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Generalized Pitt’s inequality for the Gabor transform
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1. Introduction

Pitt’s inequality in harmonic analysis provides bounds that relate a function and its Fourier transform. It
helps to establish embeddings between weighted Lp-spaces and spaces of Fourier transforms.

Let 1 < p ≤ 2 and q be the conjugate of p, i.e.,
1

p
+

1

q
= 1. The space of all Schwartz class functions

on Rn will be denoted by S(Rn). The well known Pitt’s inequality [3, 4] can be stated as follows:

PROPOSITION 1.1. For f ∈ S(Rn) and 0 ≤ β < n, we have∫
Rn

‖ζ‖−β |f̂(ζ)|2 dζ ≤ Cβ
∫
Rn

‖y‖β |f(y)|2 dy,

where Cβ = πβ

⎡⎢⎢⎣Γ
(
n− β

4

)
Γ

(
n+ β

4

)
⎤⎥⎥⎦
2

.

The objective here is to consider the generalized Pitt’s inequality for the Lp-Gabor transform Gψf with
f ∈ S(G) and ψ ∈ Lq(G) for certain Lie groups G. The Hausdorff-Young inequality [4] on Rn takes the
following form: ⎛⎝∫

Rn

|ϕ̂(ζ)|q dζ
⎞⎠1/q

≤ (Ap)
n

⎛⎝∫
Rn

|ϕ(y)|p dy
⎞⎠1/p

,
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for all ϕ ∈ Lp(Rn), where Ap = p
1
2p q−

1
2q is the Babenko-Beckner constant and Ap < 1 when 1 <

p < 2. Proceeding as in the proof of Pitt’s inequality [5]*p. 1880 and using the above Hausdorff-Young
inequality, the following generalized Pitt’s inequality for the Fourier transform on Rn can be obtained.

THEOREM 1.2. For f ∈ S(Rn), 1 < p ≤ 2, 0 ≤ β <
n

q
and n > 0, we have⎛⎝∫

Rn

‖ζ‖−βq |f̂(ζ)|q dζ
⎞⎠1/q

≤ Cβ
⎛⎝∫
Rn

‖y‖βp |f(y)|p dy
⎞⎠1/p

,

where Cβ = C̃β (Ap)n and C̃β = πn/2

⎡⎢⎢⎣ Γ

(
β

2

)
Γ

(
n

2p
− β

2

)
Γ

(
n

2q

)
Γ

(
n

2
− β

2

)
Γ

(
n

2q
+
β

2

)
Γ

(
n

2p

)
⎤⎥⎥⎦.

In [3], Pitt’s inequality has been proved for the Fourier transform on several classes of groups.

In Section 2, we shall briefly discuss some important results that shall be used throughout the paper.
The generalized Pitt’s inequality for the Gabor transform on Rn is proved in the next section. The Sec-
tion 4 incorporates the proof of the generalized Pitt’s inequality for the Fourier transform and the Gabor
transform on the groups of the form Rn × K, K being a Lie group of type I, in particular, a connected
nilpotent Lie group. In the next section, the generalized Pitt’s inequality for the Fourier transform and the
Gabor transform on Heisenberg motion groups has been established. Finally, in Section 5, we prove the
generalized Pitt’s inequality for the Fourier transform and the Gabor transform on diamond Lie groups.

2. Preliminaries and Notations

Let G be a separable, unimodular, second-countable locally compact group of type I having left Haar
measure μG. A continuous unitary representation of G is a pair (π,Hπ), where Hπ is a Hilbert space and
π is a homomorphism of G into U(Hπ), the space of unitary operators on Hπ. We denote by Ĝ the set of
equivalence classes of irreducible unitary representations of G. The Haar measure μG on G is fixed that
uniquely determines the Plancherel measure μĜ on Ĝ.

2.1. Hausdorff-Young Inequality

For ϕ ∈ L1(G), the Fourier transform of ϕ is given by

ϕ̂(π) = π(ϕ) =

∫
G

ϕ(y) π(y)∗ dμG(y).

Let L∞(Ĝ) be the space of all measurable fields of bounded operators on Ĝ. It is easy to see that

‖ϕ̂‖∞ ≤ ‖ϕ‖1.
For ϕ ∈ L2(G), using Plancherel formula, we have

‖ϕ‖22 =
∫
Ĝ

tr [π(ϕ)∗π(ϕ)] dμĜ(π).
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The q-th Schatten norm ‖T‖cq of a Hilbert-Schmidt operator T is defined by

‖T‖qcq = tr
[
(T ∗ T )q/2

]
,

Let Lq(Ĝ) be the space of μG-measurable field of bounded operators F on Ĝ satisfying

‖F‖q =

⎛⎜⎝∫
Ĝ

‖F (π)‖qcq dμĜ(π)

⎞⎟⎠
1/q

<∞.

For ϕ ∈ Lp(G), using Riesz interpolation theorem, we have ϕ̂ ∈ Lq(Ĝ) and

‖ϕ̂‖q ≤ C‖ϕ‖p, (2.1)

where the constant C ≤ 1 and the above inequality is called Hausdorff-Young inequality. The smallest
possible value of C for which (2.1) holds is denoted by Hp(G).

2.2. Gabor Transform

Let C00(G) denote the set of all continuous complex-valued functions on G having compact support.
For f ∈ C00(G), window function ψ ∈ L2(G) and (x, π) ∈ G × Ĝ, the Gabor transform of f with
respect to ψ is given by

Gψf(x, π) :=

∫
G

f(y) ψ(x−1y) π(y)∗ dμG(y). (2.2)

For x ∈ G, consider the function fψx : G → C defined by fψx (y) := f(y) ψ(x−1y). For f ∈ C00(G) and
ψ ∈ L2(G), it can be observed that fψx ∈ L1(G) ∩ L2(G) and it satisfies

f̂ψx (π) = Gψf(x, π). (2.3)

As in [2], the Lp-Gabor transform for f ∈ C00(G) and ψ ∈ Lq(G) is given by (2.2) and it satisfies

‖Gψf‖q ≤ ‖ψ‖q ‖f‖p. (2.4)

For ψ ∈ Lq(G), the operator Gψ : C00(G) → Lq(G × Ĝ) can be extended to a bounded linear operator
from Lp(G) into Lq(G×Ĝ) which we still denote byGψ and it satisfies (2.3) and (2.4) for all f ∈ Lp(G).

2.3. Minkowski’s inequality

Consider σ-finite measure spaces (X,μX) and (Y, μY ) and let ϕ be a μX × μY -measurable function.
Then, for 0 < r ≤ s <∞, we have⎛⎜⎝∫

X

⎧⎨⎩
∫
Y

|ϕ(x, y)|r dμY (y)
⎫⎬⎭
s/r

dμX(x)

⎞⎟⎠
1/s

≤

⎛⎜⎝∫
Y

⎧⎨⎩
∫
X

|ϕ(x, y)|s dμX(x)
⎫⎬⎭
r/s

dμY (y)

⎞⎟⎠
1/r

. (2.5)

For more details, one may refer to [8].
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3. Euclidean Group Rn

In this section, we shall discuss the generalized Pitt’s inequality for the Gabor transform on Rn. Let
L(Rn) be the space of slowly growing functions, i.e., it contains the elements ψ ∈ C∞(Rn) such that for
every α ∈ Nn

0 , there exists Cα and Nα ∈ I such that |∂αf(x)| ≤ Cα(1 + |x|2)Nα . Note that S(Rn) ⊆
L(Rn).

THEOREM 3.1. For f ∈ S(Rn), 1 < p ≤ 2, 0 ≤ β <
n

q
and n > 0, we have

⎛⎝∫
R2n

‖ζ‖−βq |Gψf(x, ζ)|q dx dζ
⎞⎠1/q

≤ Cβ ‖ψ‖q
⎛⎝∫
Rn

‖y‖βp |f(y)|p dy
⎞⎠1/p

,

where Cβ is as in Theorem 1.2 and ψ ∈ L(Rn) or ψ ∈ Lq(Rn).

Proof. First assume that f ∈ S(Rn) and ψ ∈ L(Rn). For every x ∈ Rn, the function fψx ∈ S(Rn).
Using Theorem 1.2, we have for x ∈ Rn and 0 ≤ β <

n

q
,∫

Rn

‖ζ‖−βq |Gψf(x, ζ)|q dζ =
∫
Rn

‖ζ‖−βq |f̂ψx (ζ)|q dζ

≤ Cqβ

⎛⎝∫
Rn

‖y‖βp |fψx (y)|p dy
⎞⎠q/p

= Cqβ

⎛⎝∫
Rn

‖y‖βp |f(y)|p |ψ(y − x)|p dy
⎞⎠q/p . (3.1)

Using Fubini’s theorem, (3.1) and Minkowski’s inequality (2.5), we have∫
R2n

‖ζ‖−βq |Gψf(x, ζ)|q dx dζ =
∫
Rn

⎛⎝∫
Rn

‖ζ‖−βq |Gψf(x, ζ)|q dζ
⎞⎠ dx

≤ Cqβ
∫
Rn

⎛⎝∫
Rn

‖y‖βp |f(y)|p |ψ(y − x)|p dy
⎞⎠q/p dx

≤ Cqβ

⎛⎜⎝∫
Rn

⎛⎝∫
Rn

‖y‖βq |f(y)|q |ψ(y − x)|q dx
⎞⎠p/q dy

⎞⎟⎠
q/p

= Cqβ

⎛⎜⎝∫
Rn

‖y‖βp |f(y)|p
⎛⎝∫
Rn

|ψ(y − x)|q dx
⎞⎠p/q dy

⎞⎟⎠
q/p

= Cqβ ‖ψ‖qq

⎛⎝∫
Rn

‖y‖βp |f(y)|p dy
⎞⎠q/p <∞,
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so the map

x 	→
∫
Rn

‖ζ‖−βq |Gψf(x, ζ)|q dζ

is integrable for almost all x ∈ Rn.

Hence, for all f ∈ S(Rn) and ψ ∈ L(Rn), we have⎛⎝∫
R2n

‖ζ‖−βq |Gψf(x, ζ)|q dx dζ
⎞⎠1/q

≤ Cβ ‖ψ‖q
⎛⎝∫
Rn

‖y‖βp |f(y)|p dy
⎞⎠1/p

.

We now suppose that f ∈ S(Rn) and ψ ∈ Lq(Rn). Since S(Rn) is dense in Lq(Rn), there exists ψm ∈
S(Rn) such that ‖ψm − ψ‖q → 0 as m→ ∞. Therefore for all m ∈ N, we have⎛⎝∫

R2n

‖ζ‖−βq |Gψmf(x, ζ)|q dx dζ
⎞⎠1/q

≤ Cβ ‖ψm‖q
⎛⎝∫
Rn

‖y‖βp |f(y)|p dy
⎞⎠1/p

. (3.2)

For each (x, ζ) ∈ R2n, we have

|Gψmf(x, ζ)−Gψf(x, ζ)| = |Gψm−ψf(x, ζ)| ≤ ‖f‖p ‖ψm − ψ‖q → 0 as m→ ∞.

It means that ‖ζ‖−βq |Gψmf(x, ζ)|q → ‖ζ‖−βq |Gψf(x, ζ)|q pointwise for all x ∈ Rn and almost all
ζ ∈ Rn as m→ ∞. By Fatou’s lemma and then using inequality (3.2), we obtain⎛⎝∫

R2n

‖ζ‖−βq |Gψf(x, ζ)|q dx dζ
⎞⎠1/q

≤ lim inf
m→∞

⎛⎝∫
R2n

‖ζ‖−βq |Gψmf(x, ζ)|q dx dζ
⎞⎠1/q

≤ Cβ lim inf
m→∞ ‖ψm‖q

⎛⎝∫
Rn

‖y‖βp |f(y)|p dy
⎞⎠1/p

≤ Cβ ‖ψ‖q
⎛⎝∫
Rn

‖y‖βp |f(y)|p dy
⎞⎠1/p

.

4. Rn ×K, K a Lie group of type I

Let K be a Lie group of type I, then the Hausdorff-Young inequality on K takes the following form:

∫
K̂

‖π(ϕ)‖qcq dμK̂(π) ≤
⎛⎝∫
K

|ϕ(h)|p dμK(h)
⎞⎠q/p , (4.1)

for all ϕ ∈ Lp(K). We now prove the generalized Pitt’s inequality for the Fourier transform and the
Gabor transform on G = Rn ×K, where n > 0.
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THEOREM 4.1. For f ∈ S(G), 1 < p ≤ 2, 0 ≤ β <
n

q
and n > 0, we have

⎛⎜⎝∫
Ĝ

‖ζ‖−βq ‖f̂(ζ, π)‖qcq dζ dμK̂(π)

⎞⎟⎠
1/q

≤ Cβ
⎛⎝∫
G

‖y‖βp |f(y, h)|p dy dμK(h)
⎞⎠1/p

,

where Cβ is as in Theorem 1.2.

Proof. For f ∈ S(G) and ζ ∈ Rn, define Φζ : K → C by Φζ(h) =
∫
Rn f(y, h) e−2πiζ·y dy for all h ∈ K.

Then Φζ ∈ Lp(K) for all ζ ∈ Rn and by Hausdorff-Young inequality (4.1), we have

∫
K̂

‖ζ‖−βq ‖f̂(ζ, π)‖qcq dμK̂(π) = ‖ζ‖−βq
∫
K̂

‖π(Φζ)‖qcq dμK̂(π) ≤ ‖ζ‖−βq
⎛⎝∫
K

|Φζ(h)|p dμK(h)
⎞⎠q/p

=

⎛⎝∫
K

‖ζ‖−βp |Φζ(h)|p dμK(h)
⎞⎠q/p ,

for all 0 
= ζ ∈ Rn. Integrating both sides w.r.t. ζ and then using Minkowski’s inequality (2.5), we have

∫
Ĝ

‖ζ‖−βq ‖f̂(ζ, π)‖qcq dζ dμK̂(π) ≤
∫
Rn

⎛⎝∫
K

‖ζ‖−βp |Φζ(h)|p dμK(h)
⎞⎠q/p dζ

≤

⎛⎜⎝∫
K

⎛⎝∫
Rn

‖ζ‖−βq |Φζ(h)|q dζ
⎞⎠p/q dμK(h)

⎞⎟⎠
q/p

=

⎛⎜⎝∫
K

⎛⎝∫
Rn

‖ζ‖−βq |F1f(ζ, h)|q dζ
⎞⎠p/q dμK(h)

⎞⎟⎠
q/p

. (4.2)

For h ∈ K, define Fh : Rn → C by Fh(y) = f(y, h) for all y ∈ Rn.

Then Fh ∈ S(Rn) and using Theorem 1.2, we have for h ∈ K and 0 ≤ β <
n

q
,

⎛⎝∫
Rn

‖ζ‖−βq |F1f(ζ, h)|q dζ
⎞⎠p/q =

⎛⎝∫
Rn

‖ζ‖−βq |F̂h(ζ)|q dζ
⎞⎠p/q ≤ Cpβ

∫
Rn

‖y‖βp |Fh(y)|p dy

= Cpβ
∫
Rn

‖y‖βp |f(y, h)|p dy.

On integrating both sides w.r.t. dμK(h), we have

∫
K

⎛⎝∫
Rn

‖ζ‖−βq |F1f(ζ, h)|q dζ
⎞⎠p/q dμK(h) ≤ Cpβ

∫
G

‖y‖βp |f(y, h)|p dy dμK(h).
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The inequality (4.2) can be written as

∫
Ĝ

‖ζ‖−βq ‖f̂(ζ, π)‖qcq dζ dμK̂(π) ≤ Cqβ

⎛⎝∫
G

‖y‖βp |f(y, h)|p dy dμK(h)
⎞⎠q/p ,

which establishes the required inequality.

THEOREM 4.2. For f ∈ S(G), ψ ∈ Lq(G), 1 < p ≤ 2, 0 ≤ β <
n

q
and n > 0, we have

⎛⎜⎝ ∫
G×Ĝ

‖ζ‖−βq ‖Gψf(x, k, ζ, π)‖qcq dx dμK(k) dζ dμK̂(π)

⎞⎟⎠
1/q

≤ Cβ ‖ψ‖q
⎛⎝∫
G

‖y‖βp |f(y, h)|p dy dμK(h)
⎞⎠1/p

,

where Cβ is as in Theorem 1.2.

Proof. We first assume that f, ψ ∈ S(G). For every (x, k) ∈ G, define fψ(x,k) : G→ C by

fψ(x,k)(y, h) = f(y, h) ψ(y − x, k−1h) for all (y, h) ∈ G.

Then fψ(x,k) ∈ S(G) for all (x, k) ∈ G and Gψf(x, k, ζ, π) =
̂
fψ(x,k)(ζ, π) for all (x, k) ∈ G.

Using Theorem 4.1, we have for (x, k) ∈ G and 0 ≤ β <
n

q
,∫

Ĝ

‖ζ‖−βq ‖Gψf(x, k, ζ, π)‖qcq dζ dμK̂(π)

=

∫
Rn×K̂

‖ζ‖−βq ‖̂fψ(x,k)(ζ, π)‖qcq dζ dμK̂(π)

≤ Cqβ

⎛⎝∫
G

‖y‖βp |fψ(x,k)(y, h)|p dy dμK(h)
⎞⎠q/p

= Cqβ

⎛⎝∫
G

‖y‖βp |f(y, h)|p |ψ(y − x, k−1h)|p dy dμK(h)
⎞⎠q/p . (4.3)

Using Fubini’s theorem, (4.3) and Minkowski’s inequality (2.5), we can write∫
G×Ĝ

‖ζ‖−βq ‖Gψf(x, k, ζ, π)‖qcq dx dμK(k) dζ dμK̂(π)

=

∫
G

⎛⎜⎝∫
Ĝ

‖ζ‖−βq ‖Gψf(x, k, ζ, π)‖qcq dζ dμK̂(π)

⎞⎟⎠ dx dμK(k)
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≤ Cqβ
∫
G

⎛⎝∫
G

‖y‖βp |f(y, h)|p |ψ(y − x, k−1h)|p dy dμK(h)
⎞⎠q/p dx dμK(k)

≤ Cqβ

⎛⎜⎝∫
G

⎛⎝∫
G

‖y‖βq |f(y, h)|q |ψ(y − x, k−1h)|q dx dμK(k)
⎞⎠p/q dy dμK(h)

⎞⎟⎠
q/p

= Cqβ

⎛⎜⎝∫
G

‖y‖βp |f(y, h)|p
⎛⎝∫
G

|ψ(y − x, k−1h)|q dx dμK(k)
⎞⎠p/q dy dμK(h)

⎞⎟⎠
q/p

= Cqβ ‖ψ‖qq

⎛⎝∫
G

‖y‖βp |f(y, h)|p dy dμK(h)
⎞⎠q/p <∞,

so the map

(x, k) 	→
∫
G

‖ζ‖−βq |Gψf(x, k, ζ, π)‖qcq dζ dμK̂(π)

is integrable for almost all (x, k) ∈ G and hence for all f, ψ ∈ S(G), we have⎛⎜⎝ ∫
G×Ĝ

‖ζ‖−βq ‖Gψf(x, k, ζ, π)‖qcq dx dμK(k) dζ dμK̂(π)

⎞⎟⎠
1/q

≤ Cβ ‖ψ‖q
⎛⎝∫
G

‖y‖βp |f(y, h)|p dy dμK(h)
⎞⎠1/p

.

Arguments similar to those in Theorem 3.1 give the required inequality.

In particular, letK be a connected nilpotent Lie group having universal covering group K̃ whose generic
coadjoint orbits have the maximal dimension k. If H is the maximal compact subgroup of G, then by
[1]*Theorem 3, we have Hp(K) = (Ap)

2 dim (K/H)−k
2 . The Hausdorff-Young inequality on K takes the

following form:∫
K̂

‖π(ϕ)‖qcq dμK̂(π) ≤ (Ap)
q(2 dim (K/H)−k)

2

⎛⎝∫
K

|ϕ(h)|p dμK(h)
⎞⎠q/p , (4.4)

for all ϕ ∈ Lp(K). The generalized Pitt’s inequality for the Fourier transform and the Gabor transform
on G = Rn ×K, where n > 0, take the following forms:

THEOREM 4.3. For f ∈ S(G), 1 < p ≤ 2, 0 ≤ β <
n

q
and n > 0, we have⎛⎜⎝∫

Ĝ

‖ζ‖−βq ‖f̂(ζ, π)‖qcq dζ dμK̂(π)

⎞⎟⎠
1/q

≤ Eβ
⎛⎝∫
G

‖y‖βp |f(y, h)|p dy dμK(h)
⎞⎠1/p

,

where Eβ = C̃β (Ap) 2 dim (K/H)−k+2n
2 and C̃β is as in Theorem 1.2.
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THEOREM 4.4. For f ∈ S(G), ψ ∈ Lq(G), 1 < p ≤ 2, 0 ≤ β <
n

q
and n > 0, we have⎛⎜⎝ ∫

G×Ĝ

‖ζ‖−βq ‖Gψf(x, k, ζ, π)‖qcq dx dμK(k) dζ dμK̂(π)

⎞⎟⎠
1/q

≤ Eβ ‖ψ‖q
⎛⎝∫
G

‖y‖βp |f(y, h)|p dy dμK(h)
⎞⎠1/p

,

where Eβ is as in Theorem 4.3.

REMARK 4.5. Another special case can be written when K is a Lie group with only finite-dimensional
irreducible representations with K0, the connected component of K, non-compact. In this case, K con-
tains a normal subgroup N of finite index such that Z(N), the center of N , is cocompact in N . So
Hp(Z(N)) ≤ (Ap)

m, for some m. Thus, the above inequalities can be written with Eβ = C̃β (Ap)m.

REMARK 4.6. Let G be a locally compact abelian group, then there exists a locally compact abelian
group H containing a compact open subgroup such that G is topologically isomorphic to Rn ×H . If G
has a non-compact connected component of identity, then n > 0. Hence, by Theorem 4.1 and Theorem
4.2, the generalized Pitt’s inequality can be written for the Fourier transform and the Gabor transform on
G for Schwartz functions on G with Eβ = Cβ.

5. Connected Nilpotent Lie Group

In this section, we shall prove the generalized Pitt’s inequality for the Fourier transform and the Gabor
transform for nilpotent Lie groups which are connected but not necessarily simply connected. Let G̃ be
the simply connected covering group of a connected nilpotent Lie group G such that Ω : G̃ → G be the
quotient homomorphism. Let Z(G) be the center of G. Let N be a discrete normal subgroup of G such
that G = G̃/N . Let g be the Lie algebra of G and G̃ having center z(g). Consider a strong Malcev basis
B = {Y1, . . . , Yn} of g through the ascending central series of g. Let B∗ = {Y ∗

1 , . . . , Y
∗
n } be the dual

basis for B. Let U denote the Zariski open subset of g∗ of generic elements under the coadjoint action of
G̃ with respect to B. Let VJ = R- span{Y ∗

i : i ∈ J} and VI = R- span{Y ∗
i : i ∈ I}, where I is the set

of jump indices and J is the complement of I in {1, . . . , n}. The Plancherel measure on G̃ is supported
by W = U ∩ VJ which is a cross-section of the generic orbits.

If Z(G) is non-compact, then there is a closed subgroup in Z(G) which is of the form Tk×R such that
Tk = Gc is the maximal compact subgroup of G. Choose a strong Malcev basis B = {Y1, . . . , Yn} of
g that satisfies b := R- span{Y1, . . . , Yk+1} ⊂ z(g) and Λ = ⊕k

i=1ZYi. Thus h = R- span{Y ∗
1 , . . . , Y

∗
k }

and g∗Λ = Z- span{Y ∗
1 , . . . , Y

∗
k }+ h⊥.

For λ = (λ1, . . . , λk) ∈ Zk, let λY ∗ := λ1Y
∗
1 + . . . + λkY

∗
k . Let B̃ = exp b. For η ∈ R and λ ∈ Zk,

consider the unitary character χη,λ = χψ of B̃, where ψ = ηY ∗
k+1 + λY ∗ ∈ b∗ such that

χη,λ(exp (s1Y1 + . . . + sk+1Yk+1)) = e2πi〈ψ,
∑k+1

j=1 sjYj〉 = e2πi(ηsk+1+
∑k

j=1 λjsj).

Let ̂̃Gχη,λ
= {δ ∈ ̂̃G : δ|B̃ = χη,λ · I}
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having the Plancherel measure dμχη,λ
. Thus, for ϕ ∈ L1(G̃/B̃, ψ) ∩ L2(G̃/B̃, ψ), we have∫

G̃/B̃

|ϕ(ν)|2 dG̃/B̃ ν =

∫
̂̃Gχη,λ

‖δ(ϕ)‖2HS dμχη,λ
(δ). (5.1)

We choose a Borel cross-section Y for the cosets of B in G. We can take Y = exp
(∑n

k+2 RYj
)
. Every

element ν̇ of G can be uniquely written as

ν̇ = yNḃ ≡ (y, ḃ) = (y, ḣ(Ω ◦ exp)(sYk+1)),

where y ∈ Y , ḣ ∈ H and s ∈ R. We endow Y with the image of the Haar measure dG/Bν̇ of G/B under
the Borel isomorphism yB 	→ y between G/B and Y . Note that f ◦ Ω ◦ exp is a Schwartz function on
g/Λ, since f ∈ S(G). For ψ ∈ b∗, consider the function Fb/Λf(ψ)(·) on G such that

Fb/Λf(ψ)(ν̇) =

∫
b/Λ

f(ν̇(Ω ◦ exp)(Y + Λ)) χψ(exp (Y + Λ)) dẎ , ν̇ ∈ G.

For η ∈ R and ν̇ ∈ G, let

Φ(η, ν̇) :=

∫
R

f(ν̇(Ω ◦ exp)(sYk+1)) e
−2πisη ds.

Then Fh/ΛΦ(η, ·)(λY ∗)(ν̇) = Fb/Λf(ψ)(ν̇). For the Torus group h/Λ = Tk, the Plancherel formula
gives ∑

λ∈Zk

|Fb/Λf(ψ)(ν̇)|2 =
∑
λ∈Zk

|Fh/ΛΦ(η, ·)(λY ∗)(ν̇)|2 =
∫
H

|Φ(η, ν̇ḣ)|2 dḣ.

Using Riesz interpolation theorem, we obtain(∑
λ∈Zk

|Fb/Λf(ψ)(ν̇)|2
)p/q

=

(∑
λ∈Zk

|Fh/ΛΦ(η, ·)(λY ∗)(ν̇)|q
)p/q

≤
∫
H

|Φ(η, ν̇ḣ)|p dḣ. (5.2)

By localized Plancherel formula (5.1) for G̃/B̃ and using φ(ν) = Fbf̃(ψ)(ν), we get∫
̂̃Gχη,λ

‖π(f)‖2HS dμχη,λ
(δ) =

∫
G/B

|Fb/Λf(ψ)(ν̇)|2 dG/B ν̇.

Using Riesz interpolation theorem, we have∫
̂̃Gχη,λ

‖π(f)‖qcq dμχη,λ
(δ) ≤

⎛⎜⎝ ∫
G/B

|Fb/Λf(ψ)(ν̇)|p dG/B ν̇

⎞⎟⎠
q/p

. (5.3)

THEOREM 5.1. Let G be a connected nilpotent Lie group with non-compact center. Then for any f ∈
S(G), 1 < p ≤ 2 and 0 ≤ β <

1

q
, we have⎛⎜⎜⎝∫

R

∑
λ∈Zk

∫
̂̃Gχη,λ

|η|−βq ‖π(f)‖qcq dη dμχη,λ
(δ)

⎞⎟⎟⎠
1/q

≤ Cβ
⎛⎝∫
G

|s|βp |f(y, ḣ(Ω ◦ exp)(sYk+1))|p dy dḣ ds
⎞⎠1/p

,

where Cβ is as in Theorem 1.2 with n = 1.
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Proof. For y ∈ Y and ḣ ∈ H , define f(y,ḣ) : R → C by f(y,ḣ)(s) = f(y, ḣ(Ω ◦ exp)(sYk+1)) for all
s ∈ R.

Then, f(y,ḣ) ∈ S(R) and we have

f̂(y,ḣ)(η) =

∫
R

f(y, ḣ(Ω ◦ exp)(sYk+1)) e
−2πisη ds.

Then∫
Y

|f̂(y,ḣ)(η)|p dy =

∫
Y

∣∣∣∣∣∣
∫
R

f(y, ḣ(Ω ◦ exp)(sYk+1)) e
−2πisη ds

∣∣∣∣∣∣
p

dy

=

∫
G/B

∣∣∣∣∣∣
∫
R

f(ν̇ḣ(Ω ◦ exp)(sYk+1)) e
−2πisη ds

∣∣∣∣∣∣
p

dG/B ν̇

=

∫
G/B

|Φ(η, ν̇ḣ)|p dG/B ν̇. (5.4)

Using Theorem 1.2, we have for y ∈ Y , ḣ ∈ H and 0 ≤ β <
1

q
,

⎛⎝∫
R

|η|−βq |f̂(y,ḣ)(η)|q dη
⎞⎠p/q ≤ Cpβ

∫
R

|s|βp |f(y,ḣ)(s)|p ds.

Integrating both sides with respect to dy dḣ, we get

∫
Y×H

⎛⎝∫
R

|η|−βq |f̂(y,ḣ)(η)|q dη
⎞⎠p/q dy dḣ ≤ Cpβ

∫
Y×H×R

|s|βp |f(y,ḣ)(s)|p dy dḣ ds. (5.5)

Thus, using Fubini’s theorem, (5.2), (5.3), (5.4), (5.5) and Minkowski’s inequality (2.5), we obtain∫
R

∑
λ∈Zk

∫
̂̃Gχη,λ

|η|−βq ‖π(f)‖qcq dη dμχη,λ
(δ)

≤
∫
R

|η|−βq
∑
λ∈Zk

⎛⎜⎝ ∫
G/B

|Fb/Λf(ψ)(ν̇)|p dG/B ν̇

⎞⎟⎠
q/p

dη

≤
∫
R

|η|−βq
⎛⎜⎝ ∫
G/B

(∑
λ∈Zk

|Fb/Λf(ψ)(ν̇)|q
)p/q

dG/B ν̇

⎞⎟⎠
q/p

dη

≤
∫
R

|η|−βq
⎛⎜⎝ ∫
(G/B)×H

|Φ(η, ν̇ḣ)|p dG/B ν̇ dḣ

⎞⎟⎠
q/p

dη
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=

∫
R

|η|−βq
⎛⎝ ∫
Y×H

|f̂(y,ḣ)(η)|p dy dḣ
⎞⎠q/pdη

≤

⎛⎜⎝ ∫
Y×H

⎛⎝∫
R

|η|−βq |f̂(y,ḣ)(η)|q dη
⎞⎠p/q dy dḣ

⎞⎟⎠
q/p

≤ Cqβ

⎛⎝ ∫
Y×H×R

|s|βp |f(y,ḣ)(s)|p dy dḣ ds
⎞⎠q/p= Cqβ

⎛⎝∫
G

|s|βp |f(y, ḣ(Ω ◦ exp)(sYk+1))|p dy dḣ ds
⎞⎠q/p ,

which gives the required inequality.

The following generalized Pitt’s inequality for theLp-Gabor transform can be obtained from Theorem 5.1
using similar techniques as in Theorem 3.1.

THEOREM 5.2. For f ∈ S(G), ψ ∈ Lq(G), 1 < p ≤ 2, 0 ≤ β <
1

q
, we have⎛⎜⎜⎝∫

G

∫
R

∑
λ∈Zk

∫
̂̃Gχη,λ

|η|−βq ‖Gψf(ż, π)‖qcq dż dη dμχη,λ
(δ)

⎞⎟⎟⎠
1/q

≤ Cβ ‖ψ‖q
⎛⎝∫
G

|s|βp |f(y, ḣ(Ω ◦ exp)(sYk+1))|p dy dḣ ds
⎞⎠1/p

,

where Cβ is as in Theorem 1.2 with n = 1.

6. Heisenberg Motion Group

In this section, we establish the generalized Pitt’s inequality for the Fourier transform and the Gabor
transform on Heisenberg motion group. Let Hn = Cn × R be the Heisenberg group with the group law
given by

(w, r) · (w′, r′) =
(
w + w′, r + r′ +

1

2
Im (w · w′)

)
,

where w, w′ ∈ Cn and r, r′ ∈ R. Let U(n) be a maximal compact connected group of automorphisms
of Hn. The action of the unitary group U(n) on Hn is given by (k, (w, r)) 	→ (kw, r), for all k ∈ K

and (w, r) ∈ Hn. Let G = Hn �K, where K is a compact, connected Lie subgroup of U(n) such that
(K,Hn) is a Gelfand pair. G forms a group with the group law given by

(w, r, k) · (w′, r′, k′) = ((w, r) · (kw′, r′), kk′),

where (w, r), (w′, r′) ∈ Hn; k, k′ ∈ K and it is called the Heisenberg motion group. For more details,
refer to [9]. Using [9, Theorem 4.2], we have∑

ρ∈K̂
dρ ‖f̂(δ, ρ)‖2HS |δ|n =

∫
Cn×K

|f δ(w, k)|2 dw dk,
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where

f δ(w, k) =

∫
R

f(w, r, k) e−2πiδr dr.

Using Riesz interpolation theorem, we get

∑
ρ∈K̂

dρ ‖f̂(δ, ρ)‖qcq |δ|n ≤
⎛⎝ ∫
Cn×K

|f δ(w, k)|p dw dk

⎞⎠q/p , (6.1)

Also, the Plancherel formula for G takes the form∫
R∗

∑
ρ∈K̂

dρ ‖f̂(δ, ρ)‖2HS |δ|n dδ =
∫
G

|f(w, r, k)|2 dw dr dk.

Again using Riesz interpolation theorem, we obtain⎛⎝∫
R∗

∑
ρ∈K̂

dρ ‖f̂(δ, ρ)‖qcq |δ|n dδ
⎞⎠1/q

≤
⎛⎝∫
G

|f(w, r, k)|p dw dr dk

⎞⎠1/p

.

We now prove the generalized Pitt’s inequality for the Fourier transform on Heisenberg motion group.

THEOREM 6.1. For f ∈ S(G), 1 < p ≤ 2 and 0 ≤ β <
1

q
, we have

⎛⎝∫
R∗

∑
ρ∈K̂

dρ |δ|−βq ‖f̂(δ, ρ)‖qcq |δ|n dδ
⎞⎠1/q

≤ Cβ
⎛⎝∫
G

‖(w, r)‖βp |f(w, r, k)|p dw dr dk

⎞⎠1/p

,

where Cβ is as in Theorem 1.2 with n = 1.

Proof. For w ∈ Cn and k ∈ K, define fw,k : R → C such that fw,k(r) = f(w, r, k).

Then, fw,k ∈ S(R) and using Theorem 1.2, we have for (w, k) ∈ Cn ×K and 0 ≤ β <
1

q
,

⎛⎝∫
R∗

|δ|−βq |f δ(w, k)|q dδ
⎞⎠p/q =

⎛⎝∫
R

|δ|−βq |f̂w,k(δ)|q dδ
⎞⎠p/q ≤ Cpβ

∫
R

|r|βp |fw,k(r)|p dr

= Cpβ
∫
R

|r|βp |f(w, r, k)|p dr.

Integrating both sides with respect to dw dk, we get

∫
Cn×K

⎛⎝∫
R∗

|δ|−βq |f δ(w, k)|q dδ
⎞⎠p/q dw dk ≤ Cpβ

∫
G

|r|βp |f(w, r, k)|p dw dr dk. (6.2)
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Using (6.1), (6.2) and Minkowski’s inequality (2.5), we obtain∫
R∗

∑
ρ∈K̂

dρ |δ|−βq ‖f̂(δ, ρ)‖qcq |δ|n dδ =
∫
R∗

|δ|−βq
⎛⎝∑
ρ∈K̂

dρ ‖f̂(δ, ρ)‖qcq |δ|n
⎞⎠ dδ

=

∫
R∗

|δ|−βq
⎛⎝ ∫
Cn×K

|f δ(w, k)|p dw dk

⎞⎠q/p dδ
≤

⎛⎜⎝ ∫
Cn×K

⎛⎝∫
R∗

|δ|−βq |f δ(w, k)|q dδ
⎞⎠p/q dw dk

⎞⎟⎠
q/p

≤ Cqβ

⎛⎝∫
G

|r|βp |f(w, r, k)|p dw dr dk

⎞⎠q/p

≤ Cqβ

⎛⎝∫
G

‖(w, r)‖βp |f(w, r, k)|p dw dr dk

⎞⎠q/p ,
which can be reduced to the required inequality.

For f, ψ ∈ S(G) and (v, s, h) ∈ G, let fψ(v,s,h) : G → C be defined by

fψ(v,s,h)(w, r, k) = f(w, r, k) ψ((v, s, h)−1(w, r, k))

for all (w, r, k) ∈ G. The generalized Pitt’s inequality for the Lp-Gabor transform on Heisenberg motion
group can be proved in a similar manner as in Theorem 3.1 using Theorem 6.1.

THEOREM 6.2. For f ∈ S(G), ψ ∈ Lq(G), 1 < p ≤ 2, 0 ≤ β <
1

q
, we have⎛⎝∫

R∗

∑
ρ∈K̂

dρ |δ|−βq ‖Gψf(v, s, h, δ, ρ)‖qcq |δ|n dδ
⎞⎠1/q

≤ Cβ ‖ψ‖q
⎛⎝∫
G

‖(w, r)‖βp |f(w, r, k)|p dw dr dk

⎞⎠1/p

,

where Cβ is as in Theorem 1.2 with n = 1.

7. Diamond Lie Groups

In this section, we shall establish the generalized Pitt’s inequality for the Fourier transform and the Gabor
transform on diamond Lie groups. Let h2n+1 be (2n + 1)-dimensioanl Heisenberg Lie algebra having a
basis {X1, Y1, . . . , Xn, Yn, Z} with the non-trivial brackets such that [Xi, Yi] = Z, i = 1, . . . , n. Consider
the simply connected Lie group associated to the h2n+1 and denote it by H. The diamond Lie groups are
of the form Gn = Rn �H, where ξ = (ξ1, . . . , ξn) ∈ Rn acts on x ∈ H by

(ξ1, . . . , ξn) · x = ((r(ξ1)x1)
T , . . . , (r(ξn)xn)

T , η),
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where x = (x1, . . . , xn, η)
T , xi = (ai, bi)

T ∈ R2, η ∈ R and for θ ∈ R we have

r(θ) =

[
cos 2πθ − sin 2πθ

sin 2πθ cos 2πθ

]
.

Gn is non-exponential, connected, 3-step solvable, simply connected Lie group of type I. In particular,
G1 is the oscillator group. See [7, 10] for more details. Also the representations of the form δν,η ⊗ Λ,
where Λ is an arbitrary character of Tn, are the elements of Ĝn. Let Λτ be the associated character of Tn,
where τ ∈ Zn. Then Ĝn \ ̂Gn/Z(H) = {δν,η ⊗ Λτ : τ ∈ Zn, ν ∈ R∗, η ∈ Tn}.

Also, one can write ∫
Tn

∑
τ∈Zn

‖δν,η ⊗ Λτ (f)‖2HS |ν|n dη = ‖f ν‖2L2(Gn/RZ),

where f ν = F1f(ν, ·). Using Riesz interpolation theorem, we have∫
Tn

∑
τ∈Zn

‖δν,η ⊗ Λτ (f)‖qcq |ν|n dη ≤ ‖f ν‖qLp(Gn/RZ)
, (7.1)

Let Σ = {(r, (x, y, 0)) : r, x, y ∈ Rn} be a cross-section for the cosets of R = Z(H) in G.

Following is the generalized Pitt’s inequality for the Fourier transform on diamond Lie groups.

THEOREM 7.1. For f ∈ S(G), 1 < p ≤ 2 and 0 ≤ β <
1

q
, we have

⎛⎝∫
R∗

∫
Tn

∑
τ∈Zn

(|ν|2 + ‖τ‖2)−βq/2 ‖δν,η ⊗ Λτ (f)‖qcq |ν|n dν dη
⎞⎠1/q

≤ Cβ
⎛⎝∫

R

∫
Σ

‖(t, θ)‖βp |f(t, θ)|p dt dθ
⎞⎠1/p

,

where Cβ is as in Theorem 1.2 with n = 1.

Proof. For θ ∈ Σ, define fθ : R → C by fθ(t) = f(t, θ), for all t ∈ R.

Clearly, fθ ∈ S(R) and using Theorem 1.2, we have for θ ∈ Σ and 0 ≤ β <
1

q
,

⎛⎝∫
R∗

|ν|−βq |f̂θ(ν)|q dν
⎞⎠p/q ≤ Cpβ

∫
R

|t|βp |fθ(t)|p dt = Cpβ
∫
R

|t|βp |f(t, θ)|p dt.

Integrating both sides over Σ and then applying Fubini’s theorem, we get

∫
Σ

⎛⎝∫
R∗

|ν|−βq |f̂θ(ν)|q dν
⎞⎠p/q dθ ≤ Cpβ (Ap)p

∫
R

∫
Σ

|t|βp |f(t, θ)|p dt dθ. (7.2)
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Using (7.1), we have

∫
Tn

∑
τ∈Zn

‖δν,η ⊗ Λτ (f)‖qcq |ν|n dη ≤ ‖f ν‖qLp(Gn/RZ)
=

⎛⎝∫
Σ

|f̂θ(ν)|p dθ
⎞⎠q/p . (7.3)

Using Fubini’s theorem, (7.3), (7.2) and Minkowski’s inequality (2.5), we obtain∫
R∗

∫
Tn

∑
τ∈Zn

(|ν|2 + ‖τ‖2)−βq/2 ‖δν,η ⊗ Λτ (f)‖qcq |ν|n dν dη

≤
∫
R∗

∫
Tn

∑
τ∈Zn

|ν|−βq ‖δν,η ⊗ Λτ (f)‖qcq |ν|n dν dη

=

∫
R∗

|ν|−βq
⎛⎝∫

Tn

∑
τ∈Zn

‖δν,η ⊗ Λτ (f)‖qcq |ν|n dη
⎞⎠ dν

≤
∫
R∗

|ν|−βq
⎛⎝∫

Σ

|f̂θ(ν)|p dθ
⎞⎠q/p dν

≤

⎛⎜⎝∫
Σ

⎛⎝∫
R∗

|ν|−βq |f̂θ(ν)|q dν
⎞⎠p/q dθ

⎞⎟⎠
q/p

≤ Cqβ

⎛⎝∫
R

∫
Σ

|t|βp |f(t, θ)|p dt dθ
⎞⎠q/p ≤ Cqβ

⎛⎝∫
R

∫
Σ

‖(t, θ)‖βp |f(t, θ)|p dt dθ
⎞⎠q/p ,

which can be reduced to the required inequality.

Consider fψ(u,v) : G → C defined by fψ(u,v)(θ, t) = f(θ, t) ψ((u, v)−1(θ, t)), for f, ψ ∈ S(G),
(θ, t), (u, v) ∈ G. Note that

Gψf(u, v, δν,η ⊗ Λτ ) = δν,η ⊗ Λτ (f
ψ
(u,v)).

The following generalized Pitt’s inequality for the Lp-Gabor transform on diamond Lie groups can be
proved using Theorem 7.1 and the techniques similar to those used in Theorem 3.1.

THEOREM 7.2. For f ∈ S(G), ψ ∈ Lq(G), 1 < p ≤ 2, 0 ≤ β <
1

q
, we have

⎛⎝∫
Σ

∫
R

∫
R∗

∫
Tn

∑
τ∈Zn

(|ν|2 + ‖τ‖2)−βq/2 ‖Gψf(u, v, δν,η ⊗ Λτ )‖qcq |ν|n du dv dν dη
⎞⎠1/q

≤ Cβ ‖ψ‖q
⎛⎝∫

R

∫
Σ

‖(t, θ)‖βp |f(t, θ)|p dt dθ
⎞⎠1/p

,

where Cβ is as in Theorem 1.2 with n = 1.
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