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ABSTRACT. Let G be a permutation group on a set €2 with no fixed points in €2, and let m be a positive integer. If for
each subset I of 2 the size [I'Y — T'| is bounded, for g € G, the movement of ¢ is defined as move(g) := max [I'Y — I'| over
all subsets T" of 2, and move(G) is defined as the maximum of move(g) over all non-identity elements of g € G. Suppose
that G is not a 2-group. It was shown by Praeger that || < [imfﬁ +t — 1, where ¢ is the number of G-orbits on Q and
p is the least odd prime dividing |G|. In this paper, we classify all permutation groups with maximum possible degree
|| = [imfﬁ +t — 1for ¢t = 2, in which every non-identity element has constant movement m.
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1 Introduction

Let GG be a permutation group on a set {2 with no fixed points in {2 and let m be a positive integer. If for
a subset I of Q2 the size |I'Y — I'| is bounded, for g € G, the movement of T is defined as:

move(I') := max [[Y —T'|.
g

If move(I') < m forall ' C €, then G is said to have bounded movement m and the movement of G is
defined as:
move(G) = max |9 — .
7g

In [7], the concept of the movement of elements in a group is introduced. For any element g € G, we
define the movement of g as follows:

move(g) := max |9 —T.

If all non-identity elements of GG have the same movement, then G is said to have constant movement.
It is evident that every permutation group with constant movement has bounded movement. According
to Theorem 1 in [7], if G has a bounded movement equal to m, then the set {2 is finite. Furthermore,
both the number of G-orbits in {2 and the length of each G-orbit are bounded above by linear functions
of m. Specifically, Lemma 2.2 in [7] demonstrates that if  is not a 2-group and p is the least odd prime
dividing |G/, then each G-orbit has a length at most [222] + 1 and n := |Q| < []23%{’] + ¢ — 1, where ¢

p—1
represents the number of GG-orbits on (). The case when ¢t = 1 is verified and classified in [3].

Corresponding author.
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Throughout this paper, we consider a positive integer m and an intransitive permutation group GG acting
on a set {2 of size n with movement m and ¢ (= 2) orbits, such that n = []23%11’] +t—1. The main objective

of this paper is to classify all intransitive permutation groups of degree n = [i%ﬂ +t—1,fort = 2.

It’s important to note that for z € R, |z] represents the integer part of x, and [z| denotes the least
integer greater than or equal to . Additionally, K" x H denotes the semi-direct product of X and H with
normal subgroup K.

Theorem 1.1. Let G be a permutation group on a set S) with t = 2 orbits which has no fixed points in (2.
Suppose further that m is a positive integer such that G has constant movement m and n = (i%ﬂ + L
Then G is one of the following:

(1) G =2 73 x 7s;

(1) G = Zy % Zy, where ¢ =p(p — 1) + 1.

The structure of the groups in Theorem 1.1 will be explained in Example 2.2 and Example 2.3, respec-
tively.

2 Examples and Preliminaries

Let 1 # g € G. Suppose that g has a disjoint cycle representation with s nontrivial cycles of lengths
l1,...,ls. We can represent g as

g = (CL16L2...CL[1>(b1b2...b12>...<2122...le>.

Let I'(g) be a subset of €2 that consists of |/;/2] points from the i*" cycle, for each i, chosen in a way that
['(9)? NT'(g) = 0. For example, we could choose

['(g) = {ag, a4, ..., ak,,b2,ba, ... by, .oy 29, 24, . .., 2k, },
where k; = [; — 1if [; is odd and k; = [; if [; is even.

Note that ['(g) is not uniquely determined as it depends on the way each cycle is written. For any set
['(g) of this kind, we say that I'(g) consists of every second point of every cycle of g. From the definition
of ['(g) we see that

S

D(9)? = T(g)l = [L(g)l = Y _LLi/2].

i=1
The next lemma shows that this quantity is an upper bound for |['Y — I'| for an arbitrary subset I" of €).

Lemma 2.1. (Lemma 2.1 of [5]) Let G be a permutation group on a set () and suppose that I' C ().
Then for each 1 # g € G, |T9 —T'| < X5_,|1;/2], where l; is the length of the i'" cycle of g and s is
the number of nontrivial cycles of g in its disjoint cycle representation. This upper bound is attained for

I' = I'(g) defined above.

Now in the following examples, we explain the structure of groups mentioned in Theorem 1.1.
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Example 2.2. Let G; := 73 and Gy := Zs3 be permutation groups on the sets €; = {1,2,3,4} and
Qy = {1/,2',3'} respectively, where Z3 =< (12)(34),(13)(24) > and Z3 =< (123)(1'2'3") >. Set
Q= UQy. Then G := G x (G, is a permutation group on €2 which has ¢ = 2 orbits, and since each
non-identity element of G has two cycles of length 2 or two cycles of length 3, so m =move(G) = 2. It
follows that n = [i%’f] + ¢ — 1 = 7, which meets the upper bound in Theorem 1.1 for p = 3. 0

Let g be an element of a permutation group GG on a set {). Assume that the set 2 is the disjoint union
of G-invariant sets {2; and {2,. Then every subset I of € is a disjoint union of subsets ['; = I" N €2; for
i = 1, 2. Let g; be the permutation on €2; induced by g fori = 1, 2. Since |IY—T'| = |I'{' =Ty |4+|[']* T3],

we have: )

moveq(g) = Zmaxﬂf?i \ [T € ©;} = movegq, (91) + moveq,(gs).
i=1
The second example is as follows.

Example 2.3. Let p and ¢ be two prime numbers such that ¢ := p(p — 1) + 1, r is an integer such
that 7? = 1(mod ¢), and Z, =< o >, Z, =< [ > be permutation groups on sets {2; and 2y of sizes
q and p, respectively. Assume that K is the group generated by v := S7;...7,—1, where the cycles ;
(1 <7 < p—1)are of length p from 2. Thus K = 7Z,, and the group G := Z, x K given by the defining
relations:

al=~"=1, ~ylay=a", 1P =1(mod q).

is a permutation group on €2 := ; U Qy with ¢ = 2 orbits such that Z, acts regularly on €2;. Since
each non-identity element of GG has either p cycles of length p or one cycle of length ¢, we have
m =move(G) = @. It follows that n = [;%ﬂ + 1 = p? + 1, which meets the upper bound in
Theorem 1.1.

In particular, for p = 3 we can consider €, = {1,...,7}, Q = {1',2,3}, a = (1..7) and v =
(1'2'3")(235)(476). Then G :=< «,y >= Z7 X Z3 is a permutation group with ¢ = 2 orbits on a set
Q = Q; UQy of size 10, in which every 1 # g € G has 3 cycles of size 3 or is a cycle of size 7 and
i%ﬂ + ¢t — 1 = 10. This example is one
of the groups mentioned in example above for p = 3. O

therefore in both cases have movement 3. It follows that n = |

3 The Proof of Theorem 1.1

Before starting the proof of Theorem 1.1, we give some basic notions and results.

Definition 3.1. A group G is called a CP-group if every non-identity element of GG has prime power
order.

Definition 3.2. A finite group G is called 2-Frobenius if there exists a normal series 1 < N <1 K <1 G of
G such that N is the Frobenius kernel of K and % is the Frobenius kernel of %

The following lemma (Lemma 0.4 of [8]), presents a complete classification of finite CP-groups.
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Lemma 3.3. Let G be a finite CP-group. Then
(1) G is nilpotent if and only if G is a p-group.

(2) If G is solvable and non-nilpotent, then |G| = p®q®. Suppose P (or Q) is the Sylow p(or q)-
subgroups of G, and P, is the maximal normal p-subgroup of G.

(a) If the Sylow 2-subgroup of G is a quaternion group, then p # 2, ¢ = 2, and G is a Frobenius group
with Frobenius complement (). Moreover, G has the chief factors 2,...,2; p*, ..., p%, b; > 1, b | b;,

B
i =1,...,k whereb is the exponent of p(mod 2°~ ).

(b) Suppose the order of G is odd or the Sylow 2-subgroup of G is not a quaternion group. Then G| P
is cyclic (P, = P) or metacyclic (P, < P) and G is Frobenius or 2-Frobenius, respectively.

(bl) P, = P and G is a Frobenius group with Frobenius kernel P and cyclic complement (). Moreover,
G has the chief factors q, . . ., q; pb, e pb, o = kb, where b is the exponent of p(mod ¢°). In this case,
—_—— —\——

k
the nilpotent class of P is less than or equal to k.

(b2) P, < P and G is a 2-Frobenius group. If |G/ P\| = p"q®, then p"|(q — 1). G has the chief factors
e Dr G PP P by > b | by i =1, ...k, v < b, where b is the exponent of p(mod ¢°).
B P p | g P f p(mod q°)

v B
(3) If G is simple, then G = Ls(q), ¢ = 5,7,8,9,17; L3(4), Sz(8) or Sz(32) (Theorem 16 of [10]).

(4) If G is non-solvable and non-simple, G = M, or G has an elementary abelian 2-subgroup P, P
is normal in G and G/P = Ls(q), ¢ = 5,8; Sz(8) or Sz(32) (Theorem 3 of [4]; Theorem 3.1 of [9]).

Lemma 3.4. (Lemma 3.6 of [3]) Let G be a permutation group on a set §) of size n with constant
movement m, and let 1 # g € G. Then all non-trivial cycles of g have the same size and the order of g is
either an odd prime or a power of 2.

As a result of the above lemma we can say that if G is a permutation group with constant movement
m on a set €) of size n, then GG is a CP-group. Also, one can see that there is no non-solvable CP-group
with ¢ = 2 orbits having constant movement. So, GG is solvable and by Theorem 1 of [6], G has order
divisible by at most two primes. So the order of G is of the form p®¢”, for some non-negative integers o
and 3. Therefore, by Lemma 3.3, G is either a p-group, a Frobenius group or a 2-Frobenius group. We
now give an elementary but useful lemma.

Lemma 3.5. With the above notations, if n = [%1 + 1, then m = [%J.

Proof. From the inequality

2 2 2
TPy«
p—1 p—1 p—1
we have ) ) .
Pl e _pol o pol
2p 2p D
So ) )
m np—1) _p- <m+1,
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and therefore we can conclude that,

]
To prove Theorem 1.1, we can introduce the following notation:

Let rp(a) be the number of G-orbits of length p on which G acts as Z,, x Za. with 0 < a < a9, where 2%
is the 2-part of (p — 1). We then define r,, as the sum of r,(a) for a ranging from O to ay. This represents
the total number of G-orbits of length p. Moreover, let ® be the union of G-orbits of lengths 2°, and let
u be the number of orbits in . Additionally, we define s as the number of G-orbits of length greater
than p.

The orbits are labeled as follows: €2y, ...,€),  are those of length p on which G acts as Z;,, X Zs. for
some a > 0; €2, 11, ..., 4, are those of length 2% and so on. We define ¢ as Tp+u+ s, representing the
total number of G-orbits. As ® is a union of u G-orbits whose lengths are powers of 2, we may express
|®| as 2u + 20 for some non-negative integer d. If 6 = 0, then & is the union of u G-orbits of length 2.

Finally, since €2 is the union of r, G-orbits of length p, ®, and A (the union of s G-orbits of lengths
greater than p), we have n := |Q| = pr, + (2u + 25) + |A|.

Suppose that G is a permutation group with constant movement m on a set ) of size n = []23%’1’] +1
having ¢ = 2 orbits. Since p is the least odd prime dividing |G| and G has constant movement with
maximum possible degree, we can assume that r, # 0. It follows that there are only the following
possibilities:

Nrp=2u=s=0,
INrp,=1Lu=1,5=0
IIT)r,=1,s=1,u=0

We first consider the case (I). We have n = 2p and therefore Lemma 3.5 implies that m =
L%J =p—1+ L_(Z;DJ = p—2. But the movement of G (in this case) is m = ]%1+]%1 =p—1

(see Corollary 2.3 of [2], Lemma 3.2 of [5]). Thus this case does not occur.

Suppose that the case (II) holds. So we have n = p + 2°. By Lemma 3.5, we conclude that m =
b 2 b
| 2 =L(p=l) ;;)(pfl)J —ob-1_14 |24 722]3 | —gb-l_qy 1 Tt follows that n = 2m + 3. Comparing with

127%713] +1,wehaven =p+4and m = 1%1. Since G has constant movement, m is equal to p%l or

2 and this is possible when p = 3, m = 2 and n = 7. Now Theorem 1.1. of [1] implies that the group
mentioned in Example 2.2 is the only group satisfying in this case.

n=|

Finally, we consider the case (III). It is easy to see that the group in Example 2.3 satisfies in this case and
we also will show that it is the only example satisfying in the case (III). In this case we have n = p+ |A|.
Since |G| = p®q®, G has two elements of orders p and ¢, say = and y respectively. With respect to Lemma
3.4, we canrepresent x and y as © = ¢;...c; and y = e;...ex, Where |¢;| = pand |e;| = ¢ (forall 1 <i <

and 1 < j < k). Since G has constant movement, we have move(z) = ‘2 5 D — k(qz_ Y=move(y). With

respect to equality (I — 1)p = g — 1, we have kp(l — 1) = I(p — 1). The last equality holds if and only

if k = 1and [ = p and therefore ¢ = p(p — 1) + 1, m = @ and GG has two orbits, one of them is of

length |A| = p(p—1) +1 and the other is of length p. Since G is a CP-group with constant movement 1,
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we conclude that GG is a Frobenius group with kernel Z, and complement Z,, in which Z,, is generated
with p cycles of length p that described in Example 2.3.

Now the proof of Theorem 1.1 is complete.
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