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RÉSUMÉ. Une méthode de pénalisation visqueuse est utilisée pour simuler l’interaction des sphères et le fluide porteur
en utilisant des simulations numériques directes avec particules résolues. Une méthode originale a été développée et vali-
dée afin d’extraire de ces simulations les forces hydrodynamiques et les transferts de chaleur sur des frontières immergées
représentant les particules grâce aux extensions Aslam (2004). Cette méthode est une amélioration d’un travail précédent
basé sur les extrapolations de Lagrange (chadil 2018). Des comparaisons entre ces deux approches sont conduites pour
différents écoulements incompressibles, tels que l’écoulement autour d’une particule isolée à différents nombres de Rey-
nolds et l’écoulement autour des sphères compactées dans des arrangements mono- et bi-dispersés cubiques à faces
centrées.
ABSTRACT. A viscous penalty method is used to simulate the interaction between spheres and flows with Particle-
Resolved Direct Numerical Simulations. An original method has been developed and validated in order to extract from
these simulations the hydrodynamic forces and heat transfers on immersed boundaries representing the particles thanks
to Aslam extensions [3]. This method is an improvement of a previous work based on Lagrange extrapolations [6, 7].
Comparisons between these two approaches are considered on various incompressible motions such as the flow around
an isolated particle at various Reynolds numbers and flows across packed spheres under Faced-Centered Cubic mono-
and bi-disperse arrangements.
MOTS-CLÉS. Particule résolue, coefficient de traînée, nombre de Nusselt, extension d’Aslam.
KEYWORDS. Particle-Resolved, Drag Coefficient, Nusselt number, Aslam extension.

Introduction

Fluid/Solid flows are widely encountered in nature as well as in various industrial processes. Among
the wide variety of applied problems, we can cite volcanic eruptions [4, 11], oil refining, blast furnaces or
chemical looping combustion [1, 23, 26], fluid catalytic cracking reactors [2], gas phase polymerization
reactors [16] and fluidized beds [27, 40]. Their modeling and simulation at the application scale are
generally based on statistical approaches where macroscopic Eulerian-Eulerian or mesoscopic Eulerian-
Lagrangian models (the average interphase transfer of momentum and energy between the fluid and the
particles) are needed to be modeled.

Numerous well-known drag force laws are classically used in large scale models. The most popular
are Schiller and Naumann [31] correlation for a single sphere whereas for fixed and fluidized beds of
spheres, the correlations proposed by Ergun [14] and Wen and Yu [42] are often utilized. Heat transfers
have also extensively been modeled for a single sphere using Ranz and Marshall [29] correlation, as well
as for random arrangements of spheres with Gunn [17] law, to name the most famous of them.

Particle-Resolved Direct Numerical Simulation (PR-DNS) has been the privileged tool of many resear-
chers in order to model unclosed terms in macroscopic statistical equations. Many numerical approaches
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have been developed to perform PR-DNS of gas-solid flows. These can be classified in two types of ap-
proaches. The first one rely on body-fitted mesh to impose boundary conditions at particle surface. Many
codes use this technique, as for instance AVBP code [32] used by Massol [25] to conduct his work. The
second type of approaches is called Fictitious domain methods. They employ a fixed Cartesian grid in
the whole domain, where each phase is located thanks to phase or color function C = 1 in the solid
phase and C = 0 in the fluid phase. It is utilized in Lattice Boltzmann approach [5, 18, 19, 21, 22].
Another class of very popular fictitious domain method for handling finite-size particle on fixed meshes
is the Immersed Boundary Method (IBM) [12, 35, 38, 39, 41, 44]. The approach used in this work is the
Viscous Penalty Method [9, 40]. We have recalled here the most used methods in the literature.

The treatment of the fluid/solid interface in Navier-Stokes equations results in contaminated solution
fields that do not correspond to unmodified Navier-Stokes equations. Tenneti et al. [36] proposed what
they called the PUReIBM method where the immersed boundary (IB) forcing is restricted to the Eulerian
grid points that lie in the solid phase, ensuring that the flow solution in the fluid phase is uncontaminated
by the IB forcing. This allows them to easily compute drag forces [36] and heat transfers [33, 37]. In
the case of VPM that we consider, we proposed, in a previous work [7], a Lagrange extrapolation for
the drag force computation in order to reach the uncontaminated fluid area far from the particle/fluid
interface ensuring in that way accurate results for drag coefficients. This method was used also in the
heat transfer computation [6], and extended to ellipsoidal particles [8].

The purpose of this work is to propose an original alternative to Lagrange extrapolation in the hydrody-
namic force and heat transfer computation in order to avoid contaminated solution of the Navier-Stokes
equations near the solid-fluid interface. This original method is based on Aslam extension [3] to extra-
polate velocity, pressure and temperature from the uncontaminated fluid area to the interface.

This paper is structured as follows. In section 1, the model and numerical methods used in the VPM
are briefly recalled and a description as well as a validation of Aslam extension are detailed. Thereafter,
section 2 is devoted to setting up Aslam extension numerical parameters and estimating drag and Nusselt
coefficient for uniform flows around an isolated sphere and comparing them to those given by Lagrange
extrapolation in order to assess the improvements made by Aslam extension. The same study is presented
in section 3 for flows through fixed arrangements of mono- and bi-dispersed spheres. Conclusions are
finally drawn in section 4.

1. Numerical Methodology

1.1. Conservation equations

As explained by [9, 40], the motion equations describing incompressible two-phase flows that involve
a carrier fluid and a solid particle phase are based on the one-fluid model. Their formulation is given by :

∇ · u = 0 [1]

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+ ρg +∇ · [μ(∇u+∇tu)

]
[2]

ρCp

(
∂T

∂t
+ u · ∇T

)
= ∇ · (kf∇T ) [3]
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where u is the fluid or solid velocity, p the pressure, T the temperature, t the time, g the gravity vector,
ρ, μ, Cp and kf respectively the density, the viscosity, the specific heat and the thermal conductivity of
the equivalent fluid depending on a local solid fraction C . This phase function is obtained by projecting
the shape of the particles on the Eulerian fixed mesh. The advection equation on C is not reported in the
one-fluid model as only fixed particles are considered in the present work.

1.2. Fictitious domain approach and viscous penalty method

In the present work, fixed staggered Cartesian grids are used to discretized both fluid and solid media.
The particles are viewed as fictitious domains sliding with their own Lagrangian surface mesh onto the
fixed mesh used to solve the conservation equations (1-3). The details of the viscous penalty method and
fictitious domain approach considered here are provided in [7, 28, 40].

In a first approach, only motionless particles are considered in this work. On a numerical point of view,
they are fixed by imposing the velocity of the Eulerian cells near their centroids to zero, and the viscous
penalty method propagates the zero velocity in the whole solid medium. The particle temperatures will
be considered constant over time, they are imposed at a fixed value in the whole solid medium also thanks
to a penalty method used in the energy equation (3) [20].

1.3. Drag force and heat flux computation using Aslam extension

As mentioned in the introduction, the aim of this work is to propose an original method to compute
the hydrodynamic force F and the heat flux Qp of a particulate flow from the velocity, pressure and
temperature fields extracted from PR-DNS simulations. They are given by :

F =

∮
S

σ.n dS and Qp =

∮
S

−Kf ∇T · n dS

The computation of F and Qp consists in discretizing the particle surface S on a set of N elements called
Lagrangian mesh (see figure 1), such that :

F ≈
N∑
l

σl.nl dSl and Qp ≈
N∑
l

−kf (∇T )l · nl ΔSl [4]

where kf is the thermal conductivity, σl and (∇T )l are the fluid stress tensor and the temperature gradient
located at the lth element center Cl, nl is the ongoing normal to the lth element and ΔSl its area.

When nl and ΔSl are easily deduced from the nodes coordinates of the lth element, getting the stress
tensor σl and the temperature gradient (∇T )l at the lth element center Cl is not straightforward when
viscous penalty method is used to simulate fluid-solid flows. Indeed, velocity, pressure and temperature
values, solution of Eqs (1-3), are inaccurate in the Eulerian cells cut by the interface [6, 7]. To address this
numerical issue, a Lagrange extrapolation coupled to a Taylor interpolation of third order was proposed
to extrapolate the stress tensor [7] and the temperature gradient [6] from the fluid area far from the
interface to the Lagrangian mesh (see figure 1). This approach was fully detailed and validated in [6, 7].
These validations showed the efficiency of the method in the computation of the drag force and heat flux.
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Figure 1. Details of a 2D discretization of the particle surface S and extrapolation points Pi of the third
order Lagrange method used in drag force and heat flux computation.

Indeed the drag coefficient and the Nusselt number, both given bellow, were found in good agreement
with many reference results of the literature.

The force and heat transfer coefficients at the particle surface are defined as follows :
— Drag coefficient :

Cd =
|F|

1
2ρŨ

2Ap

[5]

where Ũ = |U∞ex −Up| is the relative velocity between the particle and the fluid velocity at infi-
nity, U∞ex is the fluid velocity in the mean flow direction far from the particle, Up is the particle

velocity, ν is the fluid kinematic viscosity and Ap =
π

4
d2 the cross-sectional area of the particle.

— Nusselt number :

Nu =
Qpd

kf (Ts − Tf )Sp
[6]

where Qp is the heat flux, kf the thermal conductivity and Sp = πd2 the area of the sphere. The
temperatures of the particle and the fluid are respectively Ts and Tf .

By using the Lagrange extrapolation coupled to the Taylor interpolation of 3rd order, some oscillations
were observed in the distribution of both the pressure coefficient given in the spherical system (see the
figure 2) by :

Cp(θ) =
p(θ)
1
2ρU

2∞
[7]

and the local Nusselt number

Nuloc(θ) =
−∇T · n d
(Ts − Tf )

[8]

especially at low Reynolds number [6, 7]. These oscillations could be an explanation of some differences
observed between our results and literature references, even if these oscillations were observed only for
a few cases among the multitude conducted in [6, 7] .

Another way to extrapolate the velocity, pressure and temperature from the fluid area ,where they
are not contaminated by the viscous penalty, to the region containing the interface, is proposed here to
improve the accuracy of the current hydrodynamic force and the heat flux computations results. It is
based on Aslam extensions [3].
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Figure 2. Spherical coordinate system around a particle. The flow direction is represented by the undis-
turbed velocity U∞.

Description of Aslam extension

Lets consider a sphere of diameter d circumscribed by a surface S, and a domain Ω divided in three
sub-domains as illustrated in Fig. 3 :

— Ω1 the area inside the sphere of radius (
d

2
−Δx), where Δx is the Eulerian cell mesh size.

— Ω2 the area outside the sphere of radius (
d

2
+ δ). This is the region where the velocity, pressure and

temperature are not contaminated by the viscous penalty. δ is then the distance between Ω2 and the
interface.

— a band B bounded by the surfaces of the two sphere of radius (
d

2
−Δx) and (

d

2
+ δ) respectively.

It contains the interface S. It is represented as the grey area in Fig. 3.

Figure 3. Details of the domain subdivision for Aslam extension [3]

Consider also a function g defined in Ω2. For example, g is a velocity component or the pressure used
to compute the hydrodynamic force or either the temperature utilized to estimate the heat flux coefficient
at the particle surface. Applied to these quantities, the Aslam extension [3] consists then in extrapolating
g from Ω2 to B by solving a series of advection equations given by [9].
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Assuming a signed distance level set function ψ is available on B (ψ > 0 inside the particle), a normal
field to S inside the band can be defined as :

n =
∇ψ

||∇ψ||
In our approach and for a particle of any form, ψ is computed by a Ray-casting Method [30] based on
the use of the Lagrangian mesh describing the particle surface S. However, for a spherical particle of
diameter d and centred in x0, n and ψ are given by :

∀x ∈ B n =
x− x0

||x− x0|| ψ =
d

2
− ||x− x0||

To perform a mth order Aslam extrapolation, the equations [9] are successively resolved for decreasing
values of k = m,m− 1, ..., 1 :

∂gk
∂σ

+H∇gk · (−n) = gk+1 [9]

where σ is a fictitious time, H is a Heaviside function defined by :

H(x) =

{
1 if x ∈ B
0 otherwise

and gk is the projection on the normal field of the kth order differential of the function g :

g1 = g

g2 = ∇g1 · (−n)

g3 = ∇g2 · (−n)
...

gm = ∇gm−1 · (−n)

gm+1 = 0

these derivatives are computed in Ω2 using a second-order upwind finite difference scheme :

(gk)i =
3(gk−1)i − 4(gk−1)i−1 + (gk−1)i−2

2sgn(ni)Δxi
ni [10]

Using an upwind scheme rather than a Central finite difference scheme as proposed in Aslam [3]
allows the use of the same Heaviside function H for all m equations [9] resolved for the mth order
Aslam extension, and not a specific Heaviside function Hk for each equation as proposed by Aslam [3].

The equations [9] are resolved until steady state is reached, using a first-order upwind finite difference
scheme for the time derivative and a second-order TVD "SuperBee" scheme [34] for the space derivative.
It is worth noting that when the steady state is reached in the B band, g verifies in B :

∇gm · (−n) = 0

∇gm−1 · (−n) = gm
...

∇g2 · (−n) = g3
∇g · (−n) = g2
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Once the velocity and pressure fields for hydrodynamic force computation and temperature for heat
flux computation, are extrapolated in the band B using the mth order Aslam extension, the stress tensor
and the temperature gradient are computed in B and then interpolated onto the Lagrangian mesh using a
mth order Taylor interpolation which was fully detailed in [7]. This interpolation is formulated as :

g(Cl) =
m−1∑
|α|=0

1

α!

∂αg

∂xα
(E)(Cl −E)α +O(||Cl −E||m)

where α = (α1, α2, α3) ∈ N
3 is the sum multi-index and E denotes the nearest Eulerian point to the

point Cl, as illustrated in Fig. 4 for a third order Taylor interpolation.

Figure 4. Details of Taylor interpolation points for drag force/heat flux computation at point Cl of the
surface Lagrangian mesh. E is the nearest fluid point to the particle/fluid interface. The crosses represent
the discrete compact support of the fluid points required for a 3rd order Taylor interpolation.

Validation of Aslam extension

To validate these extension we used the same example as Aslam [3] i.e. a [−π, π]2 2D domain with a
particle located at the center of the domain and a function g to be extrapolated given by :

g(x) =

{
cos(x1) sin(x2) if ψ(x) > 0 (i.e. inside the particle)
0 otherwise

In this example the function g is defined inside the particle i.e. in Ω1. It has to be extrapolated in the
band B as illustrated in Figure 5.

This example was extended to non-spherical particles, with an ellipse and a square. Figure 6 shows the
contours of g inside (a) a circle, (b) an ellipse and (c) a square which will be extrapolated in B i.e. the
delimited white zone outside the particle, using equations [9].

The function g is extrapolated using Aslam extension, i.e. resolving equations [9], for four different
orders :

— Constant Aslam extension m = 1 : it consists in resolving equation
∂g

∂σ
+H∇g · n = 0 in B until

g reaches a steady state i.e.
∂g

∂σ
= 0, i.e.

∂g

∂n
= ∇g · n = 0, which means that extrapolated g is

constant on the normal direction to the particle surface in the extrapolation region B as illustrated
in Figure 7.
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Figure 5. Details of the Aslam extension validation example.

(a) (b) (c)

Figure 6. Contour (with a 0.2 increment) of the initials conditions of g for Aslam extension from : (a) a
circle, (b) an ellipse and (c) a square.

(a) (b) (c)

Figure 7. Contour (with a 0.2 increment) of the function g extrapolated using Constant Aslam extension
(m = 1) from : (a) a circle, (b) an ellipse and (c) a square.
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— Linear Aslam extension m = 2 : it consists in extrapolating the first normal derivative g2 =
∂g

∂n
from Ω1, where it is computed from g using [10], to the band B using Constant Aslam extension.

Then g is extrapolated from Ω1 to B by resolving equation
∂g

∂σ
+H∇g · n = g2 until g reaches a

steady state. An illustration of such function is given in Figure 8 where one can observe that g is no
more constant on the normal direction to the particle surface in B (∇g · n = g2).

(a) (b) (c)

Figure 8. Contour (with a 0.2 increment) of the function g extrapolated using Linear Aslam extension
(m = 2) from : (a) a circle, (b) an ellipse and (c) a square.

— Quadratic Aslam extension m = 3 : it consists in extrapolating the second normal derivative

g3 =
∂g2
∂n

=
∂2g

∂n2
from Ω1,where it is computed from g2 using [10], to the band B using Constant

Aslam extension. Then, g2 is extrapolated using Linear Aslam extension with g3 as second member

of the extrapolation equation. And finally g is extrapolated by resolving in B ∂g

∂σ
+H∇g · n = g2

until g reaches a steady state. In Figure 9, the extrapolated part of g seems to converge toward the
initial function g. Note that the incoherent values of the extrapolated g in the corner region for the
square case are the consequence of the fact that the normal is unknown in this region.

(a) (b) (c)

Figure 9. Contour (with a 0.2 increment) of the function g extrapolated using Quadratic Aslam extension
(m = 3) from : (a) a circle, (b) an ellipse and (c) a square.

— Cubic Aslam extension m = 4 : it consists in extrapolating the third normal derivative g4 =
∂g3
∂n

from Ω1, to the band B using Constant Aslam extension. In a second step, g3 is obtained using
Linear Aslam extension with g4 as second member of the extrapolation equation. Then g2 is extra-
polated using Quadratic Aslam extension with g3 as second member of the extrapolation equation.

Finally g is approximated by resolving
∂g

∂σ
+H∇g · n = g2 until g reaches a steady state. The

results obtained with this extrapolation are illustrated in Figure 10.
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(a) (b) (c)

Figure 10. Contour (with a 0.2 increment) of the function g extrapolated using Cubic Aslam extension
(m = 4) from : (a) a circle, (b) an ellipse and (c) a square.

A convergence study was conducted for these four Aslam extension orders using the relative error, in
the band B, between exact g values and those obtained with extrapolation Aslam procedures. It can be
observed in Figure 11 that these errors are always small (from 0.1 to 10−8 %), and that the expected
orders are found for extensions of the circle and the ellipse shape. However, in the case of an extension
from a square surface, the order could not be reached because of the inaccurate values in the region near
the square corner, where the normal to the surface is not defined.

(a) (b) (c)

Figure 11. Convergence orders in 2 dimensions for Aslam extension from : (a) a circle, (b) an ellipse and
(c) a square. ( ) m = 1, ( ) m = 2, ( ) m = 3 and ( ) m = 4.

The exact same study was conducted for three dimensional cases. Indeed, a [−π, π]3 3D domain with
a particle (sphere, ellipsoid, cube) located at the center of the domain and a function g to be extrapolated
are considered here to validate Aslam extension in 3D. Now, the function g is defined by :

g(x) =

{
cos(x1) sin(x2) cos(x3) if ψ(x) > 0 (i.e. inside the particle)
0 otherwise

Figure 12 shows that, similarly as in the 2D cases, the expected extension orders are found for the
sphere and the ellipsoid, even if the relative errors are two order of magnitude greater than in 2D cases.
As for the 2D case, the non-definition of the normal to the cube in the vicinity of its corners lead to
inaccurate values of the extrapolated function in the region near to these corners. This explains the errors
behavior that makes the extension order computation impossible in this case.
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(a) (b) (c)

Figure 12. Convergence orders in 3 dimensions for Aslam extension from : (a) a sphere, (b) an ellipsoid
and (c) a cube. ( ) m = 1, ( ) m = 2, ( ) m = 3 and ( ) m = 4.

2. Isolated stationary sphere past by a uniform flow

The aim of this work is to assess how Aslam extension could improve the computation of the hydrody-
namic force and the heat flux compared to the results obtained using Lagrange extrapolation. To do that,
we conducted the same simulations carried out in [6, 7] to validate the force and heat transfer computa-
tion using Lagrange extrapolation. The first case considered here is a forced convection by uniform flow
past a hot stationary sphere, illustrated in figure 13. All the details and description of this problem are
reported in [6, 7].

Figure 13. Streamlines and temperature field for a uniform flow past a sphere at Re = 100.

2.1. Drag force computation

Following the steps of the study of the drag force computation using Lagrange extrapolation [7], we
will first determine how far we have to go from the particle to reach uncontaminated velocity and pressure
of the fluid to extrapolate them to the interface in order to get accurate values of drag force. The effect of
Aslam extrapolation order will be studied at the same time on these values. Moreover, some perturbations
were observed in the local pressure distribution on the particle surface in [7]. We will see how Aslam
extension could prevent these oscillations. Finally, we will compare the drag coefficient values computed
with Lagrange extrapolation [7] with those computed with Aslam extension.
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Effect of the extrapolation distance δ

One of the main drag force computation parameter using Lagrange extrapolation, studied in [7], was
the distance (δ) between the particle and the first point of extrapolation P1 (see Figure 1). Indeed, as
reported in [7] and as illustrated in Figures (14 a) at Stokes regime and (14 c) atRe = 100, the drag force
values, computed using Lagrange extrapolation, are inaccurate for δ ≤ 1. This is due to contaminated
values of velocity and pressure induced by the viscous penalty method [9] in the Eulerian cells cut by
the interface. The study of the effect of this distance δ (illustrated in Figure 3) is conducted for drag
force computation using Aslam extension as well. The Figures (14 b) (14 d) show that, in order to get
an accurate drag force using Aslam extensions, a third order is required. Therefore, for the rest of this
work, a third order Aslam extension coupled with a third order Taylor interpolation will be used in
the drag force computation. One can also observe in these figures that the distance to go far from the
interface is reduced to δ = 0.5 with Aslam approach. One possible explanation of this improvement is
that, it is actually the pressure and the velocity that are extrapolated by Aslam extension in the drag force
computation rather than the stress tensor components, i.e. the gradients of these variables, as it is the case
when the Lagrange extrapolation is used. Indeed, the stress tensor is computed using centered difference
schemes which utilizes contaminated values of velocity and pressure for δ ≤ 1 (and even solid values for
δ = 0). On the other hand, extrapolating directly the velocity components and the pressure using Aslam
extension and then computing the stress tensor from these extrapolated values reduces the distance to
which how far we have to move away from the particle to reach accurate drag force values.

(a) (b)

(c) (d)

Figure 14. Drag force relative error (%) for the uniform flow past a sphere in Stokes regime (a) for
Lagrange extrapolation and (b) for Aslam extrapolation and at Re = 100 for (c) Lagrange extrapolation
and (d) Aslam extrapolation. Different extrapolation orders are considered : ( ) first, ( ) second, ( )
third, and ( ) fourth order. The distance between the first Eulerian point used to extrapolate forces and
the particle surface is δ.
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Pressure coefficient

The analysis of local pressure profiles in [7] was used to better understand the behavior of the pressure
on the sphere depending on the Reynolds number. The local pressure coefficients are defined by equation
[7] in a spherical coordinate system (see figure 2).

The pressure coefficient distribution according to θ was compared in [7] to some available body fitted
simulations results conducted by Magnaudet et al. [24], Dennis and Walker [13], LeClair et al. [10] and
Massol [25] at different Reynolds numbers. The results are presented in Figures (15 a), (15 c) and (15 e)
for Re = 1, 10, 100 respectively.

(a) (b)

(c) (d)

(e) (f)

Figure 15. Pressure coefficient for a uniform flow past an isolated sphere at Re = 1 : (a) for Lagrange
extrapolation, (b) for Aslam extrapolation, Re = 10 : (c) for Lagrange extrapolation, (d) for Aslam
extrapolation, Re = 100 : (e) for Lagrange extrapolation, (f) for Aslam extrapolation. ( ) Dennis et al.
[13], ( ) Magnaudet et al. [24], ( ) LeClair et al. [10], ( ) Massol [25], and ( ) present work.

It is well-known that, for this range of Reynolds number, the flow is symmetric with respect to its
direction, as illustrated in Figure 16. Therefore, the pressure coefficient distribution must be the same for
all the polar angle (β) plans, translating by that the flow symmetry. This expected behavior was mostly
observed when Lagrange extrapolation was used in the drag force computation [7] (see Figures (15 a),
(15 c), (15 e)). However, some local pressure values diverge from the expected ones, especially for low
Reynolds number (Re = 1, 10) as illustrated in Figures (15 a), (15 c).

The use of Aslam extension in the drag force computation seems to reduce the pressure oscillations,
which is a good point of the method, although only few pressure points exhibited values far from expected
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Figure 16. Streamlines and temperature field for a uniform flow past a sphere at Re = 100.

ones when Lagrange extrapolation is used. Indeed, the same distribution of the pressure coefficient is
observed for all β plans in Figures (15 b), (15 d), (15 f).

Drag coefficient

The last step in the study of drag force computation, using a third order Aslam extension, is devoted
to the drag coefficient, given by the Eq[5] and extracted from PR-DNS. It is compared to Schiller and
Naumann [31] correlation for a wide range of Reynolds number (Re = 0.1− 290). This comparison was
conducted in [7] when the drag force was computed using Lagrange extrapolation.

Figure 17. Drag coefficient for uniform flow past sphere at different Reynolds number : ( ) Schiller and
Naumann [31], ( ) present work using Aslam extension and ( ) using Lagrange extrapolation.

Figure 17 shows the good agreement of our results with Schiller and Naumann [31]. It also shows that,
at least for this particular case, the drag force computed using Aslam extension is quite the same than the
one computed using Lagrange extrapolation. Indeed, as it has been discussed earlier, Aslam extension
improvement was the reduction of the distance δ to go away from the particle to get accurate drag force,
and the correction of the few inaccurate values of the pressure on the particle surface. In the case of
an isolated sphere the distance δ does not affect the outcome of the drag force as soon as the accurate
value is found whatever the force calculation method used (Lagrange extrapolation or Aslam extension).
On the contrary, in the case of arrangement of spheres which will be discussed in the next section,
the distance δ will be an important parameter especially for high solid volume fraction. Moreover, the
number of inaccurate pressure values in the pressure coefficient distribution is not important enough to
really influence the total drag force in the present case of an isolated sphere.
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2.2. Heat transfer computation

The effect of choosing δ is now considered with respect to the heat transfer computation. This effect
is estimated using the local Nusselt number computed using a third order Aslam extension [3] coupled
to a third order Taylor interpolation, followed by a comparison of this local Nusselt number distribution
to the one computed using Lagrange extrapolation [6]. Once the parameter δ is set, the global Nusselt
number for the problem of a uniform flow past a hot sphere is compared to the correlations given by
Ranz and Marshall [29], Feng and Michaelides [15] and Whitaker [43].

Effect of the extrapolation distance δ

To study the δ effect, the local Nusselt number distribution was compared to the one provided by
Massol [25] thanks to body-fitted PR-DNS results atRe = 100. As previously explained for the pressure
coefficients, this distribution is also expected to be symmetric with respect to the flow direction, as
illustrated in Figure 16.

(a) (b)

(c) (d)

Figure 18. Local Nusselt coefficient for a uniform flow past an isolated sphere at Re = 100, as function
of the azimuthal angle θ at δ = 0 : (a) for Lagrange extrapolation, (b) for Aslam extrapolation, δ = 1 :
(c) for Lagrange extrapolation, (d) for Aslam extrapolation. ( ) present work, ( ) Massol [25].

The local Nusselt number computed for δ = 0 does not reflect the flow symmetry neither for the
one computed using Lagrange extrapolation ( see Figure 18 a) nor the one computed using Aslam
extension (see Figure 18 b), even if the latest improved sensibly the result with lower amplitude of
Nusselt oscillations. Indeed, the error between our result (Nuloc) and Massol’s (NulocMassol) given by∑N

i=1 | (Nuloc)i − (NulocMassol)i |∑N
i=1 | (NulocMassol)i |

(illustrated in Figure 19) is about 25% for Lagrange extrapolation and

less than 15% for the Aslam extension. This error decreases as the distance δ increases until being lower
than 10% for δ ≥ 1 in case of Lagrange extrapolation use, and about 5% in the case of Aslam extension
use for δ = 1 as illustrated in Figure 19. Moreover, Figures ( 18 c) and ( 18 d) show the distribution of the
local Nusselt number for δ = 1 with respectively Lagrange and Aslam extrapolations and they show also
that Aslam extension improves the Heat transfer computation with an almost symmetrical distribution of
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the local Nusselt number for δ = 1. Therefore, the extrapolation distance will always be δ = 1 in the rest
of the present work.

Figure 19. Local Nusselt number relative error compared to Massol’s result [25] as a function of the
extrapolation distance δ : ( ) using Aslam extension and ( ) using Lagrange extrapolation.

Nusselt number

After setting up the numerical parameter for the heat transfer computation, the Nusselt number obtained
when considering a uniform flow past a hot fixed sphere is computed using Aslam extension and compa-
red to the values computed using Lagrange extrapolation [6] and to some of the existing correlations of
the literature.

Figure 20. Nusselt coefficient for the uniform flow past a hot sphere at various Reynolds numbers : ( )
Ranz and Marshall [29], ( ) Feng and Michaelides [15], ( ) Whitaker et al.. [43], ( ) present work
using Aslam extension and ( ) using Lagrange extrapolation.

Figure 20 shows the good agreement of our results to correlations, with clear improvement when Aslam
extension is used to compute the Nusselt number. Indeed, unlike the drag force computation and as it
was discussed in the previous subsection, the Aslam extension has an effect on the obtained local Nusselt
number values. This naturally improves the global Nusselt number that converges toward the well-known
Ranz and Marshall correlation [29] (see Figure 20), which is expected to be the reference law used in the
literature.
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3. Face-Centered Cubic arrangement of stationary sphere past by a uniform flow

As explained in subsection 2.1., Aslam extension does not improve the drag force computation of an
isolated sphere. Indeed, Aslam extension reduced the distance δ to go far from the particle to reach
accurate drag value, going from δ = 1 for Lagrange to δ = 0.5 for Aslam. Moreover, for an isolated
sphere, this distance does not affect the computed value of the drag as long as an accurate value is reached
whatever the extrapolation technique used (see Figure 14). However, it is obvious that for an assembly
of spheres, the distance δ would affect the drag force computed on each sphere as the distance between
the spheres reduces when the solid volume fraction increases. Two configuration of sphere assemblies ,
mono- and bi-dispersed arrangements of spheres, are studied in this section following in that the work
done in [6, 7] when Lagrange extrapolation was used in the drag force and heat transfer computation in
order to compare the two extrapolation method outcomes.

3.1. Monodispersed Face-Centred Cubic periodic arrangement of spheres

The first case considered here is a uniform flow past a Face-Centered Cubic (FCC) array of spheres.
We wish to study whether or not Aslam extension improves the drag force and the heat transfer compu-
tations, when a sphere is surrounded by other particles, in comparison to those computed using Lagrange
extrapolation. FCC arrangement of spheres consists in a cube where three spheres are placed on the faces
centers, and one sphere is located on the vertices with periodic boundary conditions, as illustrated in the
figure 21. This case was fully detailed in [6, 7].

Figure 21. Streamlines and temperature field for a steady flow along the x-axis of a Face-Centered Cubic
array of spheres at Re = 300, αd = 0.15

Drag force

When the flow steady state is reached at the desired Reynolds number, as explained in [7], the mean
non-dimensional drag force F for all the particles is then deduced from the drag forces computed over
each particle by :

F =
|〈FD〉|

3πμd(1− αd)|〈uf〉| [11]
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with 〈FD〉 = 1

Np

Np∑
i

FD
i , FD

i being the drag force computed over the ith particle.

The non-dimensional drag force F normalized by the isolated sphere non-dimensional drag force (gi-

ven by Schiller and Naumann [31]) Fs =
1 + 0.15Re0.687

(1− αd)2
, noted as

F

Fs
, is compared to Massol’s results

[25] extracted from body-fitted simulations and taken here as reference results, and to the drag force
results computed using Lagrange extrapolation in order to assess the Aslam extension effect on the drag
force computation.

(a) (b)

(c) (d)

Figure 22. Drag force for a uniform flow past a FCC, normalized by Schiller and Naumann [31] drag
force for a uniform flow past an isolated sphere. Results are presented as a function of the solid volume
fraction αd and Reynolds number (a)Re = 10, (b)Re = 50,(c)Re = 100 ,(d)Re = 300 : ( ) Massol
[25], ( ) present work using Aslam extension and ( ) present work using Lagrange extrapolation.

Figure 22 shows the non-dimensional normalized drag force F
Fs

computed using Aslam extension,
the one computed using Lagrange extrapolation and finally the Massol’s results [25] used here as a
reference to illustrate the possible improvement brought by the Aslam extension applied to the drag
force computation. One can observe that for Re = 10, 50, 100 the drag force computed using Aslam
extension converge toward the reference body fitted values provided by Massol [25]. Aslam simulations
match Massol results better than the values computed using Lagrange extrapolation. This shows clearly
the positive effect of the reduction, by Aslam extension, of the extrapolation distance δ on the drag force
computation. It is worth noting that Massol simulations were under resolved for Re = 300 which could
explain the discrepancies with our results.

Nusselt coefficient

Although Aslam extension improvement was observed for an isolated sphere on the Nusselt number
results (unlike for the drag force), a study of its effect is conducted here for a FCC array of spheres in
order to test its efficiency for the heat transfer computation in an assembly of spheres. The global Nusselt
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coefficient for a uniform flow past a FCC array of spheres is deduced from the Nusselt computed on each
sphere by :

〈Nu〉 = 1

4

Np∑
i

Nui [12]

where Nui is the Nusselt number computed over the ith particle.

(a) (b) (c)

Figure 23. Global Nusselt coefficient for a uniform flow past a FCC, normalized by Ranz and Marshall
[29] Nusselt coefficient for a uniform flow past an isolated sphere. Evolution as a function of the solid
volume fraction αd at Reynolds numbers (a) Re = 10, (b) Re = 50, (c) Re = 100 : ( ) Massol [25], ( )
present work using Aslam extension and ( ) present work using Lagrange extrapolation.

Figure 23 shows the normalized Global Nusselt coefficient Nu
Nus

for a uniform flow past a FCC array
of spheres, computed using on one hand Aslam extension and on the other hand Lagrange extrapolation.
It also shows Nu

Nus
extracted from Massol’s body fitted simulations [25]. One can observe that Aslam

extension improves the heat transfer computation for a packed spheres even if it seems to overestimate it
with respect to Massol’s results for high solid volume fraction.

Bidisperse Face-Centred Cubic periodic arrangement of spheres

The last case investigated in this work to assess the possible improvement brought when Aslam ex-
tension is used for the drag force computation is a bidisperse Face-Centred Cubic periodic arrangement
for two species of spheres : the larger particles are distributed in the same configuration as the one pre-
viously presented for monodisperse arrangements while the smaller particles are located at the center of
the vertices and at the center of the cubic simulation domain as illustrated in figure 24. The parameter to
set up this case were fully detailed in [7].

The two species are characterized by the following dimensionless parameters :

xi =
αi

αd
, yi =

di
ds

[13]

where di and αi are the particle diameter and the solid volume fraction of the specie i respectively. The
Sauter mean diameter ds is given by :

ds =

[
2∑
i

xi
di

]−1
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Figure 24. FCC/FCC bidisperse arrangement of spheres for Re = 50 and αd = 0.3 - the particle shape is
plotted in blue and the black lines are the streamlines.

(a) (b)

(c) (d)

Figure 25. Non-dimensional drag force F for a uniform flow past a FCC/FCC packed spheres as function
of the solid volume fraction αd (a) : (Re = 50, y1), (b) : (Re = 50, y2), (c) : (Re = 100, y1),
(d) : (Re = 100, y2), : ( ) Massol [25], , ( ) present work using Aslam extension and ( ) present work
using Lagrange extrapolation.

Figure 25 shows the non-dimensional drag force F for a uniform flow past a FCC/FCC packed spheres
computed using Aslam extension as well as the one computed using Lagrange extrapolation [7]. The
results are compared to the body fitted simulations of Massol in terms of drag force, taken as a reference
values. It can be observed that drag forces computed using Aslam extension are closer to Massol’s results
than those computed using Lagrange extrapolation, and that for both species y1 and y2 at Re = 50, 100.

4. Conclusions

An original method has been designed for estimating forces and heat transfer in Particle-resolved Direct
Numerical Simulations. It is based on Aslam extension coupled with Taylor interpolation both of third
order. This method was first validated without flow resolution for various particle shapes (spherical,
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ellipsoidal and cubical particles) and a numerical study has been conducted in both two- and three-
dimensions. The expected convergence orders were obtained for spherical and ellipsoidal particles. This
method is constructed to be a better alternative to the approach proposed for drag force and heat transfer
estimates published in [7] and [6] respectively. This improvement was shown by comparing the results
of both techniques applied to multiple test cases. First, in a uniform flow past an isolated hot sphere,
Aslam extension use reduces significantly the extrapolation distance. It also correct some inaccurate
local pressure values on the sphere. The Aslam extension effect on the drag and Nusselt coefficients was
more significant in more complex flows as mono- and bi-disperse Faced-Centered Cubic arrangement of
spheres.

The general conclusion that we have obtained is that drag force and heat transfer calculation using
Aslam extensions fits to body fitted simulations of Massol et al. [25] better than the computation using
Lagrange extrapolations.

Future works will be devoted to applying our hydrodynamic force and heat transfer calculation method
to random arrangements of spherical and ellipsoidal particles and extracting correlation laws for these
configurations.
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