Advances in Pure and Applied Mathematics
2024, vol. 15, n° 3, 12-76 pages, DOI: 10.21494/ISTE.OP.2024.1173 ISTE OpenScience

From Ingham to Nazarov’s inequality: a survey on
some trigonometric inequalities

D’Ingham a l'inégalité de Nazarov : un survey sur quelques
inégalités trigopnométriques

Philippe Jaming and Chadi Saba

Univ. Bordeaux, CNRS, Bordeaux INP, IMB, UMR 5251, F-33400, Talence, France

ABSTRACT. The aim of this paper is to give an overview of some inequalities about LP-norms (p = 1 or p = 2) of
harmonic (periodic) and non-harmonic trigonometric polynomials. Among the material covered, we mention Ingham’s
Inequality about L? norms of non-harmonic trigonometric polynmials, the proof of the Littlewood conjecture by Mc Gehee,
Pigno and Smith on the lower bound of the L' norm of harmonic trigonometric polynomials as well as its counterpart in
the non-harmonic case due to Nazarov. For the later one, we give a quantitative estimate that completes our recent result
with an estimate of L!-norms over small intervals.

We also give some stronger lower bounds when the frequencies satisfy some more restrictive conditions (lacunary Fourier
series, “multi-step arithmetic sequences”).

Most proofs are close to existing ones and some open questions are mentionned at the end.
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1. Introduction

The aim of this paper is to give an overview of the main estimates of /”-norms of harmonic and non-
harmonic trigonometric polynomials, when p = 2 and p = 1. In many fields of mathematics, ranging
from number theory (see e.g. the previous survey [1]) to signal processing and PDEs, one is lead to
inverstigate such norms. Our main motivation comes from the use of Ingham’s inequality (lower and
upper estimates of L?-norms of non-harmonic trigonometric polynomials) in control theory of PDEs.
We refer the interrested reader to the book by Komornik and Loreti [17].

Let us now be more precise. We will here restrict attention to p = 2 or p = 1 and investigate LP-norm
estimates of (harmonic) trigonometric polynomials

12 p
/ D o™ dt (cx)ken C C, (mi)rez C Z
_1/p Wk==N

or non-harmonic trigonometric polynomials

| T/2 N P
T / Z Ck€2i7r)‘kt dt T >0, (Ck)k:eZ C Z C C, ()\k:>keZ CZCR
~1y2 k==N

as well as their limits when 7' — 400
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(that is Besikovich norms). Note for future use that, when all the \;’s are integers, the Besikovich norm
is the same as the usual LP([—1/2,1/2])-norm.

The by far simplest case is p = 2 and harmonic trigonometric polynomials as Parseval’s relation states

that
1/2

/

~1/2

N 2

E ' Ck€2mk:t

k=—N

N

dt = Z |Ck|2.

k=—N

The situation becomes much deeper for non-harmonic trigonometric polynomials but is well understood
thanks to a deep result by Ingham:

1

Theorem A (Ingham). Let v > 0 and T > —, then there are two constants A = A(T,~) and B =
Y

B(T,~) such that

— for every sequence (\)kez With A1 — A > 7,

— for every complex sequence (ci)——n.... N
for every integer N > 1,

N T/2

1

A lal <=
k=—N

/

~T/2

N 2

E : Ck6217r)\kt

k=—N

N
dt<B ) el (1.1)
k=—N

1
When T' = —, there is a sequence (\) ez, With A11 — g > 7y such that the lower bound in does
Y
not hold for every N and every (ci)p——n,.. N C C unless A = 0.

Note that the upper bound in holds for every T' > 0, the restriction 7" > 1 is only needed for the
lower bound, which is the most interresting one for control theory. In the next section, we will present
Ingham’s proof and also compute the constants A, B. We will also present an argument due to Haraux
that allows to obtain the lower bound with 7" arbitrarily small when |\;11 — A\i| = 400 when k£ — Fo0.
This result also follows from an earlier theorem of Kahane [16].

Once the Lz-theory settled, we will move to the Ll-theory which is much richer. To start with, the
behavior of the L'-norm of a trigonometric polynomial may depend on the frequencies. There are two
extreme cases:

— the frequencies form an arithmetic sequence, e.g. the Dirichlet kernel. One might expect the L!-norm
to be small in view of the standard estimate (see e.g. [29, Section 8.3]): when N — +o00

/2,y
: 4
/ » e dt = — In N+ O(1).
™
—1/2 k=N

— The frequencies form a geometric sequence, or more generally a lacunary sequence (ny4+; > gng with
q > 1) then the L'-norms are much large: for N large enough

N
E : eQiﬂ'nkt

k=0

1/2

/

~1/2

dt > CV/'N.
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We will prove this last estimate in Section 3. In view, of those estimates Littlewood conjectured that the
Dirichlet kernel has worse possible behavior, namely that

1/2

LN = inf
no<ny1<---<ny
71/2

N

2 : eQiﬂ'nkt

k=0

dt > C'log N

4
for some constant C' < —. The first non-trivial estimate was obtained by Cohen [5] who proved that
T

Ly > C(InN/Inln N)Y/8

for N > 4. Subsequent improvements are due to Davenport [6], Fournier [8] and crucial contributions
by Pichorides [23, 24, 25|, 26] leading to Ly > C'In N/(Inln N )2. Finally, Littlewood’s conjecture was
proved independently by Konyagin [[18]] and Mc Gehee, Pigno, Smith [19] in 1981. In both papers, Little-
wood’s conjecture is actually obtained as a corollary of a stronger result (and they are not consequences
of one another). The second one is the one we will focus on here and is given by the following result:

Theorem B (Mc Gehee, Pigno & Smith [[19]). Forn; < ny < --- < ny integers and ay, . . . , ay complex
numbers,
N o 120 N
ak 227rn t
Curs 321 < [ [t
k=1 i k=

where Cyypg is a universal constant (Cyrps = 1/30 would do).

We will present its proof below. We would like to insist that this is the worse possible behavior. To start,
as we already mentionned, in the lacunary case, the lower bound is v/N. We will show a recent result of
Hanson [[10] who considered a family of sets (so-called “strongly multi-dimensional sets”) of which the
simplest example is a multi-step arithmetic sequence. By that, we mean a sequence njy4 = JD + kd,
j€Z,k=0,...,M —1and Md < D. In other words, we take an arithmetic sequence with large step
D and, after each element of the sequence, we add a small piece of an arithmetic sequence with small
step. It is then shown that

12 n u
ClnNnM < / D) ek gy,
i 13=0 k=0
We also present an example of Newman that constructed ay, . . . , an all of modulus 1 such that
12
VN —C < / Zake%”kt dt.
~1/2 k=0

This shows that it is possible to be far away from the lower bound (and actually near to the best possible
upper bound).
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The last part of this survey is devoted to L!'-norms of non-harmonic trigonometric polynomials. The
best result to day is the following:

Theorem C. Let \y < Ao < --- < Ay be N distinct real numbers and ay, . . . ,an be complex numbers.
Then

i. we have

ii. If further ay, ...,

N

E akGQZﬂ'Akt

k=0

i InN < lim 1 / dt.
3 T—+o00 T
—T/2

iii. Assume further that fork = 0,...,N — 1, A\gr1 — A\ > 1, then, for every T' > 1, there exists a
constant C'(T') such that, for every ay, ... ,ay € C,

T/2

N N
Z / Z QZTF)\kt
_1y2 k=
Moreover;
1
(a) forT > 72 we can take C(T) = @;

(b) for 1 <T <2, C(T)=O((T —1)71/2).

Let us comment on this theorem. To start with, the theorem is essentially a quantitative version of a
result of F. Nazarov [21] and is due to the authors together with K. Kellay [[15]. Only the case 1 < 7T' < 2
has not been presented before. To be more precise, when the \;’s are integers, this is of course the result
of Mc Gehee, Pigno and Smith while Point 2 comes from a slight modification of their argument by
Stegeman and Yabuta. Note that the constants are the same as those in Theorem [Bl (and are actually a bit
better). While it is obvious that this inequality implies Theorem [Bl (with the same constant), there is an
elegent argument by Hudson and Leckband [12] that allows to show that the converse is also true. We
will present this argument below. Point 3 is due to Nazarov with non-explicit constant. A direct proof of
this theorem is given in [[15] with the explicit constants mentionned above. Only the case of small 7" has
not been presented so far and is thus the main novelty of the present paper. It is obtained by a very mild
modification of Nazarov’s proof. Note also that once we have established Point 3 for some 7j, it is valid
for all 7" > Ty so that we actually recover Nazarov’s orginal result (with much worse constants than the
ones stated above).

The remaining of the paper is organised as follows: Section 2 is devoted to the L? case and we prove
the inequalities in Ingham’s Theorem in Section 2.1 and the necessity of the condition 7" > 1 in Section
2.2. Further, Haraux’s argument is presented in Section 2.3.
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In Section 3, we investigate the L' norms when the frequencies are integers. We devote Section 3.1 to
lacunary trigonometric polynomials. Section 3.3 is devoted to Mc Gehee, Pigno, Smith’s proof of Lit-
tlewood’s conjecture. In Section 3.3 we present Hanson’s result on strongly multidimensional sequences
and we conclude in Section 3.4 with the result of Newman.

Section 4 is devoted to the case of non-harmonic trigonometric polynomials. We start in Section
4.1 with the argument of Hudson and Leckband and then extend the case of lacunary trigonometric
polynomials to the non-harmonic setting and the Besikovich L!-norms. We then present Ingham’s L'-
Inequality. We conclude this section with the proof of the quantitative version of Nazarov’s theorem for
small 7.

In the last section, we present a few open questions.

2. L? estimates
2.1. Ingham’s inequalities

The aim of this section is to show the following: let A = {A\;}rez C R be a 1-separated sequence,
[Ax — A¢| > 1if k # L. Let P(A) be the set of (non-harmonic) trigonometric polynomials

P(A) = {P(t) = Z ape?™ W (a;)pez C C with finite support} .
keZ

Note that, if P € P(A) is given, then the a;’s are determined by

T/2
1 .
— i - P -2 ARt t.
@k T—1>r—]|:—looT / (t)e d
-T/2

We can then define two natural norms on P(A), namely

/2 2
1
1P e2-rror) = | 7 / |P(¢)|? dt
_7)2

and

[Pl = (Z )

keZ
Our aim in this section is to show that, when 7" > 1, these two norms are equivalent. This is done by

proving two inequalities. The first one is the direct inequality:

Proposition 2.1 (Ingham’s direct inequality). Let v > 0. Let (ay)xez be a finitely supported sequence of
complex numbers and (A )xez, be a sequence of real numbers with N1 — N\, > . For every T > 0,

T/2 2
1 . T+1
o [ e ar <2t S .1
T,T/z keZ 7T keZ
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Proof. Changing variable ¢ = s/~ we may assume that -y = 1. We consider the function H on R defined
by

N | —

cosmz when |z| <

h(z) =

0 otherwise

As h is real and even, its Fourier transform is given by

1/2
~ 2 cosTt
(1) /cosmz cos 2mrtdr = —-— 3
0

~ 1 ~ 1 1
with the understanding that ~(1/2) = 5 From this, one shows that h(z) > 5 for |z| < 5" Finally, let

sinm|z| — 7(|z| — 1) cosmx
g(x) =hxh(z) = 27
0 otherwise

when |z] <1

1
One easily shows that g is even, non-negative, supported in [—1, 1] and that g(0) = X Further its Fourier

~

N 1 1
transform is g(¢) = h(t)?. In particular, g(¢) > 0 and g(t) > 1 for [t| < 3"

But then, if (ax)rez is finitely supported and P(¢ Z ape2 ™
keZ

E akezmTAkt

keZ

1/2 1/2
/|P<t>|2dt < 4/§<t>|P<>|2dt<4/§<>
~1/2 ~1/2 R

— 42(1](116/ 227r)\ /\ktdt

J,kEZ

= 4 Z a;arg(Nj — Ai)-

k€L

2
dt

Note that the sums are actually finite. Further, if j # k then |\; — A;z| > 1 and, as g is supported in
[—1, 1], we then have g(\; — Az) = 0. This implies that

1/2
/ P2 dt < 49(0) S |y
~1/2 JEL

so that the inequality is proven for 7" = 1 since 4¢(0) = 2.

For T' < 1 we simply write

T/2 1/2
/|P |2dt<—/|P )Pdt < = z:|@]|2
fT/2 ~-1/2
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To conclude, notice first that, if [ = [a — 1/2,a + 1/2] and P(t) = Z a;e*™ ' then

jJET
1/2 1/2 2
/|P(t)|2dt = /|P(a+t)|2dt=/ Zajezimjaemm\jt dt
I -1/2 _ijo |9€
< 2Z|ajezimja|2:22|aj|2
JEL JEZ

from the case T' = 1.

Now let 7" > 1 and cover the interval [—7'/2,T'/2] by K = [T'] < T+ 1 intervals Iy, ..., Ik of length
1. Then

T/2
/ |P(t |2dt<—2/|P |2dt<272| a;j|*.
fT/2 =1y JEL
This completes the proof. [

We now show that a converse inequality also holds, but this time with the extra condition that 7" > 1:

Proposition 2.2 (Ingham’s converse inequality). Let v > 0. Let (ay)rez be a finitely supported sequence

1
of complex numbers and (\,) ez, be a sequence of real numbers with \g1 — A\ > . For every T > —,

T/2
cenYlaf<y [ [Ta o] 22)
keZ ~T/2 kEZ
with
2(~vTHY2 =1 1 2
%% for - <T < —
C(T,7) = 0T v v, (23)

2
— forT > —
64 v

Proof. Changing variable ¢t = s/~ we find that C'(T,v) = C (7T, 1) so that we may assume that v = 1.
We will prove this inequality in three steps. We first establish this inequality for 1 < 7" < 2.

As in the previous proof, let i be again defined by h(x) = 1[_;/91/2)(x) cosTz. Notice that, as h is
non-negative, even, continous with support [—1/2,1/2], then h * h is non-negative, even, continous with
support [—1, 1].

Next h € H*(R) with b’ = —71L[_1/9,1 9] sin 72 and

~ cos Tt
h'(t) = 4it
(8) = it
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thus
W (1) = —(2mt)2H2(1)

We now consider k7 = m2T?h * h + h' * h/ so that kr is continuous, real valued, even and supported in
[—1,1].

kr(t) = 72 (T% — 42) 2 (t)

is even (so kr is the Fourier transform of k7) and in L'. Further k7 is non-negative on [—T/2,T/2] and
negative on R \ [-77/2,7/2].

This implies that

T/2 9 ,
/ E;(t) Za’ke2iﬂ'}\kt dt Z /E;(t) Zake2iﬂ'}\kt dt
~T/2 keZ R keZ
= D ad / o (1)e? ™= gy
kALeZ R
= Y @@Gr(\— M) =) gk (0).
kAEL kEZ

In the last line, we use that [\ — A7 > 1 when k # £ thus kp(Ax — \¢) = 0.
Now, for & € [-T/2,7/2],
fer(€) = 7X(T2 — 4€2)R2(€) < w2(T? — 4€2)h%(0) < 4T>

while

1/2
2
kr(0) = 72 / T? cos® mt — sin® wt dt = %(T2 —1)
~1/2

which leads to

§ a/k;€2”r)\kt

keZ

T/2

/

~T/2

mT? -1 9
dt > — > laxl?. (2.4)

For 2 < T < 6, we simply write

T/2 2 1 2 9
: - 37
26T\t 20\t 2
[ 1w ™) = [1Saeme] = 25 o
~T/2 keZ 2 1keZ keZ
. . . . . 3n? _ w2
where the second inequality is with T = 2, establishing with C' = 39T > o1
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T T
Now letT" > 6 and My = [T'/2] so that My > 5—1 > 7 Forj=0,...,Mp—1,lett; = —=T/2+j+1

N-1
so that the intervals [t; — 1,¢; + 1] are disjoint and U [t; — 1,t; + 1[C [-T/2,T/2] thus

=0
T/2 2 Mp—1 tj+1 2
/ S b dr >y S bt g
~T/2 keZ 7=0 tj—1 keZ
Mp—1 1 2
-y / S e timt| gy,
J=0 =4 lkeZ
Now, apply 2.4) with aj, = bpe?™ % and T = 2 to get
T/2 ,
37T M s
26\t T 2
I EES = DS IR
_ipyp Ikez keZ
2
establishing with C' = 35 O

Finally, let us notice that, with a change of variable, and a simple limiting argument to remove the
condition on the support of (ay), we have just proved the following

1
Theorem 2.3 (Ingham). Let v > 0 and T > — and let C (T, ) be given by 2.3). Then
Y

— for every sequence of real numbers N = { )\ }rcz such that N1 — N\ > 7,

— for every sequence (ay)rez € (*(Z,C),

§ a/k;€2”r)\kt

keZ

2

T+1
dt < 27 ; 3 laxl?. 2.5)
v keZ

T/2

5 1
ey laf<y [

ke 7

2.2. The condition T > l/
1
We now show that the condition 7" > — can not be fully removed for to hold for every A and
Y
every P € P(A).

Proposition 2.4 (Ingham). Let v > 0. There exists a real sequence {\; }rez with \41 — A\, > v and a
family of sequences (ak(a))kez 0<a<l/2 such that, if

N 1/2v N 2
C > ) < / D g™ at (2.6)
k=—N _1j2y Ik==N

holds for every N > 1 and every c_y,...,cny € C, then C' = 0.
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In other words, the condition 7" > — is necessary in Ingham’s inequality to obtain an meaningful lower
gl
bound.

Proof. After scaling we again assume that v = 1. Let 0 < o < 1/2 and define, for |z| < 1,

. I(2)
exp (—za arctan 1+%(z))

ga(z) = (L +2)7° = T

.z < 1.

Of course, we may also write g, as a power series

+o00
galz) =) i

0
where (a)g =1, (—a), = —a(—a—1)--- (—a—n+1).
Next define
fa(ry t) — 23:&( im(a+1) ga(r€2im‘>)

— ¢ im(a+1)t ga(re%m)—I—e_”(o‘ﬂ)tga(re_%m)

_ 262177 +Z n re —2177 n+43= )
n!

1
for 7 < —1, then
Aj+1 — Aj > 1 (and even = 1 excepted for |\g — A_1| = 1 + «). In particular, if we set

Now set A =

mr - Z n r'e 2im n+a+1 t + Z n r'’ —2177( +0¢T+1)t = Zam,r(k>€2i7r)\kt c P(A)
n—= : n=0 : keZ
and P,,, — f, when m — +o0, uniformely over ¢t € [—1/2,1/2].
Further, Parseval’s relation reads
— (=)n o, ? e (=)0 0 2imnt i 7 2ty (2
Z = ZTT e dt = |ga (re”™) |~ dt
n=0 —1y2 Im=0 ~1/2
thus
+00 2 1/2
lim > |ap, (k) = lim 2 (@ nl” _ 4 |ga (re®™)|? dt
m—+4o0o m.r m—s—+00 n! Ya |
keZ “1/2
It follows that, if we had
1/2
[ 1Pu 0P a2 €3 Jan, (0P @7
“1/2 keZ
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then, letting m — +o00, we would also have

1/2 1/2
/ fulr.t)dt > 20 / ga(re ™) dt 2.8)
~1/2 ~1/2

1
forevery 0 <r < landevery 0 < a < 3"

But, if we fix t €] — 1/2,1/2] then, when r — 1,
1 1 eqiiomt

(1 + re:l:?iﬂt)a - (1 + e:l:2i7Tt)a - 2¢ cos® Tt

Ja ( r €:|:2i7rt)
(this is where we use that 7' < 1) while

1 1
<
(1 = 7)? + 4rcos? wt)® — 4cos®@ 7t

|ga<r€:|:2i7rt) |2 —

for < r < 1. Similar bounds follow for f,(r,t):

eiﬂ't + e—im‘ 1

rot) = @Dl (pe2imty 4 pim(at iy (. =2inty _
falr,1) o ) o ) 20 cos® it 20 Llcose—1lnt

while

falr )P < —

cos?e it

When 2a < 1 the majorants are integrable so that we can let 7 — 1 in (2.8)). This leads to

1/2 1/2
dt de¢
922 / — > 29l72( / . 2.9
cos?e—2 gt — cos2a 1t (2.9)
~1/2 ~1/2

1
Letting o — 2 the left hand side stays bounded while the right hand side goes to +-oco unless C' = 0. []

2.3. Sequences with large gaps

The results in this section are due to Haraux [11], though they are presented in a slightly different way.
We here follow closely the presentation of Haraux’s results in [[17]].

Lemma 2.5 (Haraux). Let A C R be a sequence such that v(A) = infycz |A\p — Ae| > 1 and let
T > ~v(A)~L

Assume that there exists 0 < C' < 1 < B such that, for every (ay)xen finitely supported sequence of
complex numbers,
T/2

1
CZ|aA|2 < T /

AEA ~T/2

2
dt < BY ax]*.
AEA

2 :a,)\6227r)\t

AEA
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1
Let 1 € R\ A and, for sake of simplicity, assume that v(AU{pu}) > 1. Let 0 < 6 < min (T, Z) then

there is a D with 0 < D < C such that, for every (ax) xeau{u}

T4+
2

2
DZ|G’)\|2 < T+5 Z a/\€2i7'r>\t dt

AeA s [NeAU{n}
2
Moreover, D can be taken of the form

D=5t

Note that, as J is arbitrarily small, as T' > v(A) ! is arbitrarily near to v(A \ {\o}) ! sois T + 4.

Proof. Set

E ' a})\e2z7r)\t'

AeAU{u}

1
For(0 < 6 < T we define

5/2
wlt) = 0 =5 [ s ds
—5/2
_ Za’\ (1 sinm(A — p) ) 2imAt Zb §)e2imAt,
jEA T(A = p)d AcA

The first observation is that, as |\ — p| > 1,

- sinm(A — p)d|? > s = inf |1 — sin s |?
(A — p)d s>78 s
1
Futher, as for A # X' € A, then |\ — \'| > ~(A), the hypothesis of the lemma states that, as T > N
gl
T/2
/ lgs(t)|>dt > C Y " [bA(6)* = Cs Y _ laa]*. (2.10)
7T/2 AEA AEA

On the other hand, from Cauchy-Schwarz,

5/2

1 ‘
w®F < 2fOP 25 [ ePmos e
—5/2
5/2

< AP+ [ IR ds

—5/2
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t+6/2

0 / £ (s)[2ds.

t 5/2

It follows that
T/2

T/2
r [ wopa < 2 [popasss [ [P

~T/2

~T/2
T/2

T/2 t+5/2

~T/2t-6/2
T/2+5/2 min(7/2,5+6/2)

_ 2 24t 4 2 21 ,/
= 2 [ werars [P dtds
max(—1/2,5—6/2)

~T/2-5/2
T/2+6/2

2 [ eras s [P

~T/2—5/2

/ F(s)2ds
T+5

~T/2
T/2
<
~T/2
T+5
< 4z / F(s)Pds <
T+5

since we assumed that 7"+ § < 27

With (2.10), we have thus shown that
@2.11)

2
E:W'—C T+5,/

| f(s)|?ds.
A€A T4

é

. § :a,)\6227r)\t’

We now have to add |a,|? on the left hand side. As a,,

AEA
. 7 . Z , Z 2
2 2 2 2L
a2 = f/|au| dt<2f/|f(t)| dt+2?/ > axe dt
r A RIS
2 2

€A

< t)|*dt + 2B 2
< s / F@Pdt+28 oy
T+6

where we used again that 7'+ ¢ < 27" and the hypothesis of the lemma. But then, from 2.11), we get

168B
|au|2s(4+—)T+(S / £ ds,
T+6

Page |24
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Adding this to , we finally get that

T+8
2
8(2B+1)\ 1
Yo e < <4+ ) /|f(s)|2ds
T
AeAU{u} 0776 + 5_TT+6
TTH
24\ B 1
44+ =) =—x 2d
(1+2) 2k [ ora
T+

since C < B < 1.

It remains to give an estimate of 7. First, as 76 < 7,

sin s
P
S

ns = inf

2 . 2
sin o
s>mo

N )

sins ., . _
Here we use e.g. that the 1 — —— is increasing on [0, 7|, > 1 on [, 27| and
s

Z1_i21_2\/§:1_sm7r/4
2 T /4

+oo 2k
t
for s > 2m. Writing 1 — S% — 42 Z (_1)k—1m and using Cauchy products of power series, it

18 not hard to see that
sin s
(1——) —t4z eyt 2

1 1
with wg = 35 wy = 360 and 0 < w1 < wy for every k. In particular, for ¢t < 1,

2 t4 t2
> —(1—-——.
- 36 10

In particular, as o7 < T,

4 2
s > — (1 " )54225

1— 2=

sin s
S

— 36 160

1
Asod < T it follows that

24 1 48
44 = < s <102 5 4
T <64 5) C

C
We thus obtain the inequality with D = 10—354 as claimed. ]

We can now use this lemma to improve Ingham’s Inequality.
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Corollary 2.6 (Haraux [[L1]]). Let A be a sequence such that yv(A) = minyzyep [A — N| > 1 and let

1
F={M,...;} CA Let S > YAV Then there exists two constants 0 < D < 1 < B such that,
v
for every finitely supported sequence (ay)aen,
S/2 2
1 ‘
DY P <g [ (Lo a<BY af 2.12)
AEA AEA AEA

—5/2
Proof. Set Ag = Aand, forj =1,...,n, Aj = A\ {\,..., A} and 5 = minyyen, [A = M| > 1.
From Ingham’s Theorem, we know that

1
—forevery 2 > T > —

Vn
. T/2 2
= / ST e A>3 fayf
~T/2 AEA, AeAn

. w2
with C,, = ﬁ(Tfyn —1);

—forevery2 >7 >0,and 5 =0,...,n,
T/2

2
1 ‘
T / Z ayae*™| dt < B; Z lax|?

—T/2 AGA]' )\GA]‘

T~: +1 1
Witth=M=6(1+—>.
T; V5T

In particular, the upper bound in 1s already established.

1 S—-T
Now let ———— < T < Sand 6 =
YA\ F) n

From Hauraux’s lemma, we get

1 1
. One might take 7" = — (S + —) so that
2 VAN F)

) 2
1 24m At 2
m Z a)e dt Z Cnfl Z |(Z,\|
745 |AE€An AEAn-1
2
. 4 Cn . . .
with C),_1 =0 05 We can therefore apply Haraux’s lemma again, till we reach Ay. At each step, the
_ " C . . . .
constant Cnfj is rep]ace by Cnfjfl — 5410T‘7 while the 1ntegral ranges over —T+(J2+1)5, T+(j2+1)6 .
n—j
This finally leads to
oo :
2wt 2
s [ X el a6 Y
_ Tins |[AEAR—1 A€A
2
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with

O = 5_4n Can _7T_2 5_4n Wl —1
"~ \10) BBy B, 26\60 G (1+L)

7=1 v;T

As T +nd = S, this establishes . ]

3. L' estimates with integer frequencies

3.1. Lacunary trigonometric polynomials

In this section, we consider a sequence of integers (ny) such that bl

> q > 1. Such sequences are

called g-lacunary in the sense of Hadamard (or simply lacunary).

First note that a g-lacunary sequence is a finite union of ¢’-lacunary sequences with ¢’ > 3. Indeed,

it ¢ > 3 there is nothing to prove and for 1 < ¢ < 3, take N an integer such that ¢ > 3 and

write n,(f) = neyrn then (ngf)) . is ¢"V-Lacunary and {n;} = Ué\:}l{ng)}. Next, for ¢ > 3, g-lacuary

sequences have a particular arithmetic property:

Lemma 3.1. Let ¢ > 3 and (ny)g>0 a sequence such that ng > 1 and ny1 > qng. Consider two finite
sequences £g,mp € {—1,0,1} for £ =0, ..., m and assume that

Z My = Z neny 3.1)
(=0 (=0

then £y = ny for every (.

In other words, an integer can be represented in at most one way as »  +n,. Such a sequence is called
quasi-independent.

J
Proof. First observe that n; < an = 5—mnm forj=0,...,m.

Assume that holds and define vy = ¢, — 1 so that

m
E Vimy = 0.
=0

Assume towards a contradiction that there is an ¢ such that v, # 0. Without loss of generality, we may
assume that the largest such ¢ is m and, up to exchanging ¢, and 7, that v,,, > 1.

Observe that v, € {—2, —1,0, 1,2} so that we obtain the desired contradiction writing

m m—1 m—1 m—1 qé
0=> wmn, = anm+21/gn42nm—2znfan_gzq_mnm
/=0 =0 =0 o
- (1__mq )nm:q qm Ny > 0
¢" q—1 (¢—1)q
since ¢ > 3 and n,, > 0. -
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Note that this result is valid when the ny’s are real, not only for integers.

The aim of this section is to prove that trigonometric polynomials with lacunary frequencies have large
L*-norms of which the following estimate is a particular case: there exists a constant C' > 0 such that,
for every N,

N
§ : eQiﬂnkt

k=1

1/2

/

~1/2

dt > CV/'N.

This follows from a more general theorem which estimates LP-norms of lacunary Fourier series. The
aim of this section is to present this result. To do so, we follow closely [29, Chapter V.8] which goes
through Rademacher series first, so let us introduce those series.

To start, let us denote by Dy, = {[j27%L, (j + 1)27%7], j = 0,...,28" — 1} the dyadic intervals of
generation £ and D = U Dy, the set of all dyadic intervals. Also, if I,J € D then either I N J = ()

k>0
or I C JorJ C I. The Rademacher functions of generation £ are then functions that take alternative

values +1 and —1 on successive intervals in Dy, that is

2kl _q

T‘k<t) = Z <—1>j1}j2—k—17(j+1)2—k—1[ = Sign(sin(27r2jt)).
j=0

The first observation is that, if I € D, and k& > ¢ then r}, takes the value +1 on half of I and —1 on the
other half so that f ;T = 0. A first consequence is that ry is orthogonal to 7y in LQ([O, 1]) since 7 is
constant on each I € D, so that f[ rrre = 0 and Dy is a covering of [0, 1]. Moreover, as |r;y| = 1, the
family (r1,)x>0 is an orthonormal sequence in L?([0, 1]).

+o00
In particular, we now fix a sequence (c;);>o such that E |c.|* converges, we can define
k=0

+00
F=>
k=0

and this series converges in L?([0, 1]) thus f € L?([0, 1]). We actually have a bit better:

+o0
Theorem 3.2. If Z lcx|? < 400 then there exists f € L*([0, 1]) defined by
k=0

400
f= Z CkT'k
k=0
and this series converges both in L*([0, 1]) and almost everywhere.

Proof. The L? convergence has already been established. Further, let F' = [ f be the indefinite integral
of fandlet E C [0, 1] be the set of Lebesgue points of f so that || = 1 and on £, F” exists and is finite.

Now let, S,,[f] be the n-th partial sum of this series
Sulf](z) = chm(a:).
k=0
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As S,[f] — fin L*([0,1]), forevery 0 < a < b < 1,
b 1/2

[ @ - s.1n@) da <(/Wf ) dr < (/}f (@Pdr| o

a

We have just shown that, if I is an interval, then [, S,,[f] — [, f thus also, if we fix £ > 1,

/ (Salf] = Sealf]) = / (f = Sialf).

I

On the other hand, if I € Dy_; and k > ¢, then [, r = Osothat [, S,[f] = [; S;—1[f]. Letting n — +o0
we obtain that

/f da:—/Sg 1[f](x)dz  foreveryl € Dy_y.

Next, let xg € E not a dyadic rational (xg ;é D€ N) and let I}, =]j27%, (j + 1)27*[ be such that
xo € E'N Ix. Then, as Si_1[f] is constant over Ik

Sk; 1[f]($o |Ik| /Sk; dl‘— |Ik| /f dx—)F(x())

when k — +oo. O]

The second result is that f is actually in every LP space:

+oo
Theorem 3.3. Let (c;) € (* and f = Z ciri. Then, for 1 < p < +oo, f € LP([0,1]). Moreover, there

k=0
exists A,, By, depending on p only, such that

Ap <Z |Ck|2> < /|f(3?)|p dz | <B, <Z Ck|2>
k=0 . k=0

Proof. Let us first notice that the theorem holds for p = 2 since

1 % +o0 %
/If(x)lzdw = <Z Ck2>
0 k=0

i.e. the inequalities are equalities with Ay = By = 1.
Next, let us notice that this implies the lower bound when p > 2 with A, = 1 since then, with Holder

2

1 % 1
/ fa@)Pdz| > / f@)Pde| =7
0 0
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It also implies the upper bound with B, = 1 for p < 2 since now Holder implies that

2

1 % 1
/ f@)Pde| < / F@)Pde)| =~
0 0

Further, take 2(m — 1) < p < 2m for some integer m > 2, and assume that that the upper bound

2m

1
/ |f(2)]P™ da < Bomy (3.2)
0

holds. Then Holder implies that

2m

1 L
/ F@Pde| < / F@Pmdz | < Bamy
0 0

that is, B, < By, for 2(m — 1) < p < 2m.

Next, let us show that the upper bound for p = 4 implies the lower bound for p < 2. Assume for the
moment that we are able to prove that

4

1
/ F@)tde | < By
0

2
Let 1 < ¢ < 2 and write 2 = gt + 4(1 — t), that is, take t = o Then, from Holder
—q

1 1-¢

2 = 2)?dx = )% £ (2) 400 g z)|?dx 2)|* dz
7—/|f()|d /|f<>||f<>| dé/lf()ld 0/|f()|d

1

0 0 0
1 t 1 t
< B [ f@))tde | = (Boy) | [ | f(2)]?da
o/ o/

thus

1
q
4—q

1
1—
/ f@lfde| =BTy
0

So it remains to prove (3.2)) for every m > 2. Notice also that it is enough to prove this inequality
with real ¢;’s. The constant in the complex case is then multiplied by 2: write f = f. + ¢f; where

fr = R(ck)ri and f; = Y I(cx)ri. Then

2

—+00 % —+00
112 < [ frllzm =+ [ fill2m < Bay, (Z §R(Ck)z> + (Z IS(Ck)F) < 2By,
k=0 k=0

since |R(c)|, [S(cr)| < ekl
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To conclude, we write

1
[
0

where /; > 0 for every j and

+0,)!
O

dex_

lot- Al =2m

B (g0_|_...
..... Ly, — lo! -

Now observe that

/1 ro’(z)

and that

if all the ¢;’s are even

x)dx
0 otherwise

(Z ) = Y Apen (@) ()

k=0 lo++Lln=m

Further, when /o + - - -+ {,, = m
Aoty 00,  (m+1)(m+2)---2m (m+1)(m+2)---2m o
Aggetn Tli—o(G+1)(G+2) 205 — om N

(with the convention that the denominator is (¢; + 1)(¢; +2) - - -

1 n m
/Sn )?"dr < m™ <Z ck2> :
0

k=0

As S,[f] — f a.e., we conclude that

! % +o0 %
/If(x)lm de | <m'? (Z cﬁ)
0 k=0

that is By, = 2mY/2.

1/2

The estimate Bs,,, = 2m"/“ allows to improve a bit the result:

2(; = 1 when {; = 0). It follows that

+00
Corollary 3.4. Let (c;,) € ? and f = chrj. Then, for every i > 0, exp(u|f|?) € L*([0,1]).

k=0

Proof. Let us fix pu > 0. We first show that if v := ||¢;||2 is small enough, then exp(u|f]*) € L([0,1]).

Indeed
1 +00 m +00 m
/exp(mf )dx = Z /|f Prda < Z —— (4pry*)™ (3.3)
" —
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m
But—<Z—=emsothat

1
provided 72 < —

dep
+00 +o0
Next, take any f € L'(0,1), and apply the first part to f — S, [f] = Z cjrj. Asy2 = Z lc;|* —
j=n+1 Jj=n+1

1
0, for n large enough 72 < 8 thus exp(2u|f — Sa[f]1?) € L*([0,1]).
e
Finally, as |f]* < 2|f — S,[f]| + 2|S.[f]|?, we have

exp(ulfI?) < exp(2ulf — Su[f]I?) exp(2ulS,[f]?) € L'

since |S,,[f]| € L™ thus also exp(2u|S,[f]|?) € L. O

Next, we consider series of the form

“+00

Z c;e* ™, (x).

=0
The idea is that such series are of the form ) +c;e*™", that is, chosing z € (0,1) at random, we
randomly change the sign of ¢;. Our first result is the following:

+00
Theorem 3.5. Let (c;,) € (* and f,.(t) = Z crr(x)e* ™ Then, for almost every x € (0, 1), the series

k=0
converges almost everywhere int € (0,1) and f, € LP([0,1]) for every 1 < p < +oc.

Proof. Let E be the set of (z,t) € [0, 1]* where the series defining f converges.

According to Theorem 3.2} for every ¢ € [0, 1], the set E? = {(x,t) € E} has measure |F,| = 1. It
follows that | | = 1 but then, for almost every x € [0,1], EL = {(z,t) € E} has also measure |E}| = 1.

Next, set v = [|ck||2 and fix n > 1. As in (3.3),

1

! 400 1
n m 1
%/Ifx(t)P”dx =) %/|fx(t)|2md /exp ul () de < - (3.4)
0 m=0 0

depry
0

provided p < 5- It follows that

devy

1 1 1 1
n!
fo()]*™ dt dz // fo()*dzdt < < +00.
O/O/| ) /) 1£(0) (1 — depry?)un
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But then, for every n, there is a set £, C [0, 1] with |F},| = 0 such that, if z € [0, 1]\ F},, / | fo ()P dt <

0
+o00. Setting F' = |J F},, | F'| = 0 and, for every x € [0, 1]\ F, for every n, f, € L?". Using the inclusion
L*([0,1])  LP([0,1]) when p < 2n, we obtain that, for almost every x, f, € L?([0,1]) for every p > 1,
as claimed. O

We can now prove the main result of this section:

Theorem 3.6. Let g > 1 and (n;) ;>0 be a g-lacunary sequence of integers, no > 1 and nj1 > qn;. Let

1 < p < +o0. There are two constants A, ,, B, , such that, if (c;);>o € (% then g(t) = qumm?t is
J20
in L?([0, 1]) with

“+00 % L
Apg <Z Cj|2> < /

Jj=0 0

P “+o00 %
< B,, (Z |cj|2> . (3.5)

j=0

p
E :Cj6217rnjt

>0

Remark 3.7. Note that a simple change of variable also shows that, for every integer M,

400 %
dt | < B,, <ch2> . (3.6)
j=0

M/2

400 % 1
Apg <Z Cj|2> < i /
§=0

—M/2

p

)
§ :Cj€217th

Jj=0

Also, we may assume that ¢ — A, ,, B,, ;, are continuous.

Proof. The beginning of the proof is the same as for Theorem [3.3] Parseval’s identify shows that (3.3)

is satisfied when p = 2 with Ay, = By, = 1. The lower bound is then automatically satisfied for

p > 2 with A, , = 1 while the upper bound is satisfied for p < 2 with B, , = 1. Finally, if we establish

the upper bound for p > 2, using Holder’s inequality in the same way as in the proof of Theorem [3.3]
Tap

the lower bound follows for p < 2 with Ay, = Bi g | - Also, it is enough to prove the upper bound

when p = 2m, m > 2 and then, if 2(m — 1) < p < 2m, B,, < By, 4. Another reduction is that, by
—+00

homogeneity, it is enough to prove the theorem when Z |c; |2 =
j=0

A further restriction is that it is enough to prove the theorem for ¢ > 3. Indeed, for 1 < ¢ < 3,

we introduce an integer [V, such that ¢ > 3 and write nff) = ngn,+¢ for £ = 0,..., N, — 1. Then

néll > qN qn( ). If the theorem is established when ¢ > 3 then, for each ¢, the upper bound in (3.3)) reads

1
1 D P

400 %
/ dt < Bp7qu <Z Cqu+£|2>

But then, with the triangular inequality in L”,

- (0)
E :Cqu+£€217rnk t

k>0

1 1
1 D p 1 Ny—1 p
T (0
/ 2 :Cj€227rn]t dt — / 2 : E : CEN,+ 662mn t dt
o 1720 0 | £=0 k>0
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D=

N,—1
Z Z (€)
S / Cqu 662171'71 t dt
=0\ |k>0
Nq*l 400 %
2
< B, N Z Z|Cqu+é|
/=0 k=0
1
Nq—l —+00
1/2
< N/BM g E ek el
/=0 k=0
1
2
_ 1/2 12
= NY2B, Zm)
Jj=0

where we have used Cauchy-Schwarz in R™e in the next to last line.

A last reduction comes from the observation that, for every &
1

1
n /'L m
[ elulgvP)ae - §j /| Prae= 20 [lgPn ar
0 0

It is therefore enough to prove that there is a ¢(¢q) and a C' > 0 such that, if ;1 < 1(q)
1

/exp plg(®)?) dt < C (3.7)
0
which would then imply that

1
|
/me&SO%
1
0

as desired.

In order to prove (3.7), let us introduce
fx(t> — Z CiTn,; (I>€2iﬂ"ijt.
Jj=0

Integrating with respect to ¢ and using Fubini, we deduce that

1

1
Hhdtde < K = ———
//exp(ulfx(t)l )dtdx < 1 — depr?

0 O

But then, there is an zq (that we can assume not to be a dyadic rational zg # 27 /k) such that
1

[ eplulfun(0F) e < K
0
Next, we consider the Riesz product
k

Pi(x) = H(l + 7, (20) cOs 2mnjt) =
=0 =0

2mn it —2mn,t
e J _|_ e J -
(1 + T'n, ([170) 5 ) = Z"yje2z Jt

JET

-
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where the Fourier coefficients have the following property:

—; = 0if j is an integer that is not of the form ) | £n,, in particular when |j| > Z ne;
=0

—if j = > eme withe, € {—1,0,1}. As g > 3, this &/’s are unique. Then v; = [[, w. In
T, (T0)
2

particular, v, = forj=0,...,kand~,, =0forj > k.

As a consequence, the partial sums of the Fourier series of g are given by

k
Suulgl(t) = 37 g™t = 3 (g 2e¥ ™t = / Fuo(5)Pult — 5) ds.

j=0 j=0

Note that P, > 0 and / Pi(t)dt = 79 = 1 so that v, = Py(t)dt is a probability measure. As

0
¢(s) = exp(us?) is increasing and convex, we apply Jensen’s inequality (with the measure ;) to obtain

o (35nlal)) <o / )P~ 5)ds | < / (1 onl)) Pt — ) s,

Integrating over [0, 1] and using Fubini, we get

1

/lso@Snk[g](t)) dt</ (5()) [ Pult =) aeds /lgo(|fxo<s>|)dsgf(.

0

Letting K — +00, we obtain

/exp (g|g(t)|2) dt <K
0

as claimed (up to u/2 instead of ). ]

3.2. The proof of Littlewood’s conjecture by Mc Gehee, Pigno and Smith

We will now give the proof of the Littlewood conjecture, i.e. of Theorem B, following closely [4]. Let
us recall the statement:

4
Theorem 3.8 (Mc Gehee, Pigno, Smith). There exists a constant Cyps < —; such that, if (nk)ken is an
T

increasing sequence of integers and (ay,) is a complex sequence with finite support, then

2i7rnkt

dt.

Q

<

R

n
?T‘_
L
O\H
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1
The proof given below will give Cy;ps = 9% which is not the best possible. We avoid minor techni-

calities which would lead to Cyps = 30 (see e.g. [[1,128]). The proof in [15] requires the introduction

of various parameters and a cumbersome optimization of those parameters in the final step and leads to
1

Cups = %"

Strategy of the proof

It will be convenient to write both F\(s) = ¢,(F) for the Fourier coefficients of F € L2([0, 1]).

We fix a trigonometric polynomial

N N
$(t) =D are®™' and S = (3.8)
We then write |ax| = apug with ug, complex numbers of modulus 1 and we introduce
N
k —2imngt
To(t) = — K 3.9
o(t) Sy G (3.9)
Then by Parseval’s identity we have
N a N R 1
S = L= To(—ny) = | o(t)To(t) dt. 3.10
>t = L dwhm) = [ o) 3.10)
= = 0

so that

S < |9l | Tol] o= (j0,17)-

The issue is that, typically we have no control over the L>° norm of 7 other than the trivial and explosive
control by > %, so we will correct 7 into another test function 77 as follows;

1. The L norm of the corrected function 7 is controlled by a constant C, ||T} |- < C.
2. ﬁ(—nk) only differs a little from ﬁ)(—nk) for 0 < k£ < N, say |f1(—nk) — T\o(—nk)| <
To(—nk;) 1

5 = o5 while we impose no condition on the behavior of ﬁ (n) for n # —ny.

We would then conclude as follows:
N AN /\ A~
/¢ )T (t) dt| = /¢5 (To —Th)( Z¢ i) (To(—ng) — Th(—ng))

with Parseval. With the triangular inequality and our expected estimate |7} (—nz) — To(—ng)| < —, we
then conclude that
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But then

35 < | [onw ] < B [lowla < c [ o)

1
which is the expected result with A = Yol

The proof of the Theorem [3.8] (Theorem [B]) thus amounts to proving the following lemma:

Lemma 3.9. There exists a universal constant C and a T € L*° such that

1 1
2k+1

2wﬁv%w—f<nw|—ﬂw—kﬂ for0< k<N

where Ty is the function given by (3.9)).

The remaining of this section is devoted to the proof of this lemma.

Proof of Lemma 39

First note that, up to eventually adding extra zeros to the sequence (ay) and adding Ay, ; = Ay + j to
the sequence (\;), we may assume that N = 21 — 1,

~ 1
We start by decomposing T into a sum of dyadic blocs on which the amplitude |7o(— ;)| = T is more

or less constant. More precisely, for j = 0,...m we set D; = [27,2/7![ and

Uk _9;
fj — § :?6 2z7rnkt'

kGDj

The function 7}, now appears as the partial sum of order m of the series ) _ f;, in other words

Let us start with a simple lemma:

Lemma 3.10. With the above notations, we have

L\ fillze o) < 1.

2. | fill 2oy < 27972

Proof. By construction, |I;| = 2/ hence
IDil
e Y 2
keD;
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On the other hand, Parseval implies that

2N
5 ol
1£illz = Z ZS =2 ’
k=27
as claimed. L]

Now, write the Fourier series of each | f;| € L*([0,1])

il =Y el f)e ™.

SEZ

To each | f;|, we associate h; € L?([—m, n1]) defined via its Fourier series as
hi(t) = o1 f]) +2 ) esllf;1)e ™"
s=1
Lemma 3.11. For 0 < j < n, the following properties hold

1. Re(h;) = [f;] < 1;
2. |17l 2o < V21 fill 2 qo.ay-

Proof. First, as | f;| is real valued, co(] f;|) is also real while ¢5(| f;|) = c—s(] f;|) for every s > 1. Hence

hi(t) = co(|f5]) + 220_8(|fj|>€*2iﬂst
s=1

and thus
h+h— TS
Re(hy) = == = co(lf]) + D es(IfDe™™ = |f5] < 1
s7#0
by lemma [3.10

By Parseval’s identity and again c,(| f;|) = c—s(|f;]),

hll2 = |eollfi)] +4Z|cs (D] = [eo(lf5D)] +2Z|cs LD +2Z|cf (1£])]
< 2Z|Cs /D] _2||fj||2

SEZ

as claimed. (]

We now define a sequence (F}) o, ..., inductively through
Fo=fo and Fjq = Fje ™+ + f,

where 0 < 1 < 1 1s a real number to be adjusted later on. Further set

x 1 x 1 2
En = Sup m = — Ssup T 1 g S —.
0<z<1 T 0<z<n € € n
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Lemma 3.12. For 0 < j <n,

FJ'HOO<

S

Proof. By definition of £,,if C' < F, and0 < x < 1,thenCe ™™ +x < Fe ™ + o < E,,.
We can now prove by induction over j that |F;| < E,. First, when j = 0, from Lemma[3.10/ we get
[Eolloc = Il folloo <1 < E.
Assume now that || Fj||» < E,, then

Fia®)] = [EHe ™m0 1 f@)] < | Bl ™bn®) 1 r )
= IRl O 4 £ (),

2
As | fi+1(t)| < Tand |Fj(t)| < E,, we get |Fj11(t)| < E,,. It remains to prove that £, < —. To do so, it
Ui

suffices to see that

1
e—y<1—<e )y for0 <y < 1,
(&

yielding the result immediately. ]

Lemma 3.13. For0 <{<nandj=0,...,k let gj; = e Mk with

hj1+...+h, whenj <k
ik = _ :
! 0 when j = k

Then
k
IS Z [i9j k-
j=0
Proof. By induction on k£, when k = 0, Hy o = 0 thus gp o = 1 and, indeed, we have
Fo = fo = fog0,0-

k
Assume now that the formula has been established at rank & — 1 and let us show that Fj, = Z 1i9j.k-
=0

By construction, we have

k—1
Fj, = Fy1e™™ + fr = (Z fjgj,k1> e M+ fy.
5=0
with the induction hypothesis. It remains to notice that gy = e &+ = 1 and that, for j = 0,...,k—1,
k
Hjj = Hjp—1+ hy thus g; = g; -1~ so that, indeed, we have F}, = Z fj9;.k as claimed. N
j=0
Recall that
m
Ty=> /i
j=0
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and we set
m
T1 = Tln = Fm = ijgj,m
§=0

where the dependence on 7 comes from the definition of the g; ,,’s, in particular
1TVl < E
The first part of Lemma is thus established and it remains to prove the second part. To do so, we
start by some intermediary results;
Lemma 3.14. If H € H*(Hardy space) and Re(H) > 0, then e~ € H* and

le™ =1l < |[Hl2-

Proof. Since H™ is a Banach algebra, the partial sums Z(—l)k? of e~
k=0 ’

over, since H is bounded, these sums converge uniformly toward e/, with e~ € H>. Finally, if = € C
and R(z) >0

1
et —1|= /ze_tzdt /| e dt < 2.
0

In our case z = H(t), and we have

‘eH(t) - 1‘ <|H(®)

and by integration we have the desired inequality. ]

 are elements of H>°. More-

Next let us introduce the following notations:

1. Let f € L(]0,1]), the spectrum of f, denoted by spec(f) is the set of indexes of non zero Fourier
coefficients, that is

spec(f) =supp f = {n € Z : f(n) # 0}.
It is easy to show that, if f, g € L?([0, 1]), then

spec(fg) C spec(f) +spec(g) = {A+p : A € spec(f), € spec(g)}.
2. Let A be a subset of [1, N[, we denote by A4 the set of n;’s with j € Ai.e
AA = {TLJ', _] - A}

Lemma 3.15. Let k € Dy = [2°, 2] then ]%;n(_nk) =0ify </l

Proof. We must show that —ny, ¢ spec(fjg;m,). By contradiction, we suppose that —ny, € spec(f;g;).
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But since spec(f;) C —Ap, and, from Lemma [3.14] spec(g;,,») C N, thus

spec(fjgjm) C —Ap, +N.

I
I
||

Ao, ]

J

However, since j < /, D; is to the left of Dy, then —Ap, is completetly to the left of —Ap, + N (since
k € Dy, then —ny, € —Ap, by definition of Ap,). O

Proof of (2) in Lemma 3.9 Letk € [1, N[ and ¢ < m such that k& € I;. Hence
—ng) = Z figjm(—ng) = Z [i9jm(=nk)
=0 j=t

with Lemma

On the other hand, Ty(—ny,) = % while f;(—ny) = % if k € Ijie if j = ¢and fj(—ng) = 0
otherwise. So we can write

To(—nk) = D Fi(—m)
j=t

m

ZC ni fy g]m—l)].

Jj=t

But

lc—ny [fi(Gjm — )] £ (g5.m — DL o,

1Fill 2o 1g5m = Llzzqo.py = I1fll 2o, e

<
< — | z2(o.1y)

by definition of g; ,,. Using Lemma and then Lemma we obtain

<allfillz D el

r=j+1

lonilfi(gim = DI < nll fill2[ Hjmll2

< alfillav2 Y Ille

r=j+1

with Lemma[3.11] Then, from Lemma[3.10, we obtain

O [ R D DR SRS LN s

r=j+1

—(j+1)/2

1—2-12

We conclude that

Ti(=\) — T}(—Ak)‘ <3y 27 <6n2 .
j=t
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On the other hand, as k € I, = [2¢,2/*1],
~ 1
1To(=X\e)| = > 91
so that

Ti(—) — To(—w)| < 120 To(—Mw)].

1
Choosing n = 71 gives the result. 0]
1 . . 1
Note that, when n = o F,, < 48 so that we can take C' = 48 in Lemma[3.9] leading to Cy;ps = 9%

in Theorem 3.8l

3.3. Strongly multidimensional sets

Letd > Oand (m,n) € N2, A subset A of Z is (§; m, n)-strongly 2-dimensional if there exists numbers
d and D with D > (2 + §)d such that

A= J(A+ kD)
kel

for some set [ containing at least m integers and subsets Ay, C {—d, ..., d} verifying |Ax| > n.
Theorem 3.16 (Hanson [10]). Let 6 > 0 and m, n be two positive integers satisfying
n > 12808 psIn(n)® and m > 122103, pgIn(n)? In(m)?, (3.11)

where Cyrpg is the constant in Theorem Bl Suppose A is (6;m,n) strongly 2-dimensional subset of Z.
Then

Clips
> P+ m ) e

/ E :6227rat

0 GGA

Combining this result with Theorem 3.3 in [27]], we see that the estimate is also best possible up to the
constant.

Given a set [ C Z, a positive integer ¢, and an arbitrary integer s, we define
I(g;s) ={kel:k=s(modq)}.
The proof of Theorem is a direct consequence of two lemmas. The first one is the following:
Lemma 3.17. Let [ be a set of integers with |I| > 8. Then there are positive integers q and s such that

15
3

< |I(g: )| < q'2.

Proof. For each j > 1, we choose any s; such that |/(47; s;)| is maximal. But, on one hand,

491

I=J 1,9

s=0

© 2024 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |42



and on the other hand, for j fixed, the sets /(47
larger than 47| /|. In particular, for some s;,

) are disjoint, so at least one of them has cardinality
1147, 55)] = 477|1].

1
For j = 1, we thus have |/ (4;s1)| > 7]

(3.12)
so that, for any s

(4™

2. On the other hand, if j = s mod kpthen j = s mod p
1s) C 1(4% )

for ¢ <m,

and, for sufficiently large j we have |1(47;s;)| = 1
|7(47; 55,)] < 27 '

27. Therefore, there exists a minimal 7, such that
270 Let ¢ = 4%°, and s = s, then using (3.12)) and the definition of jy
1] : o _ L
— < (g s)| = [1(4°555,)] < 2° = ¢7.
q
In particular
IERYAS

By minimality of jp — 1

(3.13)
1 3
L =20t |1 (@0 0) [ £ DT (g ) S AT s5,)] = 45 9)
r=0
by definition of s;,. We thus get
1 1
¢ _ |15
] ; 2 o 2 3
with (3.13).

Lemma 3.18. Let § > 0 and let d and D be positive integers with (2 + §)d < D. Suppose I is a finite
set of integers, and let

L]
t) _ Z fk(t>€2i7ert

kel
where

_ Z an,k€2mnt
In|<d
Let q and s with q > 47 and suppose 1(q; s) = {ki, ..., k;} then we have
I F |22 o,y =

CMPS 27d
BETRITD) ankuL o (G2 - 24

We split the remaining of this section into two parts. In the first one, we show that Lemmas [3.17] and
3.18/imply Theorem [3.11l In the second one, we prove Lemma [3.18]
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Proof of Theorem

Let § > 0 m,n be two integers satisfying the conditions of the theorem and let A be strongly (6, m, n)-

regular. Thus, there are two integers d, D such that D > (2 + §)d, we can write

A= JAx+ kD),
kel

with [I| > mand Ay C {—d,...,d} with |Ax| > n. We can then write

F(t) - Z 62i7mt _ Z fk(t)GZz’kat

acA kel

with

d
fk(t) _ Z e2i7rat _ Z amke%wnt

acAg n=—d

with a,, , = 1if n € Ay and a,, = 0 otherwise.

Assume first that there exists &1 € [ such that

Cups
[ frr |21 o,1) = o In(m) In(n).

We then choose ¢ >

B.18

T
7Cups

Filr: >
|| ||L ([o,1) = 3271 (2 T In (1 _|_%

CMPSkaJlHLl([OalD (1
267 (2+In (1+3))

As D > 2d, using (3.14), we conclude that, in this case

Curs\> Innlnm
F >
12 oy = ( 297 2+ 1In (14 2)

which establishes the theorem.

We will thus assume that, for each k& € I,

C
Il 2oy < == In(m) In(n).

Note that, from Theorem [Bl,

I fellzr o)) = CupsIn(n)

| fr 22 0,1)) (CMPS
)

(3.14)

in such a way that there is an s such that /(q, s) = {k;}. Hence by Lemma

(3.15)

so that 27 < In(m), in particular, m > 8. We then take q and s given by Lemma [3.17 applied to the set

I'sothat J = |I(q; s)| satisfies

W=

me
8

N[

< J <@
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We write
I(g;s) =1k < ... <ky}
From Lemma we get that

1 CMPS 2md
Fllr: > 2
¥z o 257 (2 + ln( % Z Il ( 2 qD>
- 1 (1~ 1)
T Br(2+m(1+32)) " P
with
J
Cumps ||fkj||L1 27rd
T = y == an Z [pnivas
2 st J
Next, as || fx,[|z1 = CupsIn(n),
J
T > CirpsIn(n) Z} > CirpsIn(n) nJ > Cirpsn(n) In(m)
2 — 9 2 8
7=1
with (3.16).
On the other hand, from (3.13)), we get
21 Jd Cyrps 21 Cyps
75 < D 29 In(m)In(n) < q—%ﬂln(m) In(n),
D
since d < 5 and J < q% with (3.13). Further, (3.13) also implies that
gz > %3 > 24 CrpsIn(m) In(n)
with (3.11)), leading to T < ——.
2137
We have established that
17| < 1 C2pgIn(m)In(n) 1
PO = 95 2+ 1n (1+ 2)) 23 27
Ciips < 10 1 )
= 27 In(m)In(n) —
(2927 (2+1n (1 +2)) (m) In(n) C2pg
Clips
| |
(2°7)2 (2+ In(1 + 2)) u(m) In(n)

1
since In(m) ln(n)C?\/[PS > ST
/7'[' —_—

Proof of Lemma 318

The rest of this chapter consist in proving Lemma[3.18 The proof is divided into several lemmas. The
first one is a simple lemma about numerical integration of trigonometric polynomials:
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Lemma 3.19. Let N be a positive integer. Then for any trigonometric polynomial | of degree d
J
/(%)

N-1
: L . 1
Note that, as f is 1-periodic, writing N = R + 5, N Z;
]:

1 2md
I fllzrqo,1) — N Z < THf”Ll([OJ])-

N-1
J=0

. S—1
() rs
NJ|TR+S &=,

Proof. We write, using the triangular and reverse triangular inequalities

1 | N1 j N-1 N j
_ 2 — )| — — || dt
Juorae-5 3 (5] = X o] (%))
0 7=0 3=0"75
N
J+1 j+1
N-1 N . N1 E| t
< / f(t)—f(%)‘dt:Z/ /f’(s)ds dt
7=05 =05 |5
N N N
j+1 Jj+1 J+1
N-1 N ¢ N-1 N e
< > [ [irenasa =3 [ire) [ aas
=05 7=05 s
£ % %
J+1
L N1 T 1
< 32 [Ires= [1re)s
J=0 75 0
N
j+1
where we have used Fubini and the bound / dt < N when % < s < ]T We conclude with
Bernstein’s inequality, || f'|| z1(j0.1) < 27d|| f || £1([0,1])- O

For a finitely supported sequence (A(k:)) ey We define its discrete Fourier transform (or Z-Fourier
transform) as

FalAl(t) =) A(k)e ™,
keZ
If A, B are two finitely supported sequences, their convolution is the sequence A x B defined by
AxB(k) = Bx A(k) =Y _ A(k —n)B(n).
neZ

The Convolution Theorem is also valid here: Fy[A * B|(t) = F4[A](t)F4[B](t). Two classical examples
are

— the Dirichlet kernel: set dy = 1_p, ., so that
: i 2L+ 1)t)
L(t) = Faldg)(t) = > e D)

|k|<L
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+1) ——L,..,

_ _ LY e L (sin(m(L+ 1))
FL(t)_Fd[fL](t)_ng(l L+1> L+1  (sin(mt)?

— the Fejer kernel: set {7 (k) = ( - L) 1_1...1(k) sothat

Lemma 3.20. Let M, N, R, S be integers with 2 < M < N. Then there exists a function Ky y with the
following properties:

1. KM,N(k> == 1f0}” |/{7| < N,

2. KMJ\[(]{) = OfOI’ |/{7| 2 N+2M

5—1 .
1 J
3. when R+ S > 2N +4M, —— FalK —— || <167(24+ In(1 + N/M
vhen 48 2+ 40 g [ ol (g )| < 1052+ i1 + /A
Proof. Define
1 1
Kyn(k) = MdNJrM*JTMl(k?):M%ﬂ{MN ..... Ny (B = 1)L a1y (K)
1 n]
- Loy (_M)
|n|<M-1
[n—k|<N+M

First, for |[k| < N, if [n| < M — 1, then |[n — k| < |n| + |k| < N + M — 1, so that

-4 3 (5) A -5

|n|<M-1
On the other hand, if |k| > N +2M and |n| < M — 1then |k — n| > |k| — |n| > N + M + 1 so that
the sum defining K s y is empty and Ky, y = 0.

To prove the last item, the Convolution Theorem shows that
1
FalKun)(t) = 5rDnen (8) Frr-a(2)-

As Dy and Fiy—q are both even, so is K n thus

1

/ Fal Ky (0)] dt = 2 / Fal K]0 dt = 21y + L + Ty)

where

1

1 N+M
=~ / | D () Far_r ()| dt
0
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e
1
b= [ IDvas®Fua 0]
N
1
2

1
Iy = / | D () Far—r ()| dt.

L
M

We have
1
[ Dyam (D) S2(N+M)+1, 0< Fya(t) < M, /FM1<t) dt = 1.
0
It follows that

1

1
M+ N

1
I1<M/(2(M+N)+1)Mdt:2+ < 3.

since M, N are positive integers.

Using the explicit expressions of Dy and F); 1, we have

sin2 (mMt)
sin®(rrt)

L1 /M [sin(r(2(N + M) + 1)t)| sin*(xMt) . _ 1
SV sin®(rrt) - M2

dt 7T21 1+N
—=—n — .
t M

using that sin 7t < 7t fort > 0 and that sin7t > 2t for 0 < ¢ <

2
8

N —

Finally, for I3, we do the same computation to bound

1

7 1/81n7thd_/sm7T8 /d 1
35 p 13 3 =9
1

1

W

Grouping all terms and slightly upper bounding the numerical constants, we obtain

/1|.7:d[KM7N](t)| dt <8 (2 +In (1 + %)) .

By Lemma[3.19] (and the 1-periodicity of F,[K s ny]), we obtain

S-1 :
F1 S 2 fHKMmJ(ZR+1>‘<(1+}%+S>HfﬂKMNmDmM%
=R
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Butd=N+2M —1land R+ S > 2N + 4M so

27Td<7T(2N+4M—2)
N ST oN+am T

Hence we get

(R i S) ‘ < (L4 m) | Fal K]l o)

< 16m(2+1 1—|—N
AN T n I 9
M

concluding the proof. O]

Lemma 3.21. Let R, S be positive integers and K = (K(—R),..., K (S — 1)) € C"5. We extend K
into

—an R+ S-periodic sequence KV) (j(R+S) + () = K({) for { = —R,...,S — land j € Z;

— a finitely supported sequence K©) by setting K (¢) = K({) fort = —R,...,S—1and K©(¢) =0
fort > S aswellasfor{ < —R — 1.

Then
1 1
/ 0)] L
R+ S
0 0
S—1

Proof. Write elements of C"* as (a_p,...,as_1) and the scalar product (a,b) = Z aeby. For j =
(=R

. 1 .
)6227rmt 5 Z Fd [K( am€227rmu
{=—R

du

meZ

S—1

. |24
62”TR+S] so that (ex)r=—r
(=R

1

_R7 .- -;S_ ]., denote by e = l—
VR+ S

of CIi+5,

5—1 1s an orthonormal basis

.....

Write Ay = Zan(R+S)+e€72m(n(RJrS)M)t for{ = —R,...,S —1land A = (A;) € CF*5. Then, by

nez
periodicity of K(?)

. . Sil —
> am KW (m)e* ™ = Z K(0)) ~ aj(rasysee”™ V= (K A) = >~ (K, e)(A, er)
meZ jez k=—R

S—1
: Z < Z K 2z7rkR+S> < Z Z a’n RAS)IH 2271’ (n(R+S)+£4)t 2z7rkR+S>
—=— {=—R neZ
1 = )
- f . 2271'( n(R+S)+0)t4+-L 7<)
R+Sk:2 Ko (R+S> ZR%G (s )
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Noticing that 2™ wrs = 2B+ 0 7is] we may write
= 5—1 .
Z a,, K® (m)e™™ = Z ]:d[K ( > Z Z (8 o20m(n(R+5)+0) (t+ 7h5)
mez E+5 =R E+5 (=—R ez
=
= — Z fd[K ( ) Z A, 227rm t+R+S)
R+ S Py R+ S ~
From this, we deduce that
R k / :
ZiTrmt (0) 2irm(t+ v1<)
m dt < —— FalK —_— m R+5/| dt
/Za < s 2 R (s | [ | S e
meZ k=—R o |ImeZ
1 = k /
- - (0) o 2iTmu
~ s X PO (g )| [ [ ewer |
with the change of variable u = ¢ + 7 i 5 and periodicity of u — Z A €2, H

Lemma 3.22. Let d, D and q be positive integers with (2 + 26)d + 4 < D for some 6 > 0 and q > 47
Suppose 1 is a finite set of integers and, for each k € I let f;. be a trigonometric polynomial of degree
at most d. Then for any integer s, we have:

1

1
/ > fe(t)e® P dt < 32m(2+ In(1 + 2/6)) /
0

kel(g;s) 0

kGI

Proof. Assume we can prove the lemma for s = 0, that is, for any sequence (fx)iecz of trigonometric
polynomials of degree at most d and any finite set 7,

1 1

/ngq )e2m Pt qt < 321 (2 4 In(1 + 2/6)) /

kel

Then, replacing I with I — s and replacing ( fx) with (fx1s) we get

1 1
/ Z fu(t)e2imPtatl gt = / Z Foreg(t)e¥ ™Dt qy
0 0

kel(g;s) s+Llgel

1
< 327T(2+]n(1+2/5))/ S FeB
0 kel—s
1
= 327(2 + In(1 +2/9)) / e 2D S (1) HTDH
0 el

—2i7TDst|

which is the desired estimate since |e = 1. So there is no loss of generality is assuming s = 0.
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Next, we write fi = E ak 2™ (POt anq

—d<i<d
F(t) = Z Z alg e2im(Dk+0t _ Z a,,eXmm
kel —d<t<d m
where
m=af whenm=Dk+¢, kel and |(|<d
e TR ’ f<d, (3.17)
0 otherwise

od
Let N =d, M = {?—‘ the smallest integer larger than 5 and let K n the sequence from Lemma
Since

od D
N+2M<d+2<5+1> :d+5d+2<5
then we have
D D
supp(Kyn) = [-N —2M,N +2M] C l—5751 )

Further K ny(m) = 1 for m € [—d,d]. Next, K](\?N to be the ¢D-periodic sequence defined by
K (jaD + ) = Kyn(f) for ¢ = =N —2M,...,N + 2M and K| (k) = 0 for all other £’s.

We take R, S > N +2M such that R+ S = ¢D and then K\ (k) = Ofork = —R,...,—~N —2M — 1
and fork=N+2M+1,...,5 — 1.

From Lemma [3.21] we get
1 . s ; 1
(p) 2immt 2immu
/ ZamKM’N(m)e dt S m Z ./—'.d[KMJ\f] (m) ‘ / Z ame du
0 m =R o |ImeZ
N
< 16w 2+ 1In(1+ M ||F||L1([O,1})
with Lemma 3.20]
D D ®) - L :
As supp(Kyn) C g and K/ v is periodic of period R 4+ .5 = ¢D then
KD (m)£0 if m—jqD+0 for je€Z and |¢|<2 3.18
M.N 79D + or j€ an ||\2. (3.18)

Combining (3.17)) and (3.18)) we have that a,, K ](5) n(m) # 0 only when
m = Dk+/{=jqD + /.
D
Hence |jqD — Dk| = [{ — V| < d + 5 < D. But this can only happen when jq = k, which then also
implies ¢ = ¢'. In particular, m = jqD + ¢ with |¢| < d and then
am K (M) = ajqp oK)y (54D + 0) = ajopeKY)y (0) = a)?®.
It follows that

ZamKM’N(m)ezmmt = Z Z 0;qD+0€20D+01]

meZ jez —d<t<d
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2irkDt _2imwlt
= > > apae e

k=0 mod q —d</<d

kel
_ E : ekaDt E : arp 2@7r€t
kel(q;0) —d<t<d
_ E : fk: 6227rth.
kel(q;0)

Finally we get

1
/ Z fk (t)62i7TKdt dt
0

kel(q;0)

1
/ W Ky v (m) e ™™ dt

0 I m

321 (2 + In(1 + N/M)) || F|| L1 (j0,1))
327 (2 + In(1 4 2/0))|| F |l Lr¢o.1))

s1nce N 2d < = 2 (]
5D 5

We can now prove the lemma.

Proof of lemma Write (q; s) = {k1,. .., ks} and write each k; in the form k; = r;q+s. Applying
lemma [3.22] yields

1

J 1
Fll s > 2i7rk]-Dt dt:/ 2imw Dst 227r7']th dt
1E 02 0.0y 327?(2—|—ln 1+2/6)) / 2 fis 0 ‘ Zf
o li=1 0 J=1
qD
1 S Qimrs
- = N st
qD / ’ <CJD> ‘ ’
_ 2imr;s
_ qDZ / ka (_> ds.
But
J s J m J S m
kaj (_) €2i7rrjs _ ka] <_> 62i7rrjs + Z |:fk1 (_> — fk/']' <—>1 €2i7rTjS
j=1 D j=1 ab j=1 b b
so that
1
Filr: > T, — T
1Eleom > gz 1~ )
with

lelmzf

ds,

2imr;s
;1 B (qD>
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and

It remains to show that

C 2d
7 > Cours Z ||fk ||L and T) < —Z [ i |l -

1=1

Let us start with 77: using the 1-periodicity in s,

1 24 / m
T, = — /ka] (_) 621777"]5 dS,
q m=0 0 j=1 qD
D-1 J m J . gD-1
Crps ‘f’% (qD)‘ Curps 1 <m )‘
> : = - Jii | =
o 22 T 2 2

2nd 1
with Theorem Bl Applying Lemma[3.19to f;, and using that LD < 3 with our hypothesis on ¢ and D,
q

f m—1 >I|fkj||L1
qD 2

and the desired estimate of 7 follows immediately.

we get

1 &

qD m=1

Let us now estimate 7T5. For s € [m, m + 1], we have

(s (o)~ (o)) =

Q
S

f]/% (t>€2i7rrjs dt

.
Il
—_

|
]~
%|3\

3
it

Q
>

fl/fj (t)eziﬂ"f’js dt.

-

N
Jf—ou_

1

J

Q
>

From the 1-periodicity in s, the integral of this quantity over [m,m + 1] is the same as the integral over

[0, 1]. Thus

S
3
_|_
=
@‘s
St

[P —u

.
Il MM
I

-y

t)€2i7rr]-s

dtds

Q
S

=)

S| -

Nk
J3r 3\

J

/ 2@7rr iS
Z fi, )™

dsdt

I
-
(]
|3\U‘
O\H

Q
S
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fi (t)e* ™% | ds dt

J

J
=1

J

11
-/
= D
0 0
27rdJ

J
1
< —= / < 2rme |
D Z 1 oy < 5 Z 1 ks 22 oy

with Bernstein’s inequality. ]

3.4. Newman’s extremal trigonometric polynomial

Finally, let us insist on the fact that all results in this section are worse case scenarios i.e. the lowest
possible L' norm of a trigonometric polynomial with eventually a constraint on the spectrum or on the
coefficients.

If one looks at the maximal possible value of the L'-norm under the constraint that all coefficients have
modulus 1, then, from Cauchy-Schwarz
2\ 2

1 N i
/ dt (Zaj|2> = VN +1
0 7=0

if |a;| = 1 for all j’s. However, if one wants ]t\? reach the bound v/ NV + 1, one would need that equality

Z a; €2i7rjt
j=0

the only trigonometric polynomials with constant modulus are monomials (thus in our case, equality can
N

only occur when N = 0). Indeed, consider the polynomial P(z) = Z ajzj with ay # 0. Introduce
=0

1

| f

0

N
2imjt
E a;e

Jj=0

N
2imjt
E a;e

Jj=0

holds in the Cauchy-Schwarz Inequality so should be constant. But, it is easy to show that

N

P*(z)=P(z) = Za_jzj. Then |P(z)|? = ¢ when |z| = 1 can be written in the form P(z)P*(1/z) = c
=0

for |z| = 1, which is now an equality between meromorphic functions over C \ {0}. As this is true on

{|z| = 1} itis true over all of C \ {0}, in particular, P has only 0 as zero thus P(z) = ayz".

So the natural question is, how near to /N + 1 can one get. A result by E. Beller and D.J. Newman
[2] shows that one can obtain /N — O(1). For sake of simplicity, we will only present a previous result
by D.J. Newman [22] which contains similar ingredients:

Theorem 3.23 (Newman, [22]]). There is an absolute constant ¢ > 0 and an integer Ny such that, for

every N > N there is a sequence ay, . .. ,ay with |aj| = 1 for all j and such that
L v
/ Z@emmt dt > VN —c.
o 170
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T
N +1

Proof. The example is related to Gauss sums. We fix N and set w = exp (z
define
N N ;2
_ 2wyt . _J .
P(t) = E aje”™ _jzoexp(2z7r(2<N+1)+jt>>.

J=0

.2
), a; = w’ and

The theorem is based on the following lemma:

Lemma 3.24. With the previous notation, when N — +o0

1
/ |P(t)[*dt = N2 + O(N?*/?).
0

We postpone the proof of the lemma and show how we can conclude with it.

Parseval’s identity gives || Pl = v/n + 1 and then Holder’s inequality implies

Wl

1 1 % 1
N < N+1=/|P(t)|2dt§ /|P(t)|dt /|P(t)|4dt
0 0 0

1
From the lemma, we deduce that there is a constant A > 0 such that / |P(t)[*dt < N? 4+ AN3/2 when

0
N 1is large enough, so that
1
N2 1/2 1 1/2 A1 ~1/2
/|P(t)|dt = (N2 + AN3/2)1/2 =NY (1+ AN-1/2)1/2 =NV (1_§N 2+ o(N"2))
0
for N large enough. [

It remains to prove the lemma:

Proof of Lemma We write

N 2 N N N
Zaj€2i7rjt _ <Z aj€2i7rjt> <Z %€2i7rkt> - Z Cg€2m£t.
j=0 j=0 k=0 (=—N

N
Note that ¢y = Zaja_j =N+1,¢c_p=7¢ and, for /¢ > 1,
§=0
N—/¢ N—/¢ N—/¢
¢ = kT = w(z+k;)2 w—k:Q _ weQ Z W2k
k=0 k=0 k=0
2l W2(N—t+1)0 _gwﬂ W 22
- 1 — w2t R B
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since w?V+1) — 1. We thus obtain that

On the other hand, from Parseval,

1

N
JIEOES WO oI
(=1

0

since co = N + 1 and |c_¢| = |cgl.

To compute the last sum, we split it into 4 parts

S1 = > <oy leel? Sy = > N 41 led?
VN<(<
53 = ZN+1 |Cg|2 S4 = ZN—Fl—\/NSfSN'CAQ'
5 <l<N+1-+/N

As |cn+1-¢] = |ce| we have Sy < 57 and S5 < Ss so that we only need to show that Sy and S3 are both
O(N3/?).

00
For S;, we use the estimate Sl,n 7 < /¢ to bound |c¢|* < £2, leading to
S11
Y <N Y 1=NP-
1<U<V'N 1<U<V'N
2 N +1)2
Further, as for 0 < 6 < g, sin® > —6, we bound |¢y|? < % so that
T
+o0
N +1)2 1 N +1)2 dt N +1)2
SQSQ Z —2§g / —2=u=O(N3/2)
4 v b 4 t2 4N —1)
VN<<HH VN-1
as claimed. U]

4. L' estimates with real frequencies
4.1. Some results for the Besikovitch norm
We will now present two results for the Besikovich norms of non-harmonic trigonometric polynomials.

We start with the analogue of Mc Gehee, Pigno and Smith’s result. Let us present a nice argument by
Hudson and Leckband that shows that the estimate for the Besikovich norm follows from Theorem [BL
The converse is of course true as well and the result was obtained directly in [15] and even allowed to
slightly improve the constant.
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Theorem 4.1 (Hudson & Leckband [12]). For (););>0 be real numbers with \j;1 — \; > 0 and let
(a;)j>0 be a sequence of complex numbers with finite support. Then
T/2

“+00 |(Z | 1 “+o00

2: J : Z 2imAjt
Carps — 741 = Tgr—{-loof / , e dt

Jj=0 —T/2 Jj=0

where Cyypg is the same constant as in Theorem

Moreover, assume that (\y) is g-lacunary i.e. Ao > 1 and A\p11 > g\ Then, for 1 < p < +o0,

T/2

+o00 1/2 1 +00 p +o0 1/2
bS] < |5 [ (Saer ] <a (i)
7=0 _1y2 1770 =0

with A, , By, the constants in Theorem (3.6

Actually, only the first part is in [[12]. The second part is here obtained with almost the same proof and
seems to be new.

Proof. Let ag, ... ,ayn be complex numbers, \y < A\; < --- < Ay be real numbers and
N
@(t) — Z a/j€2”r>\jt.
§=0

Let € > 0. By a lemma of Dirichlet ([29, p 235], [9]), there is an increasing sequence of integers
(My,)n>1 and, for each n > 1 a finite family of integers (NN} ;) j—o, ... v such that

<i fory=0,...,N

Njn
ey B

M,
which implies that

forj=0,...,N.

N .

i\ P )
6227r)\]t . 62271’ i t‘ < or Jn
n

N
N -5

€
t| < 2m—I|t
1 < 2n5 1

Define the M,,-periodic function
N

\I/n(t) _ Z aj€2l7TNj’nt/Mn
§=0

and note that, for t € [—M,,/2, M,,/2],

‘ N,
6227r)\jt . 6217TM7—:L‘

N N
|B(t) — Wn(t) <D |ay] <2me Y ayl.
=0 Jj=0

But then
My /2 1/p Ma /2 1/p M, /2 1/p
1 1 1
— o(1)” — | — U, (6)|" dt < |- O(t) — U, (1))"
[ e [ woral <\ [ o -wora
—My /2 —Myp/2 —My/2
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We can now conclude as follows. First, in the general case, as ¥,, is M, -periodic, we may apply
Theorem [Bl to obtain

M, /2

|a;€|
Cumps Z < M (t)| dt

— M, /2
M, /2 M /2

M / |dt+ / U, ()] dt

— M, /2 —Mn/2
M, /2

M / |dt+27rsZ|a]|

— My, /2

IA

IN

Letting n — 400 and then ¢ — 0 we obtain Theorem 4.1k

N ] 1 T2 N
ag . 2Tt
1 — KU dt.
CMPSZ/{I—I—l_T—l}—iI—looT / D e

Let us now assume further that Ay 1 > ¢g)\;. Let ¢ be such that 1 < ¢ < ¢ and, assume that € has been
chosen such that ¢ — (1 + ¢)e > §. Observe that

N'+1,n N'+1’n £
75\471 R A jn = 9N~ 5
N, N. c
SR I P ) B
= T 9N T Ty T M
N 15
s> g2an )
= ( +Q)Mn’

thatis Nji1n, > N, — (1 +¢)e > GNjp.

Applying (3.6) to ny, = Ny, and M = M,, we obtain

o NE [ M : o\
. Njn
na(Siot) <5 [ [Seeefa] <a(Sinr)
=0 n—Mn/2 720 3=0
From (??) we conclude that
+oo % N 1/p 1 M /2 N p g
2 1 pl e
e (§t) < () oo (i ] o]
j=0 j=0 ~M,/2 720
+oo % N 1/p
< B,g (Z aj|2> + <27TZ |aj|> el/p,
j=0 §=0
The result follows by letting ¢ — 0 and then ¢ — q. L]
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4.2. Ingham’s estimate

In [13]], Ingham also proved an L' estimate for trigonometric sums that he improved further in [[14].
The inequality was further improved by Mordell [20]].

Theorem 4.2 (Ingham [14]). Let v > 0. Let (\;) jez be a sequence of real numbers such that X\j,1 —\; >

7. Let (c;)jez be a sequence of complex numbers. Then, for T > — and every N,
Y

T/2| N

1 ‘
|c]| < T / Z c; e ™t dt.

_1y2 |I=7N

[\.'Jli—‘

Ingham’s estimate is a bit weaker than Nazarov’s estimate (Theorem C) when the sum is one sided,
ie. if c; = 0for j = —N,...,—1. On the other hand, the estimate by McGehee, Pigno and Smith and
thus also the one in Nazarov’s inequality are not valid for every two sided trignonmetric polynomial (see
Section 5).

Proof. We will present the slightly simpler proof from [[13] which leads to worse constants and is only

valid form 7" > —. We will only prove the result for v > 1 and 7" = 1. A scaling argument allows to

Y
conclude.

Thus, take a sequence (\;),cz such that A;1; — A; > «y thus for j # ¢,

Aj— Ae = Alj— €] > 1. 4.1)

We then fix N > 1 and a finite sequence (¢;);j=—_n,  n. We take £ so that |¢/| = max;—_n__~ |c;].

Note that if h € L(T),

N

N
[ 3 cpermemsentar / D et

R j=-N -

jG{*N,...,N}\{E}

As for Ingham’s L* estimate, we consider i (t) = 1(_12,1/9](t) coswt. As h is supported in [—1/2,1/2]
and |h| < 1, and as |¢;| < |¢| we obtain

1/2
|C€| |/hj<0)| - Z |/hj<)\J — )\g < / Z cje 2171')\ it dt.
je{—N,...N}\{¢} i j=—N
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~ h(0
= — and, for |t| > 1, |h(t)] < ©)

m

get

~ 9 h
On the other hand, by definition of f, i(0) 21 With we thus

. - 1 2h(0) <= 1

E |h<>‘J - A5)| < h(O) E 2/ - 2 < D) E , 2
. . dyi(j —€)? -1 v 4k? -1
jE{=N,...NN\{f} JE{=N,...N)\{f}

:ﬁég)i’x 1 1 )ZE(O)

2% —1 2k+1

5
k=1 v
‘We thus obtain
12| N
2(v% -1 .
20°-1) 5 ) max |¢j| < / Z c; e ™t dt
Ty je{—N,..,N} / N
—1/2 1=
which

[

Letting 7" — +o00 and using the constant in the proof (which is slightly better for large 7") we obtain:

Corollary 4.3. Let v > 0. Let (\;)jcz be a sequence of real numbers such that \j11 — X\j > 7. Let
(¢j)jez be a sequence of complex numbers. Then, for every N,

T2
1
max |¢;| < lim —/

Cj€2’i71'>\]'t dt
je{-N,..,N} T—+oo T 4

~T/2 Jj=—N
In particular, for every N,

2] N

2 i
—  max cil < c;e?™It dt.
7Tj€{fN,...,N}| il < / Z J

_1y2 [I=N

A second corollary is obtained by interpolating the L' and L? inequalities:

Corollary 4.4. Let v > 0. Let (\;)jcz be a sequence of real numbers such that \j11 — X\j > 7. Let

1
(¢;)jez be a sequence of complex numbers. Then, for T > — and every N, 1 < p < 2 and p' the dual

1 1
index — + — =1,
p
(T%2 — 1) e N v T2 N P\
2(T%y% —1)\ 7 2=l : 1 2imAjt
(Fomr) T (S| <|g [ e
=N _1/2 [I=7N
with
2 2
o =15 0 [
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In particular, letting T' — 400,

|—=

5p—6 N o 1/2 N D P
TP / ..
.| pmyt
= E |c;] < / E cje dt
p y— y—
Jj=—N _1/2 Jj=—N

4.3. Nazarov’s theorem

Theorem 4.5 (Quantitative version of Nazarov theorem for small 0). There exists positive constants c..,
such that, for 0 < § < 0, the following holds:

for every \g < ... < Ay of real numbers satisfying A\p.+1 — A\, = 1 and ay, ..., an complex numbers,

1+6
N

2
|ay| C /
<
= 515/2
prd E+1 "6

)
2

N

E :ak€227r)\kt

dt. 4.2)

First, we start by some preliminary notations and results. Let [ = I := [—232, =£2].
Let us fix (Ag)g=0...n C R with A1 — Ay > 1 for every k, (ax)r—o0,.. .~ a sequence of complex
numbers and write |ay| = aguy with |u,| = 1. Let
N o, N
and o(t) = Z ake%”’\kt,

k=0

Tkt
so that we must find C such that:
Pl iy > CsS. (4.3)

We define

N
d T 7227r)\kt
]; k+ N5 and - T5(t Z k+ N5

where Nj is a large integer that we will adjust through the proof. This integer will be of the form
N5 = 2" We will prove that

@1 (r) = BsSs (4.4)

S
and, as k + N5 < (k+ 1)Ns, S5 > N so that we obtain the desired inequality (4.3) with a constant
5

The meaning of Nj is the following. Consider

— a new sequence of frequencies ()\;);cz such that \; = \;_n, for j = Nj,..., N5 + N. and then
5\- = XN+ j— Nsforj < Ns and5\~ = Ay +j— N for j > N. In particular, we still have |5\j —5\k| > 1.
In other words, the sequence (\;);—o,.. .~ is completed into a sequence (););ez that is still 1-separated
and then shifting it by Ns.
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— A new sequence of complex numbers (&;),cz With @; = aj_n, for j = Ns,...,Ns+ N and a; = 0
for other j’s. In other words, the sequence (a;);—o,.... v is completed into a sequence (a;);cz by 0-padding
it and then shifting it by Ns.

Then reads

27,71’)\t |a1|
g a;e dt > Bs E
/ - ] + Ns
15 ]GZ

with the convention that 0/0 = 0.
Note that, up to adding 0 terms at the end of the sequence a;, we may assume that N + Nj is of the

form 2" — 1 for some integer ns. This will allow us to write

N

IEDEDS

k=0 J=mg 21 <r+Ng<2i+1

Next, as in Ingham’s proof, we will introduce an auxillary function. Again, we consider

cos(mt) if [t| <L
() = 2

0 otherwise
. . ~ 2 cos(mA) . o .
whose Fourier transform is given by h(\) = ————. We will need to smooth a bit this function to

obtain a better decay of the Fourier transform and_thereby slightly enlarge its support. More precisely,
let p =11, ¢ = 8 and let
P+q

and define its p + g-fold self convolutio

__65 L}
2(p+q)’ 2(p+q)

gs = *p+qf5-

Clearly 15 is non-negative, even and with support [—g, g] Finally, we define (s as

T
o5 = §h * g5 4.5)

In the following lemma, we list the properties needed on 5. They are all established via easy calculus
and straight forward Fourier analysis.
Lemma 4.6. There is a co > 0 and a dy > 0 such that, if 0 < § < g then,

_ cos(mA) . TOA
1. ps(\) = e ,

11If y is a function, we write #2t) = 1 x 1 for the convolution of ¢ with itself and then define inductively *41¢ = (*31) * 1.
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3. Let Ds = 00572% > 1 and v > 0 then, for |\| > max(1, D(;z/p%),

~ < 2

0 p+q
4. Letvs = (Sinc ) then, for |\| > 1,
p+q

s

e
HO] < 1

From now on, we will assume that 0 < § < % < 1so that Ds > 1. In particular, when |\| > Ds, we
have [Z(A)| < [A| 7.

Proof of Lemma The first one is simple Fourier analysis.

For the second one, we write
7T 7T
l#slloe < FllgalllIBlleo < S5l I1Alloc
and use simple calculus to conclude.

For the third one, we notice that 4\2 — 1 > 3A2? when \ > 1 thus

: ToOA 2p p+q
S ——
|Q/0.E(>‘)| _ COS(W)‘> < <p+q)> < 1 (p+Q> 5—(174-‘1) 1 1 < v

I o S3\Un NP2 A7 N

ptq

p+q

. 1 + Pz . . . . 1 n ptg

since [A| > — <p q) o gigwi? Thus this fact is established with ¢) = —; <p q) .
i 3p+2 T

3p+2

5 ~
T Oq = sup;ss, | sinct| and then |g3(\)| < 75

For the last one, we take J, small enough to have sinc

when |[A\| > 1. The first identity allows to conclude. O

We can now state the first crucial result in this proof.
Lemma 4.7. There exist 61 > 0, ¢ > 0 such that, if 0 < § < 61,0 < 16> < 1 — Vs

Moreover, let

Vs
—1— (8?4 —L
fe%) (Cl + = 0152>

and let mg be such that
Ns = 2™ > 572,

Then, for 0 < k < N,

Z DN — i)l < 1—as
0N 7+ Ns k + Ns
s
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Proof. The Taylor expension when ¢ — 0 of 1 — /75 is of the form
1 — /7 = A8* + 0(6%)

with A > 0. Thus, if ¢; < A, for § small enough, 0 < ¢6?> < 1 — v/ 7s- Next, notice that 0 <
Vs
1 _
<ﬂ+1—6

is a Kk > 0 such that

< 1if 0 < 8 <1 — /75 which shows that 0 < a5 < 1. For future use, note that there

as = K62 + O(0%). (4.6)

We will further assume that ¢ is small enough for
6772 > max <C;%5_2%, 025_2_%> = max (Cl_gi%?’, 2—05219/13>
1
since we chose ¢ = 8 and p = 11.
Note that, for every € > 0, the power 7/2 could be reduced to 3 + ¢ by taking p large enough, but can
not be reduced below 3 with this construction.

We can now turn to the estimate itself. Set 3 = ¢;6% and split the sum in the left hand side of the main
inequality into two sums

osen I TN
J#k
where
O(N; — A
‘ J+ Ns
]+N5<(1—B)(k’+N5)
and
O(N; — A\
E2 — |SO( ] k>| )
. Z J+ Ns
J+Ns=(1-3)(k+Ns)
i#k

The result is obtained if we prove the two estimates

54 vs/(1 = f)
B < { B, W)
LSEEN, S PSRN,

C) ._o9_pPta . . .
Now, as N5 > 52 §+g, BNs > Ds. Then, if j is an index corresponding to E',
C1

A — Aj| = |k —j| = (k+ Ns) — (j + Ns5) > B(k + Ns) = N5 > Ds.

Hence, from Lemma .63 with v = 1,

~ 1
B < > (A = M| < > PYESWY
) J

j+Ns<(1—8)(k+Ny) J+Ns<(1-B)(k+Ns

1
< .
Z)(,HM) (B(k + N3))*

J+Ns<(1-p
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But, £ contains less than £ terms so

L 5—(q+1) B g B

E; < < 4.7
S EI N (Rt N 2k + Ny Skt N “@.7)
q _atl q
since Ns > ﬁ’q% =q q‘25*2q%_
We shall now bound E. In this sum,
j+Ns=(1=pB)(k+N;) and |Xj—Xg| =1
then
1 Vs
Es <
(L= B)(k+ N5) | 2= 40y = Ak)? =1
J#k
Vs 1
< 2
(= D)+ Ng) 2= A — R — 1
j#k
S (=) (k+ Ns) A — 1
2 1 1 1—
Since we obtain the expected bound Fo < M ]

21 2—-1 2+1 k4 N

The following lemma is a first step towards proving Theorem 4.5l and is a consequence of Lemma [4.7]

Lemma 4.8. Let us use the notations of the lemma Then,

N N
/ T5(t) (Z akezmkf) p(t)dt| > a5 ) - f_““j'vd (4.8)

Is k=0

Proof. By definition of 75,

T (D)2 (1) At — Yj / — 20N 20T (1 It
[T o = Y [ emmmig
Is J=0 Is
Moo
= L0\ — A
;0]'+N P(A k)
D Dy
= PN — k)
k + Ns 0<]<MJ+N
J#k

thus
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By applying the lemma4.7, that

/ 2Z7TAkt )dt _ uk < ]' B OZ(S .
k + Ns k + Ns
It follows that
. 1—
T t QZTF)\kt t dt . ukak <
[ Tt ™ol - <

Is

Using the fact that ugar = |ay| and the triangular inequality, we obtain

N
| m(zake )w() St ca-any e
7; k=0 k=0 k=0
from which the lemma follows immediately. ]

Construction of ﬁ;

The construction shares several features with the proof of the Littlewood conjecture by McGehee,
Pigno and Smith. In particular, we again use a dyadic decomposition and the same procedure to obtain a
bounded function.

Recall that, from our assumption on N5 and N, we can write

Z = N6 —2’L7T>\kt Z f]

Jj=ms
where we set D; = {k € N : 2/ <k < 2/} and
L= 3 et

r+ N,
T+N6€Dj + g

Before we estimate the norms of the f;’s, let us recall Hilbert’s inequality (see e.g. [4, Chapter 10]).

Lemma 4.9 (Hilbert’s inequality). Let A1, ..., An be real numbers with |\, — \¢| > 1 when k # {, and
let z1, ..., zn be complex numbers. We have

> e wzw
k_)\f\ k

1<k (<N
kAL

We can now prove the following:

Lemma 4.10. For ms < j < nyg,

L || filleo <1
2. 1fill 2y < 27 2/Is] + 1.
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Proof. The first estimate is obtained by straightforward computations: for all ¢,

1 D;
sl Y <Pl

r+Ngs GD

hence || f;||lc < 1.

For the second one, set v, = . Then

N5

15 ey = / £ T di = / T et gy

r+Ns,s+Ns GD

115]/2
= LI D> WP+ ) / e 2T =2t g
r+Ngs T+N57:;-£V5€Dj 7|]§|/2
sl —As) il Is|m(Ar—As)
D A e e |
r+Nj, r+Ns,s+Ns€D; v Ar 5
r#s
It follows that
oA (0 om0y | ] 0, e (1404 oimAs (146)
il 0y < 15l D |Ur|2+— Z : . +—= )~ ’
As — Ar 27 As — Ar
r+Ng r,8
T?'és r;és
We then apply Hilbert’s inequality 4.9]to the last two sums to obtan
1 1
1l < Mal Dl g D oy > fof
r+Ns r+Ns5 3€D; r+Ns€D;
|]5| +1 Z |Ur|2
r+Ng
Since
Jur|? 1
DT DR
r+Ns€D; r+Ns€D; (T' + N(S) r+Ns€D; (7” + N5)
1 2J .
<L 9
S Z 223 S 22j 2,
T+N56Dj
we get || £ 27,y < (|15 + 1)277 as claimed. O

We then write the |I5|-periodic Fourier series expansion of | f;| € L?(I5) as

20
|f](t)| — Z a}s’je\fﬂst

SEZ

and again define h; € L?(I5) via its Fourier series expansion

27,37rt

hj(t) = ap,j + 2 Z ag e sl
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As in LemmaB.I1] Re(h;) = | f| and [|2;]l2 < V2] f;l2-
We again define a sequence (F});>,, inductively through
Fm5 = fm5 and Fj+1 = Fjeinhﬂ'l + fj+1

where 0 < n < 1 is a small parameter that we will adjust later. As in Lemma[3.12]

2
IF5ll < =

Lemma 4.11. Let ms < n < ngs. For j = ms, ..., n we define g;, = e~ i with

Jm

B hj+1+---+hn lfj<n
0 ifj=n

J

M2*§.

Then F, = Z fi9jn- Moreover || H; |2 < 51

Jj=ms

Proof. The first part is the same as Lemma [3.13] Moreover, Lemma 4.10 implies

[Hjnllz = || Y I Z Bl < V2 Z [FAP
r=j+1 2 r=j+1 r=j+1
el . 2([Is] +1)
< VAFD Y 2i = YU Dy
r=j+1 V2-1
as stated.

VILI(V2 —1)

2(LI+1)

Lemma 4.12. Assume that 0 < n < Then, for ms < j < n < ng,

2(|15) + 1)
n—1 Hipllg £ —F————=2
1 Mg = Ul < nll iyl < ¥

_z
2

2. The Fourier series of g;,(t) — 1 writes g;,(t) — 1 = Z Cs € T with Z lesi]? <

s=0

Proof. By Lemmal3.14] ||g; — 1|2 < €||H|||2. Then, since g; ,, is analytic, its Fourier series writes

241
st
t)y—1= E cs,jells

s=0

But then, with Parseval

2((Ls| +1) s
fpy < VAT,
VI vV2—1

1
2
1
(ch,ﬁ> — g — 1l < ——
520 \/|]| V |I5

which implies the claimed bound.
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Now recall that

T5 = Z Jj

mg<I<ns

and define

Ts = F,,.

~ 2
Recall that in (4.9) we proved that this function has a controlled L*°-norm: || 75|~ <

=

The key estimates here is the following;

Lemma 4.13. Once again, we use the notations of the lemma There exists 0o > 0 such that, if
0 <8< dyand N5 > 672 then

N N
/ (Ts — T5)(t) (Z ake”“”> p(t)dt| < ga(s > ail (4.10)

where © is the function defined in (4.5).

Proof. It is enough to prove that, under the conditions of the lemma, for 0 < k£ < N we have

/ (Ty — To) (D)™ (1) dt| <

2

— . 4.11
3k + Ns ( )
Is

Once .11 is established, it will then be enough to multiply the left hand side by a; and to use the
triangular inequality

We fix k& € [0, N| and let ¢ the index such that & + N5 € D,. We define R, R; and R as follows

R = / (Trp — Thp) ()™ o(t) dt
Is

— / > ) (g5(t) — 1) o(t) dt + / > i) (gi(t) — 1) ™ o(t) dt

I m5<j§£_2 Is £_1<j§n5

= Ri+ Ry

We will first bound 1. Note that if s € Z,

[ sewemedita = [ 30 o
Is

r+ N
Is T’+N§€Dj g

u S
== " 0 AT_A I — .
2 r+NQ”( ¢ |Ls|>

r+Ns ED]'

From there, we obtain
fi(t)(gi(t) —1 eQi”’\ktgo t)Ydt = fi(t)p(t e2im Akt Cs ~62|%t dt
J j J J
Is Is s=>0
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Foo . 24
= D / Fi(8)p(t)e* ™ el ™ dt
s=0 Is

o Ur S
= ;Cs,j Z 7’—|—N5gp ()‘7‘_/\ —m>

r+Ns€D;
(TH— . s
= Y e (v-n- ).
rivep, T T Ns = |15
So finally we get
m= Y Y S,
, r+ Ns—~ 7 |15]
ms<j<l—2 r+Ns€D; 5=0

Let cs(1r) = ¢ ; if r + N5 € I;. Since ¢ is an even function, we can write

Uy = N S Uy
_ . =) = E,.
DS T+MZ$WMOkA+MO >

2mMs <p Ng<2¢—1 2mMs <p Ng<2¢—1

From Lemma[4.6 recall that, with Ds = cyd ~5% and v = then, for

Qg
|]5|1/q
|A] > max(l,D(gV*p%),
we have
%)

PN < ——+—. 4.12
PN iy @1

Now, s > 0, |I; > 1and, as 7 + N5 < 271, 26 <k + Ny < 271, A\, > A, thus

15|

Ak—AH—ﬁ‘ = Ll —=A) 4+ 8= A=A\ +s=h—r+s (4.13)
1

— (k+ Ns) — (r+ N;) > 20 =207t =971 > ome—l,

pt+a+2

Further, from (4.6) and 1 < |[5| < 2, D(;zfp% < 30 Ptz = 036_%. Thus, choosing m; sufficiently
large for N5 = 26~ 7/2 and § < &, for some d, > 0 small enough, we are able to apply and
obtain, with (4.13)

)‘ _)\r+ < .
‘¢(k IBO‘ (k—7 +5)1

We can now bound E,. Since Z |cs(r)[* < 1, the previous bound and Cauchy-Schwarz give us
5=0

00 00 1/2
s 1
E.| = s o A\ — Ar < -
B ;ycwﬂw<k *wﬁﬁ)‘ %<§%wr+@%>
o | 1/2
<%<§j§jﬁa

n=k—r n=k—r
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1/2

- dt  V2q—lag
S 2] T (k—r 1
—r—1

Butk —r > 2 thenk —r —1 > 271, Since k + N5 € Dyie 2" < k + N; < 271 we get
1

<
k—r—1 k + Ns

4012, /2 = T
|Er] <
25(k + Ns)1=1/2

and then

Finally, we deduce that

Uy |E; |
Ri| = E| <
TR S

2ms Lp4Ny<20—1 2ms Lp4Ny<20—1

497112, 3 T
(k + Ny)i—1/2

X

since last sum has at most 2! < k + Nj.

We will now bound R».

Ry < zj&/mum%@—umwnw

£=1<j<ns I

< el Do Ifill2llgs = Ll

L—1<j<ns

According to the lemmas (1) and (1) we get
V2(2 +6) S o

| Ra| < [[olloom
v2-1 1-1<j<m
since
Z 9] < Z 27j — 27Z+2 =8 2*(44’1)
—1<j<ns j=t-1
dk+ Ns € I;th ! < ! C tl
an en < . Consequen
° : 20+1 k + Ns 4 y
> <
k + Ns

L—1<j<ns

Finally, we deduce that

V2(|Is| +1) 8
Ry < il Y2 Usl + 1)
vV2—-1 k+ Ns
1 2-1
and we obtain Ry < ) when n < (\/_ ) ag. U]
3 k+ Ns 24 lloc (|15 + 1)v/2
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Note that, from and |I5| < 2, we can take ) = ¢46? for some ¢4 > 0.
It is now easy to deduce the theorem 4.5 using the 2 inequalities and (@.10).
x| N
and O(t) = Z 2™t a5 previously defined. Recall that

Proof of theoremd.3l Let S5 = Z LN
5

in (4.8]) , we have shown that

asSs < /%mwwmw

Is
< / Ts(t)p(t)p(t) dt| + / (T5(t) — Ts(t)) o(t)p(t) i
Is Is
< | [ T0eev ] + 2ass;
Is
with @.10]).
It follows that
&g-i/ﬂmwwmw
as

1

3T sl
=2l [ oo

But, if § is small enough and N > 6~ 7/2,

— from Lemmad.6, |||l < g;

— from @.0), a5 = k62 + O(6%)
2
0452.

Therefore, there are two absolute constants d, and c, such that, if 6 < 4,,

52 5 [lotldr

—asn = c462, from (&.9), ||T||oo =

As noticed at the start of the proof, this implies that

146
N 2 N
2 : |CL]€| 2 : 227r)\kt
k 1 —5
o T 02 Vs | k=0

2

for every IV, every sequence of real numbers (););>o with A;;; — A; > 1 and every complex sequence
(a5);>0- O
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We have not fully optimised the proof, by taking ¢ sufficiently large and p/q sufficiently large, one can
replace §'%/2 by 67+ for any fixed .

5. Some open problems

The L? theory of exponential sums is rather well understood. This is not the case for L! theory for
which there are still many open questions. Let us mention a few of them.

1. There is a major difference between the sums that appear in Ingham’s Theorem and those that
appear in Mc Geehe, Pigno, Smith and Nazarov’s Theorems. In the L? case, the sums can be two
sided and not in the L! case. The proof given here does not work in this case (this is due to the
construction of 77) and we are tempted to conjecture the following

Question 1. Let T > 1 and (\)kez a real sequence such that A1 — A\, > 1 for every k, A\ has

same sign as k and converges.

L+ | Akl
Does there exist a constant C such that, for every N and every sequence (c;);=—n.,.. n of complex
numbers,

| | T/2
Ck

<
C 2 1S /

=—N ~T/2

N

E Ck;€2”r)\kt

k=—N

dt.

So far, the best known two sided inequality is Ingham’s L'-Inequality presented in Section 4.2.
Note that this inequality implies that, for every € > 0, there is a C. such that

T/2

el /
<
C Z |]€| +1 Nl L 1\ lte =

~T/2

N
62i7r)\kt

dt.

Ck
N

Note also that some condition on the growth of \; is needed. Indeed, if we consider the Féjer kernel

N T/2
k ‘
Fy(t)= ) <1 - N|—+|1> ™ then, for T > 1, / |Fn(t)] dt < T + 1 while
h=— ~T/2
N
1 ( k| ) 1 1
> l-——)>= ) — 400.
IR+ N+1 2 Havo |kl +1

2. The second question is the optimality of the condition 7" > 1 in Nazarov’s Theorem. In view
of Ingham’s L? counterexample, it is tempting to conjecture that 7" > 1 is requested (as already
observed by Nazarov, his proof requires this). On the other hand, Ingham’s L!-inequality is valid
for T" = 1, so that the same might be true in Nazarov’s result.

Question 2. Is the condition T' > 1 necessary in Nazarov’s Theorem. If yes, what is the right
behaviour of the constants.

We think the estimate shown here is not optimal.
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3. Another question related to the previous one comes from Haraux’s Theorem. When A1 1 — A\ —
~+o00, T' can be chosen arbitrarily small. A key element of Haraux’s strategy is that the lower and
upper bounds in Ingham’s inequality are both multiples of the ¢?-norm of the coefficients. This is
no longer the case in the L' setting.

In forthcomming work, we have been able to use a compactness argument to show that one may
take 7" arbitrarily small in Nazarov’s Theorem when \;; — A\ — +00. However, in doing so, we
loose control of constants. This leads to the following:

Question 3. Prove a quantitative version Nazarov’s Theorem with 'T" arbitrarily small when A\ 1 —
A — +o0.

4. Are L*([—T,T])-norms of lacunary non-harmonic Fourier series comparable to the /2-norms of the
coefficients? This is the case for Besikovich norms.

Note that
— ] 1\ 1/2 - 1/2
aj 2 T 2
Sl (S otn) (Ser) - F (D)
— 2 J J
R <jo (j+1) = V6 e

The question is then

Question 4. Find a (gap) condition on (Ay) and on T that implies that there is a constant C > 0
such that, for every (ay,) with finite support

1 T/2 +00 00 1/2
? / Z aj€2ur)\jt dt > C <Z aj2> _
—/2 177V =0

One may also go the other way and ask whether one can still obtain a result like Theorem [Bl when
Ak+1 — A — 0 but with a smaller power on the denominator. For instance, when \; = In k then
the Fourier series become Dirichlet series

“+o00
g

“+oo
2im(In k)t
— = aie .
kZzwt Z
k=1

The following question was asked in [3]]:

k=1

Question 5. Is it true that, for every sequence (ay)i>1 with finite support,

T/2

—+ - <
C <CL1 \/El 1 lim /

“+00

Thanks

The authors wish to thank the anoymous referee for helpfull remarks that lead to an improvement of
the present paper.
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