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RESUME. Lobjet du présent article est d’établir la normalité asymptotique d’un estimateur & noyau du quantile condition-
nel dans un modele de censure droite, pour lequel les durées de vie ainsi que les covariables sont supposées satisfaire
une dépendance de type association.

ABSTRACT. This paper aims at establishing the asymptotic normality for a kernel conditional quantile estimator in a right
censorship model for which, the lifetime observations and the covariates are assumed to satisfy an association dependency
type.
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Introduction

In classical statistical inference, the observed random variables (rv’s) of interest are generally assu-
med to be independent and identically distributed (iid). However, it is more common to have dependent
variables in some real life situations. Dependent variables are present in several backgrounds such as
medicine, biology and social sciences. Associated rv’s are of considerable interest when dealing with
survival analysis, reliability problems, percolation theory and some models in statistical mechanics.

In the literature, two kinds of dependency are widely used : mixing [DOUKHAN 1994] and association
[ESARY et al. 1967]. These two concepts are not completely dissociated. In fact, we can find sequences
that are associated but not mixing, associated and mixing, and mixing but not associated.

Recall that a set of finite family of rv’s (77, ..., T,) which are defined on a common probability space
(Q, o7, P) are said to be associated if for every pair of non-decreasing componentwise functions W1 (-)
and Wy (-) from R" to R,

COV(\Ifl(Tl, Ce ,Tn), \I/Q(Tl, .. ,Tn>) Z 0,

whenever the covariance exists. An infinite family of rv’s is associated if any finite sub-family is a set
of associated rv’s. The notion of association was firstly introduced by [ESARY et al. 1967] mainly for
an application in reliability and its main advantage compared to mixing is that the conditions of limit
theorems are easier to verify : indeed, a covariance is much easier to compute than a mixing coefficient.
Let {T,,,n > 1} be a strictly stationary sequence of associated rv’s of interest having an unknown ab-
solutely continuous distribution function (df) F'. This variable can be considered as a lifetime under
biomedical studies. The major characteristic of survival time is the incompleteness. Random right cen-
soring is a well-known phenomenon in survival analysis since, the lifetime data may not be completely
observable if the patient is still alive at the end of study, or is dead for another reason. Hence, the avai-
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lable data provide partial information. In this case, the variable of interest 7" is subject to right censoring
by another non-negative rv C'. We assume that the censoring lifetimes are independent and identically
distributed (iid) and possess an unknown df G. We take in consideration the presence of a strictly sta-
tionary and associated covariate X taking values in R?. Under this model, the observable sequence is
{(Y; = min(T;, C;), 6; = Lyr,<c,y. Xi); 1 < @ < n} where 1 4 denotes the indicator function of the event
A. In order to ensure the identifiability of the model we assume that the censoring times {C;, 1 < i < n}
are independent of {(X;,7;),1 <i < n}.

Under the model we consider here, we establish the asymptotic normality of the kernel conditional quan-
tile estimator defined in (6). The rest of the paper is organized as follows : Section 1 gives the required
notations as well as the estimators. The assumptions needed to state our results are gathered in Section 2
while Section 3 is devoted to the proofs of the main results.

1. Estimators and notations

The conditional df F'(¢|x) can be written

k) = Fllg)t) [1]
where
Fi(z,t) = OF(x,.) QUF (x,.)

Oor  0x1..0xq
with F'(.,.) the joint df. The conditional quantile of 7" given X = x for p € (0, 1) is given by

&p(@) = inf{t, F(t[x) > p}. 2]

In the complete data case (no censoring), the traditional kernel estimator of F'(¢|x) is given by
F]l,n(t|x) = Z win(x)]l{Tigt}7 [3]
i=1

where w;,(.) are measurable functions. These functions called weights were introduced by Nadaraya-
Watson in the context of the kernel regression and defined by

x — X, 1 X — X
w5 an i)
! ( hml ) . nhgz,l ! hn,l

Win(X) = P - )
( ) X — Xj ln(x)
2 K
. hn,l
7=1
with the convention 0/0 = 0. Here K, is a kernel function on R? such that for any x; = (7,27, ... ,z?),
we have
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whereas h,, 1 is a positive sequence of bandwidths tending to 0 along with n and [,(.) is the Parzen-
Rosenblatt kernel estimator of [(.).
In the sequel, the weights are adapted to the censoring case, that is

1 51 X —Xj
win(X) = i GV () Kq ( o ) : [4]

The censoring df G is usually unknown and its appropriate nonparametric estimator is the well-known
Kaplan-Meier one, viz

Gn(t) =1~ ﬁ {1 _ 1_—5(”} o=t} |

n—1+1

where Y1) < Y(g) < ..., < Y{y,) are the order statistics of Y; and (1), d(2), - . . , d() are the corresponding
indicators of non censoring.

Using the weights defined in (4), [OULD SAID 2006] established a strong uniform consistency rate for
the estimator in (3) in the iid case and d=1. The smoothed version of Fy ,(+|-), known as « double kernel
estimation approach » is

1 51 X_Xi t_Y;
— K, H
nhd Z Gn(Y; ( 1 ) ( P2 )
Fix) — it a0 _ finx.t) 5]

1 X—XZ‘ ln<x)
nhd ZKd( P )

The strong consistency and the asymptotic normality of this estimator was studied in the iid case and
under o-mixing condition by [OULD SAID and SADKI 2008, 2011]. Here, the bandwidth £, » is not
necessarily equal to h,, ; and they will be denoted by hy := h,, 1 and hy 1= Dy, 5.

Note that the estimator in (5) is an adapted version of that of [YU and JONES 1998] to the censoring case.
Originally, this smooth estimate for complete data was proposed and discussed by the last authors mainly
to avoid the crossing problem which occurs when using an indicator function instead of a continuous df.
It follows that, in view of (5), a natural estimator of (2) can be computed by

Epn(x) = inf{t, F,(t[x) > p}. (6]

Recall that censored-associated data was studied for the first time by [FERRANI et al. 2016] while the
strong uniform consistency of the estimator under study was stated by [DJELLADJ and TATACHAK
2019]. Some supporting evidence show that in presence of outliers and for heavy-tailed or asymetric
distributions, conditional quantiles can be helpful.

To overcome some difficulties encountered in computing some operators related to our estimators, the
following pseudo estimate will be helpful in further calculations, namely

n

1 (51 T — X@ t— Y;
—— Ky H
N 3 nh{ Z G(Y; ( hi ) ( heo >
B, (t2) — Fin(z,t) "1 GY) |

= K ¢
nhd Z d( hl )
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Thereafter, we will use the conditional pdf f(t|.) defined by f(t].) = %F (t].). Hence, the corresponding

estimators are given by

éFl’n(ZL’,t) gﬁl’n<$,t)

fultle) = 2 oy and ultle) = ot

G .

where

0 1 < 4 x — X, t—Y;
—Fip(z,t) = fo(x,t) = — K L) g :
i 0 = ) = e S d( . ) ( - )

and

0 - . 1 < 6 x — X; t—Y;
—Fyp(z,t) = fo(x,t) = — K L) HW :
i ) (x5) nhilthG(Y%) d( h ) ( ha )

where H) denotes the first derivative of H. Applying Taylor expansion of F},(.|.) in the neighborhood
of §,, we obtain

Fu(&pn(@)|z) = Fu(&p(@)|2) = (§pn() = &p(2)) fu(Ep (@) 7).

Here, &; , lies between &, and &, ,,. This expansion permits to state asymptotic results for (&, ,,(z) —&,(7))
through those stated for (F},(&, . (2)|z) — F (& (2)|x)).

2. Assumptions and main results

In the sequel, m; stands for a positive constant taking different values and 7 will denote a positive real
number satisfying 7 < 77 < 7¢ where, for any df W, 7y := sup{y; W(y) < 1}. Define Qp = {x €
RZ/1(x) > mg := inf, [(x) > 0} and let  and C be compact sets included in )y and [0, 7], respectively.
The main results will be stated using the following assumptions

A1l. The bandwidths iy and hy satisfy

(i) hy — 0, nh%am(l_a) — +oo with a € (0,1) and log;d” — 0asn — +oo,
nhy

(1) ho — 0, nhilhg — +o00 asn — +o0o,

(iii) nh¢hs — 0 and nh{™ — 0 as n — 400,
1% 1

(iv) vsh? — 0 with v, a sequence of real numbers;
1 q

A2. The kernel K is a bounded pdf, compactly supported and satisfies :
(1) K4 1s Holder continuous of order «,
(i) fpo ujKq(u)du =0, forall j = 1,...,d, where u = (uy, ..., uq) ",
(i11) The kernel K ; has bounded partial first derivatives;

A3. The function H in (5) is of class C'. Furthermore, its derivative H") is assumed to be compactly
supported and satisfies the properties of a second order kernel and
() [g [t1*HD(t)dt < +o00;

oFl(x)

8:61‘(9:6‘];*1 (z)

A4. The marginal density [(.) is bounded and twice differentiable with sup < oo for

xeq)

t,7=1,..., dand k =1, 2;
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AS. The joint pdf f(.,.) is bounded and differentiable up to order 3, moreover
(i)The conditional df F(¢|z) satrisfies the lipschitz condition of order w; and uy with respect to x
and ¢ and
V(Xl,Xg) - 92, V(tl,t2> c Rz, |F(t1’X1) — F(tQ‘Xz)‘ S m1(|X1 — Xglu1 + |t1 — t2|u2),
(ii) Vx € , we have that [ [t[ f(¢[x)dt < 4-o00;
A6. The joint pdf /; ;(.,.) of (X;, X;) is bounded ;
A7. The joint pdf f(., ., .,.) of (X, Y;, X, Y;) is bounded;
AS8. Let us define Aij as follows

= ZZCOU +2ZOOU Y;) + Couv(Y;,Y;),

k=1 I=1
with Xf the k-th component of X;, such that forall j > 1 andr > 0

sup Aj; =: p(r) < e 7", forall v,y > 0;

©:|j—i|>r

s

9 (x)] <

A9. The function ¢(x Jﬁ% e f(x,v)dv is bounded, continuously differentiable and sup
xeQ

oo fori =1, ...,d.
We need the following assumptions for the asymptotic normality
N1. The survival df GG of censored rv’s has a bounded first derivative g;

N2. Let0 < p, < n, 0 < ¢, < n be integers tending to oo with n such that p,, + ¢, < n. Let k,, be the
largest integer for which &, (p, + n) <n and
(i) B2 5 1 (ii)p,hY — O and 2 B = 0 (i) 3

hdHhQ — 0 as n — oo.

REMARK 1- Assumption Al gives a classical choice of the bandwidths in functional estimation. For
the sake of simplicity, many authors consider that hy = hy which is not justified in general. Note that
the condition Al (ii) implies the first condition in Al (i) if d > 2. For d = 1, the comparison is not
straightforward and depends upon the order of magnitude of ho with respect to h{. Assumption A2 is
quite usual in kernel estimation. Assumptions A3-A7 are classical in nonparametric estimation under
dependency and A5(i) and (ii) are used in the calculation of the variance term in asymptotic normality
while A8 is used for covariance calculation under association structure. Furthermore, this assumption
gives a progressive trend to asymptotic independence of "past” and "future". Note that Assumption A9 is
mainly technical. Assumption N1 is used in technical calculations of the asymptotic normality. Finally,
Assumption N2 is especially usefull in the case of dependent data when studying the asymptotic normality
and is used when dealing with the technique of big and small blocks, N2(i) and the fact that M — 1
imply that k’;lq" — 0. Remark that kzgz;z — 0 gives that q,, < p,,. Add to this the first part of Assumption
N2(ii), we get that qnhfl — 0.

THEOREM |- Under assumptions A1-A8 and N1-N2, for any x € Qg and l(x) > 0, we have

\/nhd(F,(tx) — F(tx)) = N(0,02(x,t)) asn — 400

with D the convergence in distribution. The variance is such that
kF(tlx)(1 — G(t)F(t|x))

7 1) = =C()

[8]
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and k = [ K3(u)du < +oc0.

COROLLARY 1- Assume that p € (0, 1). Under assumptions of Theorem 1 and for any x € € such that

f(&(x)|x) # 0, we have

V(€ (x) — &%) 25 N (0,02(x,6,(x)) a5 n = +o00

with

0F (x,6(x)) =
REMARK 2— [fwe replace l(.), f(.|.), G(.) and &,(.) by their estimators 1,(.), f(.].), Gn(.) and &,,(.),
respectively then a plug-in type convergent estimator denoted ag’n(x, Epn(x)) of Jg(x, &p(x)) is easily
obtained. Note that

FLFn(tP‘i(l - Gn(t)Fn(t|x))
ln ()G (8) f7 (Epn (%) [x)

Using Corollary 1, the approximate (1 — 1) confidence interval is then given by

o-g,n(xv gp,n(x» =

Oen (%, Epn(X)) O¢ (X, Epn(X))
Epn — Z1—9/2 i Epn + 2192 i

with z,_y o stands for the (1 — 10 /2)-quantile of the standard normal distribution.
3. Proofs of the main results

We first deal with the uniform a.s. convergence of the conditional pdf estimator f,,(¢|x) to f(¢|x) defi-
ned in (7).

PROPOSITION 1- Under assumptions AI1-A8, we have

supsup | f,(t|x) — f(t]x)] — 0 as.as n — +o0. [9]
xe) teC

3.1. Proof of Proposition 1
To prove the convergence of the underlying pdf, we use the following decomposition
Falth) = £(E1%) = (falth) = Fult)) + (Fultlx) = £(2IX)) [10]

We firstly deal with the left hand side of (10). Using Assumption A3, we find

Fult®) = Fultn)] =

1 _
e Fa(x,8) — Fu(x, t)’
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m1 supsee |Gn(t) — G(t)] 1
= L(x)  Gu(rr)G(7r) hthZKd(

t—Y,
HY L) .
> ( ha )

Then, we get immediately the convergence of the left hand side of (10). As for the right hand side of
(10), we have

_ 1 _ 5
+supsup [B [ fu(x.1)] = ful(x.1)
xc€) teC

+ sup 1a(x) — 1(x)| supsup \f(tIX)|}
xeQ xeQ) teC
1
= I I I .
mo — sup |1, (x) — 1(x)| it I+ I

xef)

Let us deal with each term of the right hand side. As for /;, we make choice of the following expression

1 0; X — X; t—Y;
i(X,t) = —K : H(l)( Z)
Qilx. 1) nhihs G(Y, d( In ) s

)
1 — X -Y
-2 laman e () 1 ()
hth(Yl) h1 ho
such that

ZQZ Xt) = fulx,t) ~E | Ju(x,)]

The proof uses the covering techniques. The compact subset C is covered by a finite number p,, of
intervals of length o,,, respectively centered at ¢4, ... ,¢,, with u, 0, < c. There exists ¢; for any t such
that [t — ;| < oy.

n

<D Qixt) =D Qilx. 1))

i=1 1=1

n

Z QZ(X> tj)

1=1

+ [11]

It follows from assumptions A2 and A3 that

2 - 51 X—Xi
< YK
= nhg%;a(yi) d( hy )

t—Y, t Y,
HD ) g [ !
( ho ) ho

ma t— tj
h(lihza(’l‘p)
my
hilh%,un

'(X, t) — Z QZ(X, tj)

IN

IA
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By means of (11) and choosing 1, = O(n), we get

my
]< —|—max

>5>—>0 as n — 400 [12]

As Q;(x,t;) are associated, the use of an exponential inequality due to [DOUKHAN and NEUMANN
2007] 1s appropriate to bound (12). An analogous framework as in the proof of the consistency above is
established. We proceed now to the demonstration of the bias term /.

It is easily seen that

o] - el (2]

‘We have

Therefore

E[fn(x,t)} - hdh2//h2Kd (X_“> HY(2)£(t — hozlu)i(u)dudz

Rd R

= //Kd )f(x — hyr,t — hoz)drdz.

Re R

with f(x—hir,t — hez) = F|(X— hir,t — hyz). Assumption A5 and a Taylor expansion of f(.,.) around
(x,1) gives

f(x—rhy,t —zhe) = f(x,t) —hy lrlaf(x’ﬂ +___+rd0f(x,t)] — hy lzaf(xat)_

0xq Oy ot
h’% 282f(x*7t) a )
T | T QZH axzam
B2 [ L0 f(x, 1) 02f( 1) O f(x" 1)
+ ?_ZT +h1h2 leax—lat‘f‘"'—f‘rdzax—ﬂ .
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Note that x* lies between x — rh; and x and t* between ¢ — zhy and ¢. By assumptions A2 and AS
I, = O(h? + h3). As for I3, under assumptions A1, A2, A4, A6 and A8, it follows from Lemma 3 in
[MENNI and TATACHAK 2018] that the kernel estimator /,,(x) — {(X) a.s. as n — +00. Add to this the
first part of Assumption A5 then we get I3 = o(1). This point ends the proof of Proposition 1. [

3.2. Proof of Theorem 1

We have the following decomposition

F,(t)x) — F(t]x) = (E,(t|]x) — E,(t|x)) + (F,(t|x) — F(t|x)).

And
i 1x) [Frn,8) =E (Fa(x,0)) = F(UR) (0 (x) ~E(l(x)))
Ei(t) = Flu) = 705 T [13]
BECDR: (Fnx1) = FER)IX) ~E(l(x)))
ln(X)
_. X X, t) — X
= Dt~ Ral )
Note that
s (Fu(t]x) = F(t]x)) = li((’%{ nh‘on(x,t)] \/nhiU, (%, 1) [14]
with
Un(%,8) = (Fy(tx) — Fu(t]x)) — Ra(x, ). [15]

The idea is to give asymptotic results of \/nh¢Z,(x,t). For this puspose, we give the convergence in
probability of the negligible term \/n_h‘fUn(x, t) to zero as shown in Lemma 1 and determine the asymp-
totic variance that appears in (8) (see Lemma 3). Finally, we use the Bernstein’s procedure of big blocks
and small blocks to obtain the asymptotic normality of the principal term Z,(x,t). Regarding the term
%, it converges obviously to 1.

The next lemma deals with the second part of (14).

LEMMA 1- Assumptions AI-A5 and A8 yield that

\/nhiU,(x,t) = op(1) as n — +oo,

3.3. Proof of Lemma 1

Observe that (15) can be written

nh . -
kiU (x 1) = \l:g[(Fm(x,t)—Fm(x,t))—(Fl(x,t) —E(Fy (%, 1)
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nhd
+ \lig [F(t1x) (1(x) —E(ln(x)))]
= Xn,l + Xn,2 + Xn,i’;' [16]

The convergence rate of each term in (16) follows thanks to lemmas 5.6, 5.5 and 5.4 in [DJELLADJ and
TATACHAK 2019], respectively. In fact, using A1(iii),(iv) we show that

X1 = op (\/nlwh‘f) =: op ( Ush‘f) = op(1)
KXo =0 (\/nh‘f(h% + h%)) =o(1)
X,3=0 ( nh‘f+4> =o(1).

This achieves the proof of Lemma 1. []
Let us deal with the asymptotic normality of the main term Z,,(x, t). For this we first set

Ui (x,t) = Kg; lHl_— — F(t|x)} —E lei <Hz_— — F(t|x))}
LG ’ G(Y:)
with
- X t—Y;
K =K ‘ d H =H ‘.
! ( h ) " < ha )
Then we write
Zn(X, 1) =: 17
(x.1) nhdl z; L17]
Now, our interest concerns the variance term
1
d
nhiVarZ,(x,t) = e )Var(\lll(x t)) nhdl2 ZZIJ ;#Z cov ( t), V;(x,1)) [18]

= o2(x,t) + Z,(x,1).

The next lemma reports intermediary results used in further calculations related to the variance term.

LEMMA 2— Assumptions A3(i), A5(i),(ii) and N1 give that

Var laf;l)H (t ;;1) |X1} s F(tl) [% - F(t|x)} as 1 — 400,

3.4. Proof of Lemma 2

We have

Var [_51 H(t_Y1>IX1] = E _251 H? (t_yl>|X1
G(11) ha G (1) ha

(© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr/Biostatistics and Health Sciences. BHS. Vol. 2, No 1, 40-65. Page 110




= L1+ L2

Integration by parts and change of variable give

. l@f%)H (t 2;1) 'Xl} - F [5(1%)[{ (t f)E Loyl ) ‘Xl}
= /H (t ;Zu) f(ulXy)du
R

- /H(l)(z)F(t— zho|Xy)dz
R

= /H(l)(z)(F(t— zha|Xy) — F(t]x))dz+/H(1)(2)F(t\x)dz

R

Clearly, we have [, H1(2)F(t|x)dz — F(t|x). Regarding the left hand side, by assumptions A3(i) and
AS5(i), we have that

/H F(t — zhy|X1) — F(t)x))dz < /H 2)my(1Xy — x| + |z2he|"?)dz
— m1|X1—X|u1/H(1)
R

+m1|h2|“2/|z|“2H(1)(z)dz
R
_ O(}ZEHIH(U],UQ)).

Hence £y — F?(t|x) as n — +o0. Regarding £, by a change of variable

Ly =E

1 t =T
H? ( ; 1>E[1{T1§01}|T1]|X1
Tl) 2

( y) FyXy)dy

( )f(t — Zh2|X1)dZ

QI‘ C)I

=
1\3

]R/
/ t—ZhQ
R

Now, we use a Taylor expansion around ¢. We get

2
= h2 /H2 t — Zh2|X1)dZ — agzt)g(t*) / ZH2(z)f(t — Zh,2|X1)dZ

=: .A1
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Bounding A, gives

h2 t
Ay < 22?609( ) / S — 2hofXy)d
() 4

Applying assumptions AS5(ii) and N1, we conclude that Ay = O(h3). By an integration by parts on the
term A, we get

‘ '_‘

= (I)Z z — ZN9o|A1)AzZ
A = t)/QH (2)H(2)F(t — zhs|X;)d

Q

DHW () H(2)(F(t — 2hs|X1) — F(t]x))dz + —— / 2HW (2)H (=) F(t|x)d=

) G(t) J

I
2
B ®

As well as above, we use Assumption AS(i). Then

[2HOHEFE - 2hfX0) ~ Pz < [ mn(X = x]" + [shal" [H(: P} dz
R R
= O(hy™t )y,

Moreover

/2H<1>(Z)H(2)F(t]x)dz = F(tx).

F(t
Hence A; — % as n — 0o. We deduce that

Var [5&)1{ (t ;@Yl) |x1] > %’EL’)‘) — O(h2) — F(tx)?

which concludes the proof of Lemma 2. []

LEMMA 3— Under assumptions A2-A4 and A6-A7, we have

o2(x,t) — o*(x,t) as n — +oo and Z,(x,t) = 0 as n — +o0.

3.5. Proof of Lemma 3

From (18), we define

2 _ 1 2
on(x,1) = ME[‘IH(X» t)]
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1
= K

5 o1 ?

s [ (1 ~rw)]}
= Ri(x,t) — Ra(x,t).

As for Ry(x,t), we can write

1 5 ’
Ro(x,t) = hdi2(x) lE (mKd,lHl) - E(Kd,lF(t‘X))}
1 PR d 2
- [WUE(Fy (%, 1)) = B (Hx)E(ly (X))
1

- 12(x) [E(Fl,n(x, t)) — F(t|X)E(ln(x))} ? '

We point out that

E(Fya(x,8)) = FHR)E((X)) = Fi(x,1) — FEX)E(L(X)) as n - oo.
Then

Fi(x,t) = F(R)E(L(x) = F(HR[I(x) — E(ly(x))] =0 as n - o.

On the other hand
1 I 51 2
Ri(x,t) = ME E [Kd’1 (Hlé(yl) —F(t|x)> X4
- e [ (i)
1 ) 5 2
i 20 () - rew) |

Working as in lemma 2, the second part in brackets tends to zero as n tends to infinity. In terms of the
first part, we write

E lKilvar (H1%|X1)] = E lel’lF(ﬂx) (_— — F(t|x))]

Using a change of variable, Assumption A3 and Taylor expansion around x, we get

/Kg (’I“) l(w)du = hf/Kg(z)Z(x—hlz)dz
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Then

1 | 1 - G(t)F(t]x) / 2
hdl2(x)E le | Var (Hl_( 1)| 1)1 — Z(X)F(t|x) ( o) K;(z)dz
R4
_ RPN =TGR _ o
I(x)G(t)

Now we deal with the second part of (18). We have

=, (x,t) = hdl2 Z Z cov(Wi(x, 1), U (x, 1)),

=1 j=1:j#1i

which we rewrite

=n(x, 1) nhdl2 Zz; %1: cov( U(x,1)) nhdl2 Z Zz: cov (

= M+ Ms

with
By ={(i,1;1<[i—1 <m} and By={(i,0);m +1<]i—I] <n—1}
Regarding M, considering that the covariance is computed according to formula
cov(V;(x,1), V;(x,t))) = E[V;(x,1).V;(x,1))]
0 0
S E le,in,j (Hz_—) — F(t|X)> (H]_ J - F(t|X))1

G(Y; G(Y;)
+E {K <H 0 F(t|x))r
d,1 15(}/1) :
Clearly, we have
Hi_i — F(t|x)| < = ! + 1.
G(Y5) G(tr)
Consequently
1 2
cov(W;(x,1), ¥ (x,t))) < <_ + 1) E(Kq:Kaj)+ O(1)E(Kq.)>.
G(TF>

Assumptions A2 and A6 give

E(KqiKq;) = //Kd (X — u) K, (X};V> li j(u, v)dudv

- h%d//Kd(s)Kd(Z)li,j(X — hi1s,x — hyz)dsdz
Rd Rd
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= O(h3).

Again, by a Taylor expansion and assumptions A2(i) and A4, we have that E(K,1) = O(h{). Bounding
M, gives

1 & 1 2 y
M; < WZZZ[WM (6 +1) hi —|—O(l)h%]

Supposing hin, — 0asn — +oo, we get M; = o(1).
The second term can be written

0; d;
—= K 1 Z—_ _K 7 t K H - K t
M hd12 ;;COV( d, G(Y) i (]x), d,j JGO/}_) d.j F( |X))
nhdp ZZW
i=1 Bs

‘We have

5 5;

( Ew) T a,

5 — s (st

0;
—  F(t|x)cov <Kdz,de j@(;/] ) + F(tx)*cov(Kg;, Ka )
= W — F(t|X)W2 (t|X)W3 + F t|X)2W4

Note that
1 i 2y
W < hdhd+1 sarz(li — 4
nhdlz ZBZ 1 < nhdp(x);BZml Ihg" pisa (|i — j))
< ml 2d+2 _W‘zdjrjzld
d+1 n
< mlh /@_zﬂgﬁgdu
- P(x)
TMn
2 YMnd
< O(hgtte 2a2), [19]

Choosing 1, = O(hy™1), 0 < v < 1, (19) is of order o(hd“).
As for YW, and W3, we have

i i
Wy = E|KgiKgiHi=——| —E |KiyiHi=——|E|Kg;
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— Wy —W,.
Using conditional expectation techniques, we get
x —X; X — X, t—Y; i
Wy =E | K, ") K, ‘7>E lH( Z>_Z XZ,XH
e e (50 ) (55 )Gy
x — X x —X; Tyri<cn (t—l@-) ) H
=FE | K K LE E | =="H T ) X, X
{d< hi ) d( hi ) l(G(Y;) ha ) P X;
— — t —
:///Kd (xh1u> Ky <Xh1V>H< h;) f(u,v,s)dadvds
d R

Wy —E le (X ;1Xi)E <_fY)H (t hQY) X; )1 le ( hlxjﬂ
o (5o (e 12
M

Using assumptions (A2), (A7), a change of variables and the fact that H is bounded by 1, subtracting

gives
W= ///Kd (X_“) (X};V>H<t};5> F(u,v,s) — F(u, s)I(v)]dudvds

= O(hfdhz).

and

In the same way, by assumptions (A2), (A4) and A6 we get

Wy = E[Ky;Kqj] —E[Kq;]E[Kg;]
_ //Kd (’““) K, (X};V) [I(u,v) — (w)(v)|dudy
_ ou

All these steps conclude that
En(x,t) > 0 asn — 00

which achives the proof of Lemma 3. [l
By the means of (14) and Lemma 3, to justify the Theorem 1, it suffices to show that

/nhd(Z,(x, 1)) =5 N(0,02(x,t)) asn — +oo. [20]
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To do that, as already mentioned above, we use the Bernstein’s procedure based on small and big blocks.
In the sequel, for the sake of simplify, we will normalize ;. Therefore, from (17), we get

B 1 _ \Iji(x7t)
\/n»hcll(zn(xat)) - \/ﬁzzzl \/h_ill(X)

1
Sh

N

Moreover, it can be checked from (18) and Lemma 3 that

var(t;) = V?lr—w —: 02(x,t) and var(y;) — o2(x,t) as n — oo,
hil?(x)

Note also that

n n B B 1 n n

3 3 o (et b ) = i T3 e e 45 o)

i=1 j=1:j7i i=1 j=1:j#i
Clearly, (20) 1s equivalent to

5771 D 2

— — N(0,0°(x,t)) asn — +oo. [21]

vn

The main goal is to establish the asymptotic normality of \S/;% To this end we use the Bernstein’s blocking
technique. Let us partition the set {1, ... ,n} into 2k, + 1 subsets and form = 1,... | k,, we set

[m = {Z7Z = (m_ 1>(pn+Qn)+1a"' 7(m_ 1)(pn+qn)+pn}
Jn ={gii=m—=1pn+aq)+pn+1,....,mp,+aq)}

The remaining points are defined in the set {l; k,(p, + ¢») + 1 < [ < n} which may be empty and p,,
¢n and k;, are given in Assumption N2. Let us define the rv’s U,,;,,, U/, and U;{m as follows

(m=1)(pr+gn)+pn ~ m(Prn+qn) ~ n ~
T S AR SRR TV S
i=(m—1)(pn+qn)+1 J=(m=1)(prn+qn)+pn+1 I=kn(pn+gn)+1
with
S, n

n n

kn
Unm + Z lezm + Unk:n
1 m=1

m=

[Tn YT+ Tn”] .

<=5l

n
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Then, in order to establish the convergence of (21), we have to show that

T,

% P, N(0,0%(x,t)) asn — 400 [22]
and

1 1 7

—E [T,)%] +—E[Tn 2] — 0 as n — +oo. [23]

n n

In order to prove (22) and (23), we use the following lemmas

LEMMA 4— Assumption N2 yields that
kn
(i) —var(U};) — 0
n
l(anFQn)JF(Qn*l)
gnTMy 1

1
(”) ﬁ'COV(U nl+1)| S le(x) hiﬂ_ghg Z ‘Al,r—i—l(x?t)‘

2 r=1(pn+qn)—(gn—1)

o1
(lll) ﬁ Z |COV|( ne) )| — 0

1<i<j<kn,

3.6. Proof of Lemma 4

(1) We have

— k’rfnvar(\i/l(x,t))jt%m Z ‘cov (\ifi(x,t),\ifj(x,t))’

1<i<j<gn
kngn 1 2k, i i
= P )+ T 3 feov (Bix,0). Bx,0)
1<i<j<gn
= j1+\72'

As for the first term, we apply Assumption N2(i), (18) and Lemma 3. Then

knn
Ji = 4 o2(x,t) = 0 asn — 400,
n

Regarding the second term, by stationarity we can write

2k, ©= : ;
j2 = — (Qn - l) ‘COV (\Ifl(X, t), ‘;[lerl(X?t))‘
n =1

qn—1

Z ‘COV( t), U (x, t))‘
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From the second part of Lemma 3 and assumptions N2(i)-(ii), we get that [/, — 0 as n — +o0.
(i1) Using stationarity and Theorem 5.3, p.89 in [BULINSKI and SHASHKIN 2007] we have

1
n|C0V(

(© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr/Biostatistics and Health Sciences. BHS. Vol. 2, No 1, 40-65.

1

nl>

/
n,l+1

)l

I a2 (x)

IN

cov (W1(x, 1), ¥i41(x,1))]

Pntan (l+1 pn+Qn)

% Z Z cov (\Tfi(x,t),\ifj(x,t))
i=pnt1i=l(pn+qn)+pnt1

1| ((4+1)(pn+qn) ~ ~

- Z Z cov (\I/anrr(X,t),\Ifj(x, t))
r=1j=l(pn+qn)+pn+1

1| - -

1> =7+ Doy (V% 1), Vi, )03, )
r=1

+ Z —r cov( r+1(X, 1), \Ill(pn+qn)+1(x t))

qn—1 |

dn

1 - .
Z<Qn —r+ 1)C0V <\111(X7 t)» \I]l(pn—&-qn)—l-r(xv t))

n r=1
gn—1

+ Z cov( 1%, ), gy (X, t))|
l(pn+Qn)+Qn

i Z ‘COV (\Ill(x, t), ¥, (x, t)) ‘

" r=ipntaa) 1

q l(pn"‘Qn) _ ~

w2 e (B T
r=l(pn+qn)—(gn—2)

q l(pn+Qn)+qn ~ -

ﬁn Z cov (‘111(X, t), ¥,(x, t))’
T:l(pn+Qn)*(Qn*2)

. U(pn+aqn)+(gn—1)

D
r=l(Pn+gn)—(gn—1)
. U(pn+aqn)+(gn—1)
n

nhdi2(x) Z

7’=l(pn+Qn)_(qn_1)

l(pn+Qn)+(Qn_1)

S Al

r=l(pn+qn)—(gn—1)

cov (\I~!1(X, t), ¥pp (X, t)) ‘

lcov(Wq(x,1), Urpq(x,1))]

QnMO
nh{?h312(x)
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Lip(G)
G(7)

where My = max {thz’p(K) ||KH§§1 , ha <Lz’p(H) + ho ) HKd”oo} and (ii) is then obtained.

(ii1) By stationarity and (ii), we find

kn—1

1 1
=Y v Ul = - 3 (k= Dleov(Ung, U )
1<i<j<kn I=1
k kn—1

IN

f Z |cov(Up, T/L,l+1)|
=1
kn—1 l(pn+gn)+(gn—1)

Gnkn
< P hd+2h? > > At (X, 1)

2 1=1 r=lU(pn+gn)—(gn—1)

Gnkn 1
T )hd+2h%7_zpm““”)|

qnk, 1 Yo e Pr
n P(x)1— e pdt2p2

IN

— 0.

mi

The result follows from assumptions N2(i) and (iii). ]

LEMMA 5- If Assumption N2 holds, we have
Ky

(i) —var(Up) — o2(x,t)
n

Py 1

.
(ii) —|cov(Un1, Unit1)| < 5~ —75 E [ At (x, 1))
n nl?(x) h{T*h32 et e )—pn

1
i) — UmaUn 0
(iii) - Z |cov ( i) =

1<i<j<ky,
Ty
(iv) var <%> — o?(x, 1)

3.7. Proof of Lemma 5

(1) We have

Pn
ﬁvar(Unl) = ﬁVaur ( U, (x, t))
n :

2ky,

ey Y leov (B0, Wi o).

1<i<j<pn

By the same arguments as in Lemma 4(i) and Assumption N2(i)-(ii), we get the result.
(i1) An analogous framework as in Lemma 4(ii) gives

Pn Pn +qn +pn

%‘COV(UnL Un,l—!—l = Z Z cov (\iji(x7 t)? \ijj (X’ t))

=1 i=l(pn+gqn)+1
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IN

IN

Dn

> (o =+ Doy (B1(%,8), Tig g1+, 1))
r=1

pn—1

+ Z — 7)cov <\ffr+1(x, t), \Pl(pn+qn)+1(x, t))‘

1

n

Pn
> =+ Deov (T1(,), Digy, 4,1 12(x. )
r=1
Pn—1

+ Z — 1)cov (@1(X, t), \f!l(pﬁqn)_rﬂ(x, t))‘

1

n

p l(pn+Qn)+pn _ ~
E Z ’cov <\Ifl(x, t), ¥, (x, 75)) ‘
r=l(pn+qn)—(pn—2)
p U(pr+gn)+(pn—1)
n
nh{l%(x) Z
r=l(pn+qn)—(pn—1)

n T
DnTh1 Y (x|

S PAdt2p272 ()
nhi" " hsl?(x) r=U(pn+qn)—pn

lcov(Wq(x,1), Urp1(x,1)))

(111) By stationarity and item (i1), we have

k=1
1 1§
- Z leov(Uni, Un)l =~ > (kn = Dcov(Un1, Ung41)
1<i<j<kn =1
.
< f > leov(Unt, Unisr)|
=1

kn—1 Upn+gn)+pn

Prkn
ma n l2 hd+2h2 Z Z |A1’r_|_1 (X’ t)'

2 =1 r= l(pn+an)—pn

IN

Pnkn 1
< E r+1(X, T
> m n l2( )hd+2h§ = | 1 +1 )|
S pnkn 1 0 e T

—0
mi n lz(x) 1 —e7 hilﬂh%

As stated in Lemma 4(ii) and from Assumptions N2(i) and (iii) , we get the result.

(iv) Observe that

var (
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Ty

vn

)

—var

kn
Unm)

[y

n 2
- Un - UnuUn .
var(Up1) + - Z |cov ( i)l

1<i<j<kn,
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By items (i) and (iii), we finish the proof of Lemma 5. ]
As for the demonstration of (23), we use exactly the same arguments as those employed in Lemma 5(iii)

T! 1 al
var (\/—%) = _var (,nzl Urle)
= @Var(U'l) + : Z lcov(U,, U.,)| — 0.
n n n ni’» Y nj

1<i<j<kn

This holds by items (i) and (iii) of Lemma 4. And,

Tn” 1 (U// )
var | — = —var
Vn n nkn
n ~

- - Uy(x, t
—var Z 1(x, 1)

n— kn(pn + Qn) T 2 T X
- - var (s (x, ) + = > . |cov(Wi(x, 1)), U(x,1))]
kn(Prtqn)+1<i<j<n
= Inl + In2-

We may write

n_kn(pn+Qn) 1
Iy = Uy (x,t
Dn o2
< t
< Bo2x).

Employing Assumption N2 and Lemma 3, we obtain that Z,,; = o(1). Remark that n — k,,(p, + ¢,,) < pn-
As for the second term, we have

2 . -
Ly = ﬁ Z |COV(\I/Z'(X,t)),\Ifj(X, t)>|
kn(prtqn)+1<i<j<n
2 . -
= — Z lcov(W;(x,1)), ¥,(x,t))| (by stationarity)
" 1<i<j<n—kn(pn+qn)
9 N -
< — . .
< - D leov(Wi(x, 1)), Uy(x, 1)
1<e<j<pn
9 el - -
= ﬁ n = Dlcov(Wi(x, 1)), Uiga(x,1))]
2]9 pn_]-
< Tn Z |COV(\II (X t))alpl—l-l(xa t))|
=1
Pn(pn — 1) 2
nh®2(x) !
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- o).

Thus, under Assumption N2 the proof of (23) is achieved.
The next step consists in proving (22), that is by proving first that the rv’s {Uy,,,,m = 1,... k} are
asymptotically independent. For this purpose, we deal with the characteristic functions and show that

kn
Nk 1 it
E (eZth=1 ﬁU”m) — HE (e”’ﬁU”m> — 0 as n — oo.
m=1
Indeed, we have
L —kn U Fin LU
I, () = |E (eth &%") - I[E (elt &%")
m=1
kn U fn—1 U
_ g <€ztzmn_l %n) _ E <ezt \%m> (eztﬁUnkn>
m=1
. Un n n— nm
< |r <ezt2§;;1 Uy%") B (ezt nt )E (enz,’;zf U )‘

ity k-1 Un ! itYnm
= B (=) - TE ()
m=1

= i lg,a(t) +

Analogously Iy, 1(t) < Iy, o(t) +

Therefore
kn
;. kn Unm -+ Unm kn—1 Unm Unkn
IET(e”Zm=1 ﬁ) — | |]E(e” ﬁ) < |cov <e Lom=r Ut A )‘
m=1
kn—2 U, . nkp—1
+ |cov (e”z’“‘l v et )‘
itYnl  jUn2
+...4+ |cov e vr e vr [24]
)
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In what follows, we apply the Lemmal in [BULINSKI 1996] on each term in the right hand side of (24).
For this purpose, we need to calculate the first order partial derivatives of the function V,, : RPr(d+1)
R, m = 1,... ,k, defined by V,,,(x;, 1) = eit%ﬁ for all [ lying between (m — 1)(p, + ¢,) + 1 and
(m —1)(pn + qn) + pn, Where

o 1 d 1 d
X1 = (T (1) (putgn)+10 > Lom- )t an) 410 L) patan)+pn> > Lm—1)(pntgu) +pn)
and
Y= (y(mfl)(PnJFqn)ﬁLl’ s ’y(mfl)(pn+qn)+pn)'

By the way, the first partial derivative of the function V,, with respect to y; for [ = (m — 1)(p, + qu) +
17 S (m o 1)(pn + Qn) + Pn is given by

aVm (Xl,yl) _ 0 (ZtUnm> eitU”Tm

3

oyl oy \ Vn
. (m—=1)(pn+qn)+pn
a t ~ Z Znm
TNV =) g1

= —e V» — |— | Ky |Hi=—— — F(t|x
NG o [ i) d,l ZG(YZ) (tx)
it #+Unm (X—Xl) 0 [ (t—yl> 1 1
= ——e¢ Vn K o— |H =
Jrhdi(x) “\ ) ou he ) G(y)
1t it Ynm (X — Xl)
J/nhi2l(x) “\

o i (52) - (52) ]

Moreover, the first partial derivative of the function V,, with respect to x{ forl = (m — 1)(pn + qn) +
L...,(m=1(pn+¢qu) +prandj=1,...dis

avm it it Ynm lHldl 1 0 l 1 (X-X[>‘|
— (X1, = ——e — — F(t|x K
) = e S p] [ (5
_ it [_Hﬂ _F(t|x)]
V/nhi G(y)
0

" [l;g) () + o] () 1<1<>]

Hence, we get

P o [ 20 )
G(y)

: (Xz, yz) =
89@? /nhtli+2
)
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Besides, Applying assumptions A2-A4 and A7, there exists A > 0 such that

H oV, [ A |ove Y At
— x| < —= Lyl < ——.
oy o \/nhih3 { . /n po+2

Thereby, using the Lemma 1 in [BULINSKI 1996] we find

4Un2  jyUn1 A%?
‘cov (el Vi e \/ﬁ)‘ nhd“h ZZMJ (x,1)]|

i€l jela

In addition

S kn—1 Unm 5y Unkn A%?
N Gt | =D SR S

2 ie[l""m‘i‘-[kn—l jEIkn

We conclude

B (e ) - T ()

A22
< nhd—flfm Ym0 Y A1)
1

el jE[Q eli+1» j€]3

iEIl—‘r...—i—Ikn,l jEIkn

Using stationarity, the inequality (25) becomes

B %) - e (%)

A2t2
< —a (kn—l)ZZMm(X,tﬂ
nh1 h2

i€l jelz

+ ..—1—2 Z ’Ai’j(X,t)l

i€l jely,,

Again, by stationarity we have

" kn v A2t2 (kn_l)(pn+Qn)+pn
E( D f> HE(e ﬁ) < mpnkzn Z [A1(x,t)]
m=1 12 '—(kn—1><pn+qn>—<pn—2>
Qpnk
< mat n hd+1h Z [Ary(x,1)]
J=qn
nkn —Y4n

< my2? LU} [26]

n 1—e 7 pdtin,

Note that (26) tends to zero under assumptions N2(i) and (iii).
It remains to show that L= 7 is asymptotically normal, we rely on the standard Lindeberg’s condition

1 2
kn <5Un1]]‘{’\/1%Un1‘>6a(x,t)}) — 0.
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From assumption A2, we can write

ol = |5 7 {1 gty ~ 0] = s (i - o)
2pn||Kd_||oo

VRAU(x)G(T

Therefore, by Tchebytchev’s inequality and assumptions A4 and N2(ii) we get

1 Aknpy || Kl oo
k,E (—U,fl]l Ly ) < pall d|| < |Un1| > eo(x,t)>
no Gt} )= @) \VR
4||Kd||oo anar(Unl) p%
2(x)G (rp) ne°0?(X, 1) nh{

IN

— 0.

This achieves the proof of Theorem 1. [l

3.8. Proof of Corollary 1

Making use of a Taylor expansion of F),(.|.) in the neighborhood of £, we get

Fn(gp,n(XHX) _ Fn(ép(xﬂx)
fn(&5n(X)[x)

Epn(X) = & (%)

where £, lies between &, and ¢, ,. The almost sure convergence of &, ,(x) to §,(x) [see DJELLADJ

and TATACHAK 2019], Proposition 1 and the continuity of f(.|.) give the convergence in probability of
fn(&),n(x)[x) toward f(£,(x)[x). The proof is hence established using Theorem 1. O
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