
ቀ௔

௥
ቁ

ଷ
൨         [12] 
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solution with water was added to the mixture of isobutyric acid and water. Photon beating 
spectroscopy of beads far from Tc gives a = 8.010-8 m from Eqs. 14, 15. It is implicitly assumed that 
the flow is dominated by viscosity around the colloids, as assessed by the Reynolds number <<1, see 
Eq.18.  

The binary mixture of isobutyric acid and water exhibits an upper critical point with a critical mass 
fraction of isobutyric acid cc=0.3889 and temperature Tc= 301 K [14]. A precise value is not necessary, 
as minutes quantities of impurities can shift Tc. What really matters is the temperature difference T-Tc, 
with Tc experimentally determined for each sample. The refractive index at the critical point is nc= 
1.36105 for the laser wavelength 0=632.8 nm. With a mean temperature dependence (dn/dT)  -
2.510-4 K-1 and a studied temperature range T-Tc 20K, the refractive index thermal variation n < 
510-3 and can be neglected. In the following the value n=1.361 will be used (Table 1). Concerning 
density, its temperature variation will be also neglected and the value at Tc,  𝜌௙=0.99xiv, xv is reported in 
Table 1. Isobutyric acid of quality better than 99.99 mol% was used without further purification. 
Ultrapure water from Millipore purification treatment device was used. The experimental isobutyric 
acid mass fraction used was 0.3887  0.0002, close enough to cc. 

The mixture with colloids is set in a sealed glass sample, itself put in a thermostat with temperature 
regulation to within  10-3 K. The beam of a 10 mW He-Ne polarized laser is slightly focused in the 
sample. Collimated light scattered at =90° is recorded by a photomultiplier, whose homodyne 
amplified signal is then analyzed by a correlator. The critical temperature is determined within  5mK 
by decreasing temperature step by step and looking at the phase separation process on a screen in front 
of the sample, perpendicular to the laser beam. The value Tc = (301.130  0.005) K was found. Note 
that the signal due to light scattered by colloids is more important than the signal due to the mixture 
critical fluctuations, preventing from interfering in the analysis. 

 

 

Table 1. Useful data. (a) Ref. (xx). (b) See text. (c) Ref. (xxi). 

4. Results and discussion 

The procedure to collect data is to vary temperature in logarithmic steps of the difference T-Tc in 
order to generate a uniform density of measurements when looking at the data in log-log scale. The 
correlation time data are reported in Supplementary Material. Log-log scale indeed evidences power 
laws (see Figure 2). 43 correlation times data have been obtained in the temperature range [0.019 – 
20.6] K. The use of Eq. 9 with laminar flow around the colloid and Stokes damping can be tested. 
Equation 9 gives a velocity V=3.610-2 m.s-1, using the data of Table 1. With liquid mixture viscosity 
 2.5×10-3 Pa.s. (Table 1), the associated Reynolds number is indeed very low: 

Re ൌ
ఘ೑௏௔

ఎ
  110-3           [18] 

From the correlation time 𝜏଴ an experimental diffusion constant can be obtained by using Eq. 14. 
The corresponding values are drawn in Figure 2. In the same Figure the data are compared with the 
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calculated Brownian motion diffusion constant using viscosity data, Eq. 15. Viscosity is deduced from 
the capillary flow measurements of Ref. (xvi), whose mean shear rate as estimated in Ref. (xi) leads to 
ignore the data at T-Tc< 310-2 K as corresponding to the strong shear region (see above Section 2.2). 
A fit of the viscosity data is made to Eq. 4, which allows the background contribution to D to be 
evidenced (Eq. 5). One finds 𝜂଴= (1.4220.25)10-6 Pa.s. and E= (3.0070.07)10-20 J, with a linear 
correlation coefficient R=0.999 and  𝜒ଶ=3.8910-9.  

Two regions of high and low shear are clearly evidenced in Figure 2 depending on the value of 𝑆𝜏 
with respect to 1, or equivalently T-Tc with respect to 3.5 K (see Eq. 3 and numerical values in section 
2.3, S=4.410-5 s-1). The calculated D values using the background viscosity clearly do not fit the data . 
Using the total viscosity Eq. 4, in the low shear region (T-Tc > 3.5 K), both diffusion constants take the 
same values accounting for the fluctuation- induced enhancement of viscosity with respect to 
temperature. It means that the Brownian motion of the colloids follows the viscosity enhancement, 
corresponding to an augmentation of the friction forces. The contribution of fluctuations is made 
apparent in this low shear region when one compares the values of the experimental diffusion 
coefficient with the value inferred from the background viscosity. In the high shear region (T-Tc < 3.5 
K), the experimental diffusion constant saturates, in relation with the fluctuations deformation leading 
to a saturation of the viscosity enhancement. In other words, mean-field where the influence of 
fluctuations is disregarded becomes relevant, as noted in Section 2.2. 

It is interesting to compare those data with other data obtained with PTFE (Teflon) microspheres of 
1.15 µm radius immersed in the same isobutyric critical mixture at critical concentrationxvii. The data 
have been analyzed to determine viscosity assuming Eqs. 14, 15. Eight data have been obtained in the 
range T-Tc = [0.6 - 6.8] K. The transition high-low shear is expected to occur at T-Tc=0.06 K, well 
below the investigated temperature range.  

It is worthy to note that, in contrast to other colloids immersed in different liquid mixtures (e.g. 
silica beads in lutidine-water mixturesxviii, xix), no colloid aggregation phenomena nor preferential 
component adsorption were observed onto the colloids. The latter would have increase a, that is, 
decrease D, an effect in opposition to the saturation effect observed in Figure 2.  
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Figure 2. Temperature dependence of the diffusion constant D (log-log plot) as obtained from the 

experimental correlation times (open circles, exp.), Brownian motion diffusion constant using full viscosity (Eq. 

4) from Ref. (xvi) (interrupted line, calc.) or using only background viscosity from a fit to Eq. 5 (see text; dotted 

line, back.). The full line is a smoothing function of the data. 

5. Concluding remarks 

Photon beating light scattering experiments as described in this paper show that the Brownian 
motion of colloids (beads) immersed in a liquid is closely related to the hydrodynamics around the 
colloids. This behavior is highlighted in a near-critical liquid mixture which undergoes large 
concentration fluctuations. In such a liquid, diffusion of immersed colloids is indeed seen to be 
sensitive to the augmentation of viscosity related to the critical enhancement of concentration 
fluctuations. However, as the liquid mixture is brought close enough to the critical point where 
fluctuations increase, it turns out that the concentration fluctuations are altered by the shear flow 
around the colloids. It follows a deformation of fluctuations and a saturation of the viscosity 
enhancement, resulting in a mean-field behavior which ignores the effect of fluctuations. Such results 
show that the Brownian motion of particles in a dense fluid can either reflect the fluid properties or 
modify them or both.  
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