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1. Introduction

This paper is devoted to some spectral properties related with the so-called e-pseudo weak demicom-
pactness, for a 2 x 2 block operator matrix (in short, B.O.M) with a domain D(L) = (D(A;)ND(A3)) x
(D(A2) N D(Ay)) and that is represented by the following form:

(A A
L= (4.

The operator L acts on the product of two Banach spaces X and Y with entries A;, Ay, As and Aj.

The operators A; are linear, closed, and densely defined. Their domains are respectively denoted by
D(4;),i=1,..,4.

In this work, central items of interest include the class of demicompactness [21, 22]. Note that this class
was introduced by Petryshyn W. V. to discuss an iterative method of fixed points for nonlinear operators
acting on Hilbert spaces. The definition asserts that if X is a Banach space and T : D(T) € X — X
is a linear operator, then 7" is called demicompact if for every bounded sequence (z,), in D(T") such
that the sequence (I — T')z,, converges in X, there exists a convergent subsequence of (x,),. The
family of demicompact operators on X is denoted by DC(X). For more details on this subject, the
reader can see [4, 5, 13, 14, 15, 16, 17]. In Fredholm theory, the first two papers were developed by
Petryshyn W.V. in 1972 [23] and by Akashi W. Y. in 1984 [2]. Note that the demicompactness class
plays an important role in the theory of perturbations since it contains compact and more general the
Fredholm perturbation operators. In this direction several papers were recently developed. Here, we
cite some of those which are related with our interest. In [5], Chaker W., Jeribi A. and Krichen B. have
utilized demicompact operators in order to investigate the essential spectra of linear operators. In 2014,
Krichen B. [15] defined, as a generalization the demicompactness, the class of relative demicompact
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linear operators with respect to a given linear operator. This definition asserts thatif 7 : D(T) C X —
X and Sy : D(Sp) € X — X are two linear operators with D(T") C D(Sy), then T is said to be
So-demicompact (or relatively demicompact with respect to .Sy), if every bounded sequence (z,,), in
D(T) such that (Soz,, — Tx,), converges in X, has a convergent subsequence. In 2018, Krichen B.
and O’Regan D. [16] elaborated the class of relative weak demicompactness. If T : D(T) C X — X
and Sy : D(Sy) € X — X are two linear operators with D(T') C D(Sy), T is said to be weakly
So-demicompact (or weakly relatively demicompact with respect to .Sy), if for every bounded sequence
(xn)n in D(T') such that (Spz, — T'xy), converges weakly in X, then there is a weakly convergent
subsequence of (x,,),. the symbol WDC(Sy)(X) will denote the family of all weakly Sy-demicompact
operators on X, and WDC(I)(X) = WDC(X). Note that, the class of demicompact operators acting
on a Banach space contains the class of weakly compact operators. Lately, Ben Brahim F., Jeribi A. and
Krichen B. [4] developed the notion of pseudo demicompactnesss. Fore > 0,7 : D(T) C X — X is
said to be pseudo demicompact if for all D € £(X) such that || D|| < ¢ and for every bounded sequence
(n)n in D(T) such that ((I — T — D)z,), converges in X, there exists a convergent subsequence of
(n)n. Recently, Chtourou I. and Krichen B. [6] introduced the notion of a relatively e-pseudo weakly
demicompact operator as follows: Lete > Oandlet T : D(T) C X — X, Sy : D(Sy) € X — X
be two linear operators with D(T") C D(Sp), then T is said to be e-pseudo weakly Sy-demicompact
(relative e-pseudo weakly demicompact with respect to Sp), if for all D € £(X) such that || D|| < € and
for all bounded sequence (z,,),, in D(T") such that (Sy — 7" — D)x,, converges weakly in X, then (x,,),,
has a weakly convergent subsequence of (z,),. We denoted by WDC.(Sy)(X) the family of e-pseudo
weakly Sp-demicompact operators on X. When Sy = I, T is simply said e-pseudo weakly demicompact.
The aim of this project is to ghather some characterizations which are related to this concept. More
specifically, we are interested in the description of this class by means of e-pseudo Fredholm and upper
e-pseudo semi-Fredholm operators. Another important interest of this paper is the study of pseudo-
spectra which hold more informations than spectra, especially, about transient instead of just asymptotic
behavior of dynamical systems. Historically, this concept was firstly introduced by Varah J. M. [26] in
1967 and has been subsequently employed by others mathematicians for example Landau H. J. [18],
Trefethen L. N. [24] and Davies E. B. [7]. More precisely, the definition of pseudo-spectrum of a closed
linear operator 7" is given for every € > 0 by:

o.(T):=0(T)U {)\ € C such that ||[(A = T)7Y| > é} :

By convention, we write ||(A — T) || = oo if A € o(T), (spectrum of T'). In [7], Davies E. B. has
defined equivalently the pseudo-spectrum of any closed operator 1" as follows: for every € > 0,

0-(T) == |J o(T+ D).
|Dl<e

Similarly as the Schechter’ essential spectrum, the authors in [3], studied some properties of the essen-
tial pseudo-spectrum of a densely defined, closed linear operator 7" acting on a Banach space X. This
essential pseudo-spectrum is given by:

065,6<T) = ﬂ 05<T+K).
Kek(X)

The following useful result characterizes 0.5 .(7") by means of the class of Fredholm perturbation
F(X) (see Definition 2.3).
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Theorem 1.1. [12] Let X be a Banach space, T" be a closed densely defined linear operator on X and
€ > 0. Then,

Oes5:(T) = ﬂ o(T + K). O

KeF(X)

We organize the paper in the following way: In section 2, we recall some preliminary results needed
in the sequel. In section 3, we establish some results concerning the class of e-pseudo weakly demicom-
pact operators. In section 4, we provide some sufficient conditions on the inputs of the block operator
matrix Ly to ensure the e-pseudo weak demicompactness. Finally, we show the relationship between the
essential pseudo-spectra of £, and the essential pseudo-spectra of its entries.

2. Preliminary results

In the beginning of this section, we recall some standard definitions and notations from Fredholm the-
ory needed in the sequel. Let X and Y be two Banach spaces. We denote — for the strong convergence
(i.e. norm convergence in X) and — for the weak convergence (with respect to the weak topology of
X). Throughout this paper, we consider V' : D(V) C X — Y as a linear operator with domain D(V)
and range R(V') C Y. If the graph of V is a closed subset of X x Y, then V is closed. The set of all
closed (resp. bounded) linear operators acting from X into Y is denoted by C(X,Y') (resp. L(X,Y)).
We denote by IC(X, Y') the subset of compact operators of £(X,Y'). For V' € C(X,Y), we use notations
a (V) for the dimension of the kernel A/ (V') and 3(V) for the codimension of the range R(V') in Y. The
graph norm of x € D(V) is defined by

2l = [l]l + [[Vl].

It follows from the closedness of V' that Xy, := (D(V), ||.||v) is a Banach space. Clearly, we have
|Vz|| < ||z|lv, forevery x € D(V)
and consequently,
Ve L(Xy,X).

Definition 2.1. Let X, Y and Z be three Banach spaces. Let V : D(V) C X — Y and U : D(U) C
X — Z be two linear operators. U is said to be V-bounded, if D(V') C D(U) and there exist constant
a,b > 0 such that

|Uzx|| < al|z|| + b||Vx||, forall z € D(V).

The greatest lower bound of all possible values b > 0 is called the relative bound of U with respect to
V' or the V-bound of U.

Now a linear operator U : X —» Y is said to be V-defined if D(V) C D(U). We denote by U the
restriction of U to D(V'). Besides, If U is bounded from Xy into Y, we say that U is V-bounded. We
can see that, if U is closed, then U is V' -bounded. Therefore, we have the obvious relations:

(i) a(V) = a(V), BV) = B(V), ROD) =R(W).
(it) a(V+U) =a(V+U), BV+U)=B(V+U), RU+V)=RU+V).
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Definition 2.2. Let X be a Banach space. An operator V' € L(X,Y) is said to be weakly compact if
V(B) is relatively weakly compact in Y for every bounded set B C X.

The family of weakly compact operators from X into Y is denoted by W(X,Y). If X =Y, the family
of weakly compact operators on X is simply denoted by W(X) := W(X, X) The set W(X) is a closed
two-sided ideal of £(X') containing K(X) (see [8, 9]).

Now, we define the sets of upper semi-Fredholm, lower semi-Fredholm, Fredholm and semi-Fredholm
operators from X into Y, respectively, by

O (X,Y)={V eC(X,Y) such that a(V) < oo and R(V) closed in Y},
d (X,Y)={V eC(X,Y) suchthat 3(V) < oo and R(V) closed in Y},
O(X,Y)=0_(X,Y) N &, (X,Y),

and

DL (X,Y)=0_(X,Y)UD,(X,Y).
For V € ¢, (X,Y), we define the index of V' by the following difference
(V) :=a(V)—p5(V).

By the index theorem we have
W(UV)=4U)+i(V).
If X =Y,then £(X,Y),C(X,Y),K(X,Y),W(X,Y),®(X,Y), P, (X,Y),®_(X,Y)and D, (X,Y)

are replaced by L£(X), C(X), K(X), W(X), ®(X), ¢, (X), ¢_(X) and P, (X), respectively. If
V € C(X), p(V) denotes the resolvent set of V', o(V') the spectrum of V.

Definition 2.3. [10] Let X and Y be two Banach spaces and let U € £(X,Y). The operator U is called:
(1) Fredholm perturbation if V + U € ®(X,Y), whenever V' € (X, Y).

(74) Upper semi-Fredholm perturbation if V + U € &, (X,Y), whenever V € &, (X,Y).

(771) Lower semi-Fredholm perturbation if V + U € ®_(X,Y), whenever V € ®_(X,Y).

The set of Fredholm, upper semi-Fredholm and lower semi-Fredholm perturbations are denoted by
F(X,Y), FL(X,Y) and F_(X,Y), respectively.

In general, we have

K(X,Y)C Fu(X,Y)C F(X,Y).
K(X,Y)C F(X,Y)C F(X,Y).

X =Y, F(X,Y), Fi(X,Y)and F_(X,Y) are respectively replaced by F(X), F4(X) and F_(X),
respectively.
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Lemma 2.1. [11] Let X and Y be two Banach spaces and let V € C(X,Y) and U : X — Y be a linear
operator.

()IfV ed(X,Y)andU € F(X,Y),thenV +U € &(X,Y)and i(V + U) = i(V).

() AV ed (X, Y)and U € Fo(X,Y),thenV +U € &, (X,Y) andi(V + U) = i(V).

(i) fV ed (X,)Y)andU € F_(X,Y),then V+U € ®_(X,Y)and i(V + U) = (V).

Theorem 2.1. [19, 20] Let X, Y and Z be three Banach spaces, V € L(Y, Z) and U € L(X,Y).
NIEVU € &,(X,Z), thenU € &, (X,Y).

i) fVU € ®_(X,Z), then V € d_(Y, 2).

W)X =Y =2ZVU € ®dX)andUV € &(X),thenV € &(X) and U € (X).

w)fVed (Y,Z)andU € ¢,.(X,Y), then VU € (X, 7).

VIV €d_(Y,Z)and U € d_(X,Y), then VU € d_(X, Z).

vi)If Ve ®(Y,Z)and U € (X,Y),then VU € &(X,Z) and i(V +U) =i(V) 4+ i(U).

AN N N N N /N

Definition 2.4. Let X and Y be two Banach spaces and let V' € C(X,Y).

(7) An operator V is said to have a left Fredholm inverse if there exists V; € L£(Y, Xy) such that I, —
ViV e K(Xy).

(74) An operator V' is said to have a right Fredholm inverse if there exists V;, € L(Y, Xy ) such that
Iy —VV, e K(Y).

Definition 2.5. Let X and Y be two Banach spaces and let V € C(X,Y") and ¢ > 0.

(1) V is called a e-pseudo upper (resp. lower) semi-Fredholm operator if V' + D is an upper (resp. lower)
semi-Fredholm operator for all D € £(X,Y) such that || D|| < e.

(73) V is called a e-pseudo semi-Fredholm operator if V' + D is a semi-Fredholm operator for all D €
L(X,Y) such that | D|| < e.

(i43) V is called a e-pseudo Fredholm operator if V' + D is a Fredholm operator for all D € L£(X,Y)
such that | D|| < e.

The sets of all e-pseudo Fredholm, e-pseudo upper Fredholm and e-pseudo lower Fredholm are, re-
spectively, denoted by ®°(X,Y), ®° (X,Y) and  (X,Y).

If X =Y, the sets ®°(X,Y), ®°(X,Y) and ®° (X, Y) are replaced by ®°(X), ®° (X) and ¢° (X),
respectively.

Moreover, we have the following inclusions
@i_(X, Y) g q)+<X7 Y)7
o (X,Y)C P _(X,Y),and

P°(X,Y) C P(X,Y).
Note that the previous inclusions are strict. To see this, we consider the following shift operator on /2.

Tr = (x9,23,%4,...)

Since ||T']| = 1, we take ¢ > 1 and D = —T. Then, we have '+ D = 0 € ®(X).
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Lemma 2.2. Let X and Y be two Banach spacesande > 0. Let V € L(Y, X) and U € L(X,Y).

() IV € (Y, X),U € &°(X,Y) and (I — V)D € F(X,Y), then VU € &°(X,Y) and i(VU + D) =
i(V)+i(U+ D) forall D € L(X,Y) satistying || D|| < .

(@) IV € &, (Y,X),U € ¥ (X,Y) and (I — V)D € F,(X,Y), then VU € &% (X,Y).

Proof. (i) Foreach D € L(X,Y) satistying || D|| < e, we have
VU+D=V({U+ D)+ (I-T)D. 2.1)

Since V € (Y, X) and U + D € ®(X,Y), then applying Theorem 2.1 (v) on Eq. (2.1) and using the
factthat (/ — V)D € F(X,Y),weget VU € ®°(X,Y ) and i(VU + D) =i(V) + (U + D).
(77) We reason in the same way as the proof of (7). Q.E.D.

Definition 2.6. Let X and Y be two Banach spaces and let U € C(X,Y) and ¢ > 0.

(¢) U is said to have an e-pseudo left weak-Fredholm inverse if there exists U” € L(Y, Xy) and W €
W(Xy) such that U (U + D) = Ix, — W, forall D € L(X,Y) such that || D|| < e. The operator U;"
is called e-pseudo left weak-Fredholm inverse of U.

(77) U is said to have an e-pseudo right weak-Fredholm inverse if there exists U € L(Y, Xy) and
W e W(Y) such that (U + D)U} = Iy — W, forall D € L(X,Y) such that | D|| < . The operator
U 1s said an e-pseudo right weak-Fredholm inverse of U.

(7i7) U is said to have an e-pseudo weak-Fredholm inverse if there exists a map which is both an e-pseudo
left and an e-pseudo right weak-Fredholm inverse of U'.

In this research work, we are basically interested in the following essential pseudo-spectra

oe1:(V) = {AeCsuchthat \ -V & ¢ (X)},
0e2:(V) = {Ae€Csuchthat \ =V ¢ &% (X)},
Oe3e(V) == {A€C suchthat A\ =V ¢ &% (X)},
Oere(V) = {A€Csuchthat \ —V ¢ &°(X)},
Oe5:(V) = ﬂ o.(V + K),

KeK(X)

Note that if € tends to 0, we recover the well-known definitions of essential spectra of V.

3. Theclass WDC.(X,Y)

We start this section by defining s-pseudo weakly demicompact linear operators.

Definition 3.1. Let (Y, ||.||y) be a Banach space and let X be a subspace of Y endowed with a norm
||l.]lx such (X, |.]|x) is a Banach space. Let " € C(X,Y') be a closed linear operator from X into Y’
and ¢ > 0. Then, T is called e-pseudo weakly demicompact if for every sequence (z,,), in D(7") and
D € L(X,Y) with | D|| < e such that (x,, — Tx,, — Dx,), converges weakly in Y, then there exists a
weakly convergent subsequence of (), in X.
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We denote by WDC.(X,Y), the set of all e-pseudo weakly demicompact operators from X into Y. If
(X, [.llx) = (Y ||-|ly), we simply denote by WDC.(X).

Theorem 3.1. Let X be a Banach space and let 7' : D(T) € X — X be a closed linear operator.
Assume that X* + X* o T is dense in (X7)*, where X* and (X7)* denote the topological dual spaces of
X and X7 = (D(T), ||.||7) respectively. Then, for every ¢ > 0 the following equivalence holds.

T € WDC.(X) if, and only if, T € WDC.(X71, X).

Proof. Lete > 0, D € L£(X) such that | D|| < ¢ and let (x,), be a bounded sequence of X7 such
that z,, — T\xn — Dz, — y, in X. Clearly, (), is bounded in X and z,, — T'x,, — Dx,, — y. Since
T € WDC.(X), then there exists a subsequence (7,(,))n C D(T) such that v,,) — z, z € X. We
have to show that z,,,) — 2 in X7. For this purpose, let f € (Xr)*, it follows that there exists (f;;)m
with fr, = gm + hm o T, m € N. Where (g)m C X*, (hm)m C X* and || frn — fll(xp)» — 0, as
m — +oo0. Clearly, g, (zyn)) — gm(z) for all m € N. Now,

Txpm)y =TTum) + Dxypm) — Tpm) — DTpm) + Tpm) — —y + o — Dax.
It follows from the closedness of 1" that x € D(T") and  — Dz —y = T'z. Consequently, Tz ) — Tx

in X. Which implies that h,,, (T ,(,)) — hy(Tx) for all m € N. It follows that f,,(2(n)) — fm (), for
all m € N. Now, write

[f (@) = Fn(Zom)] + [ fm(Tom) = fin(@)] + | fn(2) = f(2)]
If = fmllx (BT ||T+|fm(% ) S @)+ [ = fllxz 2l

[f (@) = f(2)]

IA A

Xr

Since (), is a bounded sequence of X7, then there exists M/ > 0 such that ||z | < M and
| Tz || < M. Let d > 0 then there exists mg € N such that for all m > my,

If = fml

Y VE

It follows that

) )
|fm($¢(n)) - f<$)| < g + |fmo( go(n)) - fmo<$)| + §

Now, from the fact that f,,, (Zon)) — fino (%), as n — 400, we deduce that there exists nyg € N such
that for all n > ny,

o
|fn0(x<p ) fno( )| g
Consequently,
b 0 9
|f(37<p(n))_f(37)| <§+§+§<5.

Hence, z,(,) — x In Xr.
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Conversely, let D € L(X) such that ||D| < ¢ and (x,), be a bounded sequence of X such that
xy,—Tx,— Dx, — yin X. Then, there exists M > 0 such that ||z,| < M, and ||Tz, —z,+ Dx,| < M
for all n > 0. It follows that

[enlle = [Tzl + [zl < (34 M)e.

Then (z,), is bounded in X. Since x,, — fa:n — Dx,, — yin X and T e WDC.(Xr, X), then there
exists a subsequence (7)), Of (z,), and x € X such that z,,,) — z, in X7. Which achieves the
proof. Q.E.D.

Theorem 3.2. Let X be a Banach space andlet 7" : D(T') C X — X be aclosed linear operator. Assume
that X* + X* o T"is dense in (X7)*. Fixe > 0Oand S € L(X). If T € WDC.(X) and the operator
I — T has a left (resp. right) e-pseudo weakly Fredholm inverse 7; (resp. 7}.) such that ST; (resp. T,.5)
e WDC(X),thenT + S € WDC.(X).

Proof. Let D € L£(X) such that || D|| < e, then there exist 7; € L(X, Xr) (resp. T, € L(X, Xr)) and
K € W(Xr) (resp. K' € W(X)) such that:

Ti(I-T—D)=1-K, on Xy.
(resp. (I =T — DT, =1 — K', onY).

Then, the operator / — T — S — D can be written as follows
[-T—S—D=(I—-ST,)(I-T—-D)—-SK. (3.1)
(resp. I —T—S—D=(I-T-D)I-T,5) —K'S). (3.2)

Now, let (x,),, be a bounded sequence of X satisfying (I — T-8-— D)z, converges weakly to an
element of X. It follows from Eq. (3.1) (resp. Eq. (3.2)) together with the weak compactness of SK
(resp. K'S), the weak demicompactness of S7T; (resp. 7,.S) and the boundedness of (I — T— D)z, that
(I— T- D)z, has a weakly convergent subsequence. Since 1" is e-pseudo weakly demicompact, accord-
ing to Theorem 3.1, T is e-pseudo weakly demicompact. Therefore, (z,,), admits a weakly convergent
subsequence in X7 and this shows the e-pseudo weak demicompactness of T+ S and consequently the
e-pseudo weak demicompactness of 7'+ S. Q.E.D.

4. c<-Pseudo weak-demicompactness for B.O.M

Proposition 4.1. Let X be a Banach space, ¢ > 0 and A: D(A) C X — X be a closed linear operator

and D: X — X be a bounded linear operator. Let A = ( 61 lO) ) = A+ D with A = ( 13 8 )’

D = ( 8 g > Assume that X* + X* o A is dense in X}. If A is e-pseudo weakly demicompact

matrix and Z — A has a left (resp. right) e-pseudo weakly Fredholm inverse jl (resp. /L) such that
DA, € DC(X x X). Then A € WDC.(X x X).
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Proof. First, let us prove that (X x X)* + (X x X)* o A is dense in (X X X):%. Let f : (D(A) x
X, ||.ll 1) — R abounded linear form. Then there exists f; : X4 — Rand f; : X — R two bounded

linears forms such that f(x,y) = fi(z) + fa(y) (put fi(z) = f(x,0) and fo(y) = f(0,y)). Since
X"+ X*oAis dense in X7}, there exists two sequence (h1y,)n, (k1n)n in X* such that by, + k1,0 A — fi.
Set H,,(z,y) = hin(z) + fo(y) and K, (z,y) = k1, (2) forall (z,y) € X x X. Observe that H,, and K,
are linears. Moreover,

[Hu(z,y)| < ([hanlll[=]] + [ f2[l[y]

(Al + [[£2ID11 (2, )1

<
<

and

(Ko (2, )| < [l Fanllll]]

Since H,(z,y) 4+ K, o A(z,y) = hin(z) + f2(y) + k1n(Az). Then,
H,+ K,oA— .

Consequently, (X x X)* + (X x X)* o Ais dense in (X X X):"Z.

P P
P; P,
A€ L(X x X, (X x X)) 7) such that:

~

A(I—A-P)=1-K.

Let P = ( > € L(X x X) such that ||P|| < e, then there exist K € W((X x X) 3) and

Then, the matrix I — fl — P can be written as follows

J—J—P:(I—ﬁﬁz)(l—ﬁ—P)—ﬁlc. 4.1)

Now, let (25, Y,)n be a bounded sequence of (X x X) 7 such that (I — A — P)(zp, yn)n converges
weakly to an element of X x X. It follows from Eq. 4.1 togetller with the weak compactness of DK, the
weak demicompactness of D.A; and the boundedness of (I — A —P)(xn, yn) that (I — A —P)(Zn, Yn)n
admits a weakly convergent subsequence. Since A is e-pseudo weakly demicompact, then by applying
Theorem 3.1, we infer that A is e- -pseudo weakly demicompact. Therefore, (x,,, y,,), admits a Weakly

convergent subsequence in (X x X) 7 and this shows the e-pseudo weak demicompactness of A. So,
A e WDC.(X x X). Q.E.D.

Proposition 4.2. Let X be two Banach space, ¢ > 0. Let A: D(A) € X — X and D: D(D) C
X — X be two closed linear operators. Let B: X — X and C: X — X be two bounded linear
operators.

Let B = (é g) = A+ Bwith A = <gl 1())>’BN: (g §>.AssumethatX*—|—X*0Ais
dense in X and X* + X" o D is dense in X7,. If Ais e- pseudo weakly demicompact matrix and Z — A

has a left (resp. right) e-pseudo weakly Fredholm inverse A, (resp. A,) such that BA, € DC(X x X).
Then B € WDC.(X x X).
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Proof. First, let us prove that (X x X)* + (X x X)* o A is dense in (X X X):%. Let f : (D(A) x
X, ||.ll 1) — R abounded linear form. Then there exists f; : X4 — Rand f; : X — R two bounded
linears forms such that f(x,y) = fi(z) + fa(y) (put fi(z) = f(x,0) and fo(y) = f(0,y)). Since
X*+ X*o Ais dense in X7, there exists two sequence (hiy)n, (kin)n in X* such that by, + k1,0 A — fi
and X"+ X*oD is dense in X7, there exists two sequence hyy,, ko, in X* such that hy,,+ko,0D — fo. Set
Wo(z,y) = Hp(z,y)+ K,o Az, y) where Hy (2, 1) = hipn(2) +hon(y) and K, (2, y) = kin(2) + kon(y)
for all (z,y) € X x X. Observe that W,,, H,, and k,, are linears. moreover,

|Ho(z, )| < [[hanll 2] + [[h2nll Y]]
< (1Pl + lh2n DIz, )11,
and
\Kn(z,y)| < k]l + [[k2n | [y
< [kl + E2n DI (2, )
Therefore,

Wiz, y) = hin(2) + hon(y) + k1n(Az) + k2n(Dx) — fi(z) + f2(y) = f(2,9).

Consequently, (X x X)* 4 (X x X)* o Ais dense in (X X X):"Z.

P P
Py Py
A€ L(X x X, (X x X)) 7) such that:

~

A(I—A-P)=1-K.

Let P = ( > € L(X x X) such that ||P|| < ¢, then there exist £ € W((X x X) ;) and

Then, the matrix [ — B - P can be written as follows

I-B-P=(-DA)i—-A-P)-DK. (4.2)

Now, let (,, yn)n be a bounded sequence of (X x X') 7 such that (1 -B —P)(xn, Yn)n converges weakly
to an element of X x X. It follows from Eq. (4.2) together with the weak compactness of DK, the weak

demicompactness of D.A; and the boundedness of (I — A—P)(z,,, yn) we infer that (1 — A—P)(zpn, Yn)n

admits a weakly convergent subsequence. Since A is e-pseudo weakly demicompact, then by applying

Theorem 3.1, we infer that A is e-pseudo weakly demicompact. Therefore, (x,,, y,), admits a weakly
convergent subsequence in (X x X) ; and this shows the e-pseudo weak demicompactness of B. So,
B e WDC.(X x X). Q.E.D.

In the rest of this section, we will investigate the essential pseudo-spectrum of a bounded 2 X 2 matrix
operator.

Definition 4.1. Let X and Y be two Banach spaces, ¢ > 0 and let " € L£(X,Y). The operator 7 is
called:
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(i) e-pseudo Fredholm perturbation if 7'+ D € F(X,Y) forall D € L£(X,Y) such that || D|| < .

(1) e-pseudo upper semi-Fredholm perturbation if 7'+ D € F(X,Y) forall D € L(X,Y) such that
| D] < e.

(ti1) e-pseudo lower semi-Fredholm perturbation if 7'+ D € F_(X,Y) forall D € £(X,Y’) such that
|D| < e.

The set of e-pseudo Fredholm perturbation, e-pseudo upper semi-Fredholm perturbation and e-pseudo
lower semi-Fredholm perturbation are denoted by F°(X,Y), F5(X,Y') and F= (X, Y), respectively.

When X =Y, F5(X, X), F.(X, X) and F£ (X, X) will simply denoted F*(X), 5 (X) and F= (X),
respectively.

The set 7°(X,Y) (resp. F7(X,Y) and F2(X,Y)) is a subspace of L(X,Y"). Moreover, we have the
following inclusions
FHXY) € F(X,)Y),
FL(X)Y)C Fi(X,Y), and

F(X,Y) C F_(X,Y).

Theorem 4.1. Let X and Y be two Banach spaces and let 7 € C(X,Y) and F' : X — Y be a linear
operator. Then:

(1) T+ F € °(X,Y) whenever T' € ®°(X,Y) and I € F*(X,Y).

(i) T+ F € ®°.(X,Y) whenever T' € % (X,Y) and F € F*(X,Y).

(1i1) T+ K € @ (X,Y) whenever T € ®° (X,Y) and F € F°(X,Y).

Proof. (i) Let D € L(X,Y) such that || D|| < e. we can write D = D1 + D, such that || D;|| < § and
|D2|| < 5. By using Lemma 2.1, we get

T+F+D=T+Di+F+D;e®X,Y).
Consequently,

T+Fed(X,Y)

Q.E.D.
Lemma 4.1. Let X; and X5 be two Banach spaces. Let

Fii Fig )
F= ,
< Fy Fy
where F}; € L(X;, X;), with¢, 7 = 1,2. Then

(i) F € F°(X1 x Xy) if and only if F}; € F*(X;, X;), with4,j = 1,2.
(i1) F € FL(Xy x Xy)if and only if F; € F5(X;, X;), with i, j = 1,2.
(i13) F € F=(X1 x Xo) if and only if Fj; € F=(X;, X;) withi,j = 1,2.
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Proof. (i) Suppose that F;; € F=(X;, X;) with ¢, 7 = 1,2 and we will prove that F € F=(X; x X»).
Py P
Let P = ( PH P12 ) € L(X; x Xy) such that ||P|| < e. First, let us consider the following decom-
21 1722
position:

o F11+P11 0 0 F12+P12 0 0 0 0
F+P_( 0 0>+(0 0 >+(F21+P21 0>+(0 F22+P22>.

It is sufficient to prove that Fj; € F=(X;, X;) with ¢, = 1,2, then each operator in the right side
of the previous equality is e-pseudo Fredholm perturbation on X; x X,. For example, we will prove
the result for the first operator. The proof for the other operators will be similarly achieved. Let

- A b [ F11+P11 0
L= (C D) € ®(X; x X3) and let us denote F' := ( ; .

rem [19], it follows that there exist

LO:(AO BO)EE(XlxXQ)

>. From Atkinson Theo-

Co Dy
and
K K12>
K= e K(X7 x Xy),
( Ko1 Koo (X 2)
such that
EEOZI_ICOHXl XXQ.
Then

(,C—i—ﬁ)Eo:]—IC—i—ﬁEo:<I_KH+<FH+PH)AO K12+(F11+P11)Bo>

— Ko I — Ky
Since Fy; € F°(X), then Fy; + P € F(X;). By using Theorem 2.3.1 in [12], we will have
I — K1+ (Fn + Pll)AO - (I)(Xl).

This together with the fact that  — Ky € ®(X3), allows us to deduce, from Lemma 11.5.1 in [12],
that

0 0

(L+ F)Lo— < ke D

) € d(X; x Xy).

Since K5 is compact and using the Theorem 2.1, we have £ + Fe O(X; x Xo).

Conversely, assume that 7 € F° (X3 x X3) and we will prove that F}; € F=(X;). Let A € ®(X) and
let define the operator

L A —F12
b (40,
From Lemma 11.5.1 in [12], it follows that

Ly € (I)(Xl X Xz).
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Hence,

A+ Fpq 0

F =
+ L ( Fyr T+ Fy

) € (I)(Xl X XQ)
Using Remark 11.5.2 [12], we have
A+ I € CI),(Xl) 4.3)

In the same way, we may consider the Fredholm operator

A 0
(—F21 ]> Eq)(Xl XXz).

Using Remarks 11.5.1 and 11.5.2 in [12], it is easy to deduce that
A+ Fy e o_(Xy). 4.4)

From Egs. (4.3) and (4.4), it follows that F}; + P;; € F(X;). In the same way, we can prove that
Fy € .;Eg(Xz)

Now, we have to prove that 15 € F°(Xy, X1) and Fy; € F°(X3, Xy). For this, let us consider
Ae @(XQ,Xl) and B € q)(Xl,XQ). Then,

(g ?)ecb(XlxXQ).

Using the fact that F1; + P11 € F°(X1) and Fyy + Py € F°(X3), we can deduce that

F+(_Hl()>€f%&xXﬂ

0 —Fy
Hence,
0 A+ Fip
P (X7 x X»).
(B+51 0 )6 (X1 Xs)
So,

A+ F12 - ®S(X2 Xl)
and

B+ Fy € q)E(Xl,XQ).

Q.E.D.

Theorem 4.2. Let X, Y be two Banach spaces,c > 0and A: X — X, B:Y — X,(C: X — Y and
A B P P

D:Y — Y are four bounded operators. Let L := and let P := "2 ) e L(X xY)
C D Py Py

such that ||P|| < e.
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() IfCAe F5(X,Y), CB e F°(Y)and C € F(X,Y) then,
0eie(L)\{0} C [0eic(A) U oei o (D)\{0}, 7 = 4, 5.
(i) fCA e FL(X,Y), CB e Fi(Y)and C € F(X,Y) then,

0'5175(1/)\{0} C [Uel,s(A) U Uel,E(D)]\{O}‘
(i) fCA e FE(X,Y), CBe Fi(Y)and C € F_(X,Y) then,

06275([/)\{0} - [‘762,6(A) U ‘762,6(D)]\{0}-

Proof. Let A € C\{0}. Then, we have
A—A -B
A_L"( —C A—D)
L0 0 N, (I 0\(A-4 -B
A\ -CA4 -CB £ I 0 A=D)

Suppose A & [0e5-(A) U 0es.(D)]\{0}, then by Lemma 6.6.1 in [11],

A—A -B ) (A—A-P -B-P \
( 0 )\_D>€<I>(X><Y)andz< P )\—D—P4>_O
for all P := Py € L(X xY) such that |P| < e.
Py Py

Since ( 710 ? > is invertible then the operator matrix
by
( i ? > isFredholmandz’( é ?_ > =0.
) )
Moreover by hypothesis and by applying Theorem 2.4 in [1], we get
I 0 I 0 PP 0 0
_ = XY
7)) (e IR n) = (e o) eroom

P, P

forall P :=
or all P (P3 P,

) € L(X x Y) such that |P|| < e.

Consequently, by using Lemma 2.2, we get

(=) )
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1s e-pseudo Fredholm matrix and

(L0 ) ()

i LON,(A-A-PA -B-P
AN -P;  A-D-P

On the other hand, since CA € F°(X,Y),CB € F*(Y), it follows from the Lemma 4.1 that

0 0 _
(—C’A —CB)GJ:(XXY)'

So, applying Theorem 4.1, we get
A—Led (X xY)andi(A—L—P)=0,

forall P := By € L(X xY) such that |P| < e.
Py Py
Thus,
A & 0e5.:(L)\{0}.
Hence,

0eie(L)\{0} C [0eie(A) U oei o (D)\{0}, 7 = 4, 5.

The proof of (ii) and (i7i) may be checked in the same way as the proof of (7). Q.E.D.

Theorem 4.3. Let X, Y be two Banach spaces,e > 0and A: X — X, B:Y — X,(C: X — Y
and D: Y — Y are four bounded operators. Let L := ( é IB; ) :
(1) If C € F5(X,Y) then,
Uei,€<L)\{O} - [Uei,€<A) U Uem(D)]\{O}? 1 =4,5.
(11) If C € FL(X,Y) then,
ere(L)\{0} C [0e1(A) U er(D)\{0}.
(199) If C' € F&(X,Y) then,
Oe2,e(L)\{0} C [0e2,(A) U oea,o(D)\{0}.

P P

Proof. (i) LetP = ( P, P,

) € L(X x Y) such that ||P|| < . Then, for all A € C\{0}, we have

A_L_P::(A—A—H ~B - Py )

~C—-P; A—-D-P
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1 0 0

N X < —(C+P3)(A+P1) —(C—l-Pg)(B—I—Pz) )
I 0\/A-A-P —-B-P

T e g 0 A\—D-P )"

Suppose A & [0e5.:(A) U 0es-(D)]\{0}, then by Lemma 6.6.1 in [11],

(/\—A—Pl —-B-PF

(A—A-P -B-P, \ _
0 )\_D_P4>E<I>(XXY)andz< )—O.

0 A—=D—-F,

X X
holm matrix and

{1 0N(A-A-P -B-P \_,
—Crh) 0 A-D-P; ) 7

1 0 1 0 —A-— —B —
Since | _(cipy s ) is invertible then ( crry ) ( A /é) P A _BD _P2P4 ) is a Fred-

On the other hand, it follows from the hypothesis that (C' + P;)(B + P,) € F°(Y) and (C + Ps)(A +
Py) € F*(X,Y) and so,

0 0
( —(C+ B)(A+P) —(C+ P3)(B+ P) ) € FIX xY).

So,A\—L—-Ped(X xY)andi(A— L —P)=0. Thus, A & o.5.(L)\{0}. Hence,
0eie(L)\{0} C [0eic(A) Uoei o (D)\{0}, 7 = 4, 5.

(7i) The proof of (ii) and (7i7) may be checked in the same way as the proof of (7). Q.E.D.

References

[1] Abdelmoumen B. and Yengui S.: Perturbation Theory, M-Essential Spectra of Operator Matrices. Filomat, 34 (2020)
1187-1196.

[2] Akashi W. Y.: On The Perturbation Theory For Fredholm Operators, Osaka J. Math., 21 (1984) 603-612.

[3] Ammar A. and Jeribi A.: A Characterization of The Essential Pseudospectra On a Banach Space, J. Arab. Math., 2
(2013) 139-145.

[4] Ben Brahim F., Jeribi A. and Krichen B.: Essential pseudospectra involing demicompact and pseudo demicompact
operators and some perturbation results. Filomat 33 (2019) 2519-2528.

[5] Chaker W., Jeribi, A. and Krichen, B.: Demicompact linear operators, essential spectrum and some perturbation
results. Math. Nachr. 288 (2015) 1476-1486.

[6] Chtourou I., Krichen B.:Characterization of relatively pseudo weakly demicompact operators by means of MWNC
and some perturbation results. Ann. Fun. Ana., 12:14 (2021).

[7] Davies E. B.: Spectral theory and differantial operators.Cambridge University Press, Cambridge. (1995).

[8] Dunford N. and Schwartz J. T.: Linear operators, Part I. General Theory,

© 2024 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |16



[9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

(23]
[24]
[25]
[26]

Goldberg S.:Unbounded linear operators, Theory and applications, McGraw-Hill Book Co., New York, (1966).

Golberg I. C. Markus A. and Feldman I.A.: Normally solvable operators and ideals associated with
them.Trans.Am.Math.Soc 61 (1967) 63-84.

Jeribi A.: Spectral Theory and Applications of Linear Operators and Block Operators Matrices, Springer-Verlag, New
York., (2015).

Jeribi A.: Linear Operators and Their Essential Pseudospectra, CRC Press, Boca Raton., (2018).

Jeribi A. Krichen B. and Zitouni A.: Spectral properties for y-diagonally dominant operator matrices using demicom-
pactness classes and applications. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 113 no. 3, (2019)
2391-2406.

Jeribi A, Krichen B. Zitouni A.: Properties of demicompact operators, essential spectra and some perturbation results
for block operator matrices with applications. Lin.Mult.Alg. 68 (2020) 2506-2522.

Krichen B.: Relative essential spectra involving relative demicompact unbounded linear operators. Acta Math. Sci.
Ser. B Engl. 34(2) (2014) 546-556.

Krichen B. and O’Regan D.: On the Class of Relatively Weakly Demicompact Nonlinear Operators, Fixed Point
Theory. 19 (2018) 625-630.

Krichen B. and O’Regan D., Weakly Demicompact Linear Operators and Axiomatic Measures of Weak Noncompact-
ness, Mathematicae Slovaca., 69 (2019) 1403-1412.

Landau H. J.: On Szego’s eigenvalue distribution theorem and non-Hermitian kernels. J. Analyse Math. 28 (1975)
335-357.

Miiller V.: Spectral theory of linear operators and spectral systems in Banach algebras, Basel, Birkhiduser Verlag
(2003).

Schechter M.: Principles of Functional Analysis, Grad. Stud. Math. 36, Amer. Math. Soc., Providence, RI, (2002).

Petryshyn, W. V.: Construction of fixed points of demicompact mappings in Hilbert space, J. Math. Anal. Appl. 14
(1966) 276-284.

Petryshyn, W. V.: Structure of the fixed points sets of k-set-contractions, Arch. Rational Mech. Anal. 40 (1971) 312-
328.

Petryshyn W. V.: Remarks on Condensing and k-set Contractive Mappings, I, J. Math. Anal. Appl., 39 (1972) 717-741.
Trefethen L. N.: Pseudospectra of matrices, Numerical Analysis, Pitman Res. Notes Math. Ser. 260 (1992) 234-266.
Tretter C., Spectral Theory of Block Operator Matrices and Applications, Impe. Coll. Press, (2008).

Varah J. M.: The Computation of Bounds for the Invariant Subspaces of a general Matrix Operator, Stanford University
(1967).

© 2024 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |17




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


