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RESUME. Le présent article vise & établir certaines propriétés asymptotiques d’estimateurs a noyau de la fonction de
distribution conditionnelle et du quantile conditionnel lorsque les observations de durée de vie et les covariables sont
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ABSTRACT. This paper aims to establish some asymptotic properties of kernel estimators of the conditional distribution
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Introduction

The study of conditional quantile functions is appealing for a number of reasons, particularly because
it provides a more comprehensive picture of the conditional distribution of a dependent variable than
traditional regression that restricts attention to the conditional mean function only. It is well known that
the quantile function can give a good description of the data, see [CHAUDHURI et al. 1997]. An impor-
tant application of conditional quantiles is that they provide reference curves or surfaces and conditional
prediction intervals that are widely used in many different areas, for example :

— Medicine : reference growth curves for children’s height and weight as a function of age ;

— Economics : reference curves to study discrimination effects and trends in income inequality ;

— Ecology : to observe how some covariates can affect limiting sustainable population size ;

— Lifetime analysis : to assess influence of risk factors on survival curves.

A vast literature is dedicated to the nonparametric estimation of conditional quantile.To quote only a few
of them, we recall that [MEHRA et al. 1991] and [XIANG 1996] gave the almost sure (a.s.) convergence
of a kernel type conditional quantile estimator and its asymptotic normality. [HONDA 2000] dealt with
a—mixing processes and proved the uniform convergence and asymptotic normality using the local po-
lynomial fitting method.

Here, we are interested in studying another type of dependence, called association. Recall that real-valued
random variables (rv’s) {Z;; 1 < i < N} which are defined on a common probability space (€2, 7, P)
are said to be associated if for every pair of functions hy, h, : RV — R, which are coordinate-wise
non-decreasing and for which E [hi (Zi,1<i<N )] < 003 k =1,2,itholds that :

COV(hl(Zi,]. < 1 < N),hg(Zj,l S] < N)) > 0.

In classical statistical inference, the rv’s of interest are generally assumed to be 1id. However, it is more
common to have dependent variables in some real life situations. Dependent variables are present in
several backgrounds such as medicine, biology and social sciences. The notion of association was firstly
introduced by [ESARY et al. 1967] mainly for an application in reliability. For more details on the subject
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we refer the reader to the monographs by BULINSKI and SHASHKIN 2007], [OLIVEIRA 2012] and
[PRAKASA RAO 2012].

Let (X,Y) € R? x R, for which there exist a common unknown joint distribution function (df) F(-, )
and marginals Fx(-) and Fy (-). In what follow we will denote by v(x), F(:|x) and f(-|x) the probability
density function (pdf) of the covariate X, the conditional df and the conditional pdf of ¥ given X = x,
respectively. The conditional df of Y given X = x is F(y|x) = E (1y<,/X =x) (where 14 is the
indicator function of the set A) which we reformulate as follows :

Fi(x,y) 1 OF(x,y)

Flyl) = v();) . v(x)>< ox 1]

Traditionally, a natural estimator of F'(-|x) is the empirical conditional df Fi(-|x), while the estima-
tion of the p-th conditional quantile ¢,(x) := inf{y € R : F(y|x) > p}, p € (0,1) is done via
ap,n(x) = inf{y € R: Fi(y[x) > p}.

Here, we assume that {(X;, Y;);1 < i < N} forms a strictly stationary sequence of associated random
vectors distributed as (X,Y) € R? x R,

The paper is organized as follows. In Section 1, we recall the notations and the definition of our es-
timators. The main results and the assumptions are listed in Section 2. In Section 3, we evaluate the
performance of the estimator on simulated data. The proofs of the results are relegated to Section 4.

1. Notation and estimates

estimation of the conditional df”’s is based on the choice of weights. The traditional kernel estimator
of F(y|x) is given by Fy(y|z) = Zf\i L Wi N(X)1y,<,, where w; y(.) are measurable functions. These
weights were introduced by Nadarya-Watson and defined by

Kalln) 1 KRy
SN K (%) (Vi) ov®)

’wi,N(X)

with the convention 8 = 0, and where

N

1 - X;
() = DK (X ) , 2]
) =1

hn i

is the classical Parzen-Rosenblatt estimator for v. Here K; : R — R is a multivariate kernel such that
forany z, = (2},22,...,28)" € R? and a real-valued univariate kernel K

1 k:
K )
h?\u( d<hNK> HhNK (hNK)

Furthermore, {hy x } is a sequence of positive constants tending to zero when N tends to infinity, called
a bandwidth sequence. Here, h v i is assumed to be the same regardless of the k-th direction. However,
Let us define an estimator for f(y|x) as follows :

fn(ylx) = %MW(X#O},
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with

1 X; y—Y;
X — DV K d Hm< ’>. [3]
fnlxy) = NhNHhNKZZ_: d( hNK) h,H

=1

Here H™(-) denotes a positive kernel function defined on R and [’ H (D(2)dz =: H(y) is a df. The
sequences {hn x} =: hx and {hy g} =: hy are positive bandwidths that decrease to zero along with

N. Now, in view of (1) we have
o aFl (X7 y)
f(x7y) - 8y )

hence from (3) one may define an estimator for F (X, y) as

N Y
1 x — X, t—Y;
F — —E K, ! HY !
LN (X, ) Nhaht 2 d( o )/ ( . >dt

N

1 x — X y— Yi)

= § K, H . [4]
h;l{ i=1 ! ( K ) < I

So, the estimators in (2) and (4) enable to derive an estimator for F'(y|x), that is
An(xy)
Fy(y|x) = ———=1, [5]
N = = TRy w0

Note that the formulation of the estimator in (5) was introduced by [YU and JONES 1998] as an alter-
native to the so-called adjusted Nadaraya-Watson estimator of the conditional df. The main motivation
was to overcome the crossing problem associated with the kernel weighting estimation when using the
indicator function instead of a continuous df.

So, for a fixed x € R? and p € (0, 1), a natural estimator (say, g, x(x)) of the p-th conditional quantile
can then be defined as

gp.v(x) = inf{y € R : Fy(y[x) > p}.

2. Main results

Let ) and [a, b] be two compact subsets of Iy = {x € R% infv(x) =: v > 0} and R respectively.
X
And let us define

d d
:ZZCOV(Xf,XE +QZCOV 2 Y5) + cov(Y;, Y)), [6]

k=1 (=1

where XZ.’“ is the k-th component of X;; k =1,2,... ,d.

In what follow the letter C' will denote a finite positive constant which is allowed to change from line to
line.

We will make use of the following assumptions gathered here for easy reference.
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2.1. Assumptions

(H1) Forall d > 1 and § € (0, 1), the bandwidths satisfy

() hic — 0, NR2 D728 5 o6 and IN%ZQ —~0as N — 00;

(ii)hH—>0,NhHh§(—>ooasN—>oo;

(H2) The kernel K satisfies

(i) K4 is a bounded pdf, compactly supported and Holder continuous with exponent [3;

(ii) [pu zxKa(z)dz =0fork =1,... ,d.

(H3) The df H(-) is compactly supported, continuously differentiable and its derivative H) is a second-
order kernel.

(H4) For all + > 1, the covariance term in (6) satisfies

sup i =: p(s) < 1pe” 7¥; for some positive constants 7, 7 and s.

Jili—jl=s
_ , 0" (x)
(HS) The pdf v(-) is bounded and satisfies sup ——| < Cfork,l=1,... dandm =1,2.
xeQo | OO

(H6) For all integers j > 1, the joint conditional pdf v; (-, -) of (X;, X ;) exists and satisfies
sup |v;(r,s)| < C.

(r,s)eNZ

(H7) The joint pdf f(-,-) of (X,Y") is bounded and twice continuously differentiable.

(H8) For all integers j > 1, the joint conditional f;(,-,-,-) of (Xi, Y7, X1, Y14;) exists and satisfies
sup fi(r,u,s,t) < C.

(r,u),(s,t)€{Q0 % [a,b] }?

2.1.1. Comments on the assumptions

(H1) and (H2)-(H3) are quite usual in kernel estimation setting. Note that the sequences {hy} and
{hg} in (H1) are not generally equal as it will be seen in the simulations, while several papers suppose
their equality to simplify computations. In addition, in view of nhgh$ — oo in (H1)(ii), the condition
nh%l_ﬂ 42 soin (H1)(i) becomes superfluous as soon as d > 2 or for all d > 1 provided hy < hf(
(5 is that in (H2(i)). Thus, (H1)(i) is only useful in the case d = 1 and hy > hf(. Assumption (H4)
quantifies a progressive tendency from dependence to asymptotic independence between "past" and "fu-
ture". This latter condition was made in Doukhan and Neumann (2007) in order to state an exponential
inequality which we apply to prove Proposition 1 hereinafter.

Assumptions (H5)-(H8) are needed in bias and covariance computation.

2.2. Strong uniform consistency

PROPOSITION 1- Under assumptions (H1)(i)-(ii),(H2),(H3),(H4),(H5) and (HS) we have

log N
sup sup |[Fin(x,y) —E[Fin(x,y)]|=0 og_d P-a.s.,as N — oo0.
x€Qo a<y<bd NhK
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THEOREM 1- Under assumptions (H1)(i)-(ii) and (H2)-(H8) we have

log N
sup sup |Fn(ylx) — F(y|x)| =0 o8 — + h3- + h3 | P-as., as N — oo,
x€Qo a<y<bd Nh

COROLLARY 1- Under the assumptions of Theorem 1 and for each fixed p € (0,1) and x € Q, if the
conditional pdf f(-|x) and the conditional df F (-|x) satisfy in£ f(gp.n(x)|x) > 0and F(a|x)<p<F(blx),
xrello

then we have

log N
Sup ’(Jp, (x) — Qp(x)! =0 ( ](\)fgh + h2 + h? ) P-a.s., as N — oo.
xeNo K

REMARK 1— The uniform positiveness of the conditional density in Corollary 1 ensures the uniform
uniqueness of the conditional quantile, viz.

Ve > 0, 360>0V¢p'90—>R
sup |g,(X) — ¢p(X)[ = & = sup [F(gy(x)[x) — F(p(x)lx)| = fo. (7]

xeQo xeQo

However, Property (7) alone guarantees in part the consistency of the conditional quantile, but does not
provide the rate of convergence. The condition on F'(-|x) means that a < g, y(x) < b.

3. Experiments with synthetic data

In this section we evaluate the behavior of the studied estimators for some particular conditional quan-
tile functions, considering : the value of p, the sample size for two models (linear and nonlinear). The
dimension of the covariate is d € {1, 2}.

3.1. Unidimensional case

In this case, we study via simulation studies, the performance of the conditional quantile estimator
¢p.N () ; x € R, for some particular values of p. The measure we used here to quantify the performance
is the Global Mean Square Error (GMSE).

For a given functional g and its estimate gy, 1, , the GMSE computed along M/ Monte Carlo trials and
a grid of bandwidths hx and hp, is defined as

M m
GMSE(hg, hy) = Mm ;e; (N e bkt () — g(2))?

where m is a number of equidistant points z, belonging to a given set and gn j, h, ke(x) is the value
of gN hy hy (z) computed at iteration k with z = xy; ¢ = 1,2,... ,m. In order to obtain an associated
sequence (X, Y;);=1... n, we generate the data according to the following models. Before doing so, we
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recall that a rv Z is said to have an inverse Gaussian distribution (also called Wald distribution), with
mean w > () and dispersion parameter 6 > 0, denoted by Z ~ 1G(w,0) if its pdf is given by

10 = (52 )%exp{—M}n{M}.

223 2t022

Note that this distribution is related to the normal distribution via

6*(Z — w/d)
Z

which means that the rv U is the square of a normally distributed rv.

Then, in order to obtain an observed associated sequence {X;,Y;;1 < ¢ < N}, we generate the data

according to the following models.

U:=

2 2
~ x“(1),

1. Model 1 : Linear case

(a) The covariate X :

— Generate (N + 1) iid. IG(1,1) rv’s {W;;i = —1,0,... ,N — 1}.
— Given WW;, generate the associated sequence { X;,i = 1,... ,N} by X; = (W;_1+W,;_9)/2.

(b) The interest variable Y :

— Generate N i.i.d. A47(0,0.01) rv’s {e;;i=1,... ,N}.
- SetY; =0.5 X, + oe.

Note that under this model, the rv Z = (Y|X = z) ~ .4 (2/2,0.01). For the estimators, we
employ the standard Gaussian kernel and M = 200. The pairs of bandwidths (hx, hy) take their
values in the set [0.05, 0.95]. At the end of the process, we retain the minimal values of the GMSE’s
computed along the grids as well as the corresponding optimal pairs of bandwidths minimizing the
errors.

2. Model 2 : Non-linear case
The same procedure as before (linear case) is followed to measure the performance of the esti-
mators. Note that we use the function log to preserve the association property. The model is ¥ =

log(X) + €. The rv’s X and ¢ follow the same distributions as above whereas Z = (Y |X = x) ~
A (log(x),0.01).

The different values computed in each case are gathered in Table 3.1.

3.2. Two-dimensional case (d=2).

In this subsection, we restrict ourselves to p = 0.5, the linear and nonlinear two-dimensional cases are
studied.
e Model 1 : Linear case (d=2)
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Model 1 : Y = X +¢ | Model 2:Y = log(X) + ¢
P N GMSE hH hK GMSE hH hK

50 | 0.0102 { 0.95| 0.2 0.0059 | 0.95 | 0.2

0.5 | 500 |0.0016 | 0.75 | 0.15 0.0014 | 0.3 | 0.15

50 | 0.0090 | 0.15 | 0.2 0.1972 | 0.1 | 0.1

0.25 | 500 | 0.0013 | 0.1 | 0.1 0.0010 | 0.05 | 0.05

Tableau 3.1.: The GMSE’s values and the corresponding optimal pairs of bandwidths

1. The covariate X :
o Xi(1) = (Wh(i — 1)+ Wh(i — 2))/2, where {W;(7); i = —1,0,--- ,N — 1} are N + 1iidrv’s
~ TG(1,1); (Inverse Gaussian)
o Xo(i) = (Wa(i — 1) + Wa(i — 2))/2, where {Ws(i); i = —1,0,--- ,N — 1} are N + 1iid rv’s
~7ZG(1,1),

2. The target variable Y :
e We generate N iid rv’s {g;; i = 1,--- , N} with g; ~ N(0,0.01).
e We generate the target variable as follow Y = 0.5(X; + X5) + € where X = (X7, XQ)T.

e Model 2 : Non-linear case. We simulate the covariate as before (linear case) and compute
V(i) = (log(X1(i) + 1) + log(Xa(i) + 1)) +& {i=1,... ,N}

Figure 1.: The estimator Fiy(y|z) versus F'(y|x) for N = 100

0
K2 axis s axis 2 axis i axis 2 axis sl axis

Figure 2.: Model 1 : Conditional median surface versus theoretical linear function (right) for N= 200 and N= 500
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Figure 3.: Model 2 :Conditional median surface versus theoretical nonlinear function (right) for N=200 and N= 500

4. Auxiliary results and proofs

For notational convenience we set

X — X y—Y; x — X

Zi(x.y) = K, [ =2 y—ni X~ y—n
(%,9) = Ka | =5 - hi I o

Then it is clear that we have

N
1
Fiv(xy) ~E[Fv(xy)] = 7 > Z
K =1

We recall in the following lemma an exponential inequality stated in Doukhan and Neumann (2007) used
in the proof of proposition 1.

LEMMA 1- Under assumptions (H2)(i),(H4) and (HS8), there exist constants My, Ly,Ly and ji, A\ > 0
such that for all (sy,...,s,) € NYandall (t1,... ,t,) e NVwith1 <s; < ... <5, <t1 <...<t, <
n, we have

d

(@) cov (T2, 20 TTme, Z5) < CUFhdch uv (ot = 5.)) 57 ;
(b) Y (s + D! (p(s) 7 < LLE(R)", Y = 0;

s=0
(c) E (Joil*) < (R)AME,VE > 0.

4.1. Proofof Lemma 1

To prove this lemma we first recall that ®,, : R”™ — R is said to be a Lipschitz function if

Llp(q)m) = sup |(Dm(x) _ (I)m(y)|

<C,
sz Ix—ylh
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where ||z||1 = |2z1] + |22| + - - - + |2zm|. For such a function, the partial Lipschitz constants (see Bulinski
and Shashkin 2007, Definition 5.1, p. 88) are

Lipi(®,) =  sup [P (21, - - - Zic 1, Zis Zi1s - -+ 5 Zm) —<I>/m(21,... VZi 1, 2y Zitdy - - ,zm)|‘
Z17'~-7Z’m,Z7I;GR |Z’L — ZZ|
zzqéz:
[8]

So, to state item (a) we set

Su ty
=[] % and @, =[] 2.

1=81 j=t1

Firstly by using Theorem 5.3 in [BULINSKI and SHASHKIN 2007], the definition in (6) and the fact
that K; and H are Lipschitz functions we may write

cov (®,, D,) Szuzvhpz ®,,)Lip; (P, )ni;-

1=s1 j=t1

Next, in view of the definition in (8) and by a simple computation but long enough, we obtain

. C "
Lip;(®,) < (2 [ Kalloo)"™
hrxhgy
and
Lip;(®,) < 21K gllo)
iP(®) < 7 (21 Kull)
with

€ = max {hul| K| Lip(K), hic|| Kol oo Lip(H) }

where ||-||_, stands for the sup norm. Hence by Assumption (H4) and the stationarity we get

cov (P, ®y) < (7 h QHKd”u—H) ZZZWU

1=s1 j=t1

< ﬁ”](dﬂgo”uvp(tl — Sy) =: COVy. [9]

On the other hand, under (H8), a change of variable and (H1)(i) we have
|COV(ZZ',Z]')| = |E ZZ

<(@//4/m SUCHLICIIIC
< (75, t)dudrdsdt) + (m/ / Kd X‘“) (%) f(u, r)dudr
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x //Kd <Xh;s> H (yh—;t) f(s, t)dsdt

R4 R
= O (hhy),
which helps to obtain
lcov (P, ®,)| < C“Th2¢h2, =: covs. [10]

Then by combining (9) and (10), we get
_2
lcov (y, ®,)] < CURLAT T uw (p(t — s4)) 707 . [11]

For items (b) and (c), the proofs are similar to those of Proposition 8 in [DOUKHAN and NEUMANN
—7d

2007]. It suffices to choose i = 1, Ly = Ly = (1 — e2d+2)_1, A = 0 and use Assumption (H4). Then we

omit them. O

4.2. Proof of Proposition 1

The proof is based on the following observation : The compacts sets 2y and [a, b] can be covered
respectively by a finite number d, y of balls B;, centred at x;, € R? such that

1
_1 d—|—ﬁ)ﬁ d
_ < 2 —-
x| < (NEng W

and d,,, intervals J; centred at y, satisfying

— | < hg(nhd)"3 = ¢, .
lgggjwh/ ye| < hg(nh%) Cn

Since € and [a, b] are bounded, one can find two positive constants )/, and M, such that d, waf < M,,
dy,NCN S My and MIMy S C.
Hence we consider the following decomposition

sup sup |F1n(x,y) — E[Fin(xy)]| < max sup sup [Fin(X,y) — Fin(Xk, y)]
x€Qo a<y<b 1<k<ds,n xXEB a<y<b

+ max sup sup |E[Fin(X,y)] —E[F1 n(Xg )]
1<k<d: N xeBj, a<y<b

F — F
AR 1 o G B )

+ max max sup|E[F n(Xg, )] — E[FLn(Xk, y)]|

1<k<dy N 1<U<dy N ye g,

+ max max |Fyn(Xk, ye) — E[Fn(Xk, ye)]|

1§k§dm,N 1§£§dy,N

= /1N—|—f1/N—|—f2N—|—f2/N+f3N. [12]

Under assumptions (H1)(i) we have

3 N
_ 1 —Y,
|FAn(X,y) — FAnXky)| < CHX X g H (y )
K i
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()’
<O
K

=0 ((vng) ™). [13]

Similar arguments as above lead to the same bound for fll N-
Under (H2), and according to Markov inequality and the Dominated Convergence Theorem we obtain

)

the same upper-bound for .%, 5. We have

Iy ye| 1
Fn ) - F ) —
| 1, (Xk y@) 1,N(Xk y)| hir th Z

1
- hHth Z (

< 0N ()

)
hir)

=0 ((vng) ™). [14]

The term fQ/ ~ 18 upper-bounded similarly as .. We now turn to the term .#3,, we use Theorem 1 of
[DOUKHAN and NEUMANN 2007]. For this, consider the centered random functions Z;(Xx, y¢);7 =

1,...,n satisfying the items in Lemma 1. Then for any € > 0 we have
N 2
£%/2
P Zi(Xg,ye) 2 €] <exp | — : 15
<Z§; (%%, e) ) P ( Ay + B}V/(MHH)5(zu+zx+3)/(u+x+z)) [15]
where Ay and B can be chosen such that
N 2
24+u+)\Cth hiriT,
Ay < 012\[ with 0]2\, = var (Z Zi(xk,yg)> and By = 2C'Ls KTH =1y
i=1 An

For this purpose, we first evaluate 0%;.

N
oy = Vaf(ZZz’(Xk,ye)>

i=1

= var (Nhgll(ﬁlyno(k? yﬁ))
-X - Y
= Nvar| Ky al - H X 1
hk hy

N N
X — X yz—Yz) (Xk_Xj) (yé—yj)>
+ cov| K, H K, H|&—
;; ( d( hg ) ( h T\ i h

= YV +.7.

On the one hand we have

v o= el () e (M) e (2w ()]}
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= N{" - 7}.

By a change of variable, a Taylor expansion, assumptions (H1)(i) (ii),(H2)(i) and (H7) we get
- X — Y]
¥ = E Kfi X 1 2 Ye 1
hx hg

< /Kg (X’fh;“) /f(u,s)ds du, car H(")

For %, we work as for 7#1. Under assumptions (H1)(i) (ii),(H2)(i),(H7), a change of variable and a Taylor
expansion, we get

2 X, — X4 Yo — Y1
no= i (R ) ()|

= O(hif),

Thus ¥ = O(Nh%).
Now to deal with .7, let us define % = {(i,j);1 < |i—j| <wy}and By = {(i,j);wn+1 < |i—j| <
N — 1}, where wy = o(V). Then

EN: > cov (Kd (

i=1 jEB

+;];200V(Kd< - X)H( - Y),Kd (X’“;KXJ')H(W;HYJ»

= S+ S.

From (10) we get
1 =0 (Nwnhidhy) .

Then under Assumption (M) and taking v = v = 1 in (11), we can write

N
2 _d
Sy < Y CPRghT (plli = 1)

1=1 jEH>
d T _rli=jld
< CNDhihy E e 2d+2
lePBo
N
d 1 T —
< CNDhhy e 2a+2(¢
wN
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= 0 (th hd“ 2d+2>_

So, under Assumption (B)(i)(ii) and choosing wy = O (h’l’;_dhﬁ_l) with 0 < 11 < dand 0 <
_2
vy < 1, the terms .; and .% become of order o(/N h?(hH) and o( N h%h}‘jl), respectively. Hence,

_2
7 = o(Nh%hii") and 0%, = O(Nh%) and therefore we can take Ay = O(Nh%). In addition, by
choosing yi, A\, Ly and Ly as before in proving Lemma 1, we get By = O(1). Consequently (15) be-
comes

N
P> Zixky) > €| < exp ) [16]
-1 CNhj +e3

Furthermore, if we choose ¢ = ¢,/ lfv’hiv ; €0 > 0, then from (16) we have

N

Z Zi(X, ye)

1<k<dy n 1<0<dy, N

Nhé)?/2
< 2daﬂ,]\fdy,l\f eXp < (6 hK) / >

P( Sy >¢e) = IP’( max  Imax

> 5Nh§l(>

CNhi + (eNhd)3

1 2loN 2
< Cld) G e | —— BT
C+e (A%hd)

< c (N—%h}{*ﬁ)_ﬁl ((J\fhK)—%mq)1 N

(NP ()0 (N [17]

Then, for an appropriate choice of £y and Assumption(H1) (i) (ii), the term in (17) becomes an O(N _9)
with # > 1. So, we obtain

/log N _0
P| Ay >eoy/— | =0(n77). [18]
< 3N 0 Nh?{)

Hence, according to (12),(13),(14) and (18), if we set £; = 5Hey, it follows that

log N log N
>p (SUP sup |Fin(x,y) — E[FLn(x,9)]] = a1y [~ ) <> P (ﬂgN > g9y~ ) < 00

d d
n>1  \X€oasy<d Nhi N>1 Nhi

Thus by the Borel-Cantelli lemma, we conclude that

log N
S@S@HM&MEWWWWH0(%%%>Pﬂ&mNém.
x€Qo a<y<bd hK

The proof of Proposition 1 is complete. O
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LEMMA 2— Under assumptions (H2),(H3) and (H7) we have

sup sup |E[Fyn(x,y)] — Fi(x,y)| = O(h% + h¥).

z€Q0 a<ly<b

4.3. Proof of Lemma 2

The proof is based on integration by parts, a change of variable and a Taylor expansion, indeed we have
1 x — X y—Y;

— K H

nhi. & Z ! ( hi ) < hi

— AT /Kd(x_r> /H y — shg)ds | dr — Fi(x,y)

= //Kd (ll) H (1) (S) (Fl(X — uhK,y — ShH) — Fl(X,y)) duds.

E[Fl,n(x7y)]_F1(Xay) = E _Fl(xay)

Then under assumptions (H2),(H3) and (H7) we get

sup sup |E [F1,(x,y)] — Fi(x,y)| = O(hi + hy).

x€Qo a<y<b

The proof of Lemma 2 is finished. O
LEMMA 3— Under assumptions (H1)(i),(H2)and (H4)—(H6) we have

[log N
sup oy (x) —v(x)| =0 ( o8 — + h3 ) P-a.s.,as N — oo.
e Nh

4.4, Proofof Lemma 3

We have

sup [on (x) —o(x)| < sup [ux(x) — Efon (x)]] + sup [E[vy (x)] — v(x)]
xeQo x€Q0 xeQo

suggests to treat the first term in the right-hand side by following the same steps and similar arguments
used in proving Proposition 1. Hence we get

[log N
sup |vy(x) — E[oy(x)]| = O ( %) P-p.s.,as N — oo.
xeQo K

Furthermore, under assumptions (H1)(1),(H2)and (HS) and using a Taylor expansion, we get

sup [Eluy (x)] — v(x)| = O(hi).

xeQo

By combining 19 and 19 we end the proof of Lemma 3. O
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4.5. Proof of Theorem 1

The proof is based on the following decomposition.

1

sup sup |Fn(y|x) — F(y|x)] < sup sup |Fin(x,y) — E[Fn(x,y

xEQoa§y§b| ( |) ( |)| 7/_’S%$|UN(X>__U(X” {XEQoa<y<b| ( ) [ ( >”
xello

+sup sup |E[F1n(x,y)] — Fin(X,9)]
xeQo a<y<b

+y " sup sup Fi(x,y) x sup |un(x) — U(X)}

x€Qo a<y<bd x€Qo

Then by using Proposition 1, Lemma 2 and Lemma 3 we get the result.

4.6. Proof of Corollary 1

A Taylor series expansion of F'(g, n(-)|-) around g,(-) gives

F(gpn (x)[%) = F(gp(x)[%) = (g5, (x) = ¢5(x)) f (g n(x)]X) .

where ¢, y(x) lies between g,(x) and g, v(x). Hence, by standard arguments we can write

[F (gp.v(X)[x) = F(gp(x)[x)| < 2 sup [Fn(y[x) = Fylx)[,

a<y<b

which implies that

sup |gp,v (%) = gp(%)| f (g v (X)]x) < 2sup sup |[Fiv(ylx) — F(y|x)|.

xeQop x€Qo a<y<b

Thus, by Theorem 1 and because f (g,(-)|-) is uniformly lower-bounded away from zero, we assert that

log N
sup |gp, v (X) — gp(x)| = O ( g_d + h% + h%) P-p.s., as n — oc.
xeQop NhK

This ends the proof of Corollary 1. O
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