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ABSTRACT. In this note we revise the perturbation result of [7] on the prescribed Branson-Paneitz curvature problem
on the n-dimensional unit sphere, n > 6. We remove condition (A;) of ([7], Theorem 1.3) and we prove an entirely new
perturbation theorem.
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1. Introduction

Let S™, n > 5, be the unit sphere of R"*! and let gy = Z?:ll dz? its standard metric. Given a function
K : S™ — R, the Branson-Paneitz curvature problem on S” consists in finding a new metric g conformal
to go such that the corresponding Branson-Paneitz curvature (), equals K. Here (), is defined by

n3 — 4n2 4+ 16n — 16 2

1
8(n—1)2(n — 2)? By =

2(n—1)

Qg = — AgRg + 2|Ricg|2,

(n —2)
where R, and Ric, denote the scalar curvature and the Ricci curvature of (S™, g) respectively, see [9, 17,
22]. If we write g = u»—1 gy, where u : S™ — R is a positive smooth function, then the above problem is
equivalent to the solvability of the critical semilinear equation

Pgo'u, = Agou — anAgou —+ bnu = nT_ZlKuZ_tj,
(1.1)

u >0, on S,

where a, = $(n® — 2n — 4) and b, = n(n* — 4).

Equation (1.1) is called critical in the sense that the associated variational functional fails to satisfy
the Palais-Smale condition. This is a consequence of the compactness defect of the Sobolev embedding
H3(S") — = (S™). Moreover besides the necessary condition that maxgn K (x) be positive, there are
obstructions of Kazdan-Warner type found in [13].

Considerable studies have been devoted to the problem of existence of solutions of (1.1) and related
problems. In [10, 14, 21] the authors studied the Yamabe-type problem; that is when K = 1 ( see also
the recent work of Gursky and Malchiodi [19] which treat the case of closed semi-positive riemannian
manifolds). For non-constant function K, various important studies on the problem trying to understand
under what conditions on /K, (1.1) is solvable. See [1, 3,7, 11, 12, 15, 16, 18] and references therein.

In [7] Bensouf and Chtioui studied problem (1.1) in the perturbative setting, that is when K is close to
a positive constant function. They proved the following result.
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(nd) : Assume that K is a Morse function on S™ such that
|Ag K (2)] + |V K(z)| # 0, Vo € S™.
Denote,
K={zeS" VyuK(z)=0}and K" = {z € K, —A, K(x) > 0}.
For any = € K, we denote ind( K, x) the Morse index of K at x.
Let k be a non-negative integer. We say that k € (A;) if forany y € KT, n —ind(K,x) # k + 1.

Theorem 1.1. [7] Let K be a given function on S™, n > 6 satisfying (nd)-condition.
If

1— Z (—1)rindE) | £ (), (1.2)
y € KF,
n—ind(K,y) <k

max
k’E(Al)

then (1.1) has a solution provided K is close to 1.

Our objective in this note is to improve the above result by removing condition (A1) on the integer &k
in the counting index formula (1.2). This leads to an interesting result of new type. More precisely we
shall prove the following perturbation result. Let yy be an absolute maximum of K on S". Evidently
yo € K under (nd)-condition.

Theorem 1.2. Let K be a given function on S™, n > 7 satisfying (nd)-condition. If

K\ {wo} #90,

then (1.1) has a solution provided K is close to 1.

The above non degeneracy condition (nd) can be relaxed as follows. Assume that (f)z : K is a C"!
function on S™ such that around any y € K there exists a real 5(y) = [ such that in the geodesic normal
coordinates system centered at y the following expansion holds,

K(x +Zbk| z =yl + o(l|z - yl|?).

Here by (y) = by € R\ {0}, VE =1,...,n, Zbk # 0 and

1 L 1 - 2
B(y)  By)  n—4
Yy # y € K, where 8*(2) = min(5(2),n), Vz € K.

Denoting,

—~

K+ = {y ek, =Y b> o}.
k=1
‘We then have
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Theorem 1.3. Let K be a given function on S™, n > 6, satisfying (f)s-condition. There exists a positive

constant &y (which depends only on K on S™\ U B(y, po), po > 0and small ) such that if 1 < 8 < n+dg

yeK
and

K\ {yo} # 0,

then equation (1.1) has a solution provided that K is close to 1.

It is easy to see that for n > 7, (nd)-condition implies ( f)g-condition, with 8 = (3(y) = 2 for any
yeKand Kt =K.

Our argument to prove Theorem 1.2 and Theorem 1.3 follows that of [4], [8] and [20] where the scalar
curvature problem on closed riemannian manifolds was studied using algebraic topological tools.

In the next section we state some preliminaries related to the variational structure of (1.1). In section 3,
we study the description of the critical points at infinity of the problem under ( f)s-condition, 1 < 5 <
n + dp. In section 4, we prove Theorems 1.2 and 1.3.

2. Preliminaries

Problem (1.1) has a variational structure. The associated variational function is

fsn Pyuudvugg

J(u) = > w € H3(S™) \ {0}.

(fS" Ku%dvgo) "’

Let

Y= {u c H3(S™), ||ul)* = /Pgouudvgo = 1} and ¥ = {u €eX, u> O}.
Sn
Using the above natation, problem (1.1) is equivalent to finding the critical points of J in ¥ . Due
to the compactness defect of the embedding H3(S™) — L%(Sn), J fails to satisfy the Palais-Smale
condition. This leads to the failure of the standard critical point theory. The sequences failing the Palais-
Smale condition are characterized as follows.

Leta € S™ and A > 0. We define

AT
5(a )\)<$) = Cp n—4)

(1 + A2;1 (1 — cos d(a, x))) i

where ¢, is a fixed positive constant such that d, y) satisfies

Pyu = wn i, u > 0on 5™,
For p € N, and ¢ > 0, we define
u€ X, 3ay,...,ap €5", A1, ..., \p > ¢! and a, o, >0, 80t
Vipe) =9 lu—>", O‘i5(ai,)\i) |< e, ‘J(u)ﬁai”%“[{(ai) — 1‘ <e,
V1<i<pande; <eVl<i#j<p.
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n—4

2

Here ¢;; :<i—; + /;\—j + /\2/\ (1 —cos d(az,a]))>

Following [5] we have,

Proposition 2.1. Assume that J has no critical point in X%, Let (uy,), be a sequence in X such that
J(uy) is bounded and 0J(u,) — 0. Then there exist a positive integer p, a positive sequence (),
tending to zero and an extracted subsequence of (uy) denoted again (uy) such that u, € V(p,ex), Vk.

For u € V(p, €), we introduce the minimization problem

p
u — Z Oéi(S(a“)\i)
=1

min
a; >0, \i>e~ 1 a;€eS8"

2.1

Following [6], we have

Proposition 2.2. Let p > 1 and € > 0 small enough. For any u € V(p,¢), problem (2.1) has a unique
solution (&, \, @) up to a permutation.

Denoting v =u — Y »_, @;0 (@, %) Then v satisfies the following orthogonality condition:
1y 7\

1=

Dz 5y Dz 5y
(Vo) : <v g0> 0, Vye {5(“24)7 (g./\z), (“’/\z)ﬂ:l,...,p}.

Here (., .) denotes the inner product in H3(S™) associated to the norm ||.|.

The following Morse Lemma gets rid of the v-contribution. It is proved in ([12], Lemma 3.1).

P

Proposition 2.3. There exists a C'-map which to any («,a,\) such that Zai 0(a;,\;) Delongs to
i=1

V (p, €) associates v = v(a,a, \) € H3(S™), ||v]| < € and v is the unique solution of the problem

p
min g O(ai,\) )
v satis fies (Vo) — ’

Moreover;
p n+4
_ 1 1 IVK(a;)|  (logA;)2n
v < ¢ — + 5+ +
= ;L\? X A NeR
n2_+4
252(” 2 (logekr) ton>12
+ c el -4
Zskr<log5kr) ,n <12
. k#r

We now state the definition of a critical point at infinity.

Definition 2.1. [5] A critical point at infinity of J is a limit of a non-precompact flow line u(s) of the
gradient (—0.J). According to Propositions 2.1 and 2.2, u(s) have to be of the form
p

u(s) = Z%‘(S) 5(@1(8),)\1(8)) +o(s), Vs>> 1.

1=1
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Denoting &; := sgIEoo a;(s) and g, = Sgnjoo a;(s), we denote by

p
Z y“ 0}" (ylw"vyp)oo

such a critical point at infinity.

3. Critical points at infinity

In this section we characterise the critical point at infinity of .J under ( f)g-condition, 1 < 8 < n + &,
where 9 is a fixed constant given in Corollary 3.1. Such a characterization is obtained through the
construction of a specific pseudo gradient W in V' (p, €), p > 1, satisfying the Palais-Smale condition out
side the critical points at infinity. More precisely, we prove the following result.

Theorem 3.1. Let K be a positive function satisfying (f)s-condition. There exists 69 > 0 such that if
B € (1,n+ &), then the critical points at infinity of J in V (p,e), p > 1, are

p
R ]

1=1
where y1, ..., yp € Kt with vi # Y5, V1 <i # j <p.

The index of J at (y1, ..., Yp)so equals to
(Y1, s Yp)oo = —1+Zn—zyj

whereAi/(yj) = jj{bk(yj), k=1,...,n, such that by(y;) < 0}.

To prove Theorem 3.1, we need first to expand the gradient of J in V' (p,¢), p > 1. This allows us to
understand the variation of J and hint the construction of the required vector field W.
Lemma 3.1. Assume that K is a positive function satisfying (f)g-condition with, 3 € (1,00). Let
u = Zal (ai 6 V(p,e). Forany i, 1 < i < psuch that a; € B(y;, po), y; € K and pg is a small

posztlve constant chosen so that expansion () holds in B(y;, 2py), we have

;

L i By) <n

00y £, ar(n —4 [ )\
(07000, 0052) = a0 %ot St ;;g B =n
B 1

NN
(A}

Zala] 8513 I O()\n) ( | a; — y; |ﬁ(y¢) )

if B(yi) >n

© 2024 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |81



—_

+ Zo(&'j) + lo()\ﬁ*(yi))’ Fhy) # n]

JFi

Here, )
21" (|2 = 1)
/ (1 + |JZ‘|2)”+1 dl‘? lf‘ﬁ(y’J < n
R™ dx
C<yz) = 4 1, ifﬁ(yi) =n > and c; = —n+4
Py, g, (LA |zf) =
0 n—1 .
—, if B(y:;) >n
| A —n )
Proof. We apply estimates (3.3), (3.4) and (3.5) of [12]. We have
05(%)\2,) agw
<8J(u), N\ o > = [—01 Z%%
JFi
85 s
N / K(x éi’;l)dvgo .

3.1

ntd 90
In order to expand the above integral [ := / K (5’7)5(7;:4&)/\1' é N, )dvgo, we perform a stereographic

Sn
projection with respect to a point g of S™. For simplicity, we identify a point x € S™ with its projection
in R™ and we identify the function K and its composition with the stereographic projection.

By an elementary composition, we have
ntd Do) n—4., 1= N|z—aqf
(as, i) a)\z 9 i (1 n /\ZZ|37 _ ai|2)n+1.

ntd Qg
since, /5&i‘t\i))\i ( 17.Az)d:1: = 0.

R’n
Outside some neighborhood of a;, we have

n_i‘j 85 ai,>\i
I, = / (K(ﬂf) _K(yi))é(?li)\i)/\i é/\' o
B(as,p0)°
n—4 1— \|z — a]?
< —5— sup [K(2) = K(y)] / | 2 ZJH o
B B e (1 + )\i|:1: . ai| )
Q5,00
T 11— 72| —1
< ) K n— Ao 0
< (n=sup K@) wn / TETE
Aipo
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< (n—4)sup K (z) w1 2,
g A7
1
< of%)
< N
In side B(a;, py), we have
i 9o i, A
]2 = / (K(I) — K(y,))é(’;“kz))\l é)\ )dx
B(ai,po)

n—4 < By 1 — N — a;f?
_ b / —_— i Nz
2 Z;k (= (14 220z —af2)""

B(aiapo)

+ o (2 — )] L= N =] g,
A e —ap)y )

B(ai7p0)

Setting z = \;(z — a;), we obtain that

n—4 ¢ |(z 4+ Niai — i)k
I, = 5 Zbk / )\_ﬁ(yi) (1 N |Z|2)n+1dz
k=1 B0 Aipo) é

By
A\Pwi) (1 o+ |Z|2)n+1

B(0,\ipo)
Observe that,
/ 2+ Mo =y 1 P2
)\f(yi) (1 N |Z|2)n+1
B(Ov)‘iPO)
1 / 2" (1= 1212)
N S
N ke (LHIEP)
L+ 0 |ai - Z/z‘ |Z|B(yi)_1|1 — |Z|2|dz 10 ‘a- _ y_|/3(yi)
/\.5(3/1')*1 (1 N |Z|2)n+1 i i
' B(0,ip0)
c(1+0(1)), if B(y;) <n
_ 1 Jloghi(140(1)), if B(y;) =n
AW ) By Wn-1 1 o
L Bl - nA;?—ﬁ@i)(l +o(1)), if Bly;) > n

+ Ol — "),
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2" (122 — 1)
where ¢ = dz. Therefore,

1+| | n+1
' A;(yl) it 5y,
b= ") yon fﬁgA it 5(y) = n
k=1 7
| Ai if B(y)
+ O(|6Li - yz‘|ﬁ(yi)) + _O(Af*l(yi))’ if B(yi) # n]

log A\ .
+ [0(%) if 6(y:) = n] . (3.3)

-8 n
The proof of Lemma 3.1 follows from (3.1), (3.2), (3.3) and the fait that o ™" K (a;) J (u) "% = 140(1). O

Observe that the sign of the leader term in the expansion of lemma 3.1 is unknown in the case of
B(y;) >n ()\ vi) ( /\n), where O ( n) is independent of the flatness order 3(y;).

Nevertheless, if we restrict our attention to the case of 5(y;) > n and S(y;) is close to n, by the expression
of ¢(y;) we can get a sign of this leader term and therefore we can prove Theorem 3.1. Other ways, the
analysis of the problem will be blurry and the characterization of the critical points at infinity remains
open.

Corollary 3.1. Assume that K is a positive function satisfying (f)g-condition. There exists 69 > 0

which depend only on the function K on S™\ U B(y, po), such that if 1 < 8 < n + dy, then for any
ye

u= Zal (ai, A E V(p, €) and for any index i, 1 < i < p such that a; € B(y;, po) we have

M)\ a?(n — 4) a log)\
(20 k=528 ) = I T o) o) § Sy F5) =

1 :
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Observe that the term O(%n) of the expansion of Lemma 3.1 is removed in the expansion of Corollary
3.1. 1

For any critical point y of K, we define a small neighborhood of y in S™ as follows. Let y be a small
positive constant. Define

N(y) = {a € 5™, a e Bly, po) and ¥ W|q — y|W < ’V} :

where $*(y) = min(n, 8(y)).

For any p > 1, we define

v {U—Zaz wn) €V.2). st a € Nw). v € K,

Vi=1,...,pandy; # y;, Vléi#jép}-

In V*°(p, ), the expansion of Corollary 3.1 can be improved as follows.
Corollary 3.2. Let K be a positive function satisfying (f)g-condition, 1 < < n + 6. For any

U= Z ;0 (i, A 6 V(p, e) and for any index i, 1 < i < p, we have

( ﬁ,ifﬂ(yz) <n
(27,0072 = J(u)o‘;i;”—(‘aj)c(y» w0 %ﬁﬂ(w)=n
. \ % if B(yi) > n
_ clJ(u)Zalaj)\ia;)\iZ + lo(xﬁ*l(yl))’ if By:) # n]
o :
o o) o] ()
; po

In ([11], Theorem 3.1) and ([12], step 4 and 5) it is proved that V' (p,)\V>=(p,e), p > 1 does not
contain any critical points at infinity. The proof can be extended to the case of 1 < 3 < n + dy.

More precisely,
Proposition 3.1. [11, 12] Assume that K is positive and satisfying (f)g-condition, B € (1,n + ).
p
There exists a bounded pseudo-gradient Wy in'V (p,e)\V > (p, €) such that for any v = Z o% 5(% n) €

=1

V(p,e)\V=(p,e), we have

(Z Z|VK a; |Z U)

zl)\ﬁ i=1 JFi

i) <aJ(u), W(u)>

| /\
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ii) <8J(u +70), W(u) + ﬁﬂf{u» < —C(i i~ + i w Z&‘j),

i=1 )\f i=1 i

iii) forany i = 1,...,p, \i(s) remains a bounded function as long as the associated flow line u(s) =

Z a;(s) d(a;(s), \i(s)) stays in V(p,e)\V>(p, ¢).

To prove Theorem 3.1, we then only focus our attention to study the concentration phenomenon in
V> (p,e), p > 1. We prove the following result.

Proposition 3.2. Assume that K is a positive function satisfying ( f)g-condition, 1 < 8 < n + &y. There
exists a bounded pseudo-gradient Wy in V>°(p, €) such that for any uw € V>°(p, ¢), inequalities (i) and

(i) of Proposition 3.1 hold. Moreover, the only case where the max Ai(8) is not bounded is when a;(s)
<i<p

tends to a critical point y; € /E? Vi=1,...,pwithy; #y;, V1 <i# 5 <p.

Proof. Letu = > 7  « 5( a;, \i) € V>(p,e). The construction of Ws(u) will be related to the
following two cases.

e Case l.yielfC\l,Vl <i<np.

In this region we increase all the parameters \;, ¢ = 1,..., p with respect to the differential equation
Ai = A;. The corresponding vector field is

964 .
ZZ(U)IOQ)\Z é;\j\l), i=1,...,p.

Using the asymptotic expansion of Corollary 3.2, we get

1
_on—d o ae(y) Ao
(9J(). 2i(w) = ——J() K(a;) ;b’“(yi) loﬁg(j) if B(y:) = n
)\ [

i

+ ZO(%) + [O(ﬁ),ifﬂ(w) 7 n} + [O(i\oﬁg(;\ié)a

J# i
if B(:) = 1)
1
NaT) if B(yi) #n
< ¢ logh +2_Oley),

o L) =n
since >, _; bk(y;) < 0. Define

n

Wy (u) =Y Zi(u).

=1
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By the above expansion, we have

o [ e 87w £
(0J(u), Wa(w)) < = D33 0, +3 " 0ey).

i=1 W7 if ﬂ(yz) =n J#i
o1
i= 7 JF#

We claim the following :

p

Claim 1. For any u = Z o 6(
i=1

= L L i 11

€ij = O(W) + O(W), as € 1s small.

i j
Indeed, in V*°(p, €) we have

1
Eij Y TT——nTi> Vi ).
T 7

a;, \) € V>(p,e) and for any 1 < i # j < p, we have

n_4 1 (0 y_n—4
Let & > 0 small enough. If A;* > —)\f W)=
805

, then

1

i

Eij S e“

Therefore £;; = of ) as € tends to zero.

/\_5*(%‘)

n—4

IF A < A7 097 then 5(y,) — 254 has to be positive, (f not "% <
j ' g Yi o) positive, (if not A~ <

1 .
i = ca’t < — 7, taking

o o)

1
a < n and therefore, \; < —). It follows that
€

n—4

)\25* (yi)—(n—4)
J

and thus

n—4)a _n-4___n—-d4
L <572B_*((y¢7)7)(n74) A 2 To)-(n-d)
j :

n—4 —

2.2

7

_ 2a
< g W -h ),

Consequently

n—4 n—4
“7 Ut o)y —mn)
)

_ (n—4)a —
gij < ¢ 2ﬁ*<yi>—<n—4>)\j
_ 28" (y;)B% (y;)
o B () ey (87 (i) 487 ()~ )
S c 25*<yi)_(n_4))\j (v2) 287 (y;)—(n 4)( ) (yj) prgm| ),

1 L 1 - 2
B (i)  B*(y;)  n—4

(n—4) . w287 (wi)B (u) 1
Eij S 6725*(%),(7,,4) (B (yz)'i‘ﬁ (y]) e — 05)

since . Using the fact that \; > ™1, we get,

B*(y;) "
/\J
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Taking o < §*(y;) + 87 (y;) — 2280 | Claim 1 follows.

Inequality (3.4) and Claim 1 yield

p

(0700, W3(w)) < (Z T +st)

=1
p
VK(a;
< (X +z%+zeij),
i=1 )\ i=1 ! i#]
. .. |VK(a)| c
since under ( f)s-condition, N < AT

e Case 2. There exists an index i, 1 < i < p, such that y; ¢ K. N
In this case we denote [ the set of all the index 7, 1 < i < p, such that y; ¢ K+. For any i € I, we set

85(%)\1.)

);Z' = _/\i and — Zl(u) = —Oéi)\i

O\
Using the expansion of Corollary 3.2, we get
n—4 aZc(y;) NG
0J(u), Zi(u) ) = J(u) = Ok(¥i) S 1oa)
B(yi
+ ZO(E")+ lo( ! ) if §( )#n]—f—lo(log)\ )
— J )\iﬁ i) )’ )\Z_ﬁ(yz) ’
if 8(y;) = ”]
1 :
5y AW #n
A;
< —c log)\ +ZO<5M)7
TR if B(yi) = j#i

since >, bi(y;) > 0, Vi € I. Define
-2 Ziw)
i€l
The above expansion and Claim 1 yield,

1 )
Wa if B(y;) #n »

(07 Vitw) < —e D71 e,

iel W, if 6(%) i=1 i
b 1
S CZ )\5 yz +ZO()\5*(%))
el =1 7

Define

N 1
I={ 1<i<p, sit., /\5yl>2rl£11§1/\5yk}
€
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Of course I C I and the preceding inequality can be improved as follows

<0J() > Y o7 ﬁ ) +2 0 (ﬁ)

icl z ¢l ¢

We now define,

94 79 /\Z
W3 ) = Viu) + 3 ain, 220N
il !

Using the fact that Z bi(y;) <0, Vi ¢ I and the above expansion, we obtain that
k=1

<8J(u),W22(U)> = —CZP: ﬁ’*l(yi)'

Also by Claim 1 and ( f)s-condition, the following holds

(07(u), W3 (u)) < —c(Z(Ag*l(yi) * Ni@') i ZS’”)'

i=1 N i#]

Let Wa(u), u € V>(p, ) be a convex combination of W3 (u) and W3 (u). It is straightforward to see
that W5 satisfies the required properties of Proposition 3.2. O

Proof of Theorem 3.1 The required pseudo-gradient W € V(p,e), p > 1, is defined by a convex
combination of WW; and W5, where W, and W5 are the pseudo-gradient defined in Proposition 3.1 and
Proposition 3.2 respectively. By construction the only critical points at infinity of J € V(p, ) are

p
1
W13 Yp)oo = D =i O(yi,00)»
; K(y;) =
where y; EICN+, Vi=1,...,pand y; # y;, V1 <i# j <p.
Arguing as in ([2], Lemma 4.2), near each critical point at infinity (y1, ..., %), J can be expanded
as follows

n

p p P
J(Z Oéi(s(ai, >\2) + T)) — (Z K<Sn 4) (1 _ Z Zbk yz yl)k‘ﬁ(yz)
=1 k=1

yl)nQ =1

p
— P+ 3 ) (3.5)

1=1 >‘

2
n

where h € RP~! and S, is the best constant of Sobolev. Using the fact that by(y;) # 0, Vk =
1,...,n, the index of J at (y1,...,¥p) equals to Z ( yj)) + p — 1. This conclude the proof of

7=1
Theorem 3.1. |
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4. Proof of the existence results

Proof of Theorem 1.3 We argue by a contradiction. Assume that (1.1) has no solution. It follows from
Proposition 2.1 and Theorem 3.1 that the critical points at infinity of .J are

p
(yl,---,yp)oo: ﬁé( i700)7p2 ]-7
;K(W— ’

with y; € KF, Vi =1, .pand y; # yj, V1 < i # j < p. Using expansion (3.5), the level of J at
(y17 s 7yp)oo equals to

p S, 2
oot = (X g52)

1
(fsn u%dvgo)

J' represents the Euler-Lagrange functional of problem (1.1) when the functional X = 1 on S”. In
view of uniqueness result of Lin [21], the solution of (1.1), when K = 1 on S™ define a contractible
(n + 1)-dimensional manifold

,u € Xt

Z = {5(%)\), aeS" \> O}.
Moreover, J! has no critical point at infinity in ©* and for any @ € S™ and \ > 0,
7' (s inf J'(u) = S
( (a,)\)) N ulenEJr (U) S

Let 19 > 0 be a fixed small constant chosen so that

2
n

S 1 < (25n)" - noand(25n)% 110 < (35) " =10

3

. Denote || K —1 || o (gn) the maximum of | K (x) — 1|, z € S™. By the description of the critical values
at infinity of ./, we have

Coo(y)oe < Sit + % vy € ICF,

z Mo 2 . Mo o
2 o
Coo(Y1, -, Yp)oo > (3Sn) -7 Vp > 3,
provided || K — 1 ||fc(g») small enough.
The following estimate is proved in [7]. For a function J : > — R and ¢ € R, we denote

J. = {u ext, Ju) < c}.

Lemma 4.1. [7]
1) = @) (14 0( 1 K = L lisny ) ).
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It follows that for || K — 1 || ;e (gn) small enough, we have

J 2 cJ, CJ 2 (4.1)
S+ S +70 St +no
and
J . cJt L, cJ, a2 . (4.2)
(262)"+%  (28.)"+%  (252) "+mo

From (4.1), we use the topological arguments of ([7], pages 477-479). We derive that

X(J ) ) —1= Y (i), 4.3)

St +no ~_
Yj ekt
where x denotes the Euler-Poincaré characteristic. Moreover by (4.2) we obtain that
X(J 2 ) — 1= 1)) 4 1) bn—ily)tn—ily) (4.4)
(2Sn) " 1o z;( ) ZN( )
yjekt yiFy; LT
(4.3), (4.4) yield,
Z (_1)n—g(yi)+n—?(yj) = 0.
yity, ECT
We now use exactly the computation of ([20], p.16). We get tilCN+ = 1. This implies that l%\{yo} = 0.
This contradicts the assumption of Theorem 3.1. O
O

Proof of Theorem 1.2 It is a consequence of Theorem 1.3.
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