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1 Introduction

A symplectic metric Jordan superalgebra is a Jordan superalgebra endowed with both a homogeneous
symplectic form and a homogeneous associative non-degenerate supersymmetric bilinear form. The
inductive classification problem of finite dimensional algebraic structures has been extensively studied.
However, the results are relatively scarce in the context of superalgebras.

Most of the known results focus on the theory of Lie superalgebras. In 1977, V. G. Kac developed
Kantor’s method and applied it to obtain a classification of finite-dimensional simple Jordan superalge-
bras over an algebraically closed field of characteristic O (cf. [10]). There was one missing case in this
classification that was later described by I. L. Kantor in [11]. More than two decades later, M. L. Racine
and E. I. Zelmanov took advantage of Jordan theoretic methods, like Peirce decomposition and repre-
sentation theory (that are less sensitive to the characteristic of the base field) to obtain a classification of
simple Jordan superalgebras over fields of characteristic different from 2 whose even part is semisimple
(cf. [18]). The remaining case, namely simple Jordan superalgebras with nonsemisimple even part, was
tackled in [14] by C. Martinez and E. I. Zelmanov. Other recent study of simple Jordan supralgebras can
be found for example in [16, 12] However, non-simple Jordan superalgebras have less studied.

The purpose of this paper is to provide an inductive classification of the non-simple symplectic metric
Jordan superalgebras. By inductive classification, we mean a method of constructing all symplectic
metric Jordan superalgebras using only uni-dimensional and bi-dimensional Jordan superalgebras. We
itemize the classification on a case-by-case basis. Towards this goal, we provide two generalizations of
the process of symplectic double extension (cf. [7, 8, 13, 15]) using one dimensional and two dimensional
Jordan superalgebras.

* Corresponding author.
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Note that the metric Jordan superalgebras have descibed in [5] through the so-called double exten-
sion method. Describing symplectic Jordan algebras through double extensions techniques seems very
complicated. This being so, the inductive description of symplectic metric Jordan algebras by double
extensions methods was obtained in [4, 3].

The outline of the paper is as follow: The next section focuses on the introduction of notations and
the development of certain necessary tools. The third section is devoted to a detailed classification of
all symplectic metric Jordan superalgebras through case by case basis. When the symplectic and metric
structures are odd, one constructs directly into Theorem 3.1 symplectic metric Jordan superalgebras us-
ing the process of double extensions. In addition, for the even case, we consider a generalized double
extension by a uni-dimensional Jordan algebra and prove in Theorem 3.1 that each symplectic metric
Jordan algebra is obtained through a sequence of symplectic double extensions using one dimensional
Jordan superalgebra and/or generalized double extension. In the context of symplectic and metric struc-
tures of different graduation, we first define a new type of generalized double extension inducing a two
dimensional Jordan superalgebra. Consequently, we then prove in Theorem 3.2 that any symplectic
metric Jordan superalgebra is obtained as a finite sequence of such two dimentional generalized double
extensions.

2 Backgrounds

In this section we give some basic notions and concepts used through the paper.

2.1 Superspaces and superalgebras

Throughout the paper, linear spaces are assumed to be finite-dimensional over a field K of characteristic
zero. Recall that a Z,-graded vector space V = V5 @ V7 is called a K-superspace or merely a superspace
for brevity, where Zisthe ring of integers. Elements of the subspace Vg are said to be even and elements
of V1 to be odd. For a homogeneous element v € (V;);c(0.13, we denote by [v] its parity (i.e. [v] =17). A
K-superalgebra (or merely a superalgebra) is an algebra whose underlying vector space is the superspace
A = Aj ® At such that AzA; C A7, 4,7 € {0,1}. In this case, A? = span{zy;z,y € A} has a
structure of superspace where:

(A%)5 := Aghg + AtA1 = span{zy + 2t, x,y € Ay, =zt € A1}
and
(A%)1 == AgAt + ApAg = span{ay + 2t, x,t € Az, y,z € Ag}.

LetV = V5 ® Vyand W = Wy & Wy be two superspaces. Then, V =V @ W is also a superspace with
V5 = V5 ® Wy and V; = V1 © Wr.

Alinear map [ : V — Wis called homogeneous of degree o € {0, 1}if f(V;) € Wy,i € {0,1}. We
denote by Hom(V, W) the space of homogeneous linear map from V to W of degree «. Let End(V) :=
Hom(V,V) and Ends(V) := Hom(V,V)s. Let also V* := Hom(V, K) and V% := Hom(V,K)5, where
K is considered as a superspace with K := K and Ky := {0}. The superspace V* = V; @ V; is called
the dual superspace of V = V5 @ Vj.
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2.2 Jordan superalgebras

A Jordan superalgebra J is a K-superalgebra such that for every homogeneous elements a, b, c,d € J,
one has:

o ab=(—1)"Plpg (super-commutativity).
o (1) ll(ab)(ed) + (=1)1"(be)(ad) + (1)1l (ca) (bd)
= (=Dl ((be)d) + (—1)19Plb((ca)d) + (=1)Pl€le((ab)d)  (super-Tordan identity).
For a € J, the linear map L, : J — J defined by L,(x) = ax, Vz € Jis called the left multiplication
by a.
A superderivation on J is a homogeneous linear map D : J — J that satisfies:

D(zy) = D(z)y + (=D)*WPleD(y), 2,y € 3.

A linear subspace J of a Jordan superalgebra J is called an ideal of J, if zy € J for any x € J and
y € J. Anideal J of a Jordan superalgebra J is called a graded ideal if whenever x = x5+ 27 € J (where
x; € J;fori € {0,1} ), both 2 and x7 belong to J. The annihilator of a Jordan superalgebra J is defined
by:

Ann(J) ={z €J; zy=yr =0, ye€J}
is a graded ideal.

Let § = Jg @ J1 be a Jordan superalgebra.

A Jordan superalgebra is called solvable (resp. nilpotent) if there exists a natural number n such that
3™ = {0} (resp. J* = {0}) where the sequence (3 (resp. (J*)ren) is defined inductively by the
rules:

3O = 3 and J*+D = 3k 5k),

~k+1 __ ~~k:>

(resp. 3° = J and JF = 33

For more details about these kind of algebras the reader can consult [1, 2, 17].

2.3 Metric and odd-metric Jordan superalgebras

A bilinear form B of a Jordan superalgebra J is said to be:
e Supersymmetric, if B(a,b) = (—1)1"*/B(b,a), a € Jlals b€ Jpy-
e Non-degenerate, if Rad(J) :={z € J; B(z,y) =0, yeJ}={0}.
e Associative, if B(ab,c) = B(a,bc), a,b,c € J.
e Even, if B(Jg,J1) = B(J71,J5) = {0}.
e 0Odd, if B(Jg,J7) = B(J1, JT = {0}.

~—

An even (resp. odd) bilinear form B on J is called an associative (resp. odd associative) scalar product
of J if B is supersymmetric, non-degenerate and associative. A Jordan superalgebra JJ admitting an asso-
ciative (resp. odd associative) scalar product is said to be metric (resp. odd-metric) Jordan superalgebra.
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A graded ideal J of an odd metric Jordan superalgebra J is called non-degenerate, if the restriction of
B to J x J is non-degenerate. Such a graded ideal is called B-irreducible if it contains no non-degenerate
graded ideals of J other than {0} and J. A graded ideal that is not non-degenerate is called degenerate.

Definition 2.1. An endomorphism ¢ of J of degree a € {0,1} is said to be B-supersymmetric (resp.
B-skewsupersymmetric) if for all homogeneous elements x,y € J,

B(¢(x),y) = (—1)"IB(w, ¢(y)) (resp. B(d(x),y) = —(=1)*B(z,6(y))).

A B-supersymmetric endomorphism ¢ of J is said to be a symmetric Jordan operator of J if it satisfies:
(~1) Dl (a)e >b+ (=1 (ab)e) + (1)1 (6(B)e)a
= (=1)PlFg(c)(ab) = " (=1)g(ab)e, (a,b,¢) € Jja) X Jjy X Il

cycl cycl

The sub-superspace of End(J) consisting of the symmetric Jordan operators is denoted by Ops(J).

2.4 Symplectic metric Jordan superalgebras

A bilinear form w on J is said to be:
e  Skew-Supersymmetric, if w(z,y) = —(—1)"Ww(y, 2)),
e Supercyclic, if (—1)1#¥w (2, y2) + (=)W (y, z2) + (=1)Flw(z, 2y) = 0,
for all homogeneous elements z,y, 2 € J. In this case w is also called a scalar 2-cocyle of J. An even
(resp. odd) bilinear form w on J is called symplectic (odd symplectic) if w is skew-supersymmetric,

non-degenerate and supercyclic. A Jordan superalgebra ;J admitting a symplectic (resp. odd symplectic)
form is said to be symplectic (resp. odd-symplectic) Jordan superalgebra. U

3 Inductive classification symplectic metric Jordan superalgebras

In this section, we consider the setting of finite dimensional Jordan superalgebras over an algebraically
closed field of characteristic zero. We first record two types of symplectic metric Jordan algebras accord-
ing to the fact that the symplectic and metric structures have or fail to get the same graduation. Let us
prove the following results:

Proposition 3.1. Let (J, B) be a metric (or odd-metric) Jordan superalgebra. Then, J has a symplectic
(or odd symplectic) form w, if and only if, there exists an invertible B-skew-supersymmetric superderiva-
tion D of J such that deg D = deg B + deg w, and

w(z,y) = B(D(z),y), =z,y€T.
Proof. Let w be a symplectic structure on Jj. Consider the linear map D : J — J defined for z € J by
D(z) = y, where y is the unique homogeneous element of J such that B(y,.) = w(z,.). Sinse B and w

are non-degenerate, D is invertible. Moreover, as w is skew-supersymmetric and B is supersymmetric,
then D is skew-supersymmetric with respect to B. The fact that w is a scalar 2-cocyle of {J, implies that

B(D(az)y + (=1D)#ldesD 3 D(y) — D(xy), z) =0, x,9,z€J.

Thus, D is a superderivation of JJ. The converse is easy to check. ]
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Proposition 3.2. Let (J, B,w) be a symplectic metric Jordan superalgebra. Then, Ann(J) # {0}.

Proof. Let D be the B-skew-supersymmetric invertible superderivation of y such that
w(z,y) = B(D(z),y), z,yc€J and degD = degB + degw.

The Jordan algebra J5 has an invertible derivation equals to D if D is even and to D? otherwise. By
(Lemma 7.2 of [4]), Jj is a nilpotent Jordan algebra. Thus, Ann(J) # {0}. ]

Corollary 3.1. Let (J, B,w) be an odd symplectic metric Jordan superalgebra. Then, Ann(J) N Jg #
{0}.

Proof. Tt is clear that Ann(J5) # {0}. As B is odd, associative and non-degenerate, then Ann(Js) C
(Ann(J))g. Thus, (Ann(J))s # {0} and finally Ann(J) N Jg # {0}. O

3.1 The case where the metric and the symplectic structures have the same graduation

Let J be a Jordan superalgebras which admits a metric structure B and a symplectic structure w of the
same graduation and let § be the derivation of J is defined by w(z, y) = B(d(x),y) forall z,y € J. Let ¢
be a symmetric Jordan operator such that ¢ is an even superderivation and let (D, Ag) € Op,(J))s X Jo
be an admissible pair (c.f. [5], Definition 4.1). That is the pair satisfies :

C1: 3D(aAy) = aD(Ag) +2D%

Co: D(Apa) = ApgD(a)

Cy: D%A, = Ag

Cy: abAy = D?*(ab) + aD?* + (=1)PlpD2(a) — 2D (a) D (b)
Cs: (ab)Ay — a(bAg) = 2D(D(a)b) — 2D(a)D(b)

Letalso A € J1, 70 € Jgand a € K.

Consider (Js, Bs) (resp. (J4, By)) the double extension (resp. the generalized double extension) of
(J, B) by (Ke); (resp. by (Ke)g) by means of ¢ (resp. of (D, Ay)).

For i € {3,4}, define on J; the bilinear form w; by
wi(x7y> :Bz(5l(x)7y)7 z,y 6317
where ¢; is the endomorphism of Jj; defined by:

Fori=3: {3(e) = ae’, d3(e) = —ae+ A, d3(z) = d(z) — B(x,A)e*, z €73.

Fori=4: {§4(e) = ae’, da(e) = —ae + xy, di(z) =d(z) — B(x,x9)e", x €.
Proposition 3.3. (i) If [0, ¢]+ap = La, then (Js, Bs,ws) is a symplectic metric Jordan superalgebra.

(ii) If Bis evenand D(xy) = aAg+(1/2)0(Ag) and [0, D|+AD = L,,, then wy is an even symplectic
form on 34 and (J4, By, ws) is a symplectic metric Jordan superalgebra.
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Proof. (i) Since deg B = degw, D is an even superderivation of J. The fact that B is non-degenerate
and [d, ¢] + ap = L 4 give that

d3((z+e)*xy) =03z +e)*xy+ (x+e)*d3(y), zy€T

Furthermore, d3(e x ¢) = 0 = d3(e) x ¢ + e x d3(e). Thus, J3 is an even superderivation of (Js, B3).
Moreover, since 0 is B-skew-supersymmetric, then d3 is a B3-skew-supersymmetric superderivation of
(33, Bs).

(i) Since ¢ is invertible, then so is 4. The fact that § is an even superderivation of Jj, B is non-
degenerate and 0D — D0 + oD = L, entails,

dg(zxy) = 04(x) *xy +x*04(y), z,y €.
Moreover, as 0D — D + AD = L, and D(x¢) = Ao + (1/2) 0(Ap) we get

dg(zxe) =d4(x) xe+xxds(e), x €.

By an easy computation, we obtain that d,(e x ¢) = 2d4(e) x e. Therefore, d, is an even superderivation
of J4. Furthermore, it is clear that By(d4(x),y) = —By(x,04(y)), forall z,y € J. ]

Remark 3.1. The symplectic forms w3 and w, are of the same graduation of w.

The main result

Definition 3.1. 1. The Jordan superalgebra (Js, Bs,ws) obtained as in Proposition 3.3, (i) is said to be
the symplectic metric double extension (abbreviated as s.m.d.e.1) of (J, B, w) by (Ke); by means of ¢, A
and a.

2. The Jordan superalgebra (J4, By, w4) obtained obtained as in Proposition 3.3, (ii) is said to be a
symplectic metric generalized double extension (abbreviated as g.s.m.d.e.1) of (J, B,w) by (Ke); by
means of (D, Ay, xg, a).

Now we are prepared to state the main theorem of this section:

Theorem 3.1. Let (J, B,w) be a symplectic metric Jordan superalgebra.

(1) If B and w are even, then J is obtained by a sequence of orthogonal direct sums and/or (s.m.d.e.l)
and/or (g.s.m.d.e. 1) of even symplectic metric Jordan superalgebras by one dimensional Jordan algebra.

(i1) If B and w are odd, then J is obtained by a sequence of orthogonal direct sums and/or (s.m.d.e.1)
of odd symplectic metric Jordan superalgebra by one-dimensional Jordan superalgebra with zero even
part.

Proof across multiple stages. Let us first prove the following lemma:

Lemma 3.1. Let (J, B,w) be an irreducible symplectic metric Jordan superalgebra such that dimy > 1
and deg B = degw. If (Ann(J) N 3degT+1) # {0}, then (J, B,w) is obtained as an (s.m.d.e.1).
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Proof. Let J be the even invertible B-skew-supersymmetric superderivation of Jj such that
w(z,y) = B(6(z),y) forall z,y € J.

Let e € (Ann(J) N Jgegor1) \{0} such that 6(e*) = ae*,a € K\{0}. Denote by J the orthogonal of
Ke* with respect to B. Since B is non-degenerate, there exists e € Jj such that B(e*,e) = 1. Suppose
that B and w are odd. By (cf. [5], Theorem 5.1), we have , the metric Jordan superalgebra (J, B) turns
out to be the double extension of (J; = J/J+, By := By, «3,) by (Ke); by means of ¢. As earlier, the
product on § = Ke & J1 & Ke* reads

exz = d(x),
rxy =y + (~)HWB(g(x), y)e*, z,y €,
e*xx =0,

where x.y denotes the product of x and y in J;. Let x € J;, we have:
B(0(x),e") = =B(z,0(e")) = —aB(z,e") = 0.

Thus, 0(J1) C I = Ke* @ J; and consequently, the linear map 0 : J — J is determined by the identities:
ie") =ae*, de)=ve+ A+ pe*, §(z) =00(z)+ B(x)e", x €T,

where o € K\{0}, v, p € K, A € (J1)1, f(z) € Kand 6; € End(J1).

The fact that B(0(e + z + ¢*),e) = —B(e + x + ¢*,6(e)), forall z € Jy, gives that u = 0, v = —a
and f(z) = —B(x, A). Thus,

i(e*) =ae*, d(e)=—ae+ A and 0(z)=01(z) — B(z,A)e", x € Ji.

Moreover, from the fact that § is an even invertible B-skew-supersymmetric superderivation of J, one
easily deduces that 4, is an even invertible B;-skew-supersymmetric superderivation of J;. Furthermore,
since 6(e * x) = (e) x & + e * §(x), for every z € Jy, then 61 (¢(z)) — ¢(d1(z)) + ap(z) = Az, for
any z € Jy. Consequently, [1, @] + ap = L4. Thus, (J, B,w) is a (s.m.d.e.1) of (J1, By, w1) by (Ke)j.
Likewise, using Corollary 5.2 of [5], the result follows in the case where w is even. U]

Back now to the proof of Theorem 3.1. (i) Suppose that Ann(J) N Jg # {0}. Let e* € (Ann(J) N
J5)\{0} such that 6(e*) = Xe*, A € K\{0}. Consider the graded ideal J = Ke*. Since B(e*,e*) = 0,
then J C J+. Let e € Jj such that B(e,e) = 0 and B(e*,e) = 1. By Theorem 5.3 of [5], (J, B) is a
generalized double extension of (J; = (Ke & Ke*)*, By := Bj3,«3,) by some one dimensional Jordan
algebra by means of (D, Ay) € (Ops(J1))g % (J1)g- As earlier, the product on J = Ke & J; & Ke* reads

(

exe= Ag+ ke*,
exx = D(z) + B(Ag,z)e*, x € J1,
vxy=uzy+ B(D(x),y)e", z,y € J,

efxxr =0 x€g.

\

It is easy to check that §(J;) C I+ = Ke* @ J;. Therefore,
d(e*) = Ne’, d(e) = ae + xo + Pe*, d(z) =0(x) +Y(x)e*, x € J,
where A € K\{0}, a, 8 € K, zp € (J1)5, d(z) € J1 and ¢(x) € K.
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Since ¢ is a B-skew-supersymmetric superderivation of J, then § = 0, o« = —\ and ¥(x) =
—B(x,xp). Thus, 6 : J — J is determined by:

d(e") = Ne’, d(e) = —Xe + zo, d(z) = A(z) — B(zo,z)e*, A€ End(J1), =€ .

Moreover, the fact that J is an even invertible B-skew-supersymmetric superderivation of Jj implies that
A is also an even invertible B;-skew-supersymmetric superderivation of J;. Furthermore, d(e x ) =
d(e)xx+exd(x), x €JFy. Thus,

D(xo) = Mo+ (1/2) 6(Ap) and [A, D]+ AD = L,,.

Thus, (J, B,w) is a (g.s.m.d.e.1) of (J1, By,w1). Now, if Ann(J) N Jg = {0}, then by Proposition 3.2,
we have Ann(J) N J1 # {0}. In this case, by Lemma 3.1, (J, B,w) is a (s.m.d.e.1) of (J1, B1,w1). We
repeat the process of this proof inductively to obtain the result.

(ii) Since B and w are odd, then by Corollary 3.1, we have Ann(J) N J # {0}. We use inductively
Lemma 3.1 to get the result.

3.2 The setting where the metric structure and the symplectic structure have different gradua-
tions

In this section, we generate an inductive description of Jordan superalgebra {j, endowed with an asso-
ciative scalar product B and a symplectic form w in the case where the degrees of B and w are different.
To obtain that, we need to define the concept of double extensions by two dimensional Jordan superalge-
bra with zero product.

Consider a metric Jordan superalgebra (J, B) and a two dimensional Jordan superalgebra (Keq & Ke; )
with zero product such that |e;| = |ef| = 4,4 € {0,1}. Let (D, zg) € Ops(J)5 x I be an admissible pair
of J and z; € J7 such that B(D(x),z1) = 0. Let also D be an odd Jordan operator of J which satisfies
the following properties:

e D isan even supersymmetric superderivation of .
e [D, D] is an odd superderivation of J.

o B(D(xg),xo+z1) =0.

On the Zy-graded vector space J= Kep @ Ke; @ J @ Key @ Kej, we define the following product:

degB e
( TxYy =29+ B(D(I), y)ezegB - (_1> ’ B(D(I>7 y)ezkkdegB)’
coxa=D(x) + Blao, )¢, — (1" Blar, o), .
{ e1xx = D(x) + B(xy, T)e; .

60*60=l€€g+ﬂf0, ke K,

| eoxer = (degB)ae] + 11, a €K,

for all z,y € J. We define on J the bilinear form B by

~

By =B, Bley, e )B(GT, €<17deg3>) =1 and B(ey, e,,;) =0.

degB

The following is immediate:
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~ o~

Lemma 3.2. (J, B) is a metric Jordan superalgebra if and only if:
D(zgx) — D(zg)x = 2D(D(D(2))) — 2D(z12),7 € J,

D’(w0) = 2D(D(w1)), D*(w1) = w1 + (1/2)[D, D)(xp),
D(D(g)) = xoz1 and [D, D] = Ly,

1'1)'

Suppose now that we are under the assumptions of Lemma 3.2 and consider a symplectic structure
w on J such that deg B # degw. Let § be the odd invertible skew-supersymmetric superderivation of
(J, B) such that w(z,y) = B(d(z),y), forall z,y € J. Letalso ¢y € Jp, c1 € J7 and A € K\{0} meeting
the following conditions:

degB | —

o L., =1[5D]—(-1)""\D,
o L,=[0D]+(-1)""AD,

e (z1)=D(co) — D(c1) — (=) Ao,
o (z0) =2D(cy) + (=1)"" 2,

e M= B(cy+c1,20) + 2B(cq,x1).

~

On (J, B), define the automorphism A:

( A(z) = —B(a, w)er . +3(x) - (_l)degBB(co, x)e?‘l_degB), forall z € g,
< Aey) = —(—1)degBozef_-j - (—1)degB)\eo +cy, ac€k 3.1
A(eg) = (1 — degB)ae] + (—1)degB)\el +ca, ack .
L Aeg) = Aei and  Ale}) = Aeg.

The following is then immediate:

Proposition 3.4. Let w be the bilinear form defined on 3 by
&(z,y) = B(A(z),y), =z,y€J, where A isas in (3.1).

Then (1:5 , B ,W) defines a symplectic metric Jordan superalgebra and degw # deg B.
Definition 3.2. The symplectic Jordan superalgebra (?j , B ,w) is said to be the symplectic metric double
extension (s.m.d.e.2) of (J, B, w).

We now prove the following two results:
Lemma 3.3. A Jordan superalgebra J has simultaneously an even metric structure and an odd metric

structure if and only if 3* = {0} and dim J5 = dim Jy.

Proof. Let B (resp. B) be an even scalar product (resp. an odd scalar product) on J. The fact that (J, B)
is metric implies that there exists an isomorphism of J5-module ¢ : J5 — J3 defined by ¢(z) := B(z, .),
for all # € Jg (c.f. [5]). Likewise, we can prove that the map v : J; — J7 defined by ¥(v) = B(z, .),
for all z € Jj is an isomorphism of J-module. Consequently, the map ¢ : 1)~! o ¢ is an isomorphism of
Jg-module between J5 and J7. Consider the bilinear form f : J5 X J5 — K defined by

f(z,y) = B'(¢(z),d(y)), where B’ = B 3,
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We can easily check that f is a non-degenerate associative skewsymmetric bilinear form. Thus, J % = {0}.
Furthermore, the fact that B is associative and non-degenerate entails that J5J; = {0}. Moreover, since
B is associative and non-degenerate, then J;J; = {0} and finally J? = {0}. O

Proposition 3.5. Let (J, B,w) be a symplectic metric Jordan superalgebra such that deg B # deg w.
Then, dim J is even and dim J > 4.

Proof. Since deg B # degw, there exists an odd invertible skew-supersymmetric superderivation DD of
(J, B) such that,

w(z,y) = B(D(x),y), z,y€J.

Then D = [D, D] is an even invertible skew-supersymmetric superderivation of (J, B). Consequently,
the metric Jordan superalgebra (Jj, B) has simultaneously an even and an odd symplectic structures. By
Proposition 3.3, we get the result. ]

We are now ready to prove our main result of this section.

Theorem 3.2. Let (J, B,w) be a symplectic metric Jordan superalgebra such that deg B # degw. Then,
J is obtained by a sequence of (s.m.d.e.2).

Proof. Assume that w is odd and B is even. Let A be the odd invertible skew-supersymmetric su-
perderivation of (J, B) defined by (3.1) such that

w(r,y) = B(A(x),y), for z,yecJ.

Since the field K is algebraically closed, A is invertible and A(Ann(J)) = Ann(J). There exist therefore
A € K\{0} and e* € Ann(J)\{0} such that A(e*) = Ae*. Set e* = ¢ + e}, where ¢f; € (Ann(J) N
J5)\{0} and e} € (Ann(J) N J1)\{0}, such that D(e}) = Xej and D(e}) = Aejy. Let T = Kefy @ Kej
and let J* be its orthogonal with respect to B. The fact that B is even and w is skew-supersymmetric
give that

B(eg, ep) = —B(ey, eq) = 0.

So, J C Jt. Moreover, the fact that e € J;, i € {0,1} and B is even and non-degenerate says that,
there exist ey € Jg and e; € J7 such that B(ej,eg) = 1 = B(ej,e1) and B(egp, ep) = 0. Consider
the Z-graded vector space N = J & Kep @ Ke;. By Proposition 3.5, we have N # J. Since B, is
non-degenerate, then J = N @ N where N is the orthogonal of N with respect to B. Furthermore,
since BWLle is non-degenerate, then J= = J @ N=+. Let z,y € N+, we have

vy = a(r,y) + o(x,y)es + v(x, y)el,
eo-r = D(z) + f(x)eg + g(x)e],

er.x = D(x) + F(x)e} + G(x)el,

where a(z,y), D(x), D(x) € N+ and ¢(x,y), ¥ (x,y), f(z), g(x), F(x), G(x) € K. Itis clear that N+
is endowed with the multiplication « and the bilinear form B := By, is an even metric Jordan
superalgebra. The fact that B(ey,x.y) = B(ey.z,y) and B(eg, z.y) = B(eg.x,y), implies respectively

© 2025 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |38



~

that (z,y) = —B(D(z),y) and ¢(z,y) = B(D(z),y). Further, by the associativity of B, we have
B(ej, eo-€0) = 0, B(ej,ep.e1) = 0 and B(ey, eg.e1) = 0. So, we get

€L 1
ep.er =x1 and eg.eqg = keg +x9, where x9€ Nj,z1 € Ny and kekK

Besides we get by the associativity of B,

~ ~

f(z) = Blxzo,z), g(z)=—DB(z1,2), F(z)=B(z1,2) and G(z)=0, z€ N

It is clear that D and D are two endomorphisms on N+ which are respectively even and odd. Let
z,y € N*t. We have,

B(y,er.x) = (D)W B(e;.y,2) and B(y,ep.x) = Bleg.y, z).

Thus, B(D(y),z) = (=1)¥ B(y, D(z)) and B(D(y),z) = B(y, D(z)). So, D and D are supersym-

metric with respect to B. By a simple computation using the super-Jordan identity, we can check that D
and D satisfy the conditions of Lemma 3.2. Thus, (J, B) is a double extension of (N1, B) by the two
dimensional Jordan superalgebra Keg @ Ke;. The fact that A is skew-supersymmetric and A(J) C J
entails that A(J+) C J+. Let z € J+. We have,

A(r) = p(z)eg + 0(x) + 1/ (e,
A(eg) = yel + ex + a1,
Aler) =7'ef + 'eo + co,
where pu(x), 1/ (x),v,7,€,¢ € K, (co, 1) € Ng X N; and § is an endomorphism on N-. The fact that

A is skew-supersymmetric with respect to B, gives that ¢ is odd and skew-supersymmetric with respect
to B. Since A is skew-supersymmetric, then so is 9. Once more, by the associativity of B we get:

/7/ == 5/ = _/\7 5 = /\7 /,L([If) = _E(Ch ZIZ') and /,L/([L') = _§<CO737)‘
Let 2,y € N-. By the equality A(z.y) = A(x).y + (—=1)*2.A(y), we obtain
Ley:=[6,D] —AD and L., :=[6, D]+ \D.

Furthermore, A(eg.eg) and A(eg.e;) give the other identities of (4.1) and Proposition 3.4 allows to
conclude. The case where the associative scalar product is odd and the symplectic form is even can
be dealt in a similar manner. L]
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