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Generalized Pitt’s inequality for the Gabor transform
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ABSTRACT. The generalized forms of Pitt’s inequality for the LP-Gabor transform on the groups of the form R™; R” x K,
K being a Lie group of type |, in particular, a connected nilpotent Lie group; Heisenberg motion group and diamond Lie
groups have been established.
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1. Introduction

Pitt’s inequality in harmonicJ analysis provides bounds that relate a function and its Fourier transform. It
helps to establish embeddings between weighted LP-spaces and spaces of Fourier transforms.

1 1
Let 1 < p < 2 and q be the conjugate of p, i.e., — + — = 1. The space of all Schwartz class functions
P q
on R" will be denoted by S(R™). The well known Pitt’s inequality [3}, 4] can be stated as follows:

PROPOSITION 1.1. For f € S(R") and 0 < 8 < n, we have

/ 12 17O de < ¢ / Wll? £ )P d,
Rn R»

(3]
s\ 4 /|
r (n + )
4
The objective here is to consider the generalized Pitt’s inequality for the LP-Gabor transform G f with

f € S(G) and ¢ € L(@G) for certain Lie groups GG. The Hausdorff-Young inequality [4] on R"™ takes the
following form:

where Cg = 7

1/q 1/p

/ Ford | <) / el dy|
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for all ¢ € LP(R"), where A, = p% q‘?iq is the Babenko-Beckner constant and A, < 1 when 1 <
p < 2. Proceeding as in the proof of Pitt’s inequality [5]*p. 1880 and using the above Hausdorff-Young
inequality, the following generalized Pitt’s inequality for the Fourier transform on R" can be obtained.

THEOREM 1.2. For f e S(R"),1 <p<2,0< 5 < " and n > 0, we have
q

1/q 1/p

/ I Q1 de | <cs / W™ 1P dy |

e
where Cs = Cj (4,)" and Cy = /2 I (ﬁ _ é) r (E + é) v (£>
9 2 2q 2 2]?

In [3], Pitt’s inequality has been proved for the Fourier transform on several classes of groups.

In Section 2, we shall briefly discuss some important results that shall be used throughout the paper.
The generalized Pitt’s inequality for the Gabor transform on R" is proved in the next section. The Sec-
tion 4 incorporates the proof of the generalized Pitt’s inequality for the Fourier transform and the Gabor
transform on the groups of the form R" x K, K being a Lie group of type I, in particular, a connected
nilpotent Lie group. In the next section, the generalized Pitt’s inequality for the Fourier transform and the
Gabor transform on Heisenberg motion groups has been established. Finally, in Section 5, we prove the
generalized Pitt’s inequality for the Fourier transform and the Gabor transform on diamond Lie groups.

2. Preliminaries and Notations

Let G be a separable, unimodular, second-countable locally compact group of type I having left Haar
measure /. A continuous unitary representation of G is a pair (7, H, ), where H is a Hilbert space and
7 is a homomorphism of G into U (H.,.), the space of unitary operators on .. We denote by G the set of
equivalence classes of irreducible unitary representations of G. The Haar measure i on G is fixed that
uniquely determines the Plancherel measure ji5 on G.

2.1. Hausdorff-Young Inequality

For ¢ € L'(Q), the Fourier transform of ¢ is given by

B(r) = n(p) = / o) 7(v)" ducly).

G

Let Loo(a) be the space of all measurable fields of bounded operators on G.1Itis easy to see that

1@l < lleell1-

For ¢ € L*(G), using Plancherel formula, we have
Il = [ o (o) n(0)] g
G
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The ¢-th Schatten norm ||T'|., of a Hilbert-Schmidt operator 7" is defined by
ITe, = b | (T 7).
Let Lq(CA?) be the space of i g-measurable field of bounded operators ' on G satisfying
1/q

IF]l, = / IF@L dug(r) | < oo
G

For ¢ € LP(G), using Riesz interpolation theorem, we have ¢ € Lq(@) and

||95||q < CHSOHp? (2.1)

where the constant C' < 1 and the above inequality is called Hausdorff-Young inequality. The smallest
possible value of C' for which (2.1)) holds is denoted by H,(G).

2.2. Gabor Transform

Let Cyo(G) denote the set of all continuous complex-valued functions on GG having compact support.
For f € Cy(G), window function ¢ € L*(G) and (z,m) € G x G, the Gabor transform of f with
respect to 1 is given by

Gy f(x,m) = / £ () Bl Yy) 7(y)" duc(y). 22)

G

For x € G, consider the function f¥ : G — C defined by f¥(y) := f(y) ¥(z~1y). For f € Cyo(G) and
Y € L?(G), it can be observed that f¥ € L*(G) N L?(G) and it satisfies

f2(m) = Gy f(w,7). (23)
As in [2], the LP-Gabor transform for f € Cyo(G) and ¢ € L(G) is given by and it satisfies
Gy fllg < lollq 11F 1l (2.4)

For ¢y € LY(G), the operator Gy, : Coo(G) — LU(G % @) can be extended to a bounded linear operator
from LP(G) into L(G x G) which we still denote by G, and it satisfies (2.3) and (2.4) for all f € L*(G).

2.3. Minkowski’s inequality
Consider o-finite measure spaces (X, ux) and (Y, uy) and let ¢ be a pux X py-measurable function.
Then, for 0 < r < 5 < 0o, we have

s/r 1/s r/s r
/ / o) duv(y) b dux(@) | < / / o) dux(@) b dpy(y) | . @5

X Y Y X

For more details, one may refer to [8].
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3. Euclidean Group R"

In this section, we shall discuss the generalized Pitt’s inequality for the Gabor transform on R™. Let
L(R™) be the space of slowly growing functions, i.e., it contains the elements ¢ € C°°(R") such that for
every a € N2, there exists C,, and N, € I such that |0%f(x)| < C,(1 + |2|*)™=. Note that S(R") C
L(R™).

THEOREM 3.1. For f e S(R"), 1 < p<2,0< 5 < " and n > 0, we have
q
1/q 1/p

/||C||_Bq |Gy f(z, Q) dedC | < Cg ¥l /||y|lﬁp|f(y)lpdy ,

where Cj is as in Theorem[[.2]and ¢ € L(R") or ¢p € LI(R").

Proof. First assume that f € S(R") and ¢y € L(R"™). For every x € R", the function f¥ € S(R").
Using Theorem [1.2] we have for z € R" and 0 < § < E,
q

/||C||ﬁq Gy f(z, Q)" dC = / ICI5 (£ de
R R»

q/p

< /mWw%mwy

q/p

—c L/meﬂwwww—doy . G.1)

™R

Using Fubini’s theorem, and Minkowski’s inequality (2.3]), we have

/MHMWMwnﬁwﬂz/’/MHMWM@@PM da
R2n Rn n

q/p
g%/ /MWH@W%%%W@ I
J\J
/g \Q/P
< Wl £ )17 [y — )7 de | dy
B
IV
/4 \q/p
=cgb/mWHﬂww(/ww—dox @)
J /

q/p

=%wm(/w@uwww < o0,

© 2026 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |46



so the map

z / 1150 |G f, Ol de
RTL

is integrable for almost all x € R".
Hence, for all f € S(R") and ¢» € L(R™), we have
1/q 1/p

/||C||ﬁq |Gy f(z, Q) dedC | < Cg ¥l /||y||ﬁp|f(y)lpdy

We now suppose that f € S(R") and ¢y € L?(R"). Since S(R"™) is dense in LI(R™), there exists ¢, €
S(R™) such that ||1,,, — 1|, — 0 as m — oo. Therefore for all m € N, we have

1/q 1/p

/||C||_5q |Gy f (2, O dxdC | < Cp [[¢hmllq /||y||6p|f(y)lpdy : (3.2)

For each (z, () € R*", we have

Gy f(2,0) = Gy f (2, Q)| = |Gy f (2, O < [[fllp [[¥m — ¥llg = O asm — oo.

It means that ||C[| 774 |Gy, f(z,)|? — |I<]|7%4 |Gy f(z,¢)|? pointwise for all z € R™ and almost all
¢ € R™ as m — oo. By Fatou’s lemma and then using inequality (3.2)), we obtain

1/q 1/q

J G @ o drdc ) < tmint | [ 161G, SOl do de

1/p

< ¢ tumint [0l | [ 1917 17 dy

1/p

< ¢ 14, / W™ FaPdy | =

4. R" x K, K alLie group of type |

Let K be a Lie group of type I, then the Hausdorff-Young inequality on K takes the following form:

q/p

/ It dug(r) < / o) duc(h) | 1)
7 K

for all ¢ € LP(K). We now prove the generalized Pitt’s inequality for the Fourier transform and the
Gabor transform on G = R" x K, where n > 0.
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THEOREM 4.1. For f € S(G), 1 <p<2,0< < D andn > (), we have
q

1/q 1/p

/I|C|lﬁq I mNE, d¢ dpg(m) | <Cs /||y||ﬁp|f(y,h)|p dy dux(h) |
G G

where Cg is as in Theorem

Proof. For f € S(G) and ¢ € R", define & : K — Cby O¢(h) = [g. f(y, h) e ™ ¥ dyforallh € K.
Then @, € LP(K) for all ( € R" and by Hausdorff-Young inequality (4.1), we have

q/p

/ 129 ¢ m)e dpuge () = [1¢] / Im(@)2 dug(r) < [IC] % / Be(h)[P durc (1)
K K K

q/p

- / 1G4 (@R dpuse() |
K

for all 0 #£ ¢ € R™. Integrating both sides w.r.t.  and then using Minkowski’s inequality (2.5, we have

q/p

/ I I m) e de dpg(m) < / / 12 1 Be()P durc(h) | dc
a R \K

p/q q/p

< ! / I (@ mede | duxe(R)

p/q a/p

_ / / % |2 de | duh)| . @)
J\J

For h € K, define F}, : R" — C by Fy,(y) = f(y,h) forall y € R".
Then F}, € S(R™) and using Theorem [I.2, we have for h € K and 0 < [ < E,
q

P/q p/q

/ I | Z Gl de | = / [l (Folrde | <ct / WP | En(y) P dy
n n Rn
¢ / Wl 1 (v, WP dy.
Rn

On integrating both sides w.r.t. dux (h), we have

p/q

/ / [P [ FA SR dC | dpure(h) < / Wl 1 £ (g, P dy dusc ().
n G

K
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The inequality can be written as

q/p

/ 1¢I5 NF G M dC dug () < CO / Wl 1 0, WP dy dpuc() |
@ G

which establishes the required inequality.
THEOREM 4.2. For f € S(G), v € LY(G),1 <p<2,0< < © and n > 0, we have
q
1/q

/ G159 G b o), dr dp () d e ()

xG
1/p

< s |14, / I 1y, )P dy duse(h) |
G

where Cp is as in Theorem [L.2]

Proof. We first assume that f, ¢ € S(G). For every (z, k) € G, define f(ﬁ’k) :G — Cby

f(ﬁ,,f)(y, h) = f(y,h) ¥(y — x,k~*h) forall (y, h) € G.

—_—

Then f¥ . € S(G) forall (x,k) € Gand Gy f(x,k,(,m) = 1Y (¢, ) forall (z,k) € G.
(z,k) P (z,k)

Using Theorem 4.1l we have for (z,k) € Gand 0 < § < E,
q

/ ¢ |G f (o, ks o) 2 dC dpg ()
G

= [ I I €l de dng )

R"XIA(
q/p

<t [ 17 155 WP dy ducin)
G

q/p

=y ([ W 5 oty — o kR dy dch)
G

Using Fubini’s theorem, (4.3) and Minkowski’s inequality (2.5]), we can write

/ IG5 (G ks o), dr () dC dpae ()

GxG

_ / / <150 11Gu f (. K G I, dC dp(m) | di dpuse (k)

G \@
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q/p

<c / WP 1 £ )P [y — o KR dy dpuse(h) | e dpuge (k)

p/q

< / / o0 L5 I oy — 2K B i ) |y )
G

=ct| [ sl | [ 1ot sk D e duc) | dy dun)
G

)

/
r/q \ a/p

/
a/p

— ¢ [l / W% fy, )P dy dusc(h) | < oo,

so the map

(2, k) / 1C5 |G f s e )2, dC e ()
G

is integrable for almost all (x, k) € G and hence for all f,1 € S(G), we have

1/q
[ G 1G o ¢, d dach) ¢ de(o)
xG
1/p
<l | [ 1917 17 WP dy dpch)
Arguments similar to those in Theorem [3.1] give the required inequality. ]

In particular, let K be a connected nilpotent Lie group having universal covering group K whose generic

coadjoint orbits have the maximal dimension (k: I)f H is the maximal compact subgroup of G, then by
2dim (K/H)—k

[1]*Theorem 3, we have H,(K) = (A,)~ 2 . The Hausdorff-Young inequality on K takes the
following form:

q/p

/ Im(@). dyug(m) < (A,) 22 E0 / e dusc(h) | . (4.4)
K

for all p € Lp(K ). The generalized Pitt’s inequality for the Fourier transform and the Gabor transform
on G = R" x K, where n > 0, take the following forms:

THEOREM 4.3. For f € S(G), 1 <p<2,0< < " andn > 0, we have
q
1/q l/p

/||<||5q 1F(¢,m? d¢ dug () < & /||y||ﬁp|f(y,h)|p dy dux (h) ,
G G

2dim (K/H)—k+2n

where &5 = C5 (4,) 2 and Cp is as in Theorem[L.2
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THEOREM 4.4. For f € S(G), v € LY(G), 1 <p<2,0< < D andn > (), we have
q
1/q

/ G150 G f ks o), e dp () dC e ()

xG
1/p

< & |14, / I 1y, )P dy duge(h) |
G

where &g is as in Theorem

REMARK 4.5. Another special case can be written when K is a Lie group with only finite-dimensional
irreducible representations with K, the connected component of A, non-compact. In this case, K con-
tains a normal subgroup N of finite index such that Z(N), the center of N, is cocompact in N. So
H,(Z(N)) < (A,)™, for some m. Thus, the above inequalities can be written with £5 = Cs (A,)™

REMARK 4.6. Let GG be a locally compact abelian group, then there exists a locally compact abelian
group H containing a compact open subgroup such that G is topologically isomorphic to R" x H. If G
has a non-compact connected component of identity, then n > 0. Hence, by Theorem 4.1l and Theorem
the generalized Pitt’s inequality can be written for the Fourier transform and the Gabor transform on
G for Schwartz functions on G with €3 = Cg.

5. Connected Nilpotent Lie Group

In this section, we shall prove the generalized Pitt’s inequality for the Fourier transform and the Gabor
transform for nilpotent Lie groups which are connected but not necessarily simply connected. Let G be
the simply connected covering group of a connected nilpotent Lie group GG such that (2 : G — G be the
quotient homomorphism. Let Z(G) be the center of G. Let N be a discrete normal subgroup of G such
that G = G /N. Let g be the Lie algebra of G and G having center 3(g). Consider a strong Malcev basis
B = {Y1,...,Y,} of g through the ascending central series of g. Let #* = {Y}",...,Y,"} be the dual
basis for Z. Let U denote the Zariski open subset of g* of generic elements under the coadjoint action of
G with respect to 2. Let V; = R-span{Y;* : i € J} and V; = R-span{Y;* : i € I}, where I is the set
of jump indices and J is the complement of  in {1, ...,n}. The Plancherel measure on G is supported
by W = U N V; which is a cross-section of the generic orbits.

If Z(G) is non-compact, then there is a closed subgroup in Z(G) which is of the form T* x R such that
T* = G° is the maximal compact subgroup of G. Choose a strong Malcev basis 2 = {Y1,...,Y,} of
g that satisfies b := R-span{Y3,...,Yri1} C 3(g) and A = ®F_,ZY;. Thus h = R-span{Yy,..., Y}
and g} = Z-span{Yy",..., YV} + bt

For A = (Ay,..., \p) € ZF, let \Y* := MY + ...+ \Y)" Let B =expb.Forn € Rand \ € Z,
consider the unitary character x,, » = xy of B, where ¢ = nY;" | + AY™ € b” such that

. k . k
X (exp (511 + ... + spa1 Y1) = €7 R

Let

~ ~

Gy = {0 €C 015 = xon - 1)
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having the Plancherel measure d,, ,. Thus, for ¢ € L'( (G/B,v) N L*(G/B,), we have

[ 1P degzr = [ 18R di, ) ex

G/B GXnk

We choose a Borel cross-section Y for the cosets of B in G. We can take Y = exp (>}, , RY}). Every
element » of GG can be uniquely written as

v =yNb= (y,b) = (y, (o exp)(sYis1)),

where y € Y, h € H and s € R. We endow Y with the image of the Haar measure dg/pr of G / B under
the Borel isomorphism yB +— y between G/B and Y. Note that f o {2 o exp is a Schwartz function on
g/A, since f € S(G). For ¢ € b*, consider the function /5 f(3)(-) on G such that

Fonf (0)(9) = / S0 exp) (Y + A)) xulexp (Y +A)) dY, b€ G.
b/A
Forn € Rand v € G, let

O(n,v) = /f(z/(ﬂ o exp)(sYiy1)) €2 ds.

Then Fy/a®(n, )(AY*)() = Fo/nf(¥)(v). For the Torus group h/A = T*, the Plancherel formula
gives

S IFf @O = 3 1Fya@(n, ) OV / (s, k) ? dn.
AEZF AEZF

Using Riesz interpolation theorem, we obtain

p/q p/q
<Z Ifb/Af(lb)(D)I?) = <Z Ifh/A@(m-)(AY*)(D)q> < /I‘P(n,f/hﬂp dh. (5.2)

\EZk \EZFk

By localized Plancherel formula (3.1) for G/B and using ¢(v) = Fof(¢)(v), we get

/ Iw(F)Is diy, 1 (6) / Fonf ()@ dey i

G/B
Xn A

Using Riesz interpolation theorem, we have
a/p

/ Iw (AL dpy, (8) < / Fonf @O deysi | (5.3)

GX,,]A G/B

THEOREM 5.1. Let G be a connected nilpotent Lie group with non-compact center. Then for any [ €
1

S(G),1 <p<2and0 < < —, we have
q

Ha 1/p

/Z /|n| PN dn dpy, ,(5) | < Ca /|s|ﬁp|f<y,h<ﬂoexp)(sYkH))dedhds ,
G

R )\EZk
where Cj is as in Theorem [[.2] with n = 1.
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Proof. Fory € Y and h € H, define foiy : R = Cby fi, iy(s) = f(y, h(Q o exp)(sYjr1)) for all
s e R.

Then, f, ;) € S(R) and we have

f(y,h)(ﬁ) - /f(y, h(Q 0 exp)(sYiy1)) e 2 ds.
R

Then
p

/I@(n)lp dy = / /f(y, h(Q o exp)(sYig1)) e 2™ ds| dy
Y Y IR

p

- / / FOh(Q 0 exp)(sYiy)) € > ds| dgyp

G/B IR

- / B(n, 7P gy 0 (5.4)
G/B

. 1
Using Theorem[I.2] we have fory € Y, h € Hand 0 < 8 < —,
q

p/q

[ Fneldn | < / 199 1,y o (5)1P ds.
R

Integrating both sides with respect to dy dh, we get

P/q

/ / ol T @lan | dydi<cy [l dydhds(55)

YxH Y xH xR

Thus, using Fubini’s theorem, (5.2)), (5.3), (5.4), (53.3) and Minkowski’s inequality (2.3)), we obtain
/ ) / 2 (I, d dps, (9

q/p

< / = Y / Fonf ) daysv | dy
R

)\eZk G/B
q/p

p/q
S/Inlﬁq /(Zlfb/Af(w)(D)q> de/pv | dn

G/B )\Ezk
q/p

<[l | [ el dopdi|
(G B)x H
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q/p

/|n|ﬁq /|f WP dydi | d

/4 q/p

: / /'”rﬁq'f(y,h)(n)lqdn dy dh

Y xH

q/p q/p
( / |51 | fiy iy ()P dy dh ds | = C} / 5177 | £ (y, (S 0 exp)(sYipa))[” dy dhds |,
X H xR G

which gives the required inequality. ]

The following generalized Pitt’s inequality for the LP-Gabor transform can be obtained from Theorem/[5.1]
using similar techniques as in Theorem 3.1l

1
THEOREM 5.2. For f € S(G), v € LY(G), 1 <p <2,0< [ < —, we have
q

1/q

//Z / =P Gy f (2, m)||8 dz dn dpsy, , (6)

AeZk
Xn,\
1/p

<Cs [¥llq /|8|ﬁp |f(y, h(Q 0 exp)(sYip1))|P dy dh ds ,

where Cj is as in Theorem [[.2] with n = 1.

6. Heisenberg Motion Group

In this section, we establish the generalized Pitt’s inequality for the Fourier transform and the Gabor
transform on Heisenberg motion group. Let H,, = C" x R be the Heisenberg group with the group law
given by

1 _
(w,r) - (W', r") = <w+w’,r+r’+§Im(w-w’)>,

where w, w' € C" and r, ' € R. Let U(n) be a maximal compact connected group of automorphisms
of H,,. The action of the unitary group U(n) on H, is given by (k, (w,r)) — (kw,r), for all k € K
and (w,r) € H,. Let G = H,, x K, where K is a compact, connected Lie subgroup of U(n) such that
(K, H,) is a Gelfand pair. G forms a group with the group law given by

(w,r, k) - (W, r'" k) = (w,r) - (kw',r"), kK,

where (w,r), (w',r") € H,; k, k¥’ € K and it is called the Heisenberg motion group. For more details,
refer to [9]]. Using [9, Theorem 4.2], we have

S, 16 ols 1ol = [ 175w b dwak,

peK CnxK
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where

f(s(w; k) = /f(w, r, ]f) 6—27ri57‘ dr.

R
Using Riesz interpolation theorem, we get
qa/p
S a0l < | [ i doa) 6.1
pGIA( nx K

Also, the Plancherel formula for GG takes the form
[ S 176 ol b d = [ Vs w. ) dw dr i
R* peK G
Again using Riesz interpolation theorem, we obtain
1/q 1/p

[Saifool o as) < ( [ 1w, mp dwar ai
K G

* peK

We now prove the generalized Pitt’s inequality for the Fourier transform on Heisenberg motion group.

1
THEOREM 6.1. For f € S(G),1 <p<2and0 < 8 < —, we have
q

1/q 1/p
({R/defﬂﬁq IF(3, )14, 161" ds | < Cs /||(w,?“)||5p|f(wﬂ“,k)|p dw drdk )
K G

* peK
where Cj is as in Theorem [[.2] with n = 1.
Proof. Forw € C" and k € K, define f, : R — C such that f,, 1 (r) = f(w,r, k).

1
Then, f, 1 € S(R) and using Theorem[I.2 we have for (w,k) € C" x K and 0 < § < —,
q

p/q p/q
(N/ 55 P k)7 ds | = / o5 [fon@leds | <c / P92 |fu ()P dr
* R R

=c; [ 1 st 0 dr.
R

Integrating both sides with respect to dw dk, we get

Crx K

p/q
S|P o (w, k)9 ds | dwdk <C% [ |rPP | f(w,r, k)P dw dr dk. (6.2)
B
* G
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Using (6.1)), (6.2) and Minkowski’s inequality (2.3]), we obtain

/de|5lﬁq 175 p)IIE, 1] d5=/|5|ﬁq > do IF S, p)lE, 161" | do
R*

R* peK peK

q/p

=/|5|—5q /|f5(w,k;)|pdwdk do
R*

nx K

<| / ({R/ 16759 £, )| do

Crx K

q/p

p/q
dw dk

q/p

<Cj /|r|ﬁp |f(w,r, k)P dw dr dk
G

q/p

< et { [l 1w, bl dudr ai |
G
which can be reduced to the required inequality. B

For f,¢ € S(G) and (v, 5,h) € G, let f{, ., : G = C be defined by

fgf,’s’h)(w7 T, k) = f(w7 T, k) E((”? S, h>71(w7 T, k))

for all (w, r, k) € G. The generalized Pitt’s inequality for the LP-Gabor transform on Heisenberg motion
group can be proved in a similar manner as in Theorem [3.1] using Theorem

1
THEOREM 6.2. For f € S(G), ¢ € LY(G), 1 <p <2,0< [ < —, we have
q

1/q

[ 1Gof (v sl 1 d
« peK
1/p

< Cs I, / ()% | f oo B)P duw dr dk |
G

where Cj is as in Theorem [[.2] with n = 1.

7. Diamond Lie Groups

In this section, we shall establish the generalized Pitt’s inequality for the Fourier transform and the Gabor
transform on diamond Lie groups. Let ho,+1 be (2n + 1)-dimensioanl Heisenberg Lie algebra having a
basis { X1, Y1, ..., X, Y, Z} with the non-trivial brackets such that [X;, ;] = Z,i =1, ..., n. Consider
the simply connected Lie group associated to the hs, 1 and denote it by H. The diamond Lie groups are
of the form GG, = R™ x H, where £ = (§1,...,&,) € R" acts on = € H by

(gla S 7£n> "= ((r(£1>$1>T7 R (r(€n>xn>T7 77)7
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where = (11,..., 7,07, ; = (a;, ;)T € R%, n € R and for § € R we have

r(6) = cos 2wl —sin 276

sin 2w cos 270

G, is non-exponential, connected, 3-step solvable, simply connected Lie group of type 1. In particular,
(G, is the oscillator group. See [7, [10] for more details. Also the representations of the form ¢,,, ® A,
where A is an arbltrary character of T", are the elements of G Let A be the associated character of T",

where 7 € Z". Then G,, \ Gn/Z( )={0, @A :TE€Z", v e R neT}

Also, one can write

/ S 1o ® A (s " dn = 117712
Tn TEL™

where ¥ = % f(v,-). Using Riesz interpolation theorem, we have

|3 1600 @ O, WP iy < 1, 1)
Tn TEL™

Let ¥ = {(r, (x,y,0)) : ,z,y € R"} be a cross-section for the cosets of R = Z(H) in G.

Following is the generalized Pitt’s inequality for the Fourier transform on diamond Lie groups.
1
THEOREM 7.1. For f € S(G),1 <p <2and 0 < § < —, we have
q

1/q

D (P + 7l =292 (180 © Ar(FIIE, 1¥I™ dv dn

« Tn TEL™
1/p
<cy / / 16017 1O deds|
R X

where Cj is as in Theorem [[.2] with n = 1.

Proof. For 6 € ¥, define fp : R — C by fy(t) = f(t,60), forallt € R.
1
Clearly, fy € S(R) and using Theorem[L.2], we have for§ € ¥ and 0 < § < —,
q
p/q

/ WP fw)rdr | < / 1 | fo(t)P dt = C / %P £ (2, 0)P dt.
* R R

Integrating both sides over X and then applying Fubini’s theorem, we get

p/q

/ ({R WP fwdr | de <l (A / / 177 |7 (1,0)P d db. a.2)
> * R X
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Using (Z.1)), we have

q/p

|3 180 @ AN, W iy < 1 ) = / Fwwds| 73

Tn TEL™
Using Fubini’s theorem, (Z.3), and Minkowski’s inequality (2.5]), we obtain

(WP A+ 92 160, @ A (N, v]" duv dn
R* Tn TEL™

//Z v|” ~ha 1000 ® Az (f )Hq v|™ dv dn

* Tn TEL™

_ / R / S 0 @ A(AL ] dy | d
R*

n TEL™

q/p

< [ [1hwras)
R* by

/4 q/p

/ ({R W F)rdy | de
J\J

q/p q/p

<c / / 1P )P dids | < / / IO 1FE o dtd|
R X R X

which can be reduced to the required inequality. ]

Consider fw s © G — C defined by f ( t) = f(0,t) ¥((u,v)71(0,t)), for f,vb € S(G),
0,1), (u, ) € G. Note that

Glﬁf(u?U?éV,n ®A ) - 51/17 ®A (f(u’u))

The following generalized Pitt’s inequality for the LP-Gabor transform on diamond Lie groups can be
proved using Theorem [7.1] and the techniques similar to those used in Theorem 3.1l

1
THEOREM 7.2. For f € S(G), ¢ € LY(G), 1 <p <2,0< [ < —, we have
q

1/q

/ [ [ ] 3 o B2 (G280 A, o1

R R* Tn TEL™
1/p

< s |14, / / IO oy dids|

R X

where Cj is as in Theorem [[.2] with n = 1.
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