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ABSTRACT. In this paper, we study a new class of operators, so called A(n,m)-iso-contra-expansive operators. These
new families of operators are considered as a generalization that combines the m-expansive operators as well as m-
contractive operators and the classes of (A,m)-expansive and (A,m)-contractive operators and we recover the notion of
n-quasi-(A,m)-isometric operators. Some spectral properties of these kind of operators are provided, we derive also a
conditions to have the single-valued extension property (SVEP) and we finish by an application of Toeplitz operators on
Bergman spaces.
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1. Preliminaries and Introduction

During many years, the theory of m-isometric operators on Hilbert space has witnessed a remarkable
development. There was a period of strong research on those concepts at the close of the twentieth
century, and there are currently many papers on the subject. By gathering the old and the new findings
found in the literature related to this topic, we focus in addition to the several scientific papers, on two
repositories in the domain: the famous paper of Agler and Stankus in 1995 [1] and the paper of Saddi and
Sid Ahmed in 2012 [15]. In spite of the relatively important time lapse between the two publications, the
second one, develops over more the findings of the first reference . It tackles the issues of the previous
publications on semi-Hilbertian spaces.

In the works of Agler and Stankus [1, 2, 3, 4], authors considered that T is an m-isometry on a Hilbert
space if

βm(T ) :=
m∑
k=0

(−1)k
(
m

k

)
T ∗kT k = 0.

In the former setting, the m-isometries operators had been generalized from various points of view. In
particular, the class of the m-expansive and m-contractive operators have gained a great deal of attention
in the works of G. Exen [7], G. Exen, I.Bong Jung, C. Li [8], G. Exen, I.Bong Jung, S. Soo Park [9], O A
M Sid Ahmed [16, 17, 18] and G.Caixing [5]. However, only a few years ago, the class of m-isometries
has been generalized to a larger sets the so-called n-quasi-m-isometric operators and for more details on
these classes of operators, you consult the following references [14, 18] and the references therein.
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The investigation of m-isometry operators on semi-Hilbertian spaces has been initiated by Saddi and
Sid Ahmed [15]. In this beautiful piece of work, T is called an (A,m)-isometry if

βm(A, T ) =
m∑
k=0

(−1)k
(
m

k

)
T ∗kAT k = 0,

where A is a positive operator. Afterwords, such numerous results in the semi-Hilbertian space setting
[20, 13, 6] provide insights into the study of some kinds of generalization of the later class of oper-
ators such as the (A,m)-expansive and (A,m)-contactive operators and the n-quasi-(A,m)-isometric
operators.

Throughout this paper H stands for a separable complex Hilbert space with the norm ‖.‖ induced by the
inner product 〈., .〉 and L(H) is the algebra of all bounded linear operators on H. For every T ∈ L(H),
its null space and its range are denoted by N (T ) and R(T ), respectively.

Now, for T,A ∈ L(H) such that R(T ) is invariant subspace for A, we set

Θm,n(A, T, x) =
m∑
k=0

(−1)k
(
m

k

)
‖AT n+kx‖2, ∀ x ∈ H. (1.1)

The outcomes of this work consist of the study of a new class of operators which we called it the
A(n,m)-iso-contra-expansive operators class. This label covers two new completely different concepts:
the n-quasi-(A,m)-contractive operators which means that the operators satisfy Θm,n(A, T, x) ≥ 0 or
the n-quasi-(A,m)-expansive operators named the operators verifying Θm,n(A, T, x) ≤ 0. For more
clarification, T is called A(n,m)-iso-contra-expansive operator if it belongs to only one of the two classes
defined above, but if it is in the two classes simultaneously, then it will belongs to the class of n-quasi-
(A,m)-isometric operators [13]. We mention here that throughout the paper when we use this label, we
mean that all the properties are true for both concepts ( and they are already verified for n-quasi-(A,m)-
isometries class) and we will separate the two definitions in some properties when we need it and we will
use the following trick: For T, S ∈ L(H) and for all n,m the statement

" T is A(n,m)-iso-contra-expansive ⇔ S is A(n,m)-iso-contra-expansive"

is equivalent to say

" T is n-quasi-(A,m)-expansive (respectively n-quasi-(A,m)-contractive)
⇔ S is n-quasi-(A,m)-expansive (respectively n-quasi-(A,m)-contractive)"

It is very important to point out that for a positive operator A and n = 0, we recover the definition of
(A,m)-expansive ((A,m)-contractive) operators [20].

At this stage, it might be necessary to notify that the A(0,m)-iso-contra-expansive operator is an
A(n,m)-iso-contra-expansive operator. But the converse is not true, as the following example shows:

Example 1.1. Let A =

(−1 0

−1 1

)
and T =

(
1 0

2 −1

)
Then, T is quasi-(A, 2)-contractive. But, it is not (A, 2)-contractive.

© 2025 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 2



It is very interesting to mention here that there is another famous class of operators, so-called m-
symmetric operator class, which has seen develpment and interest by many researchers. This class
was generalized to the k-quasi-m-symmetric operator by Salah Mechri and Zuo in [21]. The point of
mentioning this is whether we can extend our new class to the k-quasi-m-symmetric operator class.

The paper is organized as follows. We introduce the concept of A(n,m)-iso-contra-expansive oper-
ators in Section 2. For the readers convenience, the elementary and the basic properties of this class
are collected in this section. Section 3 is devoted to the concrete description of the spectral properties
of A(n,m)-iso-contra-expansive operators. Several S.V.E.P properties are given in this section by ex-
ploiting the matrix representation. Toeplitz operators prove to be a very interesting class of operators on
Bergman space that one can be investigate. So, as a part of our investigation, it might be a good research
direction to characterize this operator to be A(n,m)-iso-contra-expansive for a special conditions which
is the aim of the last section.

2. Basic properties of A(n,m)-iso-contra-expansive operators

In this section, we study A(n,m)-iso-contra-expansive operators by highlighting their basic properties.
We begin by the next proposition which is an immediate consequence for the definitions so we omit the
proof.

Proposition 2.1. Let T,A ∈ L(H). Then T is

(i) n-quasi-(A,m)-expansive if and only if Θm,n(A, T, x) ≤ 0 for all x ∈ H.

(ii) n-quasi-(A,m)-contractive if and only if Θm,n(A, T, x) ≥ 0 for all x ∈ H.

(iii) n-quasi-(A,m)-isometry if and only if Θm,n(A, T, x) = 0 for all x ∈ H.

It should be noted that

Θm,n(A, T, x) =
m∑
k=0

(−1)k
(
m

k

)
‖AT k(T nx)‖2 = 0, ∀ x ∈ H

Therefore, T is n-quasi-(A,m)-isometry on H if and only if T is (A,m)-isometry on R(T n). Similarly
for n-quasi-(A,m)-expansive and n-quasi-(A,m)-contractive operators.

Remark 2.1. It’s clear to see that it is an equivalence between the two concepts in the previous proposi-
tion when we suppose that R(T n) is dense.

The following theorem shows that the notion of A(n,m)-iso-contra-expansive has an ascending nature
with respect to the parameter n. While the next proposition gives a condition for this notion to be
descending with respect to n.

Theorem 2.2. Let T be a A(n,m)-iso-contra-expansive operator, then T is A(p,m)-iso-contra-
expansive operator, for all p ≥ n.

Proof. The proof is a direct application of the equivalence in Proposition 2.1 keeping in mind that
R(T p) ⊂ R(T n) for every p ≥ n.
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Proposition 2.3. Let T be a A(n,m)-iso-contra-expansive operator. If there exists 1 ≤ p ≤ n− 1 such
that R(T p) = R(T p+1), then T is A(p,m)-iso-contra-expansive operator.

Proof. Suppose that there exists p ∈ {1, · · · , n − 1} such that R(T p) = R(T p+1). Then, we can check
that R(T p) = R(T n). On the other hand, since T is A(n,m)-iso-contra-expansive on H and by using
Proposition 2.1, T will be A(0,m)-iso-contra-expansive operator on R(T n) = R(T p).

Hence, the desired result attains by applying again Proposition 2.1.

In the following, we deal with some elementary properties.

Proposition 2.4. Let T, S ∈ L(H) be commuting operators such that R(S) ⊂ N (A). Then, the follow-
ing assertions are equivalent:

1. T is A(n,m)-iso-contra-expansive.

2. T + S is A(n,m)-iso-contra-expansive.

Proof. Let x ∈ H. Since ST = TS, we have

Θm,n(A, T + S, x) =
m∑
k=0

(−1)k
(
m

k

)∥∥A(T + S)k+nx
∥∥2

= ‖A(T + S)nx‖2 +
m∑
k=1

(−1)k
(
m

k

)∥∥A(T + S)k+nx
∥∥2

=
∥∥A n∑

i=0

(
n

i

)
T iSn−ix

∥∥2 + m∑
k=1

(−1)k
(
m

k

)∥∥A n+k∑
i=0

(
n+ k

i

)
T iSn+k−ix

∥∥2
=
∥∥ n∑

i=0

(
n

i

)
ASn−iT ix

∥∥2
+

m∑
k=1

(−1)k
(
m

k

)∥∥∥∥AT n+kx+
n+k−1∑
i=0

(
n+ k

i

)
ASn+k−iT ix

∥∥∥∥2

By the fact that R(S) ⊂ N (A), we obtain ASn−iTx = 0 and ASn+k−iT ix = 0 for all i ∈ {0, · · · , n +

k − 1}. Then

Θm,n(A, T + S, x) =
m∑
k=0

(−1)k
(
m

k

)
‖AT n+kx‖2

= Θm,n(A, T, x).

Hence, this completes the proof.

Proposition 2.5. Let T ∈ L(H) and λ ∈ C, then the following statement hold

1. T is A(n,m)-iso-contra-expansive if and only if λT is A(n,m)-iso-contra-expansive for |λ| = 1.

2. If T is A(n, 2)-iso-contra-expansive and λT 2 is A(n, 1)-iso-contra-expansive, then λT is A(n, 2)-
iso-contra-expansive for |λ| < 1.
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3. If T is n-quasi-(A, 2)-expansive (resp n-quasi-(A, 2)-contractive) and λT 2 is n-quasi-(A, 1)-
contractive (resp n-quasi-(A, 1)-expansive), then λT is n-quasi-(A, 2)-expansive (resp n-quasi-
(A, 2)-contractive) for |λ| > 1.

Proof. The first statement is obvious since Θm,n(A, λT, x) = Θm,n(A, T, x) for |λ| = 1. For the second
and the last one, we suppose that T is n-quasi-(A, 2)-expansive. Then,

‖AT nx‖2 − 2‖AT n+1x‖2 + ‖AT n+2x‖2 ≤ 0

implying
−2‖AT n+1x‖2 ≤ −‖AT nx‖2 − ‖AT n+2x‖2.

Multiplying the inequality by |λ|2(n+1), we obtain

−2|λ|2(n+1)‖AT n+1x‖2 ≤ −|λ|2(n+1)‖AT nx‖2 − |λ|2(n+1)‖AT n+2x‖2.
On the other hand, we have

Θ2,n(A, λT, x) = |λ|2n‖AT nx‖2 − 2|λ|2(n+1)‖AT n+1x‖2 + |λ|2(n+2)‖AT n+2x‖2
≤ |λ|2n‖AT nx‖2 − |λ|2(n+1)‖AT nx‖2 − |λ|2(n+1)‖AT n+2x‖2

+|λ|2(n+2)‖AT n+2x‖2
≤ |λ|2n(|λ|2 − 1)(|λ|2‖AT n+2x‖2 − ‖AT nx‖2)
≤ |λ|2n(|λ|2 − 1)(|λ|2‖AT 2T nx‖2 − ‖AT nx‖2)
≤ |λ|2n(|λ|2 − 1)(|λ|2‖AT 2y‖2 − ‖Ay‖2), ∀y ∈ R(T n) ⊃ R(T 2n)

≤ −|λ|2n(|λ|2 − 1)Θ1(A, λT
2, y)

Using the fact that an (A, 1)-contractive operator on R(T n) is n-quasi-(A, 1)-contractive operator on H
( View Proposition 2.1) and a some discussion on |λ| (|λ| < 1 and |λ| > 1), we obtain the desired results.

Lemma 2.6. Let T ∈ L(H) and n,m ∈ N. Then, for all x ∈ H, we have

1. Θm,n(A, T, x) = Θm−1,n(A, T, x)−Θm−1,n+1(A, T, x).

2. (−1)mΘm,n(A, T, x) = ‖ATm+nx‖2 −
m−1∑
k=0

(
m

k

)
(−1)kΘk,n(A, T, x)

3.
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n+1(A, T, x) =

m−1∑
k=0

(−1)k
(
p+ 1

k

)
Θk,n(A, T, x)+(−1)m

(
p

m− 1

)
Θm,n(A, T, x), for all p ≥ m−1

Proof.

1. Since
(
m
k

)
=
(
m−1
k

)
+
(
m−1
k−1

)
, we have

Θm,n(A, T, x) =
m∑
k=0

(−1)k
(
m

k

)
‖AT n+kx‖2
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= ‖AT nx‖2 +
m−1∑
k=1

(−1)k
(
m

k

)
‖AT n+kx‖2 + (−1)m‖AT n+mx‖2.

= ‖AT nx‖2 +
m−1∑
k=1

(−1)k
(
m− 1

k

)
‖AT n+kx‖2

+
m−1∑
k=1

(−1)k
(
m− 1

k − 1

)
‖AT n+kx‖2 + (−1)m‖AT n+mx‖2

=
m−1∑
k=0

(−1)k
(
m− 1

k

)
‖AT n+kx‖2 +

m∑
k=1

(−1)k
(
m− 1

k − 1

)
‖AT n+kx‖2

=
m−1∑
k=0

(−1)k
(
m− 1

k

)
‖AT n+kx‖2 −

m−1∑
k=0

(−1)k
(
m− 1

k

)
‖AT n+1+kx‖2

= Θm−1,n(A, T, x)−Θm−1,n+1(A, T, x).

2. To prove this assertion, we use inductive reasoning on m. So, for m = 1 it is obvious. Now, we
suppose that

(−1)pΘp,n(A, T, x) = ‖AT p+nx‖2 −
p−1∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x), for all 1 ≤ p ≤ m.

On the other hand, we have

‖AT n+m+1x‖2

= (−1)m+1Θm+1,n(A, T, x)−
m∑
k=0

(−1)m+1−k

(
m+ 1

k

)
‖AT k+nx‖

= (−1)m+1Θm+1,n(A, T, x)−
m∑
k=0

(−1)m+1−k

(
m+ 1

k

) k∑
j=0

(−1)j
(
k

j

)
Θj,n(A, T, x)

= (−1)m+1Θm+1,n(A, T, x)−
m∑
j=0

(−1)jΘj,n(A, T, x)
m∑
k=j

(−1)m+1−k

(
m+ 1

k

)(
k

j

)
= (−1)m+1Θm+1,n(A, T, x)

−
m∑
j=0

(−1)j
(
m+ 1

j

)
Θj,n(A, T, x)

m∑
k=j

(−1)m+1−k

(
m+ 1− j

k − j

)
︸ ︷︷ ︸

=−1

= (−1)m+1Θm+1,n(A, T, x) +
m∑
j=0

(−1)j
(
m+ 1

j

)
Θj,n(A, T, x).

Hence, the desired result attains.

3. We compute
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n+1(A, T, x)

=
m−1∑
k=0

(−1)k
(
p

k

)[
Θk,n(A, T, x)−Θk+1,n(A, T, x)

]
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=
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x)−

m−1∑
k=0

(−1)k
(
p

k

)
Θk+1,n(A, T, x)

=
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x)−

m∑
k=1

(−1)k+1

(
p

k − 1

)
Θk,n(A, T, x)

=
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x) +

m∑
k=1

(−1)k
(

p

k − 1

)
Θk,n(A, T, x)

=
m−1∑
k=0

(−1)k
[(p

k

)
+

(
p

k − 1

)]
Θk,n(A, T, x) + (−1)m

(
p

m− 1

)
Θm,n(A, T, x)

=
m−1∑
k=0

(−1)k
(
p+ 1

k

)
Θk,n(A, T, x) + (−1)m

(
p

m− 1

)
Θm,n(A, T, x).

As an immediate consequence of the first assertion of Lemma 2.6, we have the following proposition

Proposition 2.7. Let T ∈ L(H). If T is A(n,m)-iso-contra-expansive operator and A(n,m − 1)-iso-
contra-expansive on R(T ), then T is A(n,m− 1)-iso-contra-expansive on H.

We claim here that the hypothesis A(n,m− 1)-iso-contra-expansive on R(T ) in the previous proposi-
tion is necessary condition as shown in the example below:

Example 2.1. Let A =

(
1 −1

−1 2

)
and T =

(
4 −1

3 2

)
Then, T is quasi-(A, 2)-contractive. But, it is not quasi-(A, 1)-contractive.

An operator T is called A(n,m)-hyper-iso-contra-expansive if it is A(n, k)-iso-contra-expansive for
all k = 1, · · · ,m.

Proposition 2.8. Let T ∈ L(H), we have

1. If T is A(n, 1), A(n, 2) and A(n,m)-iso-contra-expansive, then T is A(n,m)-hyper-iso-contra-
expansive.

2. If T is n-quasi-(A,m)-expansive (resp n-quasi-(A,m)-contractive) and n-quasi-(A, 1)-contractive
(resp n-quasi-(A, 1)-expansive), then T is n-quasi-(A, k)-expansive (resp n-quasi-(A, k)-
contractive) for all k = 2, · · · ,m.

Proof.

1. Without loss of generality, we assume that T is n-quasi-(A,m)-expansive and n-quasi-(A, 2)-
hyper-expansive, then

‖AT nx‖2 − ‖AT n+1x‖2 ≤ 0 and ‖AT nx‖2 − 2‖AT n+1x‖2 + ‖AT n+2x‖2 ≤ 0.

Let (Up)p≥0 be the sequence defined by Up = ‖AT n+p+1x‖2 − ‖AT n+px‖2 ≥ 0. Moreover,

Up+1 − Up = ‖AT n+p+2x‖2 − 2‖AT n+p+1x‖2 + ‖AT n+px‖2.
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Since T is a n-quasi-(A, 2)-expansive, then

‖AT nx‖2 − 2‖AT n+1x‖2 + ‖AT n+2x‖2 ≤ 0.

This implies that
‖AT n+px‖2 − 2‖AT n+1+px‖2 + ‖AT n+2+px‖2 ≤ 0.

Then, (Up)p≥0 is a decreasing sequence and bounded by 0. Therefore, there exist a positive constant
C such that lim

p→+∞Up = C . Now, according to Lemma 2.6 we have

Θm,n(A, T, x) = Θm−1,n(A, T, x)−Θm−1,n+1(A, T, x).

Since Θm,n(A, T, x) ≤ 0 with m ≥ 3 and by iteration on n, we get

Θm−1,n(A, T, x) ≤ Θm−1,n+1(A, T, x) ≤ · · · ≤ Θm−1,n+p(A, T, x)

implying
Θm−1,n(A, T, x) ≤ Θm−1,n+p(A, T, x), p ≥ 1.

Thanks to Lemma 2.6, we have

Θm−1,n+p(A, T, x) = Θm−2,n+p(A, T, x)−Θm−2,n+p+1(A, T, x)

=
m−2∑
k=0

(−1)k
(
m− 2

k

)
‖AT n+p+kx‖2

−
m−2∑
k=0

(−1)k
(
m− 2

k

)
‖AT n+p+1+kx‖2

=
m−2∑
k=0

(−1)k
(
m− 2

k

)
(‖AT n+p+kx‖2 − ‖AT n+p+1+kx‖2)

−→
p→+∞ C

m−2∑
k=0

(−1)k
(
m− 2

k

)
= 0.

Therefore, Θm−1,n(A, T, x) ≤ 0. Hence T is n-quasi-(A,m)-hyper-expansive.

For the case where T is n-quasi-(A,m)-contractive, we keep the same approach just we choose the
sequence (−Up)p≥0.

2. For both cases, if T is a n-quasi-(A,m)-contractive or n-quasi-(A,m)-expansive, we define the
sequence (Up)p≥0 by Up = ‖AT n+px‖2. Since T is n-quasi-(A, 1)-contractive, it is so n+ p-quasi-
(A, 1)-contractive for each positive integer p, and hence we get that the sequence Up is positive and
decreasing and so it converges to a positive constant C . By the same idea of (1), we obtain

Θm−1,n(A, T, x) ≤ Θm−1,n+p(A, T, x) ∀p ≥ 0, m ≥ 3

= Θm−2,n+p(A, T, x)−Θm−2,n+p+1(A, T, x)

=
m−2∑
k=0

(−1)k
(
m− 2

k

)
(‖AT n+px‖2 − ‖AT n+p+1x‖2)

−→
p→+∞

m−2∑
k=0

(−1)k
(
m− 2

k

)
(Up − Up+1) = 0.
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Hence, Θm−1,n(A, T, x) ≤ 0. By repeating the same steps m− 2 times, we complete the proof.

Lemma 2.9. Let T ∈ L(H) and p ≥ m ≥ 1. Then, the following assertions hold:

1. (−1)mΘm,n(A, T, x) ≤ 0 if and only if ‖AT n+p‖2 ≤
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x).

2. (−1)mΘm,n(A, T, x) ≥ 0 if and only if ‖AT n+p‖2 ≥
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x).

Proof. Let p ≥ m. We will prove the assertion by induction on p. For p = m, by applying (2) of Lemma
2.6 and the fact that (−1)mΘm,n(A, T, x) ≤ 0 we have

‖ATm+nx‖2 −
m−1∑
k=0

(−1)k
(
m

k

)
Θk,n(A, T, x) ≤ 0.

Now, we suppose that ‖AT n+p‖2 ≤
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x) and we will prove it for p + 1. So, by

applying (3) of Lemma 2.6, we get

‖AT n+p+1‖2 = ‖AT (n+1)+p‖2

≤
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n+1(A, T, x)

≤
m−1∑
k=0

(−1)k
(
p+ 1

k

)
Θk,n(A, T, x) +

(
p

m− 1

)
(−1)mΘm,n(A, T, x)

≤
m−1∑
k=0

(−1)k
(
p+ 1

k

)
Θk,n(A, T, x).

Hence, we obtain the desired result. Similarly we prove the second assertion.

Lemma 2.10. Let T ∈ L(H). Then, the following assertion holds

(−1)mΘm,n(A, T, x) ≤ 0 =⇒ (−1)m−1Θm−1,n(A, T, x) ≥ 0.

Proof. Let p ≥ m and suppose that (−1)mΘm,n(A, T, x) ≤ 0. Then, according to Lemma 2.9, we have

‖AT n+p‖2 ≤
m−1∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x),

implying

‖AT n+p‖2(−1)m−1 ≤
(

p

m− 1

)
Θm−1,n(A, T, x) +

m−2∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x).
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Thus

(−1)m−1

(
p

m− 1

)
Θm−1,n(A, T, x) ≥ ‖AT n+p‖2 −

m−2∑
k=0

(−1)k
(
p

k

)
Θk,n(A, T, x).

Multiplying the last inequality by
1

pm−1
≥ 0, we obtain

(−1)m−1

pm−1

(
p

m− 1

)
Θm−1,n(A, T, x) ≥ 1

pm−1
‖AT n+p‖2 −

m−2∑
k=0

(−1)k
1

pm−1

(
p

k

)
Θk,n(A, T, x)

and since lim
p→+∞

1
pm−1

(
p
k

)
= 0 for all 0 ≤ k ≤ m− 2, we infer that

(−1)m−1Θm−1,n(A, T, x) ≥ lim
p→+∞

‖AT n+p‖2(
p

m−1

) ≥ 0.

As a consequence of Lemma 2.10, we derive the following result.

Theorem 2.11. Let T ∈ L(H).

1. If m is even and T is n-quasi-(A,m)-expansive, then T is n-quasi-(A,m− 1)-expansive.

2. If m is odd and T is n-quasi-(A,m)-contractive, then T is n-quasi-(A,m− 1)-contractive.

Remark 2.2. The conditions on m that be even and odd in the above Theorem are necessary, the results
are not true in the general cases. Indeed,

• For the first assertion, let m = 3, A =

(
1 −1

1 2

)
and T =

(−4 −1

3 −2

)
.

Then, T is quasi-(A, 3)-expansive. But, it is not quasi-(A, 2)-expansive

• For the second, let m = 2, A =

(
1 1

−1 2

)
and T =

(−4 −1

3 −2

)
.

By simple calculation T is quasi-(A, 2)-contractive. But, it is not quasi-(A, 1)-contractive.

3. S.V.E.P and Spectral properties of A(n,m)-iso-contra-expansive operators

We start this section by providing the most important spectral properties of A(n,m)-iso-contra-
expansive operators, but we present first the basic notations concerning the concept. We denote by σ(T ),
σp(T ) and σap(T ) the spectrum, the point spectrum and the approximate point spectrum of an operator
T ∈ L(H), respectively. The results we described below are similar to the work [20].

Proposition 3.1. Let T ∈ L(H) be a n-quasi-(A,m)-expansive such that 0 /∈ σap(A). The following
properties hold.

1. If m is odd, then σap(T ) ⊂ (C \ D(0, 1)) ∪ {0}
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2. If m is even, then we have

(i) σap(T ) ⊂ C(0, 1) ∪ {0}
(ii) σ(T ) ⊂ C(0, 1) or σ(T ) = D(0, 1)

Proof. Let λ ∈ σap(T ), then there exists a sequence (xp)p≥0 such that ‖xp‖ = 1 and (T −λI)xp −→
p→+∞ 0,

which implies that (T n+k − λn+kI)xp −→
p→+∞ 0 for all n, k ∈ N. Since T is a n-quasi-(A,m)-expansive,

we get

0 ≥ Θm,n(A, T, xp)

=
m∑
k=0

(−1)k
(
m

k

)
‖AT n+kxp‖2

=
m∑
k=0

(−1)k
(
m

k

)(‖AT n+kxp‖2 − ‖Aλn+kxp‖2 + ‖Aλn+kxp‖2
)

=
m∑
k=0

(−1)k
(
m

k

)
‖Aλn+kxp‖2 +

m∑
k=0

(−1)k
(
m

k

)(‖AT n+kxp‖2 − ‖Aλn+kxp‖2
)

= |λ|2n (1− |λ|2)m ‖Axp‖2 +
m∑
k=0

(−1)k
(
m

k

)(‖AT n+kxp‖2 − ‖Aλn+kxp‖2
)
.

Then the sum of the right-hand of the last inequality tends to 0. So, under the condition that 0 /∈ σap(A),
we derive that |λ|2n (1− |λ|2)m ≤ 0. Notice that 0 is a solution of the above inequality, thus 0 ∈ σap(T ).
Assume now that |λ| > 0 means

(
1− |λ|2)m ≤ 0, two cases are discussed:

1. If m is odd, then |λ| ≥ 1.

2. If m is even, we get

(i)
(
1− |λ|2)m = 0 namely |λ| = 1.

(ii) Moreover, by recalling that

∂σ(T ) ⊂ σap(T ) ⊂ (C(0, 1) ∪ {0}) .
We deal with two cases: σ(T ) ⊂ C(0, 1) or σ(T ) = D(0, 1).

By repeating the same approach of the above proof we cite the following (we omit so the proof).

Proposition 3.2. Let T ∈ L(H) be a n-quasi-(A,m)-contractive such that 0 /∈ σap(A) and m is odd.
Then we have

(i) σap(T ) ⊂ D(0, 1)

(iii) If 0 ∈ σ(T ) then σ(T ) = D(0, 1)
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We drive your attention that for a positive operator A the definition of A(n,m)-iso-contra-expansive is
equivalent to say that the function

Θm,n(T,A) :=
m∑
k=0

(−1)k
(
m

k

)
T ∗k+nAT k+n

is positive or negative or equal to 0. In the rest of this section, we use this definition to characterize the
A(n,m)-iso-contra-expansive operators with A is a positive operator.

Now, we say that an operator T ∈ L(H) have the single-valued extension property at a point ξ0 ∈ C

or we use simply the abbreviation S.V.E.P at ξ0 if for every neighborhood V of ξ0 and for every analytic
function f : V → H, we have the following statement

(T − ξ)f(ξ) ≡ 0 =⇒ f(ξ) ≡ 0.

The operator T is said then that to have the S.V.E.P if T has the S.V.E.P at every point ξ ∈ C. In
the next theorem, we give several conditions for A(n,m)-iso-contra-expansive to have the single-valued
extension property but we need first for the proof the following matrix representation of this class of
operators.

Proposition 3.3. Let T ∈ L(H) such that R(T n) is a reducing subspace for A. Then, T is A(n,m)-iso-
contra-expansive operator if and only if

T =

(
T1 T2

0 T3

)
on H = R(T n)⊕N (T ∗n)

where T1 is A1(0,m)-iso-contra-expansive such that A =

(
A1 0

0 A2

)
and T n

3 = 0.

Proof. ” ⇒ ” For the proof we just adopt that T is n-quasi-(A,m)-expansive operator, the other case
when T is n-quasi-(A,m)-contractive can be handled easily by using the same steps. Based on the
inspirations cited on [13], we can decompose the operators T and A as

T =

(
T1 T2

0 T3

)
and A =

(
A1 0

0 A2

)
Now, we denote by P the projection onto R(T n), namely PT = T1 and PA = A1. Since T is n-quasi-
(A,m)-expansive then

P

(
m∑
k=0

(−1)k
(
m

k

)
T ∗kAT k

)
P ≤ 0

which implies that
m∑
k=0

(−1)k
(
m

k

)
T ∗k
1 A1T

k
1 ≤ 0.

Thus T1 is A1(0,m)-expansive operator.

The statement T n
3 = 0 readily follows making a direct computation keeping in mind that every x ∈ H

can be written as x = x1 + x2 with x1 ∈ R(T n) and x2 ∈ N (T ∗n). So

〈T n
3 x2, x2〉 = 〈T n(I − P )x, (I − P )x〉

= 〈(I − P )x, T ∗n(I − P )x〉
= 0.
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” ⇐ ” Assume that T =

(
T1 T2

0 T3

)
on R(T n) ⊕ N (T ∗n), such that T1 is a A1(0,m)-expansive

operator and T n
3 = 0. We know that for all r ∈ N, we have

T r =

⎛
⎜⎝ T r

1

r−1∑
i=0

T i
1T2T

r−1−i
3

0 T r
3

⎞
⎟⎠ .

Therefore

T nT ∗n =

(
T n
1 T

∗n
1 0

0 0

)
,

since T n
3 = 0. On the other hand, by a simple calculation we get

Θm,0(T,A) =

(
Θm,0(T1, A1) C

B D

)
where C,B and D ∈ L(H). Multiplying Θm,0(T,A) on the left and right by T nT ∗n, we get

T nT ∗nΘm,0(T,A)T
nT ∗n =

(
T n
1 T

∗n
1 Θm,0(T,A1)T

n
1 T

∗n
1 0

0 0

)
.

Then for all x =

(
x1
x2

)
∈ H, we have

〈T nT ∗nΘm,0(T,A)T
nT ∗nx, x〉 = 〈Θm,n(T,A) (T

∗nx) , (T ∗nx)〉 (3.2)

On the other hand

〈T nT ∗nΘm,0(T,A)T
nT ∗nx, x〉 =

〈(
T n
1 T

∗n
1 Θm,0(T,A1)T

n
1 T

∗n
1 0

0 0

)(
x1
x2

)
,

(
x1
x2

)〉
= 〈T n

1 T
∗n
1 Θm,0(T1, A1)T

n
1 T

∗n
1 x1, x1〉

= 〈T ∗n
1 Θm,0(T1, A1)T

n
1 (T ∗n

1 x1) , (T
∗n
1 x1)〉

Since T1 is a A1(0,m)-expansive operator, then Θm,0(T1, A1) ≤ 0 and by the Proposition 2.1 we get that
T ∗n
1 Θm,0(T1, A1)T

n
1 ≤ 0. This implies, by the equation (4.4), that Θm,n(T,A) ≤ 0.

Theorem 3.4. Let T and S be respectively a n-quasi-(A,m)-expansive and n-quasi-(A,m)-contractive
operators such that A is left invertible and R(T n),R(Sn) are reducing subspace for A. Then the follow-
ing statements hold:

1. If m is even, then T has the S.V.E.P at each ξ ∈ C.

2. If m is odd, then T has the S.V.E.P at ξ ∈ C such that |ξ| ≤ 1 or |ξ| > ‖T‖.

3. For every m, S has the S.V.E.P at ξ ∈ C such that |ξ| ≥ min(1, ‖T‖).

Proof. The result can be proved using the matrix representation of T and S presented in Proposition 3.3.
Indeed, we start by assuming that T is a n-quasi-(A,m)-expansive then

T =

(
T1 T2

0 T3

)
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where T1 is A1(0,m)-expansive and T n
3 = 0 keeping in mind the matrix representation of A. We take

now an analytic function f on H = R(T n)⊕N (T ∗n) where f(ξ) = f1(ξ)⊕ f2(ξ) that satisfies

(T − ξ)f(ξ) ≡ 0.

This is equivalent to write

T =

(
T1 − ξ T2

0 T3 − ξ

)(
f1(ξ)

f2(ξ)

)
=

(
(T1 − ξ)f1(ξ) + T2f2(ξ)

(T3 − ξ)f2(ξ)

)
=

(
0

0

)
.

We deduce, from the fact that T3 is nilpotent, that f2 ≡ 0 and it follows that (T1 − ξ)f1(ξ) ≡ 0. Under
the condition that T1 is A1(0,m)-expansive, the results come out successively based on [16, Theorem
3.1] and this completes the proof of (1) and (2).

Now, [20, Theorem 3.1] and the left invertibility of A which imply in particular that 0 /∈ σp(A) give
the proof of (3).

4. Application of Toeplitz operators on Bergman space

In the current section, we are concerned about a characterization of Toeplitz operators on the β-
modified Bergman space A2

α,β = A2
α,β(D

∗) which consists of all holomorphic functions f on the unit
disk D∗ such that

‖f‖α,β =

(∫
D

|f(z)|2 dμα,β(z)

)1/2

< +∞,

for −1 < α < +∞ and −1 < β = β0 + p < +∞ with −1 < β0 ≤ 0 and p ∈ N where

dμα,β(z) =
1

B(α + 1, β + 1)
|z|2β(1− |z|2)αdA(z), (4.3)

B is the beta function and dA is the normalized area measure on D. The space A2
α,β is a closed subspace

of the Hilbert space L2(D, dμα,β) with inner product given by

〈f, g〉α,β =

∫
D

f(z) g(z) dμα,β(z), (4.4)

for f, g ∈ L2(D, dμα,β). For more details of this space, we can refer to [10, 11, 12].

For ϕ ∈ L∞(D), the Toeplitz operator on A2
α,β with symbol ϕ is defined by

Tϕ(f) = Pα,β(ϕf)

where Pα,β be the orthogonal projection from L2(D, dμα,β) onto A2
α,β which is a bounded operator given

by the integral

Pα,βf(z) =

∫
D

f(w)Kα,β(z, w)dμα,β(w)

with Kα,β(w, z) := Kα,β(wz) is the reproducing (Bergman) kernel given by

Kα,β(ξ) =
B(α + 1, β + 1)

B(α + 1, β0 + 1)
ξ−p

2F1

(
1, α + β0 + 2

β0 + 1

∣∣∣∣ξ
)
.
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Here 2F1 is the hypergeometric function. The third auther proved in [19] that the orthogonal projection
Pα,β satisfies the following calculus:

Lemma 4.1. Let −1 < α, β < +∞ with β = β0 + p and p ∈ N. Then, for s, t be nonnegative integers,
we have

(i) Pα,β(z
szt) =

⎧⎨
⎩

(α + β + t+ 2)−s

(β + t+ 1)−s
zt−s if t+ p ≥ s

0 if t+ p < s.

(ii)

∥∥∥∥∥Pα,β(z
s

+∞∑
j=−p

ajz
j)

∥∥∥∥∥
2

α,β

=
+∞∑
j=−p

(β + 1)j−s

(α + β + 2)j−s

(α + β + j + 2)2−s

(β + j + 1)2−s

|aj|2,

where (a)n = a(a+ 1) . . . (a+ n− 1) =
Γ(a+ n)

Γ(a)
is the Pochhammer symbol

Here, we give an overview of the proof of this lemma.

Proof. Recall that

2F1

(
a, b

c

∣∣∣∣ ξ
)

=
+∞∑
n=0

(a)n(b)n
(c)n

ξn

n!
.

By the definition of Pα,β given above, we have

Pα,β(z
szt) =

z−p

B(α + 1, β0 + 1)

+∞∑
n=0

(α + β0 + 2)n
(β0 + 1)n

zn
∫
D

ws−p+nwt|w|2β(1− |w|2)αdA(w).

Using now the polar coordinates, we get

∫
D
ws−p+nwt|w|2β(1− |w|2)αdA(w) =

1

π

1∫
0

rs+t−p+2β+n+1(1− r2)αdr

2π∫
0

ei(t+p−s−n)θdθ

=

{
B(α + 1, t+ β + 1) if n = t+ p− s

0 if n �= t+ p− s

and this finishes the proof of the first statement. The second one is a simple consequence of the first
statement by using a classical computation and the polar coordinates.

Now, as an application for what we have studied in this paper we focus on the n-quasi-(A,m)-
expansive and n-quasi-(A,m)-contractive Toeplitz operators with analytic and coanalytic symbol and
with a special values of n and m and the operator A. Let us point out that the results we described below
can be extended for the general cases but in our opinion this requires further investigations which will be
our next project. In this context, we take f =

∑+∞
j=−p ajz

j ∈ A2
α,β with β = β0 + p and A = Pα,β. So,

we cite the following three examples:
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Example 1: Suppose that ϕ is analytic function, then we have〈
m∑
k=0

(−1)k
(
m

k

)
T ∗k+n
ϕ P

∗
α,βPα,βT

k+n
ϕ f, f

〉
α,β

=

〈
m∑
k=0

(−1)k
(
m

k

)
T ∗k+n
ϕ T k+n

ϕ f, f

〉
α,β

=

〈
m∑
k=0

(−1)k
(
m

k

)
T|ϕ|2(k+n)f, f

〉
α,β

=

〈
T m∑
k=0

(−1)k
(
m

k

)
|ϕ|2(k+n)

f, f

〉

α,β

=

〈
m∑
k=0

(−1)k
(
m

k

)
|ϕ|2(k+n)f, f

〉
α,β

=
〈|ϕ|2n(1− |ϕ|2)mf, f〉

α,β

This leads to conclude that:

• The Toeplitz operator Tϕ is n-quasi-(A,m)-expansive for odd m and |ϕ| ≥ 1.

• The Toeplitz operator Tϕ is n-quasi-(A,m)-contractive for all m and |ϕ| ≤ 1 or for even m and
|ϕ| ≥ 1.

Example 2: Suppose that ϕ = azN so ϕf ∈ A2
α,β . Using the properties of Toeplitz operators cited

above and the polar coordinates we obtain
m∑
k=0

(−1)k
(
m

k

)∥∥ϕn+mf
∥∥2
α,β

=
m∑
k=0

(−1)k
(
m

k

)
|a|2(n+k)

+∞∑
j=−p

Γ(N(n+ k) + j + β + 1)Γ(α + β + 2)

Γ(N(n+ k) + α + β + j + 2)Γ(β + 1)
|aj |2.

By a straightforward computations, we can conclude

• The Toeplitz operator Tϕ is 2-quasi-(A, 1)-expansive if and only if

|a|2 ≥ sup
j≥0

(α + β0 + j + 2N + 2)N
(β0 + j + 2N + 1)N

=
(α + β0 + 2N + 2)N
(β0 + 2N + 1)N

.

• The Toeplitz operator Tϕ is 2-quasi-(A, 1)-contractive if and only if

|a|2 ≤ inf
j≥0

(α + β0 + j + 2N + 2)N
(β0 + j + 2N + 1)N

= 1.

The values of the above supremum and infimum due to the fact that the function j �→ (α+β0+j+2N+2)N
(β0+j+2N+1)N

is
a positive and decreasing function on [0,+∞[.
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Example 3: Suppose that ϕ = azs, then we have

1∑
k=0

(−1)k
(
1

k

)∥∥AT 2+k
ϕ f

∥∥2
α,β

=
∥∥T 2

ϕf
∥∥2
α,β

− ∥∥T 3
ϕf
∥∥2
α,β

= ‖Pα,β (ϕPα,β (ϕf))‖2α,β − ‖Pα,β (ϕPα,β (ϕPα,β (ϕf)))‖2α,β

=

∥∥∥∥∥Pα,β

(
azsPα,β

(
azs

+∞∑
j=−p

ajz
j

))∥∥∥∥∥
2

α,β

−
∥∥∥∥∥Pα,β

(
azsPα,β

(
azsPα,β

(
azs

+∞∑
j=−p

ajz
j

)))∥∥∥∥∥
2

α,β

.

By using Lemma 4.1 and by a tedious computation, for j + p ≥ 2s, we perform∥∥∥∥∥Pα,β

(
azsPα,β

(
azs

+∞∑
j=−p

ajz
j

))∥∥∥∥∥
2

α,β

= |a|2
+∞∑
j=−p

(α + β + j + 2)2−s

(β + j + 1)2−s

(α + β + j − s+ 2)2−s

(β + j − s+ 1)2−s

(β + 1)j−2s

(α + β + 2)j−2s
|aj |2.

And∥∥∥∥∥Pα,β

(
azsPα,β

(
azsPα,β

(
azs

+∞∑
j=−p

ajz
j

)))∥∥∥∥∥
2

α,β

= |a|6
+∞∑
j=−p

(α + β + j + 2)2−s

(β + j + 1)2−s

(α + β + j − s+ 2)2−s

(β + j − s+ 1)2−s

(α + β + j − 2s+ 2)2−s

(β + j − 2s+ 1)2−s

× (β + 1)j−3s

(α + β + 2)j−3s
|aj|2.

This leads to conclude that

• The Toeplitz operator Tϕ is 2-quasi-(A, 1)-expansive if and only if∥∥T 2
ϕf
∥∥2
α,β

≤ ∥∥T 3
ϕf
∥∥2
α,β

which equivalent to

|a|4 ≥ sup
j≥0

(j − 2s+ β0 + 1)−s

(j − 2s+ α + β0 + 2)−s
=

(β0 − 2s+ 1)−s

(α + β0 − 2s+ 2)−s
.

• The Toeplitz operator Tϕ is 2-quasi-(A, 1)-contractive if and only if∥∥T 2
ϕf
∥∥2
α,β

≥ ∥∥T 3
ϕf
∥∥2
α,β

which equivalent to

|a|4 ≤ inf
j≥0

(j − 2s+ β0 + 1)−s

(j − 2s+ α + β0 + 2)−s
= 1.
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As in the previous example, the computation of the infimum and the supremum of (j−2s+β0+1)−s

(j−2s+α+β0+2)−s

follows from the fact that the function is positive and decreasing on [0,+∞[.

The results of the above examples due by simplification of the coefficients using the well-known for-
mula of Pochhammer symbol (λ)m+n = (λ)m(λ+m)n.

It should be mentioned here that in order to achieve a deep study, we extend the symbol ϕ of the form
ϕ(z) =

∑+∞
k=0 akz

k in the second example and ϕ(z) =
∑+∞

k=0 akz
k in the third one.
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