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1. Introduction

In [3, 4], M. Boucetta introduced a notion of compatibility between a Poisson structure and a Rieman-
nian structure on a smooth manifold, he called such a pair of compatible structures a Riemann-Poisson
structure. In our preceding paper [1], we generalized this notion to a notion of compatibility between a
Jacobi structure and a Riemannian structure and proved that in the case of a contact structure and of a
locally conformally symplectic structure we get respectively a (1/2)-Kensmotsu structure and a locally
conformally Kéhler structure.

By now, most of these classical geometric structures have been considered on a Lie algebroid. For a
Poisson structure on a Lie algebroid see for instance [6, 9]. For a Riemannian structure see [5]. For
almost complex structures, Hermitian, locally conformally symplectic and locally conformally Kihler
structures, see [7] and the references therein. For contact Riemannian, almost contact Riemannian and
Kenmotsu structures, see [8].

The goal of the present paper is to generalize to the framework of Lie algebroids the results obtained
by the authors on a smooth manifold [1]. We first introduce a notion of compatibility between a Poisson
structure and a Riemannian structure on a Lie algebroid that generalizes that same notion introduced by
Boucetta on a smooth manifold [3], and then we extend this notion of compatibility to a Jacobi structure
on a Lie algebroid.

The paper is organized as follows. In section 2, we recall some basic notions about differential calculus
on a Lie algebroid, [6, 9, 11], recall the notion of a Poisson structure on a Lie algebroid and establish
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some identities we will need later in the work. Then, we introduce the notion of contravariant Levi-
Civita connection associated with a bivector field on a (pseudo-)Riemannian Lie algebroid and a notion
of compatibility of the bivector field and the (pseudo-)Riemannian metric. The Lie algebroid equipped
with such a pair of compatible bivector field and metric will be called (pseudo-)Riemannian Poisson Lie
algebroid.

In section 3, we consider a pair of a bivector field and a vector field on a Lie algebroid and associate with
it a skew algebroid structure on the dual bundle. We compute the torsion and the Jacobiator of this skew
algebroid; this gives conditions for it to be an almost Lie algebroid and a Lie algebroid respectively. We
investigate the cases of a contact Lie algebroid and a locally conformally symplectic Lie algebroid. We
prove using tensors that a contact structure is a Jacobi structure that comes from an almost cosymplectic
structure and that a locally conformally symplectic structure corresponds exactly to a Jacobi structure
with a nondegenerate bivector field, and then we prove that in these two cases the skew algebroid structure
on the dual bundle is a Lie algebroid structure.

In the last section, we propose a notion of compatibility of a triple composed of a bivector field, a vector
field and a (pseudo-)Riemannian metric on a skew algebroid. We show under certain conditions that this
induces a Jacobi structure on the skew algebroid. Then, after having recalled the notions of contact
Riemannian Lie algebroid and (1/2)-Kenmotsu Lie algebroid, we prove that the triple associated with
the contact Riemannian Lie algebroid is compatible if and only if the Riemannian contact Lie algebroid
1s (1/2)-Kenmotsu. Finally, we show that in the case of a Jacobi structure associated with a locally
conformally symplectic structure and a somehow associated metric, the triple is compatible if and only
if the locally conformally symplectic structure is locally conformally Kéhler.

2. Riemannian Poisson Lie algebroids

Let M be a smooth manifold. For a vector bundle A over M we will denote by I'(A) the space of
sections of A.

2.1. Differential calculus on Lie algebroids

An anchored vector bundle on M is a vector bundle A on M together with a vector bundle morphism
p: A — TM. The vector bundle morphism p, called the anchor, induces a map form I'(A) to I'(T'M)
that is C°° (M )-linear. A skew algebroid on M is an anchored vector bundle (A, p) on M endowed with
a skew symmetric R-bilinear map

[,.]: T(A) xT'(A) — T'(A4)
that satisfies the Leibniz identity
[a, 00] = ¢la,b] + (pla) - p)b, Ve € C*(M), Va,b € T'(A).

An almost Lie algebroid on the base manifold M is a skew algebroid (A, p, [.,.]) such that the anchor p
satisfies the property :

pla, b)) = [p(a), p(b)],  Va,b,€ L(A).
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The bracket on the right hand side of the equality being the usual Lie bracket. A Lie algebroid on the
base manifold M is a skew algebroid (A, p, [.,.]) such that the braket [., .] satisfies the Jacobi identity :

[[a, b], c] + [[b, c],a] + [[c, a],b] =0, Va,b,c € I'(A).

It is well known that the Leibniz identity and the Jacobi identity together imply that the anchor map is a
Lie algebra morphism. Hence, a Lie algebroid is necessarily an almost Lie algebroid.

For a vector bundle A on M, we will denote by A* the dual vector bundle. For a non negative integer
k, denote by I'(A*A) (resp. T'(A¥A*)) the space of A-multivector fields of degree k (resp. the space
of A-forms of degree k). Denote by I'(A®A) := @ T'(AFA) the space of A-multivector fields and by
[(AA%) = @T(AkA*) that of A-forms. Equipped with the exterior product "A", they are graded
algebras. We can clearly define the interior product similarly to its definition for differential forms and
multivector fields on a smooth manifold.

Let (A, p,|.,.]) be a skew algebroid on M. We define the Lie A-derivative with respect to a section
a € I'(A) to be the unique graded endomorphism L? of degree 0 of the graded algebra I'(A®*A*) which
satisfies the following properties :

Lop = Loy = pla) - ¢
for any ¢ € C°°(M), and, for k € N*,

k

Lon(ar, . a) = pla) - (ar, - ) = 3 nlan,. . [a,a, - ap)
=1

for any n € I'(AFA*). The Lie A-derivative with respect to a € I'(A) can be extended to the dual algebra
I'(A*A) as follows :

(LLPm) = pla) - (P,n) — (P, Ln),

where (.,.) is the duality bracket between I'(A®*A) and I'(A®*A*). We clearly have £2b = [a,b] for
a,b e I'(A).

Likewise, we define the exterior A-differential d,, analoguous to the exterior differential of differential
forms, associated with the skew algebroid (A4, p, ., .]) as follows : for any ¢ € C*°(M),

dpp(a) = Lho = p(a) - ¢,

and, for k > 1 and € I'(A*A*), we set

k
dn(ao, ...,ax) = > (=1)'p(a;) - nag, ..., a@,. .. ax)
i=0 o 2.1
+ Y (=D"n(aia].a0, -GG ag).
0<i<j<k

The Lie A-derivative, the exterior A-differential and the interior product satisfy the Cartan formula,
i.e., fora € I'(A), we have :

Lh =igod,+d,oit,. (2.2)
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Finally, recall that the Schouten-Nijenhuis bracket [.,.] on A is the unique R-bilinear map I'(A*A) X
['(A*A) — I'(A®A) which satisfies the following properties :

(i) for ¢, € C(M),

[p, 4] =0,
(ii) fora € I'(A) and P € T'(A*A),
[a, P] = LGP,
(iii) for P € T'(AFA) and Q € T'(AlA);
[P, Q] = (-1)"[Q, P]

(iv) for P € T'(A*A), Q € T(AN'A) and R € T'(A®A),
[P,Q AR} =[P,Q] AR+ (=1)"*"Y'Q A [P,R].
Recall also that if the skew algebroid (A, p, [., .]) is an almost Lie algebroid then for any p € C*°(M) we

have d,(d,p) = 0, and that, the skew algebroid (A4, p, [., .]) is a Lie algebroid if and only if d, o d, = 0,
which is also equivalent to the Schouten-Nijenhuis bracket satisfying the graded Jacobi identity

<_1)kl[[Q7 R]7P] + <_1)lr[[R7 P]7Q] + (_1)Tk[[P7 Q]?R] =0,
for any P € T'(AFA), any Q € T'(A'A) and any R € T'(A"A).

2.2. Poisson Lie algebroids

A Poisson skew (resp. almost Lie, Lie) algebroid (A, p, [.,.],II) is a skew (resp. almost Lie, Lie)
algebroid (A, p, [.,.]) equipped with an A-bivector field II that satisfies [I1, I1] = 0. We also say that II is
a Poisson A-tensor.

Let (A, p,[.,.]) be a skew algebroid on M. To any A-bivector field II, we associate vector bundle
morphisms iy : A* — A and pry : A* — T'M defined by

B (tn(e)) = l(a, 5) and pr = p o, (2.3)
and a bracket [., .];; on I'(A*) defined by
o, Bl = Eﬁpn(a)ﬂ - ['gn(g)a — dp(Il(er, B)), (2.4)

called the Koszul bracket associated with II. Therefore, with a bivector field II on A we associate a skew
algebroid structure (pry, [, .Jir) on the dual bundle A* of A.

Proposition 2.1. Let I1 € I'(A2A). For any Q € T'(AFA), we have

dPHQ = - [H7Q] :

Proof. The proof is similar to that in the classical case in [12, Prop.4.3]. ]
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In particular with ) = II, using the formula (2.1) for the differential d,,; we get the identity

1L, 10)(a, B,7) = —fpn(a) 11(B, ) + j{H (lev, Bl ) 5 (2.5)

where the symbol ¢ means the cyclic sum in «, 8,~. Using this identity we get the following theo-
rem that gives the torsion of the skew algebroid (A*, pr, [, -Ji1), i.e. the default for the skew algebroid
(A*, pr, [, -J) to be an almost Lie algebroid.

Theorem 2.2. We have the identity

3 (e ([0 Bly) — [in(0). En(B)]) = 3

Therefore, if (A, p, |.,.],11) is a Poisson almost Lie algebroid, the skew algebroid (A*, pr, [., .Jn) associ-
ated with is an almost Lie algebroid.

[ILI1] (e, B, 7). (2.6)

Proof. For a, 3, € I'(A*), put

(e, B,7) = v (tu([ev, Aln) — [fn(a), tn(H)])

Clearly we have ®(a, 3,7) = —®(8,a,7), i.e. ® is skew symmetric in the two first variables. Now,
since v (fn([ar, Bln)) = —[ev, Bl (En(v)), by (2.4) we get

¥ (bl Blr) = —L2, o (1)) + L2, 0 (1) + dy(T1(a, B)) (i())

and therefore

O, 8,7) = pnla)-T(B,v) + pn(B) - (v, a) + pu(y) - (e, B)
—a ([tn(B), tn(v)]) — B (An(v), tn(@)]) — v ([An(a), tn(B)])

from which we deduce, on one hand, that ®(a,~, ) = —®(«, 3,7), and on the other hand, using the
identity (2.5) and the definition of the mapping P, that

(I)(Oé,/B,"}/) = _[H7H](O‘7577) + q)(a767’7) + @(/8777 Oé) + (I)(’}/,Oé,ﬁ)
Hence, since ¢ is an alternating map, [IL, II](a, 8,7) = 2®(«, 8,7). O

Remark 2.3. A symplectic form on a skew (resp. almost Lie, Lie) algebroid (A, p, [.,.]), or a symplectic
A-form, is a nondegenerate A-2-form Q € I'(A*A*) such that d,Q0 = 0. We call (4,p,[.,.],Q) a
symplectic skew (resp. almost Lie, Lie) algebroid. Let (4, p,[.,.]) be a skew algebroid, 2 € I'(A2A*)
be a nondegenerate 2-form on A, fig be the inverse isomorphism of the vector bundle isomorphism
bo : A — A%, bg(a) = —i,(2, and II be the A-bivector field defined by

(e, B) = Qo). ta(B)).

We have fi;; = o, and using the formulae (2.5) and (2.6) we get the identity

[H7 H](a7 ﬂa 7) = 2dPQ(IjQ(O‘>7 ﬂﬂ(ﬁ)a Ijﬂ(r}/))

Hence, II is a Poisson A-tensor if and only if €2 is a symplectic A-form.
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Denote by Jiy the Jacobiator of the skew algebroid (A*, pr, [., .Ji1), i.€.,

Jn(a, B, 7) = ]4 o B, Ao,

for a, 3,7 € T'(A*). The following result gives for a Lie algebroid (A, p,[.,.]) together with an A-
bivector field II the Jacobiator of the skew algebroid (A*, p, [., .Ji1), i.e. the default for (A*, pr, [., .Jr)
to be a Lie algebroid.

Theorem 2.4. Assume that (A, p,11) is a Lie algebroid. Then

@ 8,7) j{% o8l i) g (3]~ j{dﬂ (1L 08570 + T8 £4, ) -

Proof. First, by (2.4), for i, 5,y € ['(A*), we have
dy((ev, B)), ] = £§)H(d,,(r[(a7ﬁ)))’7 - /JQJH(V) (d,(I1(cv, B))) — d, (11(d,(I1(cx, B)), 7)) -

Since (A, p, [.,.]) is a Lie algebroid, hence an almost Lie algebroid, we have
'an(w (dp(I(a, B))) = dp(/v’gn(y) (I(ev, ) = dp(pu() - (e, B)),
and since
I(d,(I(ev, ), ) = —dp(Il(ex, £)) ($1(7)) = —pu(y) - U(a, 5),
we deduce that
(I, ), 2 = L4, g,
Consequently, by (2.4), we get

[lev, Bl = L4 o™ — Linn (ﬁﬁ)n(a)ﬂ) + LY ) (%(ﬁ)o‘)

(2.7)
—d, [H(ﬁﬁn(a)ﬁm) + (v, £§H(5)O‘)] :

Since (A, p, [.,.]) is a Lie algebroid we have

p p p p _pp
L (ﬁma)ﬁ) — Ly (Eﬁn(v)ﬁ) = L) (@) -

Therefore, taking the cyclic sum in «, 3,y on the two sides of the equality (2.7) we get the result. 0]
Corollary 2.5. If (A, p, [., .|, 1) is a Poisson Lie algebroid, then (A*, pr, |, .|n) is a Lie algebroid.

Proof. We need to prove that Ji; = 0. Since [II, II] = 0, by Theorem 2.2 and the theorem above we have

n(a,57) = = by (£ 8.2) + 16, 22, )
For any «, 3, v we have

(LL 0 B) = —LL B(tu(y)
— o) (Btn())) + A(ltn(e). ()
— pu(a) - TI(8,7) — B((En(7): tu()).

Substituting in the expression of J, we get

s 5.9) = =24, | f pule) - 1105,9) = f aen(8) )|

Since [II, I1]=0, by (2.5) and Theorem 2.2, it follows that Ji; = 0. O
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When A is the tangent Lie algebroid 7'M, the Lie algebroid (A*, p, [, .Jir) is the cotangent Lie alge-
broid of the Poisson manifold (M, IT).

2.3. Riemannian Poisson Lie algebroids

Contravariant A-connections associated with an A-bivector field

Let (A, p,[.,.]) be a skew algebroid. An affine connection on (A, p, [.,.]), or an affine A-connection, is
an R-bilinear map

V: T'(A) xTI'(A) — T(A)
(a,b) = Vb
verifying V,,b = ¢V,b and V,(pb) = ©V,b+ (p(a).) b, for any ¢ € C*(M) and a,b € I'(A). The
A-torsion TV of the connection V is defined by
TV (a,b) = Vb — Vea — [a, b]

for any a,b € I'(A). The A-connection V is called symmetric, or torsion free, if its A-torsion is null.

Let IT be an A-bivector field. An affine connection on the skew algebroid (A*, py, [., .]1i1) associated
with IT will be called a contravariant A-connection associated with II. If IT is nondegenerate, the formula

Do =t (Vg n(B)))

establishes a one-one correspondence between the affine A-connections V and the contravariant A-
connections D associated with the A-bivector field I1.

A (pseudo-)Riemannian skew (resp. almost Lie, Lie) algebroid is a quadruple (A, p,[.,.],g) where
(A, p,[.,.]) is a skew (resp. almost Lie, Lie) algebroid and g is a (pseudo-)Riemannian metric on its
underlying vector bundle A.

Let (A, p,|.,.],g) be a pseudo-Riemannian skew algebroid. There is a unique affine A-connection V

which is symmetric, i.e.
Vb — Vya = [a, b,
and compatible with g, i.e.
p(a) - g(b,c) = g (Vab,c) + g (b, Vac) .
It is entirely characterized by the Koszul formula :
29 (Vab,c) = pla) - g(b,c) + p(b) - g(a, c) — p(c) - g(a, b) 2.8)
—g([b,c],a)—g([a,c],b)—i—g([a,b],c), ‘

for any a,b,c € I'(A). We call V the Levi-Civita A-connection associated with g, or the Levi-Civita
connection of the pseudo-Riemannian skew algebroid (A, p, [., ], 9).

Let b, be the vector bundle isomorphism I'(A) — I'(4*), a — ¢(a, .), and {, be the inverse isomor-
phism. The cometric ¢g* of g is the pseudo-Riemannian metric on the dual bundle A* defined by

g*(aaﬁ) = g(ﬂg(a)a Ijg(ﬂ»? o, b€ F<A*)'

Let II be a bivector field on A and let (A*, pr, [.,.Jir) be the associated skew algebroid. The Levi-
Civita connection D of the pseudo-Riemannian skew algebroid (A*, pry, [., i, ¢*) will be called the
contravariant Levi-Civita A-connection associated with the pair (I1, g).
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Compatibility of a bivector field and a Riemannian metric on a Lie algebroid

Let (A, p,[.,.],9) be a pseudo-Riemannian skew algebroid and let 11 ba a bivector field on A. We say
that the metric g is compatible with the bivector field II or that the pair (II, ¢) is compatible if DII = 0,
Le., if

pu(a) - 1(B,7) = I(Daf,7) + I1(8, Day),

for every «, 5,y € I'(A*).

With the pair (II, g) we associate the vector bundle endomorphisms J of A and J* of A* defined
respectively by

9 (Jtg(), 84(8)) =1 (e, B) and  g" (', B) = (a, B). (2.9)
Since Dg* = 0, we have, for any «, 3,y € I'(A*),

g™ (e, Dy J*(B)) = g*(a, Dy(J*P)) = g*(e, J*(D,5))
= pu(v) - 9" (@, J*B) = g*(Dye, J*B) = g* (v, J*(D, ),
and therefore, by the second equality in (2.9),
g (a, D, J*(B)) = —pu (v) - I (e, B) + I (D4, 5) + I (e, D, 3) . (2.10)

Hence g*(o, D, J*(8)) = —D,II(c, B), from which we deduce that the pair (II, g) is compatible if and
only if DJ* = 0, or equivalently D.J = 0.

Proposition 2.6. Let (A, p,[.,.],g) be a pseudo-Riemannian skew algebroid and let 11 be an A-bivector
field. If the pair (11, g) is compatible then (A, p,|., .|, 11) is a Poisson skew algebroid.

Proof. Let a, 5,y € T (A*). Taking the cyclic sum in «, 3,7 on the two sides of the formula (2.10),
taking in account that D is symmetric and using (2.5) we get the identity :

1L ] (o, B,7) = " (o, D J* (B)) + 9" (B, Do (7)) + g (7, DpJ* ()

from which the result follows. 0]
A (pseudo-)Riemannian Poisson skew (resp. almost Lie, Lie) algebroid (A, p, [.,.],1I, g) is a skew
(resp. almost Lie, Lie) algebroid (A, p, [.,.]) equipped with a (pseudo-)Riemannian metric g and an

A-bivector field II that are compatible. This definition is justified by the proposition above (i.e. II is
necessarily Poisson).

Example. 1. When A = T'M , we get the notion of (pseudo-)Riemannian Poisson manifold defined
by M. Boucetta, see [3, 4].

2. Let (A, p,|.,.]) be a skew algebroid, {2 be a nondegenerate A-form and II be the A-bivector field
associated with in Remark 2.3. Assume that g is a pseudo-Riemannian metric on A associated with

Q,ie.,
g*(a, ﬂ) = g(ﬂQ(O‘)? ﬂQ(ﬂ»?

for any o, B € I'(A*). If D is the contravariant Levi-Civita A-connection associated with the pair
(11, g), then

ta(Dafl) = Vig(a) (1a(B)) ,
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where V is the (covariant) Levi-Civita A-connection associated with g. Hence,

DI(av, B, 7) = VQ(fa(@), fa(8), fa(7))

for any a, 3,7 € I'(A*). Therefore, (A,p,[.,.],1I,g) is Riemannian Poisson if and only if
(A, p, [, ], €, g) is Kéhler.

3. Let (g, [.,.]) be a real Lie algebra of finite dimension seen as a Lie algebroid over a point (p = 0).
A g-bivector field II is just a skew symmetric bilinear form on the dual space g* of g. Hence, the
associated Koszul bracket ., .|r is defined by

[, fln(a) = a([tn(8), a]) — B ([tn(a), al) ,

for any o, f € g* and any a € g. Let (.,.) be a (pseudo-)Riemannian metric on the Lie algebroid
(g,[.,.]), i.e. a scalar product on the vector space g, and let (., .)* be its cometric. The contravariant
Levi-Civita g-connection associated with the pair (I, (., .)) is defined by

2(Daf,7)" = (o, Bln,7)" = {8, 7], @)™ — ([, 7], )" -
The pair (1L, (., .)) is compatible if and only if
[1(Daf,~) +11(8, Do) = 0,

for every «, 3,y € g*. So, if this last identity is satisfied, we call the quadruple (g, [.,.],II,(.,.)) a
(pseudo-)Riemannian Poisson Lie algebra.

3. Jacobi structure on a Lie algebroid

3.1. Jacobi structure on an almost Lie algebroid

Let (A, p,[.,.]) be a skew algebroid on M. Let II be an A-bivector field and £ be an A-vector field. We
say that the pair (11, ) is a Jacobi structure on (A, p, [.,.]) if the following identities are satisfied

LI =2A0  and  [611] = L1 =0.
A Jacobi structure (II, £) for which & = 0 is just a Poisson structure.

If (A, p,[.,.]) is an almost Lie algebroid the pushforward of multivectors p, : I'(A*A) — ['(A*T'M) is
compatible with the Schouten-Nijenhuis bracket and in particular we have

P« (1L 1] = [p,IL, p 1] and pe [€ 1] = [pu&, pull] .

Therefore, a Jacobi structure (I1, ) on the almost Lie algebroid (A, p, [.,.]) induces a Jacobi structure
(pI1, ps&) on the manifold M. The corresponding Jacobi bracket on the smooth functions C*°(M) is
given by

{o, v} = pdl(dp,dv) + 0Ly cth — VL e,
Le.

{o. 0} =11(dpp, dptb) + @Lib — L.

When ¢ = 0, the A-Poisson tensor II induces a Poisson tensor p,II on M, the corresponding Poisson
bracket on the smooth functions C*°(M) being given by {¢, '} = II(d,p, d,¥).
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3.2. Skew algebroids associated with the pair (11, ¢)

Let (A, p,[.,.]) be a skew algebroid. Let IT be an A-bivector field and £ be an A-vector field. With the
pair (IL, £) we associate the vector bundle morphisms 7 ¢ : A* — A and pr¢ : A* — TM defined by

te(a) = fn(a) + (€€ and  pre = pofme. (3.1)
For any section A of the vector bundle A*, consider the bracket |., ]1/\Tg on ['(A*) defined by

0, Blhe = o Bl + (€) (228 = B) = B(E) (Lo — ) — T(a, B)A (32)

The pair (pn’g, [,]ﬁg) induces a skew algebroid structure on the dual bundle of A. We call

(A*, PILEs |- ]f\[g) the skew algebroid associated with the triple (IL, £, A). In the particular case where

¢ = 0and A = 0, we get the skew algebroid (A*, pr, [., .];) associated in §2.2 with the A-bivector field
I1.

Theorem 3.1. Assume that (11,) is a Jacobi structure on the skew algebroid (A, p,|.,.]) and let A €
['(A*). We have

tie (o Bl ) — (@), tne(8)] = (e, B) (€ — tne(M)
forany a, € I'(A*).

Proof. The proof is the same as in the classical case of the tangent algebroid A = T'M, [1, Th. 2.1]. Use
Theorem 2.2. ]

Corollary 3.2. Assume that (A, p, |.,.]) in the theorem above is an almost Lie algebroid. If £ — i ¢(\) €

ker p, then the skew algebroid (A*, PILe, ., ]?{g) is an almost Lie algebroid, i.e., we have

pue (o Blhe) = lomela), pne(A)],

for any A-forms o and (3. The converse is also true if 11 # 0.

Proof. Applying p to the identity in the theorem above, we get the following identity
pie ([0 Blie) — lome(a), pre(B)] = (e, B)p (€ — (M)

that gives the torsion of the skew algebroid (A*, P |- ]?[5) , 1.e. the default for it to be an almost Lie
algebroid. ]

The following result gives for a Lie algebroid (A4, p, [.,.]) the Jacobiator JFAL&

R oo By) = 7{ o BB es e

of the skew algebroid (A*, pri¢, [, ]f\lg)
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Theorem 3.3. Assume that (A, p,|.,.]) is a Lie algebroid. We have

Ty ¢(o 8,7) W L en sy [(25AH I, H] + $ () 4m(e, B)
d, (26 ATI - [IL 1)) (o f7 )( )
55 0y — ) LE v, +55H a,f <ﬁp [A,'y]ﬁ,g),

where L{([., Jn)(a, 8) = L{([a, BIn) — [LEev, Bln — [av, LE B

Proof. A long but direct calculation using (2.4),(2.5),(3.1) and (3.2) gives
el B,7y) = Jnaﬁv 557 B) + $(LEy —7) LM (a, B)
A5 ((25/\11 [ M) (e 8,7) + $ 1L, 8)) A

+56H(O‘7 [77/\]1'[5

By Theorem 2.4, we have

— P P P
Inle, 8,7) = j{%aa,ﬁ]r{)mn<a>,ﬁn<ﬁ>ﬂ - j’{dﬂ (THCLL oy 7) + 1005, £, )

On one hand, since by (2.6) we have

tn(le Aln) = [fn(@), dn(B)] = (LI = EATI) (o, B,.) + a(§)in(B) — B()tn(a)

+1(a, B)E,
it comes that
p P p _ p
Lottt (@)Y = Llymm-eam) s, T4 e~ BEOLy @)

+7(E)d,(I(a, B)) + 115, v)dp(a(§)) + (v, a)dp(5(E))
+(av, B) LY.

Taking the cyclic sum in «, 3, v on the two sides we get

f E fri(c) B (B f £P {AH)( ry + f 7(&)[047 ﬂ]H
20, (€ AT 5. ) + $ e, B)CE

On the other hand, we have

(L] (0)3:7) = —£L o BEn(1) = pu(e) - TL(8,7) = B([tn(v), tn(a)]),
and then, by (2.6),

T1(25, ). 7) = pu(a) - I8, ) — TH([y, alu, 6) + 5[, T(7, 0 ).
Hence,

(LY (o8> 7) + (B, L] ()7) = 2pn(a) - 1L(B,7) — I([y, a]u, B) — I([ev, B, )
+IL (e, 6,7),

and taking the cyclic sum on the two sides we get

FALLE (87 + LB, LE (7)) = 2§ (pule) - T1(B,7) — T([a, Bu, 7))
+3[I1, (e, B,7),
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and consequently, by (2.5),
FUOUEL )57 + 16, £, ) = L1105,

Substituting in the expression of Ji above we get
p p
JH(OK /B /7 §'C [HH g/\l_[)(a’ﬁ’)’}/—f—f’y<§)[0&,ﬁ]n+§n(&,ﬁ)£€’y
((2£ NI — [H7 H])(aa 67 7)) :
In remains only to substitute this in the the expression of Jf\L ¢ above to get the result. L]

Corollary 3.4. Assume that (11, &) is a Jacobi structure on a Lie algebroid (A, p, [.,.]). If X satisfies the

property :
Lia = [, alfe  for any A-1-form o,

then (A*, prig, [, ]ﬁg) is a Lie algebroid.

Proof. We need only to prove that Jf\[ ¢ = 0. From the theorem above we see that

Rrelan5n) = = QL2 (e 5)
A direct calculation gives
Ll dm(@ B) = L @—tntezar = Lle () -tmiczn® — do(Lella 5)).
Since L{11 = 0, then LL([., .Jn)(a, 8) = 0. O

3.3. Contact Lie algebroids

In this paragraph we use the global language of tensors to generalize to the Lie algebroid framework
the results in [10] about the contravariant characterization of almost cosymplectic manifolds and contact
manifolds.

Almost cosymplectic structures on a skew algebroid

Let (A, p,[.,.]) be a skew algebroid with the underlying vector bundle A of odd rank 2m + 1. By an
almost cosymplectic structure on A we mean a pair (€2, ) of a 1-form 7 and a 2-form 2 on A such that
the (2m + 1)-form n A Q™ is everywhere nonzero. It is then clear that €2 is of rank 2m, and, as in the
classical case, that there is a unique vector field £ on A such that

ng =0 and ig?? =1. (33)

We call the A-vector field & the Reeb section or the fundamental A-vector field. With the almost cosym-
plectic structure (£2,7) we associate a pair (II,£) where £ is the Reeb section and 1I is the A-bivector
field, called the fundamental A-bivector field, defined by

H(O[, 6) = Q(ﬂg’n(&), ﬁQ,n(ﬁ)%

where fq, ,, is the inverse isomorphism of the vector bundle isomorphism bg , : A — A* defined by
bay(a) = —iaS2 + nla)n.
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Lemma 3.5. We have i ¢ = fio,,.

Proof. Let o, € T'(A*) and let a,b such that &« = bg,(a) and § = bq,(b). Notice that a(§) =
bon(a)(&) =icQ(a) + n(a)n(§) = n(a) and likewise 5(£) = 1(b). Therefore, we have

Bltne(a)) =1, B) +a(§)B(E)
= Q(a,b) +n(a)n(d)
= bay(b)(a)
= B (fan(a)).
Thus i e = fo,,- ]
Proposition 3.6. Let (2, 7n) be an almost cosymplectic structure on A and let (11, ) be the associated

fundamental pair. Let a,b,c be A-vector fields and let o« = bq,(a), f = ba,(b) and v = bg,(c). We
have

1 (AILI] — ¢ ATI) (0, B.y) = (dpQ YA (dpn - cgg)) (a,b, ).
2. L0T(a, B) = (n A L0y — cgﬂ) (a,b).

n(b), v(§) = n(c) and, by the lemma above,

Proof. Notice that since we have a(§) = n(a ) B(&) =
=b—n(b)¢ and #11(7y) = ¢ — n(c)€. Let us now do

fo.n = e, it comes that fr(a) = a — n(a)é, tn(H)
some computations. First, we have

[tn(@), tn(B)Fla, b] — n(a)[E, b] + n(b)[E, al
(p(0)(n(a)) = p(a)(n(b)) +n(a)p(€)(n(b)) = n(b)p(€)(n(a))) €.

Applying 7 and since n(§) = 1, we get

n([fn(a), (@) = n([a,b]) — pla) (n(b)) + p(b) (n(a))
n(a)L{n(b) — n(b)Len(a),

and therefore

1 (@), tn(B)) = (A £2n = don) (a.b) (3.4)

Also, using 7¢{) = 0, we get

Q([fn(), tn(B)], () — i ()2 ([ (@), fn(8)])

—i Q([ﬂn( ), tn(B)])
(v = n(e)n) ([gn(a), tn(B)]) ,

and then, using (2.6) and the relation (3.4) above, we get

Q([tn(@),tn(B)], tn(v)) = —5 LI (o, B,7) + 11 ([, B, )
—n(c) (n A Lgn — dpn) (a,b).

On the other hand we clearly have

p (tn(@)) - Q (4n(8), tn(v)) = pu(e) - LB, 7).
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Using the two relations above and the identity (2.5), we get

1
dPQ (ﬁH(OK)y ﬁﬂ(ﬁ)? ﬁn(’}/)) = 5 [H7 H] (()-/7 67 ’7) -n A dpn(a’7 b7 C)'
Also, observe that since 7¢{) = 0, using the Cartan formula we have
dPQ(a’7 b? C) = dPQ (hﬂ(a)7 hﬂ(ﬁ)? ﬁH(fY)) + n A £§Q<a7 bv C)‘

Finally, from the two identities above it follows that

% L1 (0, 8,9) = (4,2 + 0 A (dn = £02) ) (a,b,),

and it remains only to notice that EAll(«, B, 7) = nAQ(a, b, ¢) to get the first assertion of the proposition.
Let us now prove the second one. On one hand, we have

L0, B) = p(€) - T, B) — T (Lga, 5) Y (a, Lgﬁ) . (3.5)
On the other hand, we have
11 (££a, 8) = —L2a (tn(8)) = p(&) - (@, B) +a (&, 8 (B)

and, since we have I1(a, 8) = Q(a, b), tr(3) = b — n(b)¢ and a(£) = (a), it follows that

1 (LLa,B) = p(€) - Qab) +a (&) = n(a)p(€) (1(0))

= (a,b) +a <[ bl) = n(an([¢. b)) — n(a)LEn(b).
Since o = b, (a), then (€, b]) — n(a)n([€,b]) = —iaQ([€, b]). and therefore
I1 (Lo 8) = p(€) - a.b) = 2 (a, €,5)) = na)LEn(b)

Interchanging o and /3 we also get

11 (. £28) = —IL(LLB, @) = p(&) - Aa.b) = Q([€. ). b) + n(b)LLn(a).
Substituting in (3.5), we get

LoT(a, B) = =p(€) - Qa, b) + 2 (a,[¢.8]) + Q (&, al. b) + n(a) LEn(b) = n(b) Ln(a)

which proves the second assertion of the proposition. ]

Contact Lie algebroids

Let (A, p, [.,.]) be a skew algebroid with the underlying vector bundle A of odd rank 2m + 1. A contact
structure on A is an A-form 7 of degree 1 such that the A-form n A (d,n)™ of degree 2m + 1 does not
vanish. So, a contact structure on A is an almost cosymplectic structure (€2,7) on A with Q = d,n.
If (A, p,[.,.]) is a skew (resp. almost Lie, Lie) algebroid and 7 is a contact structure on A we call
(A, p, [, .],n) acontact skew (resp. almost Lie, Lie) algebroid.

Let (€2, 7) be an almost cosymplectic structure on a skew algebroid (A, p, [.,.]) and let £ be the associ-
ated Reeb section. By the relations (3.3) and the Cartan formula (2.2) we have :

Egﬂ = ig (dpﬂ> and Egn = ig (dpn) . (3.6)
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If (A, p,[.,.]) is a Lie algebroid and 7 is a contact structure on A, i.e. an almost cosymplectic structure
(€2,m) on A such that 2 = d,n, since we have d, (d,n) = 0 and ¢ = 0, it follows that

LYY= LE (dyn) =0 and L{n = 0. (3.7)

The following theorem says that on a Lie algebroid the contact structures are precisely the Jacobi
structures (11, &) such that £ A 11" is everywhere nonzero.

Theorem 3.7. Let (A, p,|[.,.]) be a Lie algebroid. Let (2,n) be an almost cosymplectic structure on A
and (11, &) be the associated fundamental pair. The pair (2,m) is a contact structure if and only if the
pair (11, €) is a Jacobi structure.

Proof. Assume that Q2 = d,n. That (II, £) is a Jacobi structure is a direct consequence of Proposition 3.6
and the relations (3.7) above. Inversely, assume that (11, £) is a Jacobi structure on A. Since EQH =0,
by the second assertion of Proposition 3.6, it follows that

EgQ =nA Eg’n. (3.8)
By the second relation in (3.6), for any a € I'(A) we have
Lin(a) = i¢ (dpn) (a) = n N (dpn) (€ a) = n A Ln(E, a),
and then, by (3.8) and the first relation in (3.6), it follows that
Len(a) = LEQAAE, a) = ig (dp) (§,a) = 0.

Hence, L’gn = 0, and by (3.8) again, it follows that L’gﬂ = 0. Now, since we also have [I1, IT] = 2§ AL by
the first assertion of Proposition 3.6, it follows that d,2 +n A (d,n — §2) = 0, and hence, for a,b € I'(A4),
that

d,Q2& a,b) +n A (dm— Q) (&, a,b) =0.

On the other hand, since d,$(¢, a,b) = i¢ (d,Q) (a,b) = L{Q(a,b) = 0 and i¢ (d,n) = L{n = 0, and by
the relations (3.3), we have

dPQ(£7 a, b) + n A (dpn - Q) (£7 a, b) = (dpn - Q) (CL, b)
Therefore (d,n — Q) (a,b) = 0. [l

Remark 3.8. 1. If (A, p,].,.]) in the theorem above is just a skew algebroid, we see from the proof
that (11, ) being Jacobi still implies (2, 7) is contact.

2. With a contact Lie algebroid (A, p, [.,.],7) we naturally associate a Lie algebroid structure on the
dual bundle A* of A as follows. Let (II,£) be the Jacobi structure associated with the contact
structure 7). Put b, = bq , and &, = o ,(= b;l) with Q = d,n. By Lemma 3.5, we have i ¢ = £,
so fim¢ is an isomorphism satisfying fig¢(n) = &, and hence, by Theorem 3.1, an isomorphim
satisfying

tre ([0 Blhe) = ne(), fne(8)).

Therefore, the skew algebroid (A*, prig, [., ]}7[5) is a Lie algebroid isomorphic to the Lie algebroid
(A, p,[.,]). If we put p, = pot,and [, ], = [, ], the Lie algebroid (A*, py, ., ];) may be
called the dual Lie algebroid of the contact Lie algebroid (A, p, ., .],n).
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3.4. Locally conformally symplectic Lie algebroids

Let (A, p,[.,.]) be a skew (resp. almost Lie, Lie) algebroid on M. A locally conformally symplectic
structure on (A, p, [.,.]) is a pair (€2, 0) of a closed 1-form # and a nondegenerate 2-form 2 on A such
that

d,Q+6AQ=0.

We also say that (A4, p,[.,.],2,0) is a locally conformally symplectic skew (resp. almost Lie, Lie) al-
gebroid. In case 6 is exact, i. e. § = d,f for some smooth function f € C*(M), we say that
(A, p,[.,.],9,0) is a conformally symplectic skew (resp. almost Lie, Lie) algebroid, it is equivalent
to (A, p, [, .], e/ Q) being a symplectic skew (resp. almost Lie, Lie) algebroid.

Let 2 be a nondegenerate 2-form on A and let § € I'(A*). With the pair (2,6) we associate a
contravariant pair (11, ) as follows :

(e, ) = Q(fa(@), fa(B)) and & = ta(0),

where f, is the inverse isomorphism of the vector bundle isomorphism b : A — A*, bg(a) = —i,f).
Clearly II is nondegenerate and fiif = fio. So we have a one-to-one correspondence between such pairs
(€2,0) and the pairs (II, ) with 1T a nondegenerate A-bivector field and & an A-vector field. We recover
the pair (€2, 6) by the relations

Qa,b) = (' (@), 4’ () and 0 = ' (€).
We have the following :
Proposition 3.9. Let (A, p, [.,.]) be a skew algebroid. Let (2,0) and (11, &) be two pairs as above. Let
a,b, c be A-vector fields and let o = bq(a), = bq(b) and v = bo(c). We have
L (LI = EAT) (o, B,7) = (d,Q2+ 0 A Q) (a,b,c).
2. Li(a, B) = —L{Q(a, b).

Proof. Using the identity (2.6), we get

Q(la, 0], ¢) = ~([a, 0]) = —% (L, 1] (ev, B, ) + H([ev, By, 7)-

We also have p(a) - (b, ¢) = pri(«) - II( 3, v). Therefore, by a direct calculation using the identity (2.5),
we get

1
d,Q2(a,b,c) = 3 [IL I (e, 5, 7). (3.9)

On the other hand, notice that §(a) = —icQ(a) = i,2(&) = —a(f), likewise §(b) = —S3(£) and
0(c) = —(§), thus 8 A Q(a,b,c) = =€ A1, B, 7). Hence, with (3.9), we get the first assertion of the
proposition. For the second assertion, is suffices to notice that

(Lar, B) = —Lia(b) = —p(§)(a(b) + a(LLb) = p(S) - Qa, b) — Qa, LLD).
O
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The following theorem shows that the locally conformally symplectic structures are precisely the Jacobi
structures (11, &) with a nondegenerate underlying bivector field II.

Theorem 3.10. The pair (€2, 0) is a locally conformally symplectic structure if and only if the pair (11, §)
is Jacobi.

Proof. From the first assertion of Proposition 3.9 we deduce that the identity d,£2 +60 A€} = 0 is satisfied
if and only if the identity [II,1I] = 2 A Il is, and if one of the two is satisfied then, using the Cartan

formula, we get

L’gﬂ = d, (i) +i¢d, Q2 = —d,0 — ic(0 AN Q) = —d 0,
and then, with the assertion 2. of Proposition 3.9, that LgH = (0 if and only if d,0 = 0. O
Remark 3.11. Let (A, p,|.,.],Q,0) be a locally conformally symplectic skew (resp. almost Lie, Lie)

algebroid and let (H, £) be the associated Jacobi structure. Since we have jo75(0) = jo(Q) + 0(5)5 =
f11(0) = &, by Theorem 3.1, we have

te ([0 Alfie) = ne(a). fme(8)].

On the other hand, the vector bundle morphism f7 ¢ is an ismorphism. Indeed, since we have fir ¢(«) =
frn(o + o(£)&) and since the bivector field 11 is nondegenerate, then fir ¢ (o) = 0 implies o = —a(&)0,
thus a(§) = —a(£)0(€) = 0, and therefore v = 0. Hence, just as in the contact situation, Remark 3.8(2),

the skew algebroid (A*, P, |- .]QH{) is a skew (resp. almost Lie, Lie) algebroid isomorphic to the skew

(resp. almost Lie, Lie) algebroid (A, p, [.,.]). If we put poy = pme and [, .Jos = [, .]%75, the skew
(resp. almost Lie, Lie) algebroid (A*, pa g, [., .]?w) may be called the dual skew (resp. almost Lie, Lie)
algebroid of the locally conformally symplectic skew (resp. almost Lie, Lie) algebroid (A4, p, [., ], 2, 0).

4. Compatibility of a Jacobi structure and a Riemannian metric

4.1. Compatibility of the triple (11, ¢, g)

Let g be a pseudo-Riemannian metric on a skew algebroid (A, p, [.,.]). Let II be an A-bivector field
and £ be an A-vector field. With the triple (11, £, g) we associate the A-1-form A defined by

A= 9(@6)"9(5) - bg(J§)7

and we use the notation [., .Jf; . instead of [, ]ﬂg The Levi-Civita contravariant A-connection associ-
ated with the triple (I, &, g) is the Levi-Civita connection D of the pseudo-Riemannian skew algebroid
(A%, prig, [ Jfr¢)- When § = 0, it is just the Levi-Civita contravariant connection associated with the
pair (II, g) in §2.3

Proposition 4.1. Assume that the vector bundle morphism fi ¢ is a skew algebroid morphism, i.e. we
have

fIme ([04,5]%,5) = [ e(), fne(8)] -

Assume also that §r ¢ is an isometry. Then

IjH,f (Daﬁ) = vﬁn,g(a) (ﬁH7§<6)) )

where V is the Levi-Civita connection of (A, p, |., ], ).
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Proof. Since fi1¢ is an isometry we have ¢(tm¢(Daf3), tne(v)) = 9% (Daf, ). Now, using the Koszul
formula (2.8) for the Levi-Civita connections D and V, it follows that

g (tme (Paf) 11 (7) = 9 (Vi (o) (e (8)) - e (7))
for any o, 8,y € T'(A*). O

We say that the metric g is compatible with the pair (I1, £) or that the triple (11, £, g) is compatible if
1

Dll(a, B.7) = 5 (1(OL(e, ) = O (e, 7) = J(E)g" (e, B) + J"B(E)g" (@, 7)), 4.1)
for every a, 8,y € I'(A*). The formula (4.1) can also be written in the form
(Da*) 6= 5 (T, )46 — BIEVT 0 — g*(a, )Ty (6) + J*B(€)a), 2

for every a, 5 € T'(A").

The compatibility in the case ¢ is the zero A-vector field means that (A, p, [.,.],11, g) is a pseudo-
Riemannian Poisson skew algebroid, and Riemannian Poisson if moreover the metric g is positive defi-
nite.

The following result generalizes the proposition 2.6.

Theorem 4.2. Let (A, p,|.,.],9) be a pseudo-Riemannian skew algebroid, 11 an A-bivector field and &
an A-vector field. Assume that E?H = 0 and (11, &, g) is compatible. Then, (11,£) is a Jacobi structure if
and only if (¢ — fn(\)) AL = 0.

Proof. Taking the cyclic sum on the two sides of the equality (4.1) we get

j{DH(a,B,v) =N (e, 8,7). (4.3)
On the other hand, we have

Dll(cv, 8,7) = puela)-1(B,7) — I(DafB,v) — (B, Day)
= pn(a) - I(8,7) = I(DafB, ) + (Do, B) + a(§)(p(§) - TL(B, 7).

Hence, the connection D being torsion free,

74 Dl(a, 5. 7) = 75 (p(@) - TH(B.7) — (e, B e.7) + al€) (0(6) - TI(B. 7)) .

Since

I([ev, Bl v) = ([, B, ) + (IL(LEB, 7) + BEIL(7, L{ev)
—a(OI(B,7) = By, a) — (e, BTI(A, 7),

it follows using (2.5) that

§ Dli(a,6.7) = (26 AT = [ILTI) 0, 5,7) + (n(N) AT (0,59) + § @l L2I1(5,)

and, by (4.3) and since LI = 0, that 2§ A 1T — [IL 11} = (£ — tn(A)) A TLL ]
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4.2. (1/2)-Kenmostsu Lie algebroids

For the notions of almost contact pseudo-Riemannian structures, contact pseudo-Riemannian structures
and Kenmotsu structures on a smooth manifold, see [2]. For the definition of these same structures on a
Lie algebroid, see [8].

Almost contact and contact Riemannian Lie algebroids

Let (A, p,[.,.]) be a skew algebroid. Let (®,£,n) be a triple consisting of an A-1-form 7, an A-
vector field ¢ and an A-(1,1)-tensor field ®. The triple (P, &, n) is an almost contact structure on A if
P? = —Idy + 7 ® € and n(¢) = 1. From what it follows, in a similar manner as in the case of almost
contact manifolds [2, Th.4.1], that &(£) = 0 and n o & = 0.

We say that a metric ¢ is associated with the triple (®, £, n) if the following identity is verified
9(®(a), (b)) = g(a,b) — nla)n(b). (4.4)

Let (A, p, |.,.]) be askew (resp. almost Lie, Lie) algebroid. We say that (A, p, [.,.], ®, £, 7, g) is an almost
contact (pseudo-)Riemannian skew (resp. almost Lie, Lie) algebroid if the triple (®, £, ) is an almost
contact structure on A and g is an associated (pseudo-)Riemannian metric.

Let (A, p,[.,.],®,&,m, g) be an almost contact pseudo-Riemannian skew algebroid. Notice that if we
set b = £ in (4.4), we deduce that
9(a,§) = n(a),

forany a € I'(A), i.e., by(£) = 1, and in particular that g(¢, &) = 1. Also, using (4.4), d? = —Ids +n®¢E
and n o & = 0, we get that g(®(a),b) = —g(a, (b)), for any a,b € I'(A). So, the map II : I'(A*) x
['(A*) — C°°(M) defined by

(e, B) = g(8g(), D(84(5)))

is a bivector field on A. Let us call it the fundamental bivector field of the almost contact pseudo-
Riemannian skew algebroid (A, p, [., .], ®, &, 7, g). We have the following result

Proposition 4.3. The vector bundle morphism i ¢ is an isometry. Therefore, if in addition i ¢ is a skew
algebroid morphism, then

tng (DaB) = Vig () (fne(8))
forevery a, € I'(A*).

Proof. Let us prove that f ¢ is an isometry. Let o € I'(A*). Recall that by definition, we have fiy ¢ (o) =
(o) + a(§)€. Since we have on one hand «(§) = g(f,(a), &) = n(ty(«)) and on the other hand, for
any J € I'(AY),

Bltn(a)) = g(tg(a), ©(te(8))) = —g(P(Hg()), 84(B)) = —B(D(Ey(ex))),
ie. fn(a) = —@(4,(v)), we deduce that

tngla) = =0(fy(a)) +n(ty(a))E. (4.5)
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Let o, § € I'(A*). From the formula (4.5) and the fact that g(®(a),£) = no ®(a) = 0and g(§,&) = 1,
we deduce that

9(tne(a), tme(B)) = g(P(2y(a)), B(44(5))) + nltg(a))n(ty(5))-
By using the formula (4.4), we get

g(tme(a), fme () = g(fy(a), §4(8)) = g™ (a, B).

The second claim is a direct consequence of Proposition 4.1. ]
Let (A, p,[.,.]) be a skew (resp. almost Lie, Lie) algebroid. Assume that 1 is a contact form on
(A, p,[.,.]). We say that (A, p, ., .],n,¢g) is a contact pseudo-Riemannian skew (resp. almost Lie, Lie)

algebroid, or that the metric g is associated with the contact form 7, if there exists a vector bundle
endomorphism ® of A such that (¥, £, 7, g) is an almost contact pseudo-Riemannian structure on A and
that

g(a, ®(b)) = dyn(a,b). (4.6)

If in addition g is positive definite, we say that (A, p,[.,.],7,g) is a contact Riemannian skew (resp.
almost Lie, Lie) algebroid.

Theorem 4.4. Assume that (A, p,|[.,.],n, g) is a contact pseudo-Riemannian Lie algebroid. We have

Iin (Daﬁ) = v1:177(04) (ﬁn(ﬁ)) )
for every o, 5 € I'(A*).

Proof. Let (II,€) be the Jacobi structure associated with the contact form 7, then §, = fn¢. Let
(®,&,1m,9) be the almost contact pseudo-Riemannian structure associated with the contact pseudo-
Riemannian structure (7, g) on A. By Remark 3.8(2) and the proposition above, we need only to prove
that II is the fundamental bivector field associated with (®,&, 7, ¢) and that n = A\. Let o € I'(A*) and
put a = f,(a). By using (4.6), we have

fg(a) = 15(on(a)) = —fy(iadn) + n(a)§ = ®(a) + n(a)é.
Therefore, applying @,

O(ty(a) = P*(a) = —a +n(a)¢ = ~ty(a) + a(§)¢ = ~in(a).

We deduce that II(c, 8) = g(8,(cv), ®(84(8))) for any v, B € I'(A*), and hence, that & = —.J. Therefore,
J& =0, and since ¢(&,£) = 1 it follows that A = b, (&) = 7. n

(1/2)-Kenmostsu Lie algebroids

Let (A, p,|.,.]) be a skew (resp. almost Lie, Lie) algebroid. An almost contact Riemannian structure

(®,&,1m,9) on Ais said to be (1/2)-Kenmotsu if we have
(Vo) (6) = 5 (9(2(a), )E — n(b)B(a)),

for any a,b € I'(A). We say also that (A, p, [.,.], ®,£, 7, g) is a (1/2)-Kenmotsu skew (resp. almost Lie,
Lie) algebroid.
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Lemma 4.5. Let (A, p,[.,.]) be a skew algebroid. Assume that (®,&,n, g) is an almost contact pseudo-
Riemannian structure on A and let 11 be the associated fundamental bivector field. If the fiber bundle
morphism fin ¢ is a skew algebroid morphism, then

ﬁn,f ((Da‘]*)ﬁ) = - (vﬁn,g(a)q)) (ﬁl’[,{(ﬂ))?
for every o, 5 € I'(A*).
Proof. By using the formula (4.5) and the fact that we have §,0 J* = J off,, we deduce that i1 ¢(J o) =
—O(8,(J*a)) + n(tg(J @))€ = —P(#n(a)) = —P(fm¢()). Therefore
fmeoJ" = —®ofime. 4.7)

Hence, with Proposition 4.3, we have

tne (Dat”) B) =t (Do (J°B)) — (fne o J*) (DuB)
= Vﬁng(a) (Ijﬂ,f (J*ﬂ» + P (Ijﬂ,f (Daﬂ» )

= ~Vinc(a) (P (te(8)) + @ (Vi c(one(8))
)

[

Proposition 4.6. Under the same hypotheses of the above lemma, the compatibility of the triple (11, &, g)

is equivalent to |
(Va®)(0) = 5 (9(®(a),0)€ — n(b)®(a)),

forany a,b € T'(A), and if moreover the metric g is positive definite, then the triple (11, £, g) is compatible
if and only if the almost contact Riemannian skew algebroid (A, p, ., .|, ®,&,n, g) is (1/2)-Kenmotsu.

Proof. Since we have J*b,(§) = b,(JE) = —by(PE) = 0 and

J*B(E) = T B(E(n) = n(te(JB)) = n(JE4(8)) = —n(P(8,(5))) =0,
then the formula (4.2) becomes
2 (o, 6y — (E)T"0)

Applying fii ¢ which by Proposition 4.3 is an isometry and hence an isomorphism, this last formula is
equivalent to

(Do) B =

i ((Dad") B) = £ (e, )tneln) — B(E)bmel"0)

Now, by Formula (4.5), we have fiig ¢(n) = £, and if we put a = fi¢(«) and b = 7 ¢(/3), then we have
B(€) = n(b), also using (4.7), we have fii ¢(J*a) = —P(a) and

(o, B) = g(8y(a), 2(He(5)))
= —g(fg(), 8y(J*B))
= —g"(a, J*0)
= g(a, ®(b)).

It remains to use the lemma above. ]
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Theorem 4.7. Assume that (A, p,|.,.],n, g) is a contact Riemannian Lie algebroid and let (9,&,n, g) be
the associated almost contact Riemannian structure. Assume that (11, ) is the Jacobi structure associ-
ated with the contact form 1. Then the triple (11, £, g) is compatible if and only if (A, p,|[.,.], ®,£,n,9) is
(1/2)-Kenmotsu.

Proof. We have proved, see the proof of Theorem 4.4, that 11 is the bivector field of the proposition above
and that A = . ]

4.3. Locally conformally Kéahler Lie algebroids

For the notions of almost Hermitian, Hermitian, Kéhler Lie algebroids see [7]. In this paragraph
(A, p,[.,.]) is a skew algebroid.

Riemannian metric associated with a locally conformally symplectic structure

Assume that 2 € T'(A?2A*) is a nondegenerate 2-form and let @ € I'(A*). Assume that the pair (I, §)
is associated with the pair (€2, #). We say that a pseudo-Riemannian metric g is associated with the pair
(2,0) if tq ¢ := f#1¢ is an isometry, i.e. if

9 (fas(a), t(B)) = g"(a, B), (4.8)
for every «, 5 € I'(A*).

If 0 = 0, then £ = 0 and finp = o, and if J and J* are the fields of endomorphisms defined by the
formulae (2.9), then

9(tas(a), toe(B)) = g(tal@),ta(fB))

= 9" (0g(Ba(a)), b, (2a(65)))
=g (J*a, J*B),

for any o, 5 € I'(A*). Hence, in the case 6 = 0, the relation (4.8) is equivalent to
g (J'a,J°8) = g"(a, B).

If moreover ¢ is positive definite, this last identity means that the pair (€2, g) is an almost Hermitian
structure on A and that .J is the associated almost complex structure, i.e., we have

g(Ja, Jb) = g(a,b) and Qa,b) = g(Ja,b),
for every a,b € I'(A).

Theorem 4.8. Assume that (£2,0) is a locally conformally symplectic structure on A and that g is an
associated metric. We have

10,0 (Pall) = Vig g(a) (f6(5))
forevery a, p € I'(A*).
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Proof. By Proposition 4.1 and Remark 3.11, we need only to prove that A = 6. On one hand, we have
fr¢(0) = €. On the other hand, for any o € I'(A*), we have

9me(N), fme(@)) = g(tg(A), ()
= 9(€,8)a(§) + (&, Jhy())
= 9(&, §)a(§) + 9(&, fule))
=9(& fn 75((%))
Since fi7 ¢ is an isometry, hence an isomorphism, then 7 ¢(\) = ]

Corollary 4.9. Under the same hypotheses of the theorem above, we have

H(a, 8,7) = VQ(ia,0(), f0,0(3), ta,e(7))-

Proof. We have Q) (€, frn(a)) = —iy,()2(§) = () and likewise (&, i (8)) = B(§). Consequently
Qfne(), fne(B)) = U(a, B). (4.9)

It suffices now to compute VQ (¢ (), #me(5), fme(v)) and use the theorem above. O

Locally conformally Kahler Lie algebroids

Recall, see [7], that if €2 is a nondegenerate 2-form on A and g an associated Riemannian metric, the
almost Hermitian structure (£2, g) is Hermitian if the associated almost complex structure is integrable,
and Kahler if moreover €2 is closed. Recall also that if (€2, ¢) is almost Hermitian, then it is Kédhler if and
only if the 2-form (2 is parallel for the Levi-Civita connection of g.

If (€2, 0) is a locally conformally symplectic structure and (€2, g) a Hermitian structure, we say that the
triple (2,6, g) is a locally conformally Kéhler structure.

We shall prove that if (€2, 0) is a locally conformally symplectic structure on A and that (11, £) is the as-
sociated Jacobi structure, if ¢ is a Riemannian metric associated with {2 and with (€2, #), the compatibility
of the triple (II, ¢, ¢g) induces a locally conformally Kéhler structure on A.

Lemma 4.10. Assume that Q € T'(A?A) is a nondegenerate 2-form on A and let § € T'(A*). Assume
that (I1, &) is the pair associated with (2, 0). If the pseudo-Riemannian metric g is associated with the
2-form 2 and with the pair (2, 0), then we have

J o ﬂl—Lg = ﬂl—Lg © J*

Proof. Since the metric g is assumed to be associated with (2 and using (4.9), we get

9(Jtme(@), fne(B)) = Qltne(a), tne () = e, B) = g"(J*, §),

and since ¢ is also assumed to be associated with the pair (2, 0), i.e. i1 ¢ is an isometry, then

g(Jtine(a), tne(B)) = g(fme(J @), fme(B))-

Finally, since fir1 ¢ is an isometry, hence an isomorphism, the result follows. L
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Theorem 4.11. Assume that (A, p, [.,.|) is an almost Lie algebroid. Let (2, d,[) be a conformally sym-
plectic structure on A and let (11,€) be the associated Jacobi structure. If g is a Riemannian metric
associated with Q and with (2,d,f), then the triple (I1,£, g) is compatible if and only if the triple
(,d,f,g) is a conformally Kdhler structure.

Proof. We need to prove that the triple (II, £, g) is compatible if and only if the pair (e/€, e/ g) is com-
patible, i.e., if and only if the A-2-form e/() is parallel with respect to the Levi-Civita connection V/
associated with the metric g/ = e/ g. As the connections V and V/ are related by the formula

VIb = Vb 5 (@ + dyf 0)a — (e Dty (0, ),
we deduce that
V/Q(a,b,c) = VQa,b,c) —d,f(a)Q(b,c)
—3d,f(0)Qa, ) 1dpf(C)Q(a,b)
—|—%(g(a,b)§2(ﬂg( pf) c) — g(a,c)Q(ﬂg(dpf),b)),

and then that
V/(e'Q)(a,b,c) = e (dpf(a)2(b, ) + v/ Q(a,b, ¢)) = e As(a,b,c),

where we have set

Aslab.c) = Vab,) — 5 (dpf(BAa ) — dyf(2Aa, D)
1 (gla. D)2 (d ). ) — gla. Qs (d, f).5) .

It follows that V/(e/Q) = 0 if and only if A; = 0, hence that the pair (¢/(2, ¢/ g) is compatible if and
only if
1
VQ(G’7 b? C) = 5 (dpf<b)Q(a’7 C) - dpf<C)Q(a’7 b) - g(a’7 b)Q<h9<de)7 C)
+9(a,c)ty(d,f), b))
Let us prove now that this last identity is equivalent to the formula (4.1). Let «, 5,y € I'(A*) be such that
a = fne(®), b=tme(B) and ¢ = i ¢(7). By Corollary 4.9, we have V()(a, b, ¢) = DIl(«, 3,7). On the

other hand, setting 6 = d, f, we have d,,f(b) = 6(b) = 0(tu(5)) + £(£)0(§) = —B(n(F)) = —F(£) and
likewise d, f(c) = —v(&). Also, by (4.9), we have Q(a,b) = II(c, 8) and Q(a,c) = II(«,y). Finally,
since the metric g is associated with €2, it follows that

Qtg(d,pf),0) = —Q(b, 44(0))
= —g(Jb G
= —0(Jb)
= Q(¢, Jb)
= Qe (0), Jine(B)),

and since g is associated with {2 and with (€2, ), by using the lemma above and (4.9), we get

Qtg(dpf),0) = Qe (0), e (J°8)) = 10, J°B) = J*B(#n(0)) = J*B(¢)
and likewise Q(8,(d,f),c) = J*y(§). [l

© 2025 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |24



References

[1] Y. Ait Amrane, A. Zeglaoui, Compatibility of Riemannian structures and Jacobi structures. Journal of Geometry and
Physics 133 (2018), 71-80.

[2] D.E. Blair, Riemannian geometry of contact and symplectic manifolds. Pogress in mathematics, vol. 203, 2nd Edition,
Birkhauser, 2010.

[3] M. Boucetta, Compatibilité des structures pseudo-riemanniennes et des structures de Poisson. C. R. Acad. Sci. Paris,
Ser. I 333 (2001), 763-768.

[4] M. Boucetta, Poisson manifolds with compatible pseudo-metric and pseudo-Riemannian Lie algebras. Differential
Geom. Appl. 20 (2004), 279-291.

[S] M. Boucetta, Riemannian geometry of Lie algebroids. Journal of the Egyptian Mathematical Society, Vol. 19, Iss. 12
(2011), 57-70.

[6] A. Cannas da Silva, A. Weinstein, Geometric models for noncommutative algebras. Berkeley Mathematics Lecture
Notes 10, Amer. Math. Soc., Providence, RI, 1999.

[7] C. Ida, P. Popescu, On almost complex Lie algebroids. Mediterr. J. Math. 13 (2016), 803—-824.

[8] C. Ida, P. Popescu, Contact structures on Lie algebroids. Publicationes Mathematicae 91(1-2)(2017).
DOI:10.5486/PMD.2017.7444

[9] Y. Kosmann-Schwarzbach, Poisson manifolds, Lie algebroids, modular classes : a survey. SIGMA 4 (2008), 005.
[10] A. Lichnerowicz, Les variétés de Jacobi et leurs algeébres de Lie associées. J. Math. pures et appl. 51 (1978), 453—-488.

[11] C.-M. Marle, Calculus on Lie algebroids, Lie groupoids and Poisson manifolds. Dissertationes Mathematicae, Vol.
457, Institute of Mathematics, Polish Academy of Sciences, 2008.

[12] L. Vaisman, Lectures on the geometry of Poisson manifolds Progress in Mathematics, vol. 118, Birkhduser, 1994.

© 2025 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |25




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


