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ABSTRACT. Let f be a degree d form in n + 1 variables =z, ..., x,. Any additive decomposition of f is associated to a
finite set A C P™ with #A the number of non-proportional addenda. We study the index of regularity p(A) of A4, i.e. the first
integer ¢ such that h'(Z4(t)) = 0, of the finite subset A C P" associated to the additive decompositions of degree d forms
in n + 1 variables. Obviously p(A) < d. We prove that p(A) > d — k if A spans P™ and k is the maximal integer such that
xk divides at least one monomial of f. If f essentially depends on less variables, but A spans P", then p(A) = d. We give
examples (but with # A bigger that the rank of f) in which we have p(4) = d.
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1. Introduction

Fix integers n > 1 and d > 1. Take an algebraically closed field K with characteristic 0. For any
degree d form f # 0, i.e. for any f € K[z, ..., z,]q, f # 0, an additive decomposition of f is a finite
sum f = >_.¢¢ with {; a linear form. The rank r,, 4(f) of f is the minimal number of addenda in an
additive decomposition of f. The integer ,, 4(f) is a very important measure of the complexity of f. In
this paper we explain another discrete invariant of additive decompositions of f, the index of regularity
of the finite subsets A of P or a zero-dimensional subschemes Z of P". In an additive decomposition
f =3, ¢ in which no two linear forms are proportional the set A is the union of all [¢;] € P". The
reader may consider only finite sets instead of zero-dimensional schemes. We pose Theorem 1.2 in a
more general setting (allowing zero-dimensional schemes) because is some examples with low border
rank they may give very different answers (see Remark 1.4), but not with our restriction for k£ = 0.

Let Z C P", n > 1, be a zero-dimensional scheme, Z # (). Let Z; C Opr be the ideal sheaf of Z.
The index of regularity p(Z) of Z is the first integer ¢ > 0 such that h*(Zz(¢)) = 0. Remember that
HY(Opn(d)) = Klxg, ..., 2,]q. For each integer t H(O(t)) is a vector space of dimension deg(Z).
The integer p(Z) is the first £ € N such that the restriction map uz,; : H°(Opn(t)) — H°(O4(1))
is surjective. Thus p(Z) is the first integer ¢ such that Z gives deg(Z) independent conditions to
Klzg,...,2zy)s. For 0 < t < p(Z) the integers dimIm(uy,) are increasing, while dimIm(uyz;) =
deg(Z) for t > p(Z). Indeed, it is well-known that h'(Zz(t)) = 0 for all t > p(Z) and that
p(Z) < deg(Z) — 1, with equality if and only if 7 is contained in a line ([3, Remark 22 and Lemma 34]).
The index of regularity of Z is an important information to get a finer invariant of 7, its Castelnuovo-
Mumford regularity, which is either p(Z) or p(Z) + 1. The latter integer, p(Z) + 1, is also an upper
bound for the degrees of the minimal generators of the homogeneous ideal of Z.
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The Veronese embedding gives a geometric interpretation of the additive decompositions of forms. Let
vy P*"— P r = (":d) — 1, denote the order d Veronese embedding of P". Set X, ; := v4(P"). Any
f € Klzo,...,zn]d f # 0, defines a unique ¢ = [f] € P" and the integer r,, 4( f) is the X, g-rank 7, 4(¢)
of ¢, i.e. the minimal cardinality of a finite set A C P™ such that ¢ € (v4(A)), where ( ) denotes the
linear span. Let S(¢) or S(f) denote the set of all A C P” such that ¢ € (v4(A)) and #A = 7,.4(q).
Often an interesting additive decomposition of a form f has not the minimal number 7, 4(f) of addenda
or 1 4(f) is not known. We say that a finite set v4(A) C X, 4 irredundantly spans q if ¢ € (v4(A)) and
q ¢ (va(A’)) forany A’ C A. Let S(q,t) and S(f,t) denote the set of all A C P" such that # A = ¢ and
v4(A) irredundantly spans g. Obviously S(gq,t) = 0 for all t < r,4(q) and S(q,mn.a(f)) = S(q) # 0.
Sometimes there are integers ¢t > r, 4(q) with S(g,t) = ). Take ¢ and ¢ such that S(q,t) # () and fix
A € S(q,t). We study the regularity index p(A) of A. Since v4(A) irredundantly spans ¢, p(A) < d. If
Z is a zero-dimensional scheme we say that v4(Z) irredundantly spans ¢ if ¢ € (v4(Z)) and ¢ & (v(Z'))
forany Z' C Z.

For any ¢t > 0 let Z(q,t) (or Z(f,t) if ¢ = [f]) denote the set of all degree ¢ zero-dimensional schemes
Z C P" such that v4(Z) irredundantly spans q.

We list our main results.

Theorem 1.1. Fix f € K(zg,...,z,]as, f # 0, and let k be the maximal degree of a power of xg
appearing in one of the non-zero terms of f. Fix A € S(f,t) with the only restriction that if k = 0, i.e.
if f does not depend on xy, assume (A) = P". Then p(A) > d — k forall A € S(f,t).

For k = 1 we get many forms f such that each additive decomposition of f has index of regularity
d — 1 (just take in the set-up of Theorem 1.1 with £ = 1 a concise f). See Remark 2.3 for cases which
were used to get very high rank ternary forms.

Theorem 1.2. Take ¢ € P" and Z,W € Z(q,x), W € Z(q,y). Assume the existence of a linear space
V CP"suchthat Z CV and W ¢ V. Then p(W) > d.

Theorem 1.3. Fix integersn > 1, d > 3 and c such that 1 < ¢ < d—1. Thenthereis f € K[zo, ..., x,]4
f # 0and f concise, and A € S(f) such that p(A) = c forall A € S(f).

We give an example of ¢ and ¢t = 7, 4(q) + 1 such that S(q,t) # 0, p(A) = d for all A € S(q,1),
p(B) € {d —1,d} forall B € S(q,x) and all x such that S(q, ) # () (Proposition 2.5). If n = 2 for any
q there is an integer ¢ such that S(q,t) # () and p(A) < d — 1 for some A € S(q,t) (Proposition 2.6).

Remark 1.4. Take n = 1, i.e. look at degree d binary forms and assume d > 3. Fix any f € K[zg, x1]q,
f # 0. Set x := r14(f). A theorem of Sylvester say that either z < |(r + 1)/2] and in this case
#S(q) = lor |[(d+1)/2] < v < dand dimS(q) = 22 — 1 — d ([6, Theorem 11 and eq. (9)]).
Moreover, if z > [(d + 1)/2], then f has border rank r + 2 — z and there is a zero-dimensional scheme
Z such that deg(Z) = r+ 2 — x and [f] € (vy(Z)). Thus if x > [(r 4+ 1)/2] every S € S(f) has
p(S)=2—1>(r+2—2x)—1= p(Z). Thus for all f # 0, we may find a scheme Z evincing the
border rank of f and with p(Z) < d — 2, while p(S) =d — 1forall S € S(f) if r14(f) = d . Theorem
1.1 shows that if we embed P! in P, n > 1, as a line and see f as a non-concise form in n + 1 variables
even allowing zero-dimensional schemes we cannot get an index of regularity < d. By [3, Theorem 32]
all [f] associated to the tangential variety of X,, 4, » > 1, are not concise and come from an embedding
of a line in P".
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We raise the following question (we guess that the answer is NO).

Question 1.5. Is there a form f such that p(A) = d for some A € S(q) or forall A € S(q)?

A referee raised the following interesting question: what occurs if p := char(K) > 0? For the inter-
ested reader we point out that there are two obstructions to use the proofs given in this note. First of all, if
p < d all first derivatives of some degree d forms may vanish. Moreover, many of the quoted references
assume char(K) = 0 and the interested reader must check if the quoted results are true at least for p > d.
For instance, for the case n = 1 of Theorem 1.3 we quoted a theorem of Sylvester.

2. The proofs

If W € Z(q,t), then Z is Gorenstein ([4, Proposition 2.2]).

Let Z C P" be a zero-dimensional scheme. Fix an integer e > 0 and a degree e hypersurface D C P".
We allow the case in which D has multiple components (for the proof of Theorem 1.2 we will take
e=k+1land D = {25! = 0}, i.e. a multiple of the hyperplane {zq = 0}). The residual scheme
Resp(Z) of Z with respect to D is the closed subscheme of P" with (Z; : Zp) as its ideal sheaf. If Z is
a finite set, then Resp(Z) = Z \ Z N D. The scheme Resp(Z) is zero-dimensional, Resp(Z) C Z and
deg(Z) = deg(Resp(Z)) + deg(Z N D). For any integer ¢ the following sequence of coherent sheaves

0— IResD(Z)(t — 6) — Iz<t) — IZ(‘]D’D(t> — 0 (1)
1s exact. It is called the residual exact sequence of Z with respect to D.

Remark 2.1. Take any ¢ € (v4(P")) and any A € S(q,t). Since v4(A) irredundantly spans ¢, #(R N
A) < d+1forall lines R. If ¢ € S(q) we have #(R N A) < d by a theorem of Sylvester on binary
forms ([6]).

Lemma 2.2. Let Z C P" be any zero-dimensional scheme. Assume that Z is contained in a linear
subspace V of P". Then the index of regularity of Z is the same as a subscheme of P"* and as a subscheme

of V.
Proof. Use that the restriction map H°(Opn(t)) — H°(Oy(t)) is surjective for all ¢t € N. O

Proof of Theorem 1.2: Take a general hyperplane A of P" containing V. Thus Z C H. Since H is
general, W ¢ H. Thus by induction on the codimension of the subspace it is sufficient to prove the case
V = H. Itis sufficient to prove that h'(Zy (d — 1)) # 0. It is sufficient to find a scheme W’ C W such
that h'(Zy/(d — 1)) > 0. Consider the residual exact sequence of Z U W with respect to H:

0 = Tresy (zuw)(d — 1) = Tzuw(d) = Zpnzow),m(d) — 0 (2)
Since Z C H, Resy(Z) = () and Resy(Z UW) = Resy(W). Since W € H, Resy (W) # (. We have
M (Zresy(w)(d — 1)) > 0 by [2, Lemma 5.1]. Take W’ := Resy (W) C W. O

Remark 2.3. For n = 2 and d = 2k + 2 even A. De Paris used the form f = zozt 125" + 22F22 to
get a form with very high rank, ro 4(f) > k? + 3k + 3 ([8]), which for large d is near the upper bound
n.a(g) < Ld +6d+5j proved for all g € K[z, z1, z2]q ([7]). For odd d, say d = 2k + 1, it is easy to check
(using [5] as it was used in [8]) that ry 4(g) > k* 4 2k, where g = xox’f ! k“ -+ x%k a2,
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Proof of Theorem 1.1: Set q := [f] € P". If k = 0, then ¢ is not concise and we may apply Theorem
1.2. Thus we may assume k > 0. Set H := {zg = 0} and let D = (k + 1)H C P" be the degree k + 1
hypersurface with xlgﬂ as one of its equations.

Claim 1: ¢ € (v4(D)) and there is a zero-dimensional scheme W C D such that (v4(W)).

Proof of Claim 1: ¢ € (v4(D)), because every monomial appearing with a non-zero coefficient in
the expansion of f is associated to a point of (v4(D)). To get W it is sufficient to take the intersection of
v4(D) with n — 1 general hyperplanes of P" containing g.

Since ¢ ¢ H and Ais afinite set, A ¢ D. Note that Resp(W) = 0 and Resp(WUA) = A\ANH # 0.
By [2, Lemma 5.1] we have h' (Zpes,, (4)(d — k — 1)) > 0 and hence p(A) > p(Resp(A)) > d —k. O

Proof of Theorem 1.3: The case n = 1 is true by Sylvester’s theorem (all ranks between 1 and d are
realized by some binary form) and the fact that p(A) = #A — 1 for any non-empty finite set A C P,
Without the assumption that f is concise this would be the end of the proof.

Now assume n > 2. If ¢ = 1 we take any A C P" such that (4) = P" and #A =n+ 1. If c = 2 we
take a general A C P" such that #A = n + 2. Thus from now on we assume ¢ > 3 and hence d > 4.

Fix aline L C P",aset ' C L suchthat #F = c+1 and v; 4(F') evinces arank. Fixaset £ C P\ L
such that #F =n — 1l and (F' U L) = P™. Since #F > 1, G := E U F spans P".

Claim 1: p(G) = c.

Proof of Claim 1: Since G D F, p(G) > p(F) = c. Fix E/ C E such that #E’ = n — 2 (hence
E' = () if n = 2). We prove Claim 1 by induction on n, starting the induction with the case n = 1. Set
H:=(E'UL)and G’ :== E'U F.Notethat (G') = H,LGNH =G and #(G\ G') = 1.

Take ¢ € P" such that ¢ € (v4(GQ)) and ¢ ¢ (v4(G")) forany G’ C G (it exists, because h!(Zg(d)) = 0).

Take A € S(q). To show that p(A) = c it is sufficient to prove that A = F U [} with F; C L and
#F| = #F. By Claim 1 we may assume A # G. Note that v4(A) and v4(G) irredundantly span g. Thus
hY(Zaue(d)) > 0. Fix E' C E such that #E£' = n — 2 and set {0} := E\ E' and H := (E' U L). We
have G\ G N H = {o}. Consider the residual exact sequence of G U B with respect to H:

0 = Ziaanmugoy(d — 1) = Zavg = Zunanmyue (d) — 0 3)

(a) Assume A (Zia\ anmyugor(d — 1)) = 0. We get A\ AN H = {0} ([2, Lemma 5.1]). Since
q ¢ (vg(H)) and ¢ € (v4(0) U H), there is a unique ¢’ € (vy(H)) such that ¢ € ({¢’,v4(0)}). Since
{o} =G\GNH=A\ANnH,weget ANH € S§(¢)and GNH € §(¢',c+n—1). First assume
n=2,i.e. H= Land G' = F. The rank of the binary form ¢’ is evinced by the minimal subset F"” of F’
such that ¢’ € (v4(F")), Since ¢ ¢ (vq(E U Fy)), for any F, C F', we get F”' = F, concluding the proof
for n = 2. Now assume n > 3. By inductiononn we get #(ANH) =c+n—2and ANH =E' UF,
with F; C L and #F) = ¢+ 1. Since a € A, we conclude the proof in this case.

(b) Assume 1 (Z s\ anmyugoy(d — 1)) > 0. Thus A (Z4,401(d — 1)) > 0. Note that #(A U {o}) <
n+c+1,¢c<d—1, Aspans P". Let W C AU {o} be a minimal subset of A U {0} such that
h*(Zw (d — 1)) > 0. Take any plane M C P". Since A spans P", #(A N M) < ¢+ 3 — n and hence
#(AU{o})NM)<c+4—n<d+3<4(d—1)—>5forall d > 4. We have #(AU{o}) <n+d <
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4(d—1)4+n—>5. By [1, Theorem 1] W is in a short list in which either #W = d+ 1 and W is contained
in aline or #W +n — dim(W) > 2d — 2+ n. Since d + n < 2d — 2 + w, we get that #W = d + 1 and
that W is contained in a line R. Since A evinces arank, #4A N R) < d. Thuso € Rand #(RN A) = d.
Since A spans P", we get #A > d 4+ n — 1. Thus ¢ = d — 1. The line R shows that p(A) =d —1. O

Remark 2.4. It is easy to find a concise f and an integer ¢ > r, 4(f) such that there is A € S(f,1)
with p(A) = d. A very stupid example which works for any fixed concise f is to take (”:d) general
points of P". For n = 1 this is the only way to get some A € S(f,d + 1) with p(A) = d. Forn > 2
we get the following example for all ¢ > d + n. For t = d 4+ n up to isomorphisms the following is
the unique example. Fix a line L. C P, aset ' C L such that #F = d + 1. Fixaset E C P"\ L
such that #F = n — 1l and (F U L). Since #F > 1, G := F U F spans P". Take ¢ € P" such that
q € (vg(A)) and q ¢ (v4(A")) for any A’ C A (it exists, because h'(Z4(d)) = 0). Since F' C L, we have
p(F) = #F — 1 = d. Obviously for any ¢ and any (dﬂrfl) <t< (dzn) any A € S(q,t) has p(A) = d.

The following example is a particular case of the one used for the proof of Theorem 1.3, but the thesis
is stronger, since it says something about the regularity of all A € S(q,t) even if t > r, 4(q).

Proposition 2.5. Fix integers n > 2 and d > 3. Fix a line L C P", a degree 2 connected zero-
dimensional scheme v C L and a set E C P" \ L such that #E = n — 1 and (E U L) = P". Fix any
q € (vg(EUv)) such that q ¢ (vq(Q)) for any scheme G C E U v. Then:

(i) Tha(q) =d+n—1and p(A) =d — 1 forall A € S(q).

(ii) Take any t such that S(q,t) # () and take A € S(q,t). Then p(A) € {d—1,d} and if p(A) = d—1,
then E is contained in the base locus of |Za(d — 1)|.

(iii) Assume d > 6. Then S(q,n + d) # () and every A € S(q,n + d) has p(A) = d and it is the union
of E and d + 1 points of L.

Proof. Since q € (vy(FUv)) and q ¢ (v4(G)) for any scheme G C E U, there is a unique ¢’ € (v4(v))
such that ¢ € ({¢,vq(E)}). Since ¢ ¢ (v4(G)) for any scheme G C E U v, ¢ # v4(0), where
{0} = veq. Note that ¢’ € (v4(L)). By a theorem of Sylvester ¢’ has rank d with respect to the degree
d rational normal curve v4(L) ([6]). Take F' C L such that #F = d and ¢ € (v4(F)). Note that
B:=FEUF € S(qg,d+n—1). Hence 1, 4(q) < n+d—1. Since B € S(¢,d+n—1), p(B) < d.
Since B contains d collinear points, p(B) > d — 1. By induction on n taking hyperplanes containing
and a subset of F' cardinality #E — 1 (as in the proof of Theorem 1.3) we get p(G) =d — 1, G € S(q)
and that every element of S(¢) has index of regularity d — 1. Thus (i) holds.

Now we prove part (ii). Fix t > n+d such that S(q, t) # () and fix A € S(q, t).Note that p(vUFE) = 1.
Set Z :=vUFEUAand H := (LU{ey,...,e,_2}) with the convention H := L if n = 2. Since ¢ is
concise, (A) = P™.

Consider the residual exact sequence of Z with respect to H:
0— IResH(Z)(d — 1) — Iz(d) — IHQZ’H(d) — 0 4)

For i = 1,...,n — 1 let H; be the hyperplane spanned by L U ({e1,...,e,—1} \ {e;}). Note that
H=H,_.
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(a) First assume h'(Zres,(z)(d — 1)) > 0. Since Resy(Z) = Resp(A) U {en—1}, we easily get
W (Zresy(a)(d — 2)) > 0. Hence p(A) > p(Resy(A)) > d — 1. Assume h'(Z4(d — 1)) = 0. Thus
W (Zresyy(a)(d — 1)) = 0 and €,_1 ¢ A. Since h' (Zges,;(a)ufe, o (d — 1)) > 0, e,y is in the base locus
of |Za(d — 1)|. Taking a different ¢; € {eq, ..., e, 1} and using H; we get E N A = () and that F is in
the base locus of |Z4(d — 1)|.

(b) Now assume h'(Zges,,(z)(d — 1)) = 0. By [2, Lemma 5.1] we get Resy(A) = Resy(E Uv) =
{en-1}. Thuse,_ 1 € Aand A\ AN H = {e,—1}. Using H; instead of H we get A\ AN H; = {e;}.
Hence E C Aand A\ E C L. Sincet > r,4(q) =d+n — 1, we gett = n + d (Remark 2.1) and get
part (ii1) in this case. Thus part (i1) is proved.

(c) To conclude the proof of (ii1) and hence to conclude the proof of Proposition 2.5 we may assume
t =d+ nand hl(IResH(Z)<d — 1)) > 0. Thus hl(IAu{en_l}(d — 1)) > 0.

We first will try to get a line D such that #(D N A) > d+ 1. Note that if such a line exists, Remark 2.1
gives #(AND) = d+1 and hence p(A) = d+1. Then we will prove that D = L and that A\ ANL = F.
Note that we work under the assumption of (a) and hence the aim is to find a contradiction, although in
some steps we stop when we first get the statement of (iii)

Since A spans P any plane contains at most d-+3 points of AU{e,,_1}. Since d+3 < 4(d—1)+n—>5,[1,
Theorem 1] gives the existence of a line R such that #(RN(AU{e,_1}) > d+1. Hence #(RNA) > d.
Since (A) = P", #A = d + n and d > 6, R is the unique line containing at least d points of A. Assume
for the moment n > 4. Taking each e; and H; instead of ¢, 1 and H we get #(RN A) > d + 1. Take
D = R.

Now assume n € {2,3}. Thus deg(Z) < 2n+d + 1 < 2d + 1. Since h'(Zz(d)) > 0, [3, Lemma 34]
gives the existence of a line D such that deg(DNZ) > d+2. Sete := deg(DN (vUE)). Since vU E is
linearly independent, e < 2. Take a general hyperplane M containing D. Since deg(Resy; (7)) < d—1,
M (Zresy,(z)(d—1)) = 0. Thus Resys(A) = Resy (vVUE). We get #(ANM) —deg((vUE)NM) = d—1.
Since Z is curvilinear, D N Z = M N Z even in the case n = 3. Thus #(AN D)+ e > d+ 2 and
#(AND)—e=d—1.Sincee <2, weget #(AND)=d+ 1lande = 2.

Now we take again any n to prove that D = L and that A\ AN L = E. Let M be a general hyperplane
containing D. Since Z is curvilinear, DN A = DN M and (vUE)NM = (vU E)N D. Hence
Respr(A) and Resy/(v U E) span a linear subspace of P" of dimension at least n — 2. We proved that
deg(Resy(Z2)) <2n+d+1—d—1=2n+difn > 4 and that deg(Resy(Z)) <2n+d+1—-d—3 =
2n+d —2ifn = 2,3. Set {0} := Vyeq.

(c1) Assume h'(Zges,,(z)(d — 1)) = 0. Thus [2, Lemma 5.1] gives A\ AN D = Resy(Z). If
o ¢ M, then v C Resy(Z), while v € A, a contradiction. Now assume o € M, butv € M. We get that
{0} is a connected component of Resy;(z U E). Since A is a finite setand o € M,0¢ (A\ ANM), a
contradiction. Thus v C M. Since (v U E)N M = (vU E) N D, we get D = (v) = L. In this case we
proves that A\ AN L = E.

(c2) Assume hl(IResM(Z)(d—l)) > (. If n = 2,3 we proved that deg(Resys(Z)) < 2n—2 and hence
M (Zresy,(z)(d — 1)) = 0, a contradiction. Now assume n > 4. We proved that deg(Resy(Z)) < 2n
and that Res);(Z) spans a linear space of dimension at least n — 2. Set U’ := (A \ AN M). Since
#A\NAND) <n-—1,dimU" < n— 2. Let U be a general hyperplane containing U’. Since Z is
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curvilinear, Z N U = Z N U'. Since v U E is linearly independent, h! (Zes,, ., (v+5)(d — 2)) = 0. Since
A C MUU, [2, Lemma 5.1] gives v U E C U’ U D. Since v U E is linearly independent, we get
deg(D N (v U E)) = 2. In the case n > 4 with the assumption of (a) we got D = R with RN E = ().
Thus R = (v) = L. We also found that (E) = U’. Then by inductiononn we get A\ ANL=FE. O

Proposition 2.6. Assume n = 2 and d > 4. Then any tensor q has some A € S(q,t) such that p(A) <
d—1

Proof. 1f g is not concise it is sufficient to use Sylvester’s theorem of binary forms ([6]). Now assume
that g 1s concise. The statement is a consequence of the proofs in [7]. Fix ¢. If ¢ is not concise we may

take ¢t = 71 4(q). If ¢ is not concise A. De Paris proved the existence of d distinct lines L1, ..., Lg,
and A € S(q,t) such that t < [(d* + 6d + 1)/4] and #(A N L;) < | (i +2)/2]. Use d residual exact
sequences to prove that bt (Z4(d — 1)) = 0. O

Remark 2.7. Proposition 2.5 shows that Proposition 2.6 is sharp, at least for some concise g, i.e. p(A) >
d — 2 even for large d. Part (iii) of Proposition 2.5 shows the existence of a concise ¢ and an integer ¢
such that S(q,t) # 0 and p(A) = d for all A € S(q, ).
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