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ABSTRACT. In this paper, we establish curvature estimates for a class of curvature equation F,(x) = f(V,v) for 5 < p <
n — 1 in the warped product manifolds M. Additionally, by imposing some constraints on the right-hand side function, we
also obtain an existence result for the starshaped hypersurface ¥ that satisfies the above equation.
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1. Introduction

Let M"*! be a Riemannian manifold and X be a closed hypersurface in M"*!. We use X to denote its
position vector. We let v(X) be the unit outer-normal vector of X at position vector X. The problem of
hypersurfaces with prescribed curvature asks to find a closed hypersurfaces 3 in M"™*! that satisfies the
following curvature equation

9(k) = f,

where ¢ is a smooth symmetric function of n variables, K = (K1, - -+ , k,,) are the principal curvatures of
Y. The right hand side function f = f(X) or more generally f = f(X,v(X)).

The above equation is overly broad for our study; therefore, we will impose certain constraints on it.
We consider the following prescribed curvature equation with the general right hand side

Fp(k) = H1§i1<i2<---<z‘p§n(’fi1 + Ky + 00+ "fip) = f(X,v(X)),X € %

We introduce the following elliptic condition by Harvey and Lawson [15].

Definition 1.1. A C? regular hypersurface Y in M"*! is called p-convex if k(X) € P, forall X € ¥,
where P, is the p-convex cone

Pp={r € R": VI < i) <ig <+ <ip <N, Ky + Kip + -+ Ky, >0}

When the ambient space is a general Riemannian manifold, difficult-to-handle curvature terms will
arise in the prior estimates. Therefore, we consider the warped product manifold with rotational
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symmetry properties. Let (M, ¢') be a compact Riemannian manifold and / be an open interval in R.
We consider the warped product manifold M"*! = I x, M endowed with the metric

g =dp*+¢*(p)d

where ¢ : I — R* is a smooth positive function. A hypersurface 3 in M"*! is called star-shaped if 3 is
the graph of a function p = p(z), z € M, i.e.,

Y={X =(z,p(2)) € M.z € M}
We also call p is p-convex if the star-shaped hypersurface >(z, p(z)) is p-convex.

Therefore, based on the above discussion, in this paper, we consider the following prescribed curvature
problem

‘Fp(’%) = H1§i1<i2<~~~<ip§n(’%i1 + Kig +oeee K“ip) = f(X’ V(X)) 7X € X (11)

where Y. is a closed star-shaped p-convex hypersurface in the warped product manifold, V' (X) is the
vector field V' = (b(p)a% at X € X. The prescript function f is positive and C? on I', where I is an
open neighborhood of {(V(X),v(X)) : X € ¥} in TM™"! x S". Equation (1.1) is an elliptic partial
differential equation of second order of the function p due to the p-convexity of >..

Let’s make a brief review of the current research status of equation (1.1). The equation (1.1) is fully
nonlinear for p < n — 1. When p = 1, equation (1.1) is the Gaussian curvature equation studied by
Oliker [20] in R"*!. When p = n, it is the mean curvature equation studied by Bakelman-Kantor [1] and
Treibergs-Wei [21] in R*™1, In [7], Chu-Jiao considered the (7, k)-convex star-shaped hypersurfaces in
R, where 1 <k <n,m = ji tvj- The (n,n) curvature equation there is exactly the equation (1.1)
with p = n — 1. When § < p < n — 1, equation (1.1) was firstly proposed by Dong [9] in R™*1 and
he obtained the existence theorem by establishing CY, C'!' and C? estimates of equation (1.1). In space
forms, Barbosa-Lira-Oliker in [2] studied the curvature estimates for hypersurfaces with prescribed m-th
curvature, i.e., 0,, (k) = f, where the right hand side function f does not depend on v(X). Spruck-Xiao
in [3] studied the curvature estimates for hypersurfaces with prescribed scalar curvature for general f
depending on v(X). For equation (1.1), Zhou in [6] studied the curvature estimates for (n — 1)-convex
hypersurfaces. Recently, Lu-Zhong [19] extended the results of Dong to space forms. To obtain the
curvature estimates, Lu-Zhong applied another concavity inequality of curvature function F,, to absorb
the bad third order terms in the elliptic space and hyperbolic space. Compared with Dong and Lu-Zhong’s
work, the important Codazzi property in curvature estimate and gradient estimate for equation (1.1) can’t
be used here due to the non-constant sectional curvature in the warped product manifold.

For the warped product manifolds, Chen-Li-Wang in [31] derived the curvature estimates for 2-convex
and (n — 1)-convex hypersurfaces, that is, the curvature estimates for hypersurfaces satisfying the cur-
vature equation o3(x) = f and 0,,_1(k) = f, where the right hand side function f depends on v(X).

Chen-Tu-Xiang in [32] studied the curvature equation
Ok

—(n) =f(V,v)

a1

for (1, k)-convex star-shaped hypersurfaces where 1 < k < n,n, = > ;i ki and oy, is the k-th elemen-
tary symmetric function with 2 < k <n, 0 <[ < k — 2. Recently, Wang in [33] extended the results of
Chen-Tu-Xiang to 0 < [ < k < n by extending the key inequality due to Chen-Dong-Han [25].

© 2026 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page 126



If the right hand side function f depending on the gradient term or the normal for Hessian equation
or curvature equation, let’s give a brief review of the results obtained recently. Guan-Ren-Wang [34]
showed that curvature estimate fails for curvature quotient equation

(X)) = F(V(X),m(X), VX € M,

in the Euclidean space for general f, where 0 < [ < k < n. However, in the case [ = 0 and k£ > 3,
the curvature estimate for convex hypersurfaces was obtained by Caffarelli-Nirenberg-Spruck [24] when
k = n, Guan-Ren-Wang [34] when 3 < k£ < n, and for non-convex hypersurfaces by Ren-Wang [27, 28]
when £ = n — 1 and n — 2. Recently, Lu-Tsai in [18] gave a simpler proof of Ren-Wang’s results [27].
Assuming that f is convex with respect to the normal v, Guan [26] obtained the global C? estimates
for the Dirichlet problem of general Hessian equation on Riemannian manifolds. For the other technical
assumptions on f to derive C? estimates, we refer the readers to Ivochkina [22, 23], Guan-Guan [11],
Guan-Lin-Ma [14], Guan-Li-Li [13] and Guan-Jiao [12] for more details.

In this paper, the curvature estimate for equation (1.1) is established without any technical assumptions
on prescript function f in the warped product manifold.

Theorem 1.2. Let X. be a closed star-shaped p-convex hypersurface satisfying curvature equation (1.1)
in the warped product manifold with 5 < p < n — 1. Then,

: < .
yaiex lsi(X)] < C (1.2)

where C'is a positive constant depending on n, p, |X|cr, inf f and | f|ce.

Unlike curvature estimates, both gradient estimates and boundedness estimates require some restric-
tions on the prescript function f. For the gradient estimate and boundedness estimate, we respectively
adopt two assumptions A; and A, on prescript function f from [1, 21] as follows:

(Ay): for any fixed unit vector v,
0 p
5, (07 ()1 (V.0)) <0 where |V] = o(p);

(As): there exist two positive constants r; and ry such that ry < ry and

N\ Ch

f (V, %) > pCh (%) (p),forp =1y, (1.3)
N Ch

f (V, %) < p% (%) (p), for p = 1. (1.4)

Based on the curvature estimate (C? estimate), gradient estimate (C! estimate) and boundedness esti-
mate (C? estimate), we can prove the existence theorem by the continuity method. Denote by

T TM" — M”H,Xp — p, VX, € TpM"H
the natural projection and ball B, = {(z,p) € M""!: p <r}.
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Theorem 1.3. Ler f € C* (n'(B,, \ By,) x S") be a positive function satisfying assumptions Ay and
Ay. Then there exists a unique C>“ closed star-shaped p-convex hypersurface ¥(z, p(z)) satisfying equa-
tion (1.1) such that vy < p(z) < rp on S" for any o € (0,1) provided § < p <n — 1.

The organization of this paper is as follows. In Section 2, we recall some geometric formulas regarding
the warped product manifold and some properties of curvature function F, in p-convex cone. In Section
3, we prove the curvature estimate Theorem 1.2. Section 4 is devoted to the gradient estimate. In the last
section, we establish boundedness estimate and obtain the existence theorem by the continuity method.

2. Preliminaries

In this section, we recall some geometric formulas in warped product space(see [30, 31]). Let M
be a compact Riemannian manifold with the metric ¢’ and I be an open interval in R. The manifold
Mt =T x ¢ M 1s called warped product if it is endowed with the metric

g=dp’+¢*(p)g 2.1)
where ¢ : I — R™ is a smooth positive function and ¢’ > 0.

In this paper, ‘(-,-)’ is the inner product defined by the metric g in the ambient space, |-| is the norm
with respect to g and V denotes the Levi-Civita connection with respect to the metric g. Let V' is the
Levi-Civita connection with respect to the metric ¢’. The curvature tensors in M and M are denoted by
R and R.

Let {e;, - ,e,} be an orthonormal frame field in M and let {#',--- 0"} be the associated dual
frame. An orthonormal frame in M may be defined by E; = %ei, 1 <i<nand E, .| = a%' Let g
be the restriction of g on hypersurface > and V the Levi-Civita connection with respect to g. Suppose
{Ey,---, E,}is alocal frame on X3, we denote V; = V..

A star-shaped compact hypersurface Y in M can be represented as a smooth radial graph
S = {(2,p(2)) : z € M},
where p : M — I be a smooth function. A tangent vector of ¥ in M is
Xi = 0E;i + piEni1, (2.2)

where p; are the components of the differential dp = p;0°. The outward unit normal is given by

1 _ i =
V= e (6B = > PE:). 23)

where |V’p|? = p'p; is the squared norm of V/p = >~ p’e;. The components of the induced metric and

its inverse in Y is given by

T PiPj
— — 42 i _ J
9ij = (Xi, Xj) = ¢70i5 + pipj, 9”7 = E <5z’j - m) : (2.4)
The second fundamental form of > with components (%;;) is determined by
1
(=opij +20'pip; + &°¢65) | (2.5)

hij =
LV VP
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where p;; are the components of the Hessian V'2z of z in M. The Codazzi equation is given by

Vihij = Vihik + Ryijk (2.6)
Lemma 2.1. [4] On the leaf M, the curvature satisfies

Rijry =0
and the principle curvature is given by

_¢(p)
wlp) = o(p)

where the upward unit normal F,, | = a% is choosen for each leaf M,

Lemma 2.2. [4] Let X be a point of ¥ and {Er, - -+ , E,, Fnv1 = v} be an adapted frame field such
that E; is a principal direction and connection forms wf = 0 at Xo. Let hi; be the second fundamental
form of Y. Then at X, we have that

Viihu =Vuhii =Y him (hmilis = Bgihis) =Yl (hanilig = i)
+ ViRyiit =2 B Rt + hitRoivn + huRuii + ViRopin
-2 Z hmileil + h’iiRVlVl + hliRVlil/ (2.7)

The position vector V' = ¢(p ) 9 1s a conformal Killing vector field and the support function on X is
given by u = (V,v). We define

-

Let A be a symmetric n X n matrix, we denote xk(A) = (k1(A), ko(A), -+, Kk,(A)) where k;(A) (i =
1,2,--- ,n)is the eigenvalue of A. The p-convex cone of symmetric n X n matrices is defined by P, =
{A: k(A) € P,}. Therefore, the hypersurface ¥ in M" ! is p-convex if and only if \/g~'{h;;}1/g~' €
P,.

Denote by

F(k) = Fp(k)on = H1§i1<i2<---<z‘p§n<’% +Kiy + -+ /{'/,L-p):| 3

and
OF y O0*F
F(A) = A)), FY(A A), FR(A) = ———(A).
(4) = FA), P = Zo(), P = (4
Then equation (1.1) can be rewritten as
F(b) = f(V,v), 2.8)
where b = /g~ H{hi;}\/g7 L f = pr and C? Tp) Since {F/} is positive on p-convex cone,

equation (2.8) is elliptic for p-convex hypersurface .. Moreover, on the p-convex cone, F' is concave,
{Fi7*(b)} is negative, which is extremely important in the curvature estimate.
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If A = diag(k1, K2, ,kn), then { F¥(A)} is diagonal and

g OF 1
FiA) = 5m k() = ) Y Tt T 29)

’L'E{’L'l,’i27~~~7ip}
1<i1 <9< <ip<n

The following properties of function F are proved by Dinew [8].

Lemma 2.3. Let k = (K1, kg, -+ , kn) € Pp with k1 > /4:2 > ... > g,. Then,
(])g—fl(/f)/ﬁ > L1Fk): (2% %(H) >p; (3L ki = (H),‘ (4)there exists a positive constant
C=C(n,p) such that 27’7;(/{) >CY. g—fi(/f) when j >n —p+ 1.

3. Curvature estimate

Let kmay be the largest principal curvature of . Based on the assumption of C¥ and C! estimates, we
assert that

1
— <infu<wu<supu < C,
C Y ¥

where C' depends on infy, p and |p|c1. In the following, we will denote by C' a constant depending only
onn, p, |p|, inf f, | f|c2 or some of them. It may change from line to line.

Then we choose a = % infy, v > 0 and consider the quantity
Q =InKpax — In(u — a) + NO,
where N is a large constant to be determined later.

Suppose () attains its maximum at some point X, € >.. Choose an orthonormal frame £, - - - , F), near
Xy such that at X, we have

hij = Kidij, K1 =Ko > -+ 2 Kp.

If Kmax has multiplicity more than 1, then () is not smooth at X. We consider the new test function Q
near X

Q =Inhy —In(u—a) + NO. 3.1)
Clearly, ( also attains its maximum at X.

At X, we have

0= Vihin ~ Viu 4 NV, (3.2)
hll u—a
2 2
0> Viihin  (Vihi\™  Viu N Viu 4 NV, (3.3)
hi1 hi1 u—a u—a

By Lemma 2.2, we have

Viih11 =Viihi + h3 i — hith? + 2(hy — ha) Ria
— h11Riviy + hiiR1,1, — ViR + ViR,
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By (2.2) and Gram-Schmidt procedure, we can obtain the orthonormal frame F;,---, E,, E,4+1 = v
from the local frame X7, - - - X,,, v. This implies the bound of the components of R and VR due to the
frame X, --- , X,,, v depends only on p and V'p.

Hence, we have

2 2
0 >v11hu . <vzh11> . vuu n < vzu ) —i—NVZZ‘I)

o hll hll u—a u—a

+ hythg — b2 — C. (3.4)

Contracting (3.4) with F”’, we have

O>ZF21v11h”_ZFu Vhll ZFuuiﬂ;_i_ZFu u_a2

i

+N Z Fiy,;® — Z Fip — ¢ Z Fi, (3.5)

we have used the fact Y, F'h; = f in the above inequality.

Differentiating the equation F'(b) = f(V,v), we have

Z FiiNyhy = Vi f(Viv) = fr(ViV) + Z s o (), GO

and

ZF“thu‘f‘ Z FPe rsvlhpqvlhrs

p q 7" S
= Fv (TIV,0V) + 200 (FiV, Va0) + fo (Wi, Tav) 3-7)

+ £, (V) + fr(Vu V),

where % = ?ﬁj — Vvi E;-

Let Y be a smooth vector field in M, then Y = > aiei + ba% where a;, b are smooth function on M.
Without loss of generality, we may assume e; = 821 ,© =1,...,n,1s a natural frame on M. Denote by
Gij = g(%, %), Gip = g(%, a%> and g,, = g(a ) 55 9. By the deﬁmtlon of Christoffel symbol, we have

pEo— Lo <8§pz L 99 _ 8%) N (8§pp L 990 _ agip>
(74 2

2 0zt 9dp 07 07" dp dop
11

= 529" (0+20¢'gy = 0) +0

= %5216
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Similarly, we also have I/ , = 0. By direct calculation, we have
VvV = Vs ez V = Z ViV +0V s V

= 0 0

= S astloVig, + 0900y,

‘ P P (3.8)

— Z a;¢(p) (T% ek; + bqﬁ’(p)gp

=¢(ﬂ)-

Then, we have
ViV = ¢'(p)Ey, (3.9)

and
VHV = 7171‘/ — 7V131V
= Vi(¢'(p)Er) — ¢'(p)V1E

= ¢"(p)Er(p) Er + &' (p) (V1B — huv) — ¢'(p) Vi Ey 10
= ¢"Ei(p)Ey — hui¢'(p)v.
By equation (2.6), we have
Vijv =VVv—Vygv=V, <thEk> ZhVEJ,Ek)E
= (hjk)Ex + hji.ViEy, — h(V,E;, Ey) Ey]
= Z Vil + h(ViEj, Ey) + h(Ej, ViEy)) Ey]
k
+ Y [hgViE, — h(V;E;, Ey)Ey]
k
Z (VihijEx — RyjiEx — hiihisv) -
k
At X, it is
Vi = (Vihi — Roai) B, — hiyv. (3.11)
k
By critical equation (3.2), we have
Vihi| = |h11va“ — Nhy V9|
h
= |- ila Z hi(V, Ei) — Nhiy(V, E;)| (3.12)

S C<h11 + Nhll).
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Hence

|v11V| < C(h%l + NhH).

(3.13)

Inserting equations (3.9), (3.10), (3.13) and Weingarten formula V1 = >, h11E) into equation (3.7), we

have

Z FZ Vnh“ + Z qu TSVlhqulhrs Z C(]. + h’ll + Nhll)

p,q,7,S

where C' depends on |p|c1 and |f|ce.

Plugging (3.14) into equation (3.5), we have

1 Vihi1)?
0> C(hll + N) _ h_ Z FParsy hpqv By — ZFu(h—zn)
11 11
p,q,r,8
mu )
— Fi = F” N F”VMCI)

_ ZF” 2 _ CZF“'
Recalling that V,;® = (V, E;), by direct calculation, we have

V@ = V,V,;® — Vy,p,®
=Vi(V,E;) — Vv,g®
= <vzv7 E]> + <V7 sz]> - vViEj(I)
= ¢'(p)dij — uhij.

At Xy, Fiih;; = f imply that

N> FVu®=N¢'» F"—~Nu) Fih;>N¢'» F'—CN.

By Weingarten formula Vv = > ; hi By, we have
Viju = ViVju — VviE].u

Vi (Z hﬂ@) — ) W(ViEj, E)V,®
l l

= Z (VihjyVi® + W(ViEj, E)Vi® + hVy® — WV E;, E)V®)
I

= Z [VihVi® + iy (¢ (p)6u — whir)

- Z vkhw + Rl/]k’l) vkq) + ¢ zy Z thk:hjk
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At X, we have

) }ZZYZ;U T i a (Z Fi'NchiVi® + ¢ Flhig —u )  FUhE + ) FiiRyikin(I))
: p i p

1

T i a (zk: Jv(ViV) Vi + zk; hiafo(Ex) + ¢'f — u 22: F”h221>

(3.19)
1 o
F"R,ikiVi®
+— Zk: RyiriVi
< h Fzz . Fzth
>~ C 11 + C ; U—a ; 21
Inserting (3.17) and (3.19) into (3.15) yields
1 a y
0>-C(h N)—— FPET3N7 b Bys FiR2
> ( 11 + ) It p;s Vi pqvl + " —a Z ii
R, B (3.20)
.. F”(vihu)Q F”(Vl-u)Q
N I F’LZ o TN vmLLy - v
HEEP DL Dy D D

Now we split the proof into two case as Chou-Wang [16] and Hou-Ma-Wu [29] to eliminate the negative
third order terms.

Case A. h,, < —%. Thanks to the concavity of F, we can drop the positive term
—hin DS FPE5N/ 1 hy,gVihys 10 (3.20). Using critical equation (3.2), we have
F"(Vih11)? F'(Viu)® Lo i 2
— < (1 — =+ (1+-)N F*"(V;®
Z h?, = +E)Z (u—a)? + +e) Z (Vi®)
! ' ! (3.21)

3 F'(Vu)® 3 F"hg(Vi®)?  1+e€ N 2
< 7 1 .
T~ (u—a) e (u — a)? L i Fr(Vie)

for any € > 0. Inserting (3.21) into (3.20) and choose € sufficiently small yields

0> ~C(hu+N) + (N¢/ = C = ON?) 3T F' 4 =37 1l (3.22)

(3 (3

Since FI' < F2 < ... < F"™ and h,, < —%,we get

3 1 .
17,2 nn y,2 2 i1
2 FURZ > F'hE > —hy 2 P (3.23)
Hence,
0> ~C(hn+N)+ (N¢ = C—CN*+Ch})) > F" (3.24)

Since >, F“ > p, inequality (3.23) implies h1; < CN at X,.
Case B. h,,, > —%. Let
I = {i|F" <n?FM,
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By (3.21), we have

icl hiy (u—a)? (u—a)?
Fi(Vau)? 3 F'hy(V;®)? L+e o
< L C N*F.
_Z u—a)? T (u—a)? * €

1

Inserting (3.25) into (3.20) and choosing e sufficiently small yield

O> C(h11+N _h—llp;SqurSV1hpqv1hrs+CZF”
. F'(V;hy1)? 2 11
N¢' —C F* — - 7 _(CN-°F*.
SO WAL

By Lemma 1.1 in Gerhardt [5] and the concavity of F', we have

O F
— Z qu’rSVIhqu1hrs = - mvlhppvlhqq + Z Fpp’qq(vlhp(I)2
p,q,1,S #q b P74
92F Fre _ Faq
==X g Vs — 3 (Vi)
vig OtrrOMlaq viq ep T g
e [aq
> ————(Vihy)*.
p#q hqq - hpp

Plugging into (3.26), we have

1 Fprp _ g )
0> —C(hi1+N)+ +— (Vihypg) "'CZF“h?i
hll hqq - hpp

+(N¢' —C)Y Fii— Z PV oy

i i¢I hiy
Now
Frp _ Faq F1l _ prp 1
P 2 25 P 2 20D 5 iy
hog — h hpp — h11 nhip 4
ptq 1 P pgl P igl
By Codazzi equation (2.6) and inequality (a + b)? > = a® — 5b%, we have

ZF“ Vlhh ZF“v}hl"’Rulzl >ZF“V]111 CZF“
i¢l ¢l igl i¢l

Combining (3.28), (3.29) and (3.30) gives

0> —C(hu+N)+C> F'hi+ (N¢ —C)Y F"—CN°F!

—C(hi1 + N) + (N¢/ = C) > F" + CF'(h}, — CN?).
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(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Denote A = >_" h;;. By equation (2.9), we have

t=n—p+1

1
= A
CP]:() Z )\il‘f’)\iz‘f’""f’)\ip

ne{i17i27"' 7iP}
1<ii <o < <z‘p<n

LFEOG) 1 f
> o= Z (3.32)

3

and

1 F(b) 1
an > _ —
=CL A CIE(b)CiA

1
T oA

F(b)Cﬁ

p—1

p
H2§i1<i2<---<ip_1§n<h11 + E :hlklk) X H2§il<ig<~~<ip<n

cr~t
— 1 n-l P
> (whlo x ACR-11 (3.33)

hi

lklk

n

when 5 < p <n — 1. Hence

Y Fi > F™ > Chyy. (3.34)

Plugging (3.34) into (3.31), we have

0> (N¢' — C)hyy — CN + CFY(h}, — CN?). (3.35)
If we choose N sufficiently large and assume that h;; > C'N, then

0> CN?¢ — CN > CN?—CN.

This leads to a contradiction when we take sufficiently large N. Hence hy; < C'N at X,

4. Gradient estimate

In this section, we establish the C'! estimate for equation (1.1) by the method of Guan-Lin-Ma in [14].

Theorem 4.1. Let M be a closed star-shaped hypersurface in M satisfying equation (1.1) and assumption
(A1) hold. If p has positive upper and lower bounds, then there is a constant C' = C'(infy; p, sup,; p),
such that |V'p| < C.

Proof. Since
_ ¢*(p)
V() + [V

it suffices to obtain a positive lower bound of u on >.. We consider the quantity

H = —logu+~(®(p)),

where 7 is a single-variable function to be determined later. Suppose that the maximum of H is achieved
at Xy € X, where Xy = X (29), 20 € M.
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Let 6 be the angle between V' (Xj) and v(Xj). By equation (2.3), (V(X),v(X)) = ﬁ > 0.
1+5
4

Hence, 0 < (0, §]. Now we split the proof into two cases.

Case A. 6 € (0, 6] for some 6y € (0, ). In this case,
H(X) < H(Xo) = —logu(Xo) +7(2(p(20))) < —log(|V(Xo)| cos o) +v(p(20)), VX € %,

which implies a uniform lower bound of « on ..

Case B. 0 € [0y, 5]. We can choose a local orthonormal frame { £y, [, - - - , E, } on ¥ around X, such
that (V, Ey) # 0, and (V, E;) = 0,7 > 2. Differentiating H twice at X ylelds
0= _ Vit 4.1)
and
0> Vil = —VZ“ + (2“)2 + 4V + " (VD)2 4.2)

By critical equation (4.1), we have

uy/VﬁD = Vlu = Z hlkVﬁI) = h11<V, E1>
k

At X, we have h1; = uy'. For ¢ > 2, we get

uy'Vi® = Viu = hyVi® = hy(V, Ey).
k

By V,® = (V. E;) =0, i > 2, we have hy; = 0, i > 2 at X,,. Hence we can rotate { Fs, E3,--- , E,} so
that {h;;} is diagonal at X, and hence,

{F(b)} = diag(F1(k), Fa(k), - -, Fu()).
By equation (4.1), (3.16) and (3.18), (4.2) implies that

1 _
0> —a (VlhiNﬁI) + qb/hu' — uhfl + RmNﬁD) + [(’}/)2 + 7/’](5i1V1<I>)2

4.3)
+ (¢’ gii — uhy;).
Contracting (4.3) with F'*%, we have
1/ .. 3 3 o
0>~ (F“v hiVi® + &' Fiihy —uy " i FiiR,1:V cI))
2 —= 1 1P+ ¢ u Z i T Z 1 V1
+ [(7) + M’]F“(V (I) ( Z Fit _ UZ Fnh“) . (4.4)
Differentiating equation F'(b) = f at X, yields
F“vl i fV(vlv) + hllfu(E1> (45)
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Inserting (4.5) and Fh; = f into (4.4) yields

02—~ (<v ) (ViV)+ ) =7/ (V. B (B + Y FUR

- Z FPRyiiVi® + (7)) + " |F(V,E)* + /¢ Y F —~uf. (4.6)

Assumption (A;) is equivalent to
¢'f+ fr(VvV) <. 4.7)
Since at X, V = (V, E1)Ey + (V,v)v, we have

fr(Vy V) = (V, ED) fy (ViV) + ufy (V,V). (4.8)
It follows from (3.8) that
wfy (V,V) = ud' fy(v). (4.9)

Combing (4.6)-(4.9), we obtain
O Z ¢/fv( ) <V El fy El + ZFZ’LhQ ) T '7//]F11<V, E1>2

+ ¢’ Z F''—~uf — " Z F'"R,i1iV1®. (4.10)

Now we choose

v(t) = 7 4.11)
where « is sufficiently large. Recalling that h;; = uy’, we have hy; < 0. Since {h;;} € Pp, hy; is in the
p smallest ones of {h1, hag, - , by, }. By Lemma 2.3, we have

F'' >0 F>ph. (4.12)

Therefore, by (4.10) and (4.11), we have

2 2 e
02 P+ (Gt ) PV BN G P LS T e

+%<V,E1>fu<El)+t_2uf+¢fV<V)' (4.13)

Now we extract factor « from the curvature term R,;1; above by the method as Andrade-Barbosa-Lira

[30] and Chen-Li-Wang [4]. Let {€},--- , e/} a local orthonormal frame of )M, then we can define an
orthonormal frame on M"*! by E;, = ¢e 1<i<n, Ey= aa , and vice versa. Since V = ¢Fj and

V L E;,i > 2 at Xy, we may choose Fy = Es, -+, E, = E, around X,. Then V = ¢Ej and F| lie in
the plane perpendicular to Span{Es, - -- , E,,} in T, M™*!. Similarly, since F; and v are perpendicular
to Span{Ey, - - - , E,,}, they lie in the same plane as V' (X;) and F; in Ty, M" .

By V = (V,E\)E; + (V,v)v and (V, E1) = ¢(Ey, E1) = 0, we obtain

0= <V, E1> = <V, E1><E1,E1> +U<I/, E1> = <E1,E1> = —

(4.14)
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In the orthonormal frame {El, oo By, Eo}, the vectors v and F; can be decomposed into

v= (v, E0)Ey + (v, E1)E1 = %Eo + (v, E1) By, (4.15)
E = <E1, E())EQ + <E1, E1>E1. (4.16)

By Lemma 2.1 and (4.14)-(4.16), we have R,,11; = 0 and for i > 2,

Ryiii = R(v, E;, By, ;)

= %R(Eo, E;, By, E;) + (v, B\)R(E\, E;, By, E;)

U o _ _ o
= $<E17E0>R(E07Ei7an E;) + (v, E1)(E1, E1)R(EL B, By E)
1 — =, = — = — <I/, E1>2 — = = — —
— w( =(Ey, E))R(Ey, E;, Ey, E;) — R(E,, B, By, E; 4.17
u (¢< 1, Eo) R(Ey, 0, Ei) VB (£ 1, Er) (4.17)

Inserting hy1 = uy', hy; = 0, @ > 2, (4.12) and (4.17) into (4.13), we obtain

a? 2 -
0> a*u?F! + (t—4 + t—3> F'NV, E)? — CiaFY — Coal(V, BV f,(EL)]
— Cg|fv(l/)| — 0404, (4.18)
where C1, - -+, Cy are large positive constants depending on n, p, |p|co. Based on the C? estimate, we

have 0 < 71 < p < ro. This implies that ¢ = ®(p) has positive lower and upper bounds. Note that
[(V, Ey)| > |V|sinfy = ¢?sin 6 has a positive lower bound at X, and therefore we have

a2 22\ g, 9 11 2 11 11
t_4+tT F <V7E1> — Chal™ > 2cpa”F — ChiaF,

where c¢q is a small positive constant depending on |p|co and 6. By taking « sufficiently large such that
coox > (1, we have

: 2 2 . . c
(%4 + t_?> FIYV, B))? — CraF™ > ¢ga® FU > copa® (*19)

where we have used (4.12) in the last inequality. Therefore, by dropping the positive term o>u?F*! in
(4.18) and inserting (4.19) into (4.18), we derive

0 > oo — Coal(V, Ev)|| fu(Er)| — Cs| fy(v)] — Caar.

Thus, we get a contradiction if « is large enough. Therefore Case B cannot take place for large a.. The
proof is completed. ]

5. (" estimate and existence result
In this section, we establish C estimate of the solution for equation (1.1), and use the method of con-

tinuity [10] to obtain the existence of a closed p-convex star-shaped hypersurface . satisfying equation
(1. with g <p<n -1
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For ¢ € [0, 1], we define

fi(V(X),v(X)) = tf(V(X), v(X)) + (1 = 1) (p) Fp((p)),

where k(p) = % and ¢ is a positive function defined on [ satisfying (a) ¢ > 0; (b) p(p) > 1 for p < rq;
(©) p(p) < 1for p>ryand(d) ¢'(p) < 0.

Now we embed equation (1.1) into the following equations for star-shaped hypersurfaces >;:
F(b) = fi(V(X0), m(X0)), (5.1)

where f; = £, X, = (z,p(2)) (z € M) is the position vector of 3, 14 is the unit normal vector of
Y. Obviously, f;(V(Xy),(Xy)) is strictly positive for |V (X;)| € [r1,72]. There exists a unique point
ro € (r1,72) such that p(rg) = 1, then the geodesic sphere with radius r( satisfying equation (5.1) when
t = 0. By Evans-Krylov theorem, we need to establish the C°, C'! and C? estimates of solutions for
equation (5.1) to obtain the existence result.

Theorem 5.1. Let f € C* (n(B,, \ By,) x S") be a positive function. Suppose assumptions (Ay) and
(As) hold. Then there is a unique closed star-shaped p-convex hypersurface ¥, in M" ! satisfying (5.1)
with% < p<n-—1 Moreover, for 0 <t <1, r; < p; < ro.

Proof. For the C? estimates of p;, we need the crucial assumption (As). By the assumption (b), (c) of ¢,
we can verify that, for ¢t € [0, 1)

N\ Ch

V) > 1 (%) () forp =11, 52)
N\ Ch

fi(V, %) < pr <%> (p), for p = rs. (5.3)

We claim that for any ¢ € [0,0), 11 < p; < 792 on M. Due to the continuous dependence of p; on
t € [0,0), we can assume that max py, = py,(20) = r2 for some ¢y € (0,0) on the contrary. By (2.3)-
(2.5), we have, at X (2)

1 /
V (9t0) H (Pto)ij }V/ (Gr0) = Edizj (=Vi(peo) + 0'6i5) > %%’- (5.4)

By (5.3), (5.4) and equation (1.1), we have, at X,

N\ CP N Ch
fﬂ%&z@»%)wﬂ (‘%) (pro(20)). Fol) = p* (%) (ro(20))

which contradicts with equation (5.1). Similarly, we can show p;(z) > on M for ¢ € [0, ).

For the C'* estimates of p;, we need the crucial assumption (A;). For any given v,
8 D D_ D 8
5, (67AV0)) = CR6T TG (V) + 6% o (V)

= CPgCh lﬁ(p)ft<v, V) + 8% (fe(V,v))
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By the Lemma 4 in [30], we can choose ¢ such that
L0
dp

So we have, for any given v,

k(p) fi(V,v) (f:(V,v)) < 0.

a%[qscﬁft(v, v)] <0, where |V| = é(p). (5.5)

The C? estimates for p; has already been established in Section 2. Based on the above prior estimates,
we use the continuity methods to obtain the existence results.

Let S = {s € [0, 1] : equation (5.1) has a p-convex solution whent = s}. Recalling that py(z) = rq is
the unique p-convex solution of equation (5.1). Therefore, 0 € .S. Since equation (5.1) is strictly elliptic,
by implicit function theorem that there exists a small constant § € (0, 1) such that for any ¢ € [0,0),
equation (5.1) admits a unique p-convex solution p; which continuously depends on .

By Evans-Krylov theorem, for o € (0, 1), we have
llptllz.a < C, whent € [0,0).
for some constant C' > 0. Hence, equation (5.1) with ¢ = § obtain a unique solution p; = lim;_,s5- py,

By implicit function theorem, equation (5.1) admits a unique p-convex solution p; for t € [0,20). We
also can show r; < p; < 7o fort € [d,26) N[0, 1) as above. Repeating the process, we have S = [0, 1].
It implies that there is a unique solution of equation (5.1) at ¢ = 1. The theorem is now proved. L
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