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ABSTRACT. This paper presents a necessary and sufficient condition for a topological vector group to be locally compact.
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1. Introduction

A topological vector group (or TVG) is defined as a real or complex vector space X equipped with a
group topology such that scalar multiplication by any fixed scalar A (from the scalar field) is continuous.
A locally convex vector group is a TVG where the local base at zero consists of convex sets. Similarly,
a locally compact vector group is a topological vector group that also possesses the property of local
compactness.

The concept of topological vector groups was initially introduced by Raikov in [3] and further explored
by Kenderov in [10]. For foundational properties and the motivations behind studying topological vector
groups, refer to [13].

It’s worth noting that the condition of a group topology on a vector space being locally balanced
inherently guarantees the continuity of the mapping x — Az.

Throughout this paper, we assume that every TVG is both locally balanced and Hausdorff.

In Section 2, we establish a necessary and sufficient condition for a topological vector group to be
locally compact. While topological vector groups generalize topological vector spaces, we often leverage
a well-known property of topological vector spaces: a topological vector space is locally compact if and
only if it is finite-dimensional. Additionally, our research presents several sufficient conditions for a
topological vector group to achieve local compactness. A fundamental condition explored in this paper
is the existence of a bounded open neighborhood at the origin. Finally, we introduce the F4-topology on
the space of real-valued continuous functions on X. This topology is a locally balanced group topology,
and we investigate the specific conditions under which it exhibits local compactness.

For fundamental definitions and results concerning topological groups and local compactness, readers
are directed to [1], [4], and [6]. Our terminology for topological vector spaces aligns with that used in
[14]. We denote a local base of a topological vector group (X, 7) as N (0), where elements of N (0)
are symmetric and balanced. We recall that in a topological vector group (X, 7), a bounded set is a
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subset B of X such that for every neighborhood U of 0 in X there is a positive real number 7 such that
BCrU={rz:xzeU}.

Remark 1.1. Given that in this work we assumed that every TVG is locally balanced, the preceding
definition of bounded set implies the following one: for every neighborhood U of 0 in X there is a
positive real number r such that B C tU forall ¢ > r.

Definition 1.2. ([2]) Let 7 be a group topology on a real or complex vector space X. We call a € X
an absorbed element, if for every 7-neighborhood U at zero, there is positive real number 7 such that
a €rU = {rz:x € U}. We denote the set of all absorbed elements of X by A(X).

Theorem 1.3. ([2]) If E is a topological vector group, then A(X) is a closed linear subspace of E.

Remark 1.4. Although the authors in [2] specifically assumed TVGs to be real vector spaces, the proof
of the preceding theorem is independent of the scalar field, applying equally to real or complex fields.

2. Locally compact vector groups

It is well-known that every locally bounded topological vector space has a countable local base. The
following Theorem is a generalization of this statement.

Theorem 2.1. If U is a bounded open neighborhood of zero in a topological vector group (X, T), then
span(U) = A(X). Furthermore, in this case (X, 7) has a countable local base. In particular, if U is also
convex, then (X, 1) is locally convex.

Proof. Tt is easy to verify that A(X) is contained in span(U). Suppose that V' is an arbitrary open
neighborhood of the origin in X and 0 # z € span(U). Then x = X" r;u; where u; € U and
0 # r; € F (R or C )for every ¢. Since U is balanced and r; = |r] ‘:—|, we can replace u; by |:—‘uz for

each i. We can also suppose that r; > 0. Choose another balanced open neighborhood W at zero with
m times

W +W + ...+ W C U. By hypothesis, we have U C W for some positive real number ¢ > 1. Put
M =max (1,71,72, ..., Tm)

and so %U C . We have also 1+ < 1 for every ¢ = 1,2,...,m. Consequently every ﬁriui isin U,

which means that
m m times

1 1 p A <
Mtx Mtiﬂrue + W+ ..+ c U

Since U is bounded, we can find ¢ > 0 such that U C cV'. It follows that

x € MtU C (Mtc)V.

The second assertion follows from the fact that {%U }n < 18 a local base at zero. Also the convexity of U
implies the convexity of %U for each n. L]

Remark 2.2. e The preceding Theorem shows that the linear span of all bounded open neighborhood of
0 are identical and equal to A(X).
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ee The previous proof follows that span(U) = U,~qrU for every bounded open neighborhood of X. It
is valuable to note that the condition of boundedness can be replaced by convexity. In other words, if U
is a convex open neighborhood of zero in (X, 7), then span(U) = U,~orU. To prove this, suppose that
U is a convex open neighborhood of 0 € X. Let x, u; and r; be the same as in the proof of the previous
theorem. Put
N=ri4+ro4+ ..+ 1r,.

Since X7 | &+ = 1, we have

1
w 1 1
—r =X

N ﬁlﬁriui cU

or, equivalently that x € NU.

Corollary 2.3. If (X, 7) is a locally convex TVG, then

Nueno)(span(U)) = A(X)

where every element of N'(0) assumed to be convex.

Proof. By the previous remark we have span(U) = U,-orU for all U € N(0). Then, obviously
Nuen)(span(U)) € A(X). If z € A(X), then z € UpsorU = span(U) for every U € N(0),
which completes the proof. ]

Proposition 2.4. Let (X, 7) be a TVG with a bounded set U € N (0). Then (X, 1) is locally convex if
and only if A(X) is normable with respect to the subspace topology.

Proof. By [2], Corollary 4.16, A(X) is a topological vector space. It is well-known that every TVS is
normable if and only if it is locally convex and locally bounded (see [14]). If X is locally bounded and
locally convex, then so is A(X'), which implies that A(X) is normable. Conversely, if A(X) is normable,
then it is locally bounded and locally convex. Since U € N(0) is bounded, so by Theorem 2.1 we have
UpsorU = A(X). Given that the set {1U }n <y is a local base for A(X), we can suppose the open sets
%U are convex. Since {%U }n N 1s also a local base at zero for X, the result follows. U]

Fact: Every closed subgroup of a locally compact abelian group is locally compact.

Theorem 2.5. Let (V,7) be a topological vector group. Suppose there exists a bounded set U € N (0).
Then (V,7) is locally compact if and only if the linear span of U is finite dimensional.

Proof. Assume that X = span(U) has finite dimension. By Theorem 2.1 we have X = A(V), which
implies that for every neighborhood B of zero in V', B N X is an absorbing set in X. It follows that the
subspace topology x on X induced by 7 is locally balanced, locally absorbing group topology. Hence
(X, k) is a finite dimensional topological vector space. Thus (X, ) is locally compact and complete
([14]). Consequently U is also compact in (V, 7). Conversely Suppose that (V,7) is locally compact.
Apply Theorem 1.3 and Theorem 2.1 to conclude that X is closed. Now, the previous fact implies that
X 1s locally compact. We also see that X is locally absorbing and locally balanced. It follows that X
is a locally compact topological vector space with respect to the subspace topology and so it is finite
dimensional. L]

The following results follow directly from Theorems 2.1 and 2.5.
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Corollary 2.6. If X is a topological vector group with a bounded neighborhood of zero, then:
(i) A(X) is closed and open,
(i) v € A(X) if and only if 1z — 0 as n — .

Corollary 2.7. If X, Y are topological vector groups and f : X — Y is a continuous linear mapping,

then f(A(X)) C A(Y).

Proof. By Corollary 2.6, we have 1 f(z) = f(1z) — 0 for each z € A(X). ]

Corollary 2.8. If X is a locally compact vector group, then so is the quotient space A( 7 Furthermore,
if U is a bounded neighborhood of zero, then the quotient space A( ) is discrete.

Proof. Since A(X) is closed, Afg() is Hausdorft. Local compactness of ( ) is an elementary property
of locally compact groups. Also [U] = U + A(X) is balanced in the quotient topology for all balanced

neighborhoods U at zero. [

Corollary 2.9. If X is a locally compact vector group, then A(X) has finite dimension.

Proof. Since A(X) is closed in X, it is itself locally compact. Moreover, A(X) is a topological vector
space, and it is a standard result that a locally compact topological vector space is finite-dimensional.
Hence, A(X) is finite dimensional. ]

Theorem 2.10. If X is a finite dimensional topological vector group, then X is first countable and locally
compact.

Proof. Assume that (X, 7) is non-discrete finite dimensional complex topological vector group . It is
enough to show that there is a bounded open neighborhood of zero. The proof will be by induction. If X
has one dimension, it is easy to see that 7 is discrete or equal to the ordinary topology. Assume that it is
fulfilled for all dimensions less or equal than n. Let X be n + 1 dimensional with the basis {e;};", " We
have X = Ce; @ Y where Y = span({el}Z 9 ) Since Y is closed, it is an n dimensional topologlcal
vector subgroup of X. So there is a balanced bounded open neighborhood U of zero in Y with respect
to the subspace topology. Therefore there is a balanced open set V in (X, 7) such that U = Y N V. If
{0} & U is open in X, then we can suppose V' = {0} & U which is bounded and there is nothing left to
prove. If {re;} ® U C V for some 0 £ r € C, then Ce; & U C V, where C' = {c € C,|c| < |r|}. Since
X is Hausdorff, there is a balanced neighborhood W C V' at zero such that |r|e; ¢ W C Ce; @ U.
We see that W is bounded. Consequently {%W}n <y 18 a local base at zero. Locally compactness of X
follows immediately from the Theorems 2.1 and 2.5 ]

Corollary 2.11. If (X, 7) is a finite dimensional topological vector group with A(X) = {0}, then T is
discrete.

Proof. As shown in the proof of Theorem 2.10, A/(0) contains a bounded element U. By Theorem 2.1,
span(U) = A(X). But A(X) = {0}, which completes the proof. ]

Proposition 2.12. Let X be a topological vector group with a bounded neighborhood of zero. Then
x € A(X) if and only if the line segment {rx : r € [0, 1]} is connected.
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Proof. Assume that z ¢ A(X) and put S = {rz : r € [0,1]}. The Corollary 2.6, (i) implies that A(X)
is a connected component of X. We have

S = (A(X) N S)U(AX)°NS).

Since 0 € A(X), the sets A(X) NS and A(X)“N S are nonempty, which means that .S is not connected.
The converse is clear. U

Proposition 2.13. If X is a connected locally convex, locally compact vector group, then X is a finite
dimensional topological vector space.

Proof. By [1], Corollary 3.1.13, the connectedness of X implies that X is algebraically generated by
every open neighborhood of zero. Let U € N(0) be convex and 0 # = € X. Thenx = >, r;u;, where
r; € Fand 0 # u; € U for all 7. Since U is symmetric and balanced, we can suppose that 0 < r; for

1
——— > riu; € U. Therefore
dimaTi T

& 1
r = ZITZ(W Znuz)

i=1"" o)

every 7. Since U is convex, we have

which means that U is absorbing, and so A(X) = X. It follows that X is a finite dimensional topological
vector space. 0]

Example 2.14. Assume that X is a vector space and /' C X is a finite dimensional linear subspace. Let
7 be the ordinary topology on F' with B a local base at zero. Suppose that « is the topology on X for
which the collection x + B = {x + U : U € B} is alocal base at x € X. It is easy to verify that (X, k)
1s a locally compact, locally convex vector group.

Example 2.15. Let S be a Hausdorff topological space and A C S be nonempty. Let C'(S) be the linear
space of all real valued continuous functions on S and C* = {f € C(S) : 0 < f}. Put

Fa={feCt: f(A) C(r,+00), for somer >0}.
F4 induces a Hausdorff, locally balanced group topology on C'(S) as follows.
At first we give some of the elementary properties of the set F4.
D If f,g € Fa,theninf {f, g} € Fa.
)If f € Fyand f < g,then g € Fj.
3) F4 closed under addition and positive scalar multiplication.
For every u € F4, we define
U,={feC(S):u—|f| € Fa}
where | f| is the absolute value of f. We show that the collection
B={g+U,:9€C(S),u € Fyu}

is a base of a locally balanced group topology on C'(S). Suppose that g1, g2 € C(S), u,v € Fj4 and
z € (g1 +Uy,) N (g2 + Uy). Then there are hy € Uy, hy € U, such that z = g; + h; = g5 + hy. We have
also u — |h1|,v — |ha| € F4. Set

w = inf {u — |h1|,v — |hal}.

© 2026 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |5



‘We show that
24+ Uy C (g1 +Un) N (g2 +T).
Ifl € U,, then we have
z2+l=g+h1+1l=gs+ ho+ 1L
Also
u—lh+Il|>u—(Jh]+|l]) = (uw—|h]|) = |l| >w—|l]| € Fa.

It follows that w — |hy + | € Fy4, which means that hy + [ € U,. A similar argument implies that
hy 4+ 1 € U,. Consequently

z+ Uw g (91 + Uu) N (92 + Uv)
We see that U, is symmetric for every u € F4. Also it is easy to see that U, is balanced for each u € Fly.

Now, we show that
U%u + U%u cu,

foreachu € Fip. If f,g € U%u then

1 1
w—If +gl 2w (f|+gl) = 5u— ||+ 5u—lg| € Fa.

Question: Is the F'4-topology on C'(S) (explained above), locally compact?
The following theorem holds.

Theorem 2.16. If A is an open, finite subset of S, then Fa-topology on C(S) is locally compact and
locally convex.

Proof. We show that the open set U,, is bounded, where u = 4 is the characteristic function. If v € Fl4,
then there is a positive number 7 such that » = inf {v(x) : x € A}. For a positive number ¢ < r, we
claim that cU, = U, C U,. We have u — |f| € Fa, if and only if cu — |cf| € F4, which means that
cU, = Uy Itz € S\ A, then cu(z) = u(z) = 0 < wv(z). Ifz € A, then cu(x) = c <r < r(x). It
follows that U, C U,. Since every element of U, is 0-valued on S \ A and A is a finite set, so span(U,)
has finite dimension. Now, the result follows from Theorem 2.5. Now, we let f, g € U, for some v € F)y
and 0 < ¢t < 1. Therefore t(u — |f|) + (1 — t)(u — |g|) € Fa. We have also

tu— 1)+ 0 =w—=lg) <u—(Elf|+ A=) ]g)) Su—[tf+ (1 —1)g].
It follows that t f + (1 — t)g € U,,. O
The F4-topology given above inspired by positive filter and link topologies that are have been presented

in [1 1] and [£] respectively. Another topology related to these structures is the C'-topology [7]. Also the
relations between them have been investigated in [5], [9] and [12].
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