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space of n-dimensional torus T™. It deals with characterizations of introduced operator with specific as well as general
symbols. Certain algebraic and structural properties of considered operators are also investigated. Finally, we discuss few
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1. Introduction

Slant Toeplitz operators on the Lebesgue space of unit circle T are given as a solution of operator
equation M, X = X M . Its collection forms a significant class of operators, which has close links with
the collections of multiplication operators and composition operators. In 1996, Ho [11] had introduced
this operator and done a systematic and fruitful study in the direction of slant Toeplitz operators. There
he discussed not only simple operator theoretic aspects, but also analyzed advanced view points (namely,
C*-algebraic view points) related to these operators. More precisely, the study covers spectral properties,
norms, isometric behaviour and other operator theoretic properties for these operators. The structural
properties of C*-algebra generated by slant Toeplitz operators have also been discussed by Ho [11].

In the view of structure of slant Toeplitz operators, it is evident that the matrix representation of a slant
Toeplitz operator with respect to {e,, }>___ (an orthonormal basis for L?(T) ) can be obtained by elim-

inating alternate rows of the corresponding doubly infinite Laurent matrix (which gives a multiplication
operator on L?(T)).

It is important to point out that the operator equation prove to be an easy mode to illustrate many
generalizations of the class of slant Topelitz operators. We would like to refer here the investigations of
Barria and Halmos [3] and Avendafo [2], wherein they gave generalized version of operator equations
available for the classes of Toeplitz and Hankel operators respectively on H?(T). In [3], solutions of the
operator relation U* XU — X € K have been investigated, where K is the set of all compact operators
on H?(T). These solutions are referred as essentially Toeplitz operators. It can also be viewed as the
essential commutant of the unilateral forward shift operator, whereas in [2], essentially Hankel operator
has been introduced and characterized by the operator relation U* X — XU € K, where K is again the
same set as given above and U represents the unilateral forward shift operator on the Hardy space H?(T).
Further, Barria and Halmos [3] raised a question related to the solution of U* XU = AX, which leads
in the direction of generalization of notion of Toeplitz operator for a fixed complex number A. Sun [14]
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solved this equation completely and termed the solutions as A-Toeplitz operators. By another point of
view, the non-zero solution of U* XU = A\X, can be seen as an eigenvector of the operator 7" : H? —
H? given by T'(X) = U*XU corresponding to \. Other generalizations of Toeplitz operators (namely,
dual Toeplitz and commuting Toeplitz operators) have also been taken into consideration on the bi-disk
by several researchers (see [7, 8, 9]). In last few years, these convictions were adjoined to the slant
Toeplitz operators and the following classes have been investigated on L?(T) or H*(T).

1. Essentially slant Toeplitz operators: M, X — XM, = K;

2. Essentially k'"-order slant Toeplitz operators: M, X — X M,» = Ko

3. Generalized A-slant Toeplitz operators: AM, X = X M

4. Compression of k- order slant Toeplitz operators: X = T XT,x on H?(T)
5. Essentially generalized A-slant Toeplitz operators: AM, X — X M » = K3,

where K;, 1 < i < 3, are compact operators on L?(T). Here, as well as from now onwards, k and n
denote integers greater or equal to 2 and 1, respectively. The symbol A is a fixed complex number. Papers
[1, 4, 14] and the references therein are referred for more details about these classes of operators.

Because of enough features and applications (see [15]), the study of slant Toeplitz operators and its
compression is further enhanced and lifted to the Lebesgue space L?(T") of n-torus in [5, 6]. It is
generalized to investigate and explain k"-order \-slant Toeplitz operators on L?(T"), where T" denotes
n-torus and is a subset of C".

Motivated by the work initiated by several mathematicians listed above, in this paper, we introduce
and analyze the class of compression of k*"-order \-slant Toeplitz operators on the Hardy space H?(T")
and essentially k'"-order \-slant Toeplitz operators on L?(T"). Before moving ahead, the essential ter-
minologies and prerequisites are provided, which will be needed for further study.

Let the set of all non-negative integers and the set of all integers are denoted by Z and Z respectively.
The Lebesgue space L?(T") (the collection of all Lebesgue measurable complex valued functions defined
on T” such that [, | f * do < oo holds) can be expressed as

LQ(TTL) = f : f<217227 e 7ZTL) = Z fmhmg,m,mnzinlzgw e Zgbn7

(m17m27”‘ 7mn)€Zn

2
> fmmpem| <00,

(m17m27”‘ 7mn)€Zn

by employing multiple Fourier series [13] on T". Here, do denotes the normalized Lebesgue measure.
The Lebesgue space L?(T") is a Hilbert space with the inner product

2m 2w 27
1 o : __ :
(f.9) = @) //.../f(ezel,ew?,--- e g(eifr eil2 ... eifn) d6df, ... db,,
T n
0 0 0
o
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In a similar way, it can be seen that the space H?(T") (a closed subspace of L?(T") ) has the same kind
of structure and inner product as those of L?(T"). An orthonormal basis for the space H?(T") is given

. _ m m n
by {em17m27...7mn c(my,ma,...,my) € Zﬁ}, where e, . . (21,20, -, 2n) = 2™ 202 2™ Note
that we oftenly write 2" 25" ...z as a basis element of L?(T") or H?(T") instead of €, my ... s

whenever there is no notational confusion. For n > 1, the Hardy space H?(ID") [10, 12] over the open
unit polydisc D™ is the set of all analytic functions on D" such that

2

Ifll:== | sup /|f(rei91,rei92, e 2doydd, ... db, |

0<r<«1
T

is finite, where dfd0f, . . . df,, represents the normalized Lebesgue measure on T".

One can identify the Hardy space H?(D") and the space H?(T") via the radial limits of functions of
H?(D"). Henceforth, a function f in L?(T") is termed as analytic if its Fourier coefficients fi,, my . .m, =
0, whenever m; < 0 for at least one 7, 1 < j < n. A function g of L? (T™) is called co-analytic if its
complex conjugate g is analytic. The Banach space of all essentially bounded measurable functions on
T™ with essential supremum norm || - || is denoted by L°°(T"). We fix the notations B(L?(T")) and
K(L?(T™)) to represent the algebra of all bounded linear operators and the ideal of all compact operators
on L?(T™). The symbol B, is used to express the standard basis of R".

Now, we recall from a reference of [6] that a k**-order slant Toeplitz operator is given by Ay, =
By, M, where the linear operator Ej,,, on L?(T") is defined as

my mg mp
my e . ...zpt  ifeachm; isamultipleof k£, 1 <7< n
0 otherwise,

and M, denotes the multiplication operator on the Lebesgue space L*(T™) with symbol ¢ € L>(T"). It
is shown that the system of operator equations MZ?%Q”.Z%”X = XMZ;fjlzgjgmzﬁjn, for (j1,j2,.--,Jn) €
B,,, characterizes k'"-order slant Toeplitz operator. The work done in [1, 2, 4] and [14] motivate us to
carry out this study and derive some notions from the slant Toeplitz operator on L?(T") in the present

paper.

2. Compression of k'"-order \-slant Toeplitz operator

The section begins with few definitions and elementary results related to slant Toeplitz operator on
L*(T") and its compression on H?(T"). Initially, define a linear operator on L?(T™) for a fixed A in the
unit circle, given by

D}(f)(ZbZQ,...,Zn) :f(/\Zl,/\ZQ,...,)\Zn). (D

One dimensional version of the operator Dy i1s utilized in the description of the solution of equation
U*TU = \T, where U is unilateral shift operator of L?(T), analyzed by Sun [14]. The use of the operator
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Dy, gives rise a similar kind of operators, discussed by Ho [11] and Sun [14], in higher dimensional setup.
From now onwards, )\ is chosen as a complex number with unit modulus unless otherwise stated.

Definition 2.1. [6] A k'"-order \-slant Toeplitz operator Ay 5, with symbol ¢ € L>(T"), on L*(T")
can be defined as

Aqg’k’/\(f) = D;\A¢7k7n(f), for all f € Lz(Tn),

where Dy is same as defined in (1) and Ay 1., is a k' -order slant Toeplitz operator with symbol ¢.

Recall that a k'"-order \-slant Toeplitz operator arises as a solution of system of operator equations in
the following form:

)\(J1+]2+m+jn)sz1Zj2 zan = XM ki1 kiz  _kin, (2)
1Rz 277 29752

for (j1,j2,...,7n) € Z™. We know that, for |A\| = 1, the above system (2) has non-trivial solutions.
Further, in [6], it is refined and shown that the condition given by (2) for (j1, jo, . .., jn) € B, becomes a
necessary and sufficient condition for an operator X on L?(T") to be a k'"-order \-slant Toeplitz operator.
This characterization should be compared with its counterpart in one variable case for A-Toeplitz operator
and A-slant Toeplitz operator derived by Sun [14] and Datt, Aggarwal [4] respectively. It is worth men-

*

tioning that the non-zero solution of the system of operator equations A.X = M 0 XM kit _kis _kins
z 1 o T Zn

{1,2%2..,2]"
: LA(T") —

Mad 12

for (j1,72,...,Jn) € By, can be viewed as common eigenvector of operators 7’
L*(T™) given by

17.j27"‘7j7l

JEN— * . . .
Ty orein(X) = Mgy gy g XM kis kin i

217 %72

corresponding to \.

Again, recall that an operator 7' on H?(T") is said to be a compression of k'"-order slant Toeplitz
operator if it can be written as

T(f) = PAsxn(f), for all f € H*(T"),

where ¢ € L°(T") and P is an orthogonal projection from L?(T") onto the space H?*(T"). Equiva-
lently, Vi ., = PAg kn|m2(rn). Throughout the paper, a k'"-order slant Toeplitz operator and its com-
pression with inducing function ¢ is denoted by A, and Vj 1, respectively. Next, we deal with
the compression of k*"-order A-slant Toeplitz operator to the Hardy space H?(T") and also look for its
characterizations and some of its properties.

Definition 2.2. For ¢ € L>(T"), an operator Vg x on H*(T") such that Vg = PAg gz
is known as the compression of k'"-order \-slant Toeplitz operator Ay 1\ Where P is an orthogonal
projection from L*(T™) onto the space H?*(T").

The linearity and boundedness of the operator V. \ follow from the fact that P as well as Ay »
are bounded linear operators on L?(T") for ¢ € L>°(T"). The following assertion highlights the linkage
between compressions Vi . » and Vy . , to the Hardy space of the operators Ay 1.y and Ay 1. , respectively.

Lemma 2.3. Let A € T, then V¢7k7)\ = D;\V¢7k7nf0r o € LOO(TTL).

© 2024 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page 14



Proof. To furnish a quick proof, for (i1, s, .. .,4,) € Z", we observe that

Altiobedin) iyl i ifeachi; > 0for 1 <j<n

(i1 iz iny n
POz ar) = 0, otherwise
| Ds(atag ), ifeachi; > 0for1 <j<n
-\ D 5(0), otherwise
= DyP(zizl ... 2.

This observation immediately yields that PDy5 = Dy P. Therefore, V; ;.\ can be rewritten as Vi ;. \ =
PA¢7;€7,\|H2(W) = D;\PA¢’]€7n|H2(Tn) = D3V k.n. This completes the proof. (]

The observation made in the Lemma (2.3) instantly provides that the composition operator Dy com-
mutes with the projection P. Therefore, H?(T") (= Range(P)) is a reducing subspace of Ds. Similarly,
we can show that H?(T") is also a reducing subspace of E, .

Now, we look up the actions of compression of k*-order A-slant Toeplitz operator and its adjoint
on the basis elements to have a systematic study as well as structure of these operators. Note that for

G(21, 22, -y 2n) = > Ormyma.mn 21 2522l € L(T™), and (iq, 19, ... ,1,) € Z", we
(m1,ma,....mpn)EL™

have

Ad)vkv/\ (zil tot Z;Lln) = Z ¢km17i1,...,kmn7inA(ml—’—m—i_mn)Z;nl Z£n2 RN Z;Tn (3)

(Mm1,...,min ) EL™

Utilizing the relation (3), the action of compression Vj . \ of k!"-order A-slant Toeplitz operator on basis
elements of H2(T") can be written as

i1 % in o mit...+mn) _mi_m Mn
V(b?k?)‘ (211222 <% ) = P E ¢kml—i17...7kmn—in)\( ! )Zl 122 2. Zn

(m1,...,mn)EZ™

_ mi+...+m mi1 . me m
- § ¢kml—i17...7kmn—in)\( n)zl 22 Ce Zn .

(M1,.cmn ) €LY

To find out the adjoint V5, , of Vi, 5 x on H?(T"™), we compute the following, for (i1, ..., i), (j1,...,jn) €
z;

11 12 7 ) ) (m1+...+m ) m1 m
Rl R - - Zns E ¢km1—jl,...7kmn—]n)\ " 2 R, n

(m17...,mn)621

_ Y (iitio+...4in) L
— )\( 1 2 )¢kll_]17k22_]277k2n_]n

_ 7 NGE m m g1 72 j
= E ¢ki1,m17___7kin,mnk( ! ”)z1 Lot 2y ). 4)

(ml,...,mn)eZi
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Equation (4) readily provides that
* 11 12 in\ __ " \ (21+...+Fin) om1 mo Mn
V¢)aka)‘<zllz2 R ) _ Z ¢ki17m1,...,kin7mn/\( ! )Zl 122 e Ry
(ml,mg,...,mn)GZi

for each (i1, 42, ...,4,) € Z. Equivalently, one can show that VJ; \ = PAY ; \|g2(rn). Also, using the
fact DxMp, (4) = My Dy, it can be seen that

T¢>,nD,_\Ek,n|H2(T") = PD,_\MDA(¢)Ek,n|H2(’JI‘")
PD,_\Ek,nMdHQ(']I‘n)
= Ve @)

where ¢ = Ej  Dy\(¢) € L>(T"). The relation (5) yields the connection between Toeplitz operator and
compression of k'"-order A-slant Toeplitz operator. Before discussing the characterization, we examine
an elementary but important fact about most frequently used operators (namely, £, ,, and Dy) throughout
the paper. Let A be a complex number of unit modulus and £ > 2. Consider two cases:

1. When there is at least one jo with 1 < jo < n such that m;, is not a multiple of k. Then, we have
EpnD5 (27" 25" .. 20) = D3 Epn(2" 252 ... 20™) = 0.

2. When all m;’s are in the multiple of % i.e. m; = ki;. Then,

_ ki1 _kio kin o /11 19 in
D3 Epn(2{" 257 .. 20m) = Dx(21'25%...2")
_ (t1+i2+...Fin) i1 i2 in

_ i1tio+...+in) ki1 ki kin
— Ek;7n ()\(’L1 2 ! )Zl 122 2 e an )

N (k=1)(i1 424 +in (ki ki kin
= \k-Dltiatedi) @ Dy (21257 20

It reveals that operators £}, ,, and Dy do not commute because of £ > 2.

Now, consider a mapping ¥ : L>®(T") — B(H?*(T")), given by ¥(¢) = V1 . By its definition, it
is clear that the mapping W is linear. Since, Dy is a unitary operator and the map ¢ — Vj ;. ,, is one-one.
Therefore, we can conclude that the function W is linear as well as injective.

An instant consequence can be retrieved from the preceding discussion, which can be written as fol-
lows: “The operator V3 ;. ) 1s the zero operator if and only if the inducing function is the zero function".

Before furnishing the characterization for compression of k'-order A-slant Toeplitz operator, we in-
vestigate the necessary and sufficient conditions for its particular case (namley, A = 1), which will be
helpful in characterizing most generalized version that is, compression of k'"-order \-slant Toeplitz op-
erator. Note that the necessary part of the following theorem is already proved in [5]. Here, we not only
provide a different proof for the necessary part but also prove sufficient part of the following theorem.

Theorem 2.4. A bounded operator V' € ‘B (H Z(T”)) is a compression of k'"-order slant Toeplitz oper-
ator to the Hardy space H*(T") if and only if the following conditions

V= T*p1z§2 n VTzfplzgp?..z,’ipn,n Jfor each (p17p27 - 7p7L) € By, (6)

21 zntn

hold.
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Proof. Assume that the operator V' € B (H 2("]I“”)) satisfies V. = 1%, ., VT kor koo ko, fOr (p1,
P1_ oBn, TP1o5P2, oken
p2,...,Dn) € B,. Hence we obtain that V' = (T m )* VT'; « _x , for each non-negative integer
kaok. 2k,

2129...2n,1

m. Again, for non-negative integer m, define an operator on L?(T") to be given as
Vi = S*my pSkm,

where S is the multiplication operator M., ., .. with symbol ¢ = z129... %, and P is an orthogonal
projection from the space L?(T") onto H?(T"). If n-tuples (iy, iz, .. ., %), (j1, 2, - -, jn) belong to Z1,
then we have

<Vm(z{1z§2 Loy, 2Rl zﬁl”> = <VP(zfm+j1 LR tm et zi"+m>
= <V(z:fm+j1 L gkmeny | platmytm zi"+m>

V(22 ), i zf{‘> : (7)

Now, consider the case when (i1, 19, ...,%,), (j1,J2,---,Jn) € Z™ with at least one i, or j; negative,
1 <r<nand1l <t <n. LetI be the collection of all these negative components of n-tuples. Again,
suppose that my = max{—s : s € I}. Then, this gives that kmg + j, and mg + i, are non-negative
integers forall 1 < p < n and

Ji_Jj2 J i1 02 i
<Vm0(z1 2. .2, 22y zn">
_ kmo+7j1 _kmo—+j2 kmo+j i1+mo i2+mg in+mo
= <VP(2:1 2y Lz TR T 2 Sz

_ kmo+j1 kmo+j2 kmo+ijn i1+mo _iz+mo in+mo
= <V(z:1 2y e 2y ), 23025 L2 :
Similarly, it is easy to calculate

J1 Jj2 J 1,02 (
<Vm0+1(21 250 .. 2, 211 % ...zn">

_ <v<zlmo+31+ Z2mo+jz+ N .Zﬁmo—i—]"—i—k), Zil+m0+1zé2+m0+1 o Z;n+mo+1>

- n

_ kmo+j1 kmo+j2 kmo+jn i1+mo i2+mo in+mo
<V(z1 2y el Z ), 210z e 2y
_ Ji ,J2 Jn i1 2 in
= <Vm0(z1 20 ..., 22y zn>
Analogously, one can verify that

<Vm(z{1z§2 cozm), 2R zf{‘> = <Vm0(z{1z%2 cozm), 2R zf{‘> , forall m > my.

This provides that the sequence (<Vm(z{1z§2 L), 2l z;">) is constant for sufficiently
meZy

large m and hence convergent for each n-tuple (i1,d2,...,%,), (1,52, .-,Jn) € Z". By linearity, it

also follows that the ((V;,p, ¢))mez, is also constant for large value of m and hence convergent for all

trigonometric polynomials p, g. We define a sesquilinear form ® on D, a subset of L?(T") consisting of

trigonometric polynomials, given by

O(p,q) = lim (Viup, q).
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Clearly, ¢ is a bounded sesquilinear form on D, because of ®(p,q) < ||[V|||p|llg|l. Also, it can be
extended to a bounded sesquilinear form ¥ on L?(T"). Therefore, there exists a bounded linear operator
Vi on L?(T™), which is unique and satisfies U(f, g) = (Vo f, g) on L*(T"). Again, for f,g € L*(T"),
it implies that

Vi, 9) = (Voo £, 9)-

Now, our aim is to show that V is a k-th order slant Toeplitz operator whose compression is the given
operator V. For (i1,i2,...,4s), (j1,72,---,Jn) € Z" and q € {1,2,...,n}, we have the following for
sufficiently large m (depending on i,, j,, ¢ such that 1 < p < n)

l7

M
m—0o0

J1 Jatk gn i1 ig+1 in
<Vm(zl...zq‘1 A0 N1 2 R
_ Jji+km jq+k+km Jn+km i1+m iq+1+m in+m
—<VP(21 2 A ), 2Tz 2

_ * Jj1+km Gqtkm Jn+km i1+m ig+m in+m
= <TquTz§(zl oz A ), 2Ty

_ Ji+km Jgtkm Jntkm i1+m ig+m int+m
—<VP(21 2 A -1 R A Al

= <Vm(2{1...zgq...z%”), zil...zéq...z;”>. (8)
The expression (8) resulted in the following form for ¢ € {1,2,...,n}.

* J1 Jj i1 i _ Ji Jqtk j i1 iq+1 i
<J\qu‘/oo]\4zg(z:1 oz, ...zn"> = <Voo(z1 R AR A N L 7 LA i

o ji otk ) i ig+1 i
= lim <Vm(zl...zgq Lz, Atz zn">

= lim <Vm(z{12§2 coozm), 22 zfl">
m—ro0

— J1,J2 J 01,02 i
= <Voo(z1 2y .. 2, 2112 zn”>

This yields that Voo = M, Voo M. for each integer ¢ such that 1 < ¢ < n. Using characterization of
k'"-order slant Toeplitz operator, this confirms that V, is a k-th order slant Toeplitz operator. Finally, let
f and g be two functions in H?(T™), then in the view of (7), we get that

(PVioluz(rn f19) = Vool 9) = lim (Viuf, g) = lim (Vf, g) = (V [, g).
Hence, V' = PV, |g>(rn) that is, V' is a compression of k'-order slant Toeplitz operator.

Conversely, let V' = PAWM‘ 2 (T for some ¢ € L>(T"), where Ay 1., is a k'"-order slant Toeplitz
operator induced by ¢. Using the fact that P M 5P =PM;,1 < j <n,we find that

TVTA(f) = T5PAg kT (f)
PMZ PAggnPMi(f)
= PM AgpnM i (f) = PAsrn(f) = V),

for each integer j, 1 < j < n and f € H?(T"). It proves that T;].VTZk = Vfor1l < j < n. This
completes the proof. 0]
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Now, we are in a position to provide a result, which initially furnish a characterization for the compres-
sion of k'"-order A-slant Toeplitz operator on H?(T") for general inducing function. After that, we also
deal with an assertion, which not only equipped with necessary condition but also sufficient condition
for a bounded operator on H?(T") to be compression of k'"-order A-slant Toeplitz operator with some
specific symbol.

Theorem 2.5. The necessary condition for an operator V- € B (H 2(T”)) to be a compression of k'"-
order \-slant Toeplitz operator on the space H?(T") is that

AprFPotFpn) Y — Tz*flng. p",anzlfplzspQ...zﬁp",n for each (p1,ps,...,pn) € By. ©)

.2

Moreover; the condition given by (9) also acts as sufficient condition for compression of k'*-order \-slant
Toeplitz operator.

Proof. Suppose that V' = Vj ;. 5, for some ¢ € L*>(T") of the form

O(21, 22y - oy 2n) = Z P o, mn 21 2522

(m1,ma,....,mn)EL™

1 : * i1 12 i . . .
Now, consider the expression TZfIZQQ___ZznmVTzfplngQ”.Zspn’n(zl zgt .. zim) for (iy,d9,...,1,), (p1,
P2, ..,Pn) € Z% . By a simple computation, it can be written as
* i1 12 in
Zflzg2---Zﬁn7“VTzlfplz§p2...z§p",n(zl 2y -2y )
= T* . . mi+...+mp M1 M2 m
o Tzflzﬁnan Z ¢k,n/l’17217kpl7'''7k'rn’r7,7'l'r7,7kpnA nZl 22 [P Zn n
(ml,...,mn)GZi
— E mi+...+m mi—pi1 My, —
=P ¢km1f’i1fkp1,...,kmnfinfkpnA( ! ")Zl -2y n=Pn
| (ma,...,mn)EZY
i oo
_ mi+ ot (mp+ mi1 Mo m
=P E stmlfil,...,kmnfin)\(( 14p1)-H(man p”))zl Tz
mj=—pj,1<j<n
o —+...+ mi+...+m mi .ma m
- )\(pl pn) § ¢kml—i17...7kmn—in)\( ! n)zl 22 . Z?’L n

(m17...7mn)621

— )\(p1+...+pn)V¢7k7A(Z§1Z%2 i) = )\(p1+...+pn)V(Zilz%2 L2,

which gives the desired necessary condition.

Conversely, assume that V' € ‘B (H 2("]I“”)) satisfies (9). Pre-multiplying the given equation (9) by D),
and using the fact discussed in (14), we get that

n?

(D,\V) = z*flzg?..zﬁn,n(D/\V)TzflkZ§2k...Z£nk7

for each (p1,p2,...,pn) € Z'. By using the Theorem 2.4, it gives that D)V is a compression of kth-
order slant Toeplitz operator A . , induced by some symbol ¢ € L>°(T"). Thus, we have V' = DV 1. ..
Hence, the proof is completed. ]
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Now, we look for a characterization of compression of Ay » with specific symbol, which can be
written in the following form.

Theorem 2.6. An operator V on H*(T") is a compression of k'"-order \-slant Toeplitz operator with
inducing function ¢ in the following form

[e.9]

D21, 29, . .., 2n) = > Oy, 2202 2T € LO(TM), (10)

mjz—(k:—l)JSjgn

if and only if it holds the conditions

)‘Tzflz?...zﬁ",nv = VTzlfplz];pQ...zﬁp",n’

for each (p1,pa,...,pn) € By.

Proof. Let a bounded operator V' be a compression of k-order A-slant Toeplitz operator with symbol
¢ € L*(T"), given by (10). The form of ¢, given in (10), can be expressed as

(b(zh 29y ens 7Zn) == Z ¢m17m2.._7mn21n12;712 R Z,:Lnn,

(m1,ma,....,mp)EL™

with ¢, ms....m, = 0, Whenever at least one m; is less or equal to —k. Now, for (i1,49,...,14,) € Z
and (0,0,...,0) # (p1,p2,...,pn) € Z, we have

i1 i2 i _ i1+kp1 _ia+kp2 int+kp
VTzzfplzspgmzﬁpn’n(zl 2. .z) = Vera(z 25 oz
— mi+...+m mi .,m2 m
- E ¢/€m1—’L'1—/€p17...,/€mn—in—k'pn/\( n)Zl Ry "2y "
(ml,...,mn)EZ’_ﬁ
0o
_ mi+...+m mi .Mm2 m
o Z qbkmlfhfkpl,...,kmnfinfkpn)\( ! n)Zl 2otz
m;=p;,1<j<n
mi+...+m mi m
+ Z ¢km1*h*kpl,...,kmnfinfkpn/\( ! ")Zl ez
(ma,...,mn)EZY, atleast one mj, <p;,—1,
1 < jo < nfor which pj, # 0
9
— mi+....tm mi.m m
= E Dl —is o rmin—in—kpn A n Mg gme (11)
m;=p;,1<j<n
and
11 12 7 o 11 12 7
Tzfl...zﬁ",nv(zl Ry .- znn) - Tzfl...zﬁ",nv¢>,k,)\(21 Ry .- Znn)
— mi+....tm m m
- Tzfl...zgn,n E : qskmlfil,...,kmnfin)\( ' n)zl b “n "
(ml,...,mn)eZi
. Z mi+...4+mp) ,M1+p1 m2+p2 mp+
- ¢km17i1,...,kmn—in)\( ! n)Zl Z9 S 2y nTPn
(mi,...,mn)EZLY
oo
Y “+...+ mi+...+m mi m
= AP N it i p AU (12)

m;=p;,1<j<n
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Equations (11) and (12) immediately give that

(p1+p2...+pn) —
A Tzf1z§2...z£”,nv - VTZ’fPIZ’;PQ_“Zﬁpnﬂ; (13)

for all (p1,...,pn) € Z,. Thus, we get the desired condition, particularly for (pi,...,p,) € B,,.

Conversely, let V € B(H?(T")) satisfies the system of operator equations, given by (13) for (py, pa, . . .,
Pn) € B,. Equivalently, one can show that the operator V' satisfies

(p1+p2...4pn)
A Topiee op

pnﬂv - VTzfplzl;pQ...zﬁp"m’

for all (py, pa, ..., pn) € Z. Now, we observe that for each (py,...,p,) € Z and f € H*(T")

Tzf1z§2...zﬁn,nDXf<zl7 T Zn) = Zflzéh s Zgnf(Azlv AZg, - 7/\211)
= WO M) L (A )P F(Nen, Azay - Azn)
~P1t A pn
= X DS T e e f (2022, 2). (14)
. . N ++ n
Equation (14) gives that DT ri vz _pn ,, = AT Toripz pn , Dy for each (p1,pa, ... pn) € Z7.

Pre-multiplying the given equation (13) by D, and employing the above observed fact, we get that
Tzf1z§2...z£",n(D>\v) = (DAV)TZfl’ngﬂcmzpnk n

)

for each (p1,p2, ..., pn) € Z1. It implies that D,V is a compression of k'"-order slant Toeplitz operator
in the form V,,,, induced by some special symbol ¢ € L°°(T") written into the form (10) (see [5]).
Thus, we have V' = D5V, . ., which is a compression of k-order A-slant Toeplitz operator with desired
symbol. This completes the proof. 0]

Note that the necessary part of Theorem 2.5 is proved with straight forward computation. However,
we can also derive it using the technique suggested in Theorem 2.4. One should compare the conditions
obtained in all three preceding Theorems with their counterparts in one variable case discussed by several
researchers.

Remark 2.7. If an operator V € B(H?(T")) satisfies the conditions given by (13) for (p1, p2, ..., pn) €
2} . Then, it automatically satisfies those given in (9). But converse need not be true in general. It means
that conditions given in (9) are not equivalent to those given by (13) for (p1,p, .. .,pn) € Z1.

Counter example in the support of above assertion can be constructed by taking an operator, which is
a compression of k'-order \-slant Toeplitz operator induced by symbol ¢ € L*°(T"), not in the form
as given in (10). In particular, one can choose ¢ = z{' for t > k. Then, this operator certainly
agrees with the stipulations in (9). But it does not agree with the stipulations given by (13) for all

(p17p27 s 7pn) € Z’r—r—

Before moving to the properties of compression of k"-order \-slant Toeplitz operators, we observe the
fact that Ty , Ty, = Ty, provided that either ¢ is analytic or ¢ is co-analytic. If 1) is analytic, then
conclusion is obvious. Under the assumption that ¢ is co-analytic, consider the expression (T¢7nT¢7n)*.
It can be rewritten as

(TynTyn)" =Ty, T, = PMzPMg|2(rny. (15)
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In the view of relation (15), we obtain that (T}, Ty.n)" = T}}.4 n» Which reduces to desired conclusion.
This observation is frequently used in the subsequent results.

Theorem 2.8. Let \ be an element of the unit circle T in the complex plane and ¢, € L>(T"). Then,

the following conclusion can be drawn:

(a) The relation Ekvan;" kA = D\Ty ,, holds, where Ty, is the Toeplitz operator induced by symbol
U= DS\Ek,n(QS)

(b) If& (or ZD) is analytic then V¢>’k’)\T¢7n = V¢¢7k7,\ and T@Z)’n‘@’k’)\ = Vq>7k7,\, where & = qS . EZMD,\(@/J) c
L(T™).

(c) The operator Vi, i AV .\ is a Toeplitz operator provided that & (or 1)) is analytic function.
Proof. Suppose that ¢, 1) belong to L°°(T") and |\| = 1. Then,

(a) Consider the expression Emvg’ ke which gives that

ExnVia(f) = ErnVieaDa(f)
= Ek7nPM¢3EZ7nPD)\(f)

= PD\Mp. g, . (f) = DiTun(f), (16)
where U = Dy Ej,(¢) € L=(T") and f € H?(T"). It provides the desired expression.
(b) Let ¢ (or 7)) be analytic. In the view of observation, made just above the theorem, and under the
assumption, the operator Vi ;. Ty, , can be expressed as
VoirTyn = DiEpnTynTyn
= DxBgnTopn = Vop
This implies that the operator Vy ;. \Ty ,, resulted into a compression of k'"-order A-slant Toeplitz

operator Vi . » With symbol ¢p € L*(T"). For another part, consider the operator T3 ,, Vs 1 x.
Similarly, it can be seen that

TynVorr = TynD3Vorn
= D;\TDA(w)7nEk;7nT¢’n
= DixEpnTy.pr Dyw)n = Vo
which is again a compression of k"-order A-slant Toeplitz operator with inducing function ® =

(c) Assume that ¢ (or ) is analytic. Again, with the assumption as well as discussion done just before
the theorem, we see that
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VMAVJ,k,,\(f) = DxEk,nT¢,nT¢*,nEZ,nDA(f)
= D5EpnTyp 0By, DA(f)
DXTE,C,,L(W),nDA(f)
= DXD/\TD;Ek,n(W)m(f) = T\If,n(f)7

for f € H*(T"). This clearly shows that the operator Vs, AV k. represents Toeplitz operator in-
duced by ¥ = D5 E}. . (1)) € L>®(T").

Thus, the proof is completed. ]

A particular choice to the inducing function (i.e. ¢ = 1) in part (c) of the above theorem quickly yields
the following result.

Corollary 2.9. Let ¢ be a co-analytic function in L>°(T"). The following assertion can be made:

(i) The operator Vi, 5 is co-isometry if and only if D5 Ej, ,, (|q5|2) =1

(ii) If ¢ is an inner function then Vy .  is co-isometry.

Now, we discuss a result, which is similar to that for various class of operators, namely, Toeplitz
operator, slant Toeplitz operator, k'"-order slant Toeplitz operator etc.

Theorem 2.10. A compression of k'"-order \-slant Toeplitz operator Vo raon H 2(T™) is compact if and
only if inducing function is the zero function.

Proof. Let ¢ be an element of L°°(T"), which is given as

P(21, 22, - -+ 5 2n) = Z Omima,...mn 21 25 2

(m1,ma,....,mn)EL™

Also, assume that the compression of k'"-order A-slant Toeplitz operator V.2 1s compact. Then,
by the part (b) of the Theorem 2.8, the assumption implies that the operators Vi ;. T’ P1P2
Vipipe pny.gp  are also compact for p; € Zy,1 < j < n. Again, by the part (a) of the Theorem 2.8,

*
compactness of Ekm‘/(zflzgz...zgn)-gb,k,/\ .....

hence Ty, . niscompactforeachp; € Zy,1 < j <n,where V), ., = DxEy (zl_plz;m oz P qzﬁ).

By employing the fact that Toeplitz operator is compact if and only if inducing symbol is zero, we obtain
that

Pn =
n

D5Epy (517257 0 2P - @) (21,29, .o, 20) = 0
Ek7n Z Q_S_mlr'v_mnzrl_plzg‘m_pz te Z;rlnnipn = O (17)
(m1,...,mn)EZ™

Equivalently, the equation (17) reduces to

- mi .m2 m _
E ¢fkm1+p1,—km2+p2,..rkmn+pn31 Zog 2ozt =0,

(m1,ma,....,mn)EL™
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This implies that (]B_k;ml+p17_;€m2+p27m7_kmn+pn = 0forall p; € Zy,1 < j <nand (my,mg,...,my) €
Z". Thus, preceding expression reduces to ¢, m,....m, = 0 forall (my,mq,...,m,) € Z". Hence, we
have ¢ = 0. Converse part is obvious. ]

3. Essentially k'"-order \-slant Toeplitz operator

In this section, we study operators X on L?(T") satisfying

Jitje+...+jn L
A Mg .

in X — XMzkjlzkjg Lkin € ’C(L2(Tn)>, (18)
I Y2572

for a given non-zero complex number A and (j1, jo, . .., jn) € Z". Note that we have already discussed
the operators satisfying (18) with the restriction that |A| = 1 in order to have a characterization for these
operators in [6]. These operators are called as essentially k*"-order A-slant Toeplitz operators on L?(T")
and the collection is denoted by (k, A\)-ESTO(L?(T")). But it is important to point out that there are op-
erators (namely, compact operators), which satisfy (18) for any non-zero complex number \. Following
illustration depicts significant structure as well as feature of the collection (k, \)-ESTO(L?(T")).

Example 3.1. The class K(L*(T")) is a proper subset of (k, \)-ESTO(L?(T™)) for A € C with |\| = 1.
Moreover, the collection (k, \)-ESTO(L*(T")) is neither an algebra nor self adjoint.

To ascertain it, take a fixed complex number A with |\| = 1 and consider a linear operator A on L?(T")
defined by

2129 ... Zn, ifeachm; =0,1 <:<n
A2 2y o ozy) = Q PPz dPn B2 P ifeachm; = kp; — 1,1 <i<n
0, otherwise,
for all (my, ma,...,m,) € Z". An easy computation justifies that A = D5 E} , M., ., .. + K, where

2129 ...2n, 1feachm; =0,1<:i:<n

K(z{"2y? . .2)m) =
" 0, otherwise

is a compact operator. In [6], it is shown that A is neither a compact operator nor k"-order \-slant
Toeplitz operator but A € (k, \)-ESTO(L?(T™)). Here, we claim that neither A% nor A* is in the class
(k, \)—ESTO(L?(T™)). In order to prove, let if possible that A?> € (k, \)—ESTO(L?*(T")). Then, each

operator )\MZfIZ§2___ZPn A? — AzMzkplzk:pQ _kpn fOT (p1,p2,---,Pn) € B, must be a compact operator. In
n 1 o TeZn

particular, for (p1, p2,...,pn) = (1,0,0,...,0), the operator S = AM,, A% — A2sz should be compact.

Since €y mo....m. (1€ 27" 25" ... 2') converges to 0 weakly as m; — oo keeping other indices fixed.

In particular, for fixed choice of m; = krij —k—1,2 < j <n,thesequence 27" 25"* ... 2" converges to

0 weakly as m; — oco. If S is compact then S(z]"' 25" . .. 2" ) must converge to O strongly as m; — oo.

Now, one can verify that

n

kqa—k—1 2qn—k—
M, A® (z?“z2 q2 Rk ank 1)

+1 " . 12
— \FE+D(@+.+gn)—n+1 {Zih 2(2]2 cozimsafmy =k —k—1

0, otherwise
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and
2 mi1 K qge—k—1 k2qn—k—1
A"M (zl 2 e 2

— \(EFD (@1 4gn)—n {Zihzép szl ifmy = kG — 2k — 1

0, otherwise.

Since, k%4, — 2k — 1 £ k%q, — k — 1, for any choice of integers ¢, q;. Therefore, we get that

2 2
my k“qa—k—1 k*qn—k—1
S (’Zl 2y 2y )
_ 1 -
AEHD(qitecdgn)=ntl bl 42 an Gy = k2 —k— 1
= { _ABFD@teta) Byt g if my = k%G1 — 2k —1

0, otherwise.

2
Clearly, it shows that HS (z’f“zg wk-l z,’fq”_’“_l) H — 1 as m; — oo. Thus, we can conclude that

S is not compact and hence A% ¢ (k,\) — ESTO(L?*(T")). It also infer that the collection (k,\) —
ESTO(L*(T™)) is not an algebra.

Next we show that A* is not in the set (k,\) — ESTO(L?(T™)). Again, let if possible that A* €
(k,\) — ESTO(L*(T")). Then, operators AM pvp2 pn A" — A" M by iy _ppn fOr all (p1, pa, ..., pn) €
n 2] Tz “..zZn
B,, should be compact operators. For particular choice (p1,po,...,pn) = (1,0,0,...,0), the operator
AM, A* — A* M must be compact. An easy calculation provides that
AM, A* — A*]\Jzzf(z:{ng”2 oz = X(m1+"‘+m”)_1zfmlz§m271 . zﬁm”_l

X(ml—i—...—i—mn+k)—1zicm1+k27125m271 k=1

It helps in making an inference that AM,, A* — A* M. is not compact. Hence, the claim follows, which
enlighten the fact that the collection of essentially k‘"-order A-slant Toeplitz operators is not self adjoint.

Theorem 3.2. Let A and yu be distinct complex numbers and k,r be integers > 2 such that k # r. Then,
we have the following:

L. (k, 0)-ESTO(LX(T™) A (k, \)-ESTO(LX(T")) = K(L2(T")).
2. (k,u)-ESTO(L*(T™) N (1, \)-ESTO(L*(T")) = K(L*(T")), where |\| # |u|.

k
.ZpPn

Proof. LetT € (k, u)-ESTO(LX(T"))N(k, \)-ESTO(L*(T")). Then, A\M.» r:

. ZﬁnT_Tszplz];pQ.
and ,LLMZflzgzngnT —TMprlzgpzmzspn are compact operators for all (py, po, . .., pn) € By,. The particular
selection (p1,p1,...,pn) = (1,0,0,...,0) yields that the operators AM, T —TM. . and pM,, T —T M
are compact operators. Therefore, we can conclude that (A — u) M., T' is compact and hence 7" is compact

as A # p. The converse inclusion is obvious. Thus, the claim follows.

For second part, suppose that £, are distinct integers > 2. Also, without lose of generality, assume
that k < rand T' € (k, u)-ESTO(L*(T")) N (r, \)-ESTO(L?(T™)). Again, as in the part first, we get
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Pn

2 2 20

that the operators given by pM_ri_r> _pnT" — TMprlzgmmzﬁpn and AM p1po on T — T M o1 1o,
are compact for all (py,...,p,) € By. In particular, for (p1,p1,...,pn) = (1,0,0,...,0), we get that
the operators p M., T — T'M,. and AM., T — T'M., are also compact. Further, this helps to infer that
uleT(Msz - %I) is compact operator on L?(T"). Since |A| # || and spectrum of M. is the unit
circle for positive integer m. Therefore, (Mz{*k — %I ) is invertible and hence 7" is compact. Converse
inclusion vacuously follows. This completes the proof. O]

Next we investigate necessary condition for an essentially k*-order \-slant Toeplitz operator to be a
self-adjoint operator. To derive it initially we state a lemma, which can be obtained by some rearrange-
ments and definition.

Lemma 3.3. Let T, T* € (k,u)-ESTO(L*(T")), then AT* — T*A* € K(L*(T")), where A = AM, +
Mzk.

Using the above Lemma, we have the following result immediately.
Theorem 3.4. An essentially k'"-order \-slant Toeplitz operator T is self-adjoint only if the operator
(AM, + Mz)T is essentially self-adjoint.

Finally, we analyze certain properties of operators on H?(T") satisfying similar kind of relations as
given in (18) on H?(T™). Let the collection of operators X on H?(T") satisfying

Nitizttin T*jl i ]nXT Wi iy kg € ’C(H2(Tn)>, (19)
2102552 217 29720

for a given non-zero complex number A and (1, jo, . - . , jn) € Z" be denoted by (k, \)-ESTO(H?(T™)).
The operator in this collection is termed as essential compression of k"-order \-slant Toeplitz operator.

Note that if, in the Example 3.1, we replace multiplication operators (namely, szlzgzngn) by Toeplitz
_»n,,) and also define corresponding operators on H*(T") in the similar fash-
1on, then the same discussion as done in the preceding Example (3.1) helps to point out following con-
clusions related to essential compression of k‘"-order A-slant Toeplitz operators.

operators (namely, T ri r> |

(a) The collection K(H?(T")) of compact operators on H?(T") is a proper subset of (k, \)-ESTO(H?(T")).
(b) The class (k, \)-ESTO(H?(T")) is not an algebra. Also, it is not a self adjoint class.

(c) The set (k, \)-ESTO(H?(T")) properly contains the collection of all compression of k"-order \-
slant Toeplitz operators.

Remark 3.5. It is important to observe that for the particular choices of n, k, and ), the results of the
paper gives certain significant outcomes, which are already known. Forn = 1,k = 2, A = 1, the paper
vields certain results of [11] and some conclusions similar to that done in [14]. Also, certain result of
[1] can be obtained by substituting n = 1 and A\ = 1. Particular choices n = 1 and A\ = 1 in the paper
give some outcomes of [4] and [5] respectively.
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