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ABSTRACT. In[7], A.Bahriintroduced two topological invariants x and 7 to study the prescribed scalar curvature problem
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1. Scalar curvature problem

Let (M"™, gy), n > 3, be a closed riemannian manifold endowed with its initial metric go. The pre-
scribed scalar curvature problem on (M", gg) is the problem of finding suitable conditions on a given
function K on M", so that it can be realized as the scalar curvature of a new metric g conformally

equivalent to gg. This is equivalent to solving the nonlinear elliptic equation
n—1 n+2
_4—n— 2Agou—|—Rgou = Kun—2 (L.1)

u>0 onM",

where A, is the Laplace-Beltrami operator and R, is the scalar curvature of the metric go.

Problem (1.1) has an underlying variational structure. The associated variational function being

L, uud
J(u) = Jas = Lot Y0 we HY(MM)\{0}.

<an Ku%dvgo

Here — L, = —42=L A, u + Ry,u is the conformal Laplacian of (M", go). Let
Y= {u c HY(M™), ||lul|* = / —Lg,uudvy, = 1} and X" = {u €X, u> O}.

A direct computation shows that solutions of problem (1.1) correspond to the critical points of J(u)
subjected to the constraint u € Y. However, J fails to satisfy the Palais-Smale condition, since the
exponent -2 is critical and embedding H'(M™) — Ln= (M™) is not compact. This leads to the failure
of the classical existence mechanisms.
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By a direct integration, it is easy to see that a necessary condition to solve (1.1) is that %axK > 0.

Moreover, in the case of M™ = S", there are well known obstructions found by Kazdan-Warner [25] and
later by Bourguignon-Ezin [12]. Hence it is not expectable to solve (1.1) for all functions K. Particulary,
a strictly monotone function on S™ which is rotationally symmetric cannot be the scalar curvature of a
metric conformally equivalent to the standard one.

The prescribed scalar curvature problem has always been one of major subject in differential geometry
and non linear analysis. Numerous studies were dedicated to this topic and various sufficient conditions
were found with various methods. Among them let us cite Bahri [7] and Bahri-coron [7] (topological
methods), Ambrosetti-Garcia-Peral [3] and Chang-Yang [14] (perturbation methods), W. Chen-C.Li [16],
A. Malchiodi [30] and Y. Li [28] (sub-critical approximations).

Most of the results on problem (1.1) are concerned with the lower dimensional case, see for example
[1,2, 10, 15, 18, 20, 23, 26, 27, 32]. Much less is known for the higher dimensional case, see for example
[5,9, 19, 22, 24, 29, 33].

In a seminal paper [7], A. Bahri studies problem (1.1) on the standard dimensional spheres. He intro-
duced two topological invariants ; and 7 to study the problem in high dimensions (n > 7) and derived
the following existence result:

If T=1o0r p=0(in Z/9z), then (1.1) has a solution.

Our first aim in this paper is to extend these topological invariants to the problem on general riemannian
manifolds and therefore extend the existence result of Bahri to any n-dimensional closed riemannian
manifold, n > 7. Second we shall analyze, as suggested in ([7], P 374), the relation between the
quantities x and 7 and discuss some topological conditions to ensure an equality between these two
topological invariants.

The rest of this paper is organized as follows. We first introduce the assumptions, notations and def-
initions that we will use. Second, we prove technical estimates useful to extend the existence result of
Bahri to problem (1.1) on general closed riemannian manifolds. Finally, we analyze the relation between
the topological invariants ;o and 7 and we prove under some topological conditions that i equals 7.

2. Variational calculus

Fix a positive constant pg less than the injective radius of (M™, gy). Denote {z;} the geodesic coor-
dinates of gg in B(a,2pg), a € M™. We introduce a smooth positive function h,, a € M", defined
by

1 Ry, (a)(g0)ij(a)
ha(z) = m@(Rgo)ij(a) - 1 ’
where (R, );; is the Ricci tensor of (M", go). Let

Jziz;, x € Bla,2po)

g = e"go.

From [4] we know that (Rg);;(a) = 0.

Denote again {z;} the geodesic coordinates of g in B(a, 2p). We define

A n=2
o) = (T ap) o P2k A 1
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Let ¢h,(z) = "7 @) and let w,(z) be a cut-off function on M™ defined by w, = 1 on B(a, py) and
we = 0 on B(a,2pg)¢. We define

1

5(&,)\) (CIZ') = wa<$)¢a($)5(a7k) (3:) + (]. - wa(ﬂf))/\n?
The failure of the Palais-Smale condition is characterized as follows.

Let w be a solution of (1.1) or zero and let p € N and € > 0 small enough. We define
Vp,e,w) = { weY, Jag, - ,a, €M™, 3N, , N, >e b, Jag, a1, ,q, >0, st

P 4 .

v — cow — Zaﬁ(ai»\i)” <e, with |a] 7 K(a;)J ()77 — 1| <¢,
i=1

4 n
Vi=1,--,p, |aj ?J(w)7= — 1| <e, Vi=1,---,p ande; < ¢, Vi #j},
_n=2
where €ij = (/)\\—; + i—z + )\i)\jdgo(ai, aj) 2,

Proposition 2.1. [6] Let (uy) be a non precompact Sequence of X% such that J(uy) is bounded and
0J(uy,) tends to zero. Then there exists p € N, (g1) \, 0 and a subsequence of (uy) denoted again (uy,)
such that uy, € V(p, ek, w), Vk € N.

Let w be a non degenerate critical point of J in X*. It is known (see [6] and [8]) that for any u €
V(p, €, w) there exists unique o, a1, - -+, Qp, A1, -+, ap, A1, -+, A\pand b € T,,W,,(w) such that o (w+

p AN
h) + > b,z € V(p,e,w) and
=1
p

u= Zaig(aﬂi) + ap(w+ h) + v,
i=1

where v € H!(M") satisfying

N ag 73 )\1 88\ ai)\i .
(‘/0) <U7Q0>:O7 VQOG {w7 h7 5(%‘,)\1‘)7 é)\; )7 éai )7 Z:]-a"' 7p}

We point out here that in a generic situation we can assume that all the critical points of J are non
degenerate, see [34].

P
For u = ag(w + h) + Y- id(g, ) € V(p, €, w), we introduce the minimization problem
i=1

min {J(u + v), v satisfies (Vj)} .

According to [6] and [7], the above minimization problem has a unique solution v = v(«y, a;, A;, h).
Moreover there exists a change of variables V' = v — v such that
P P
J(ao(w +h) + > @b +v) = J(aolw +h) + > aidga +7) + o]
i=1 i=1
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On the V variable, we decrease ||V|| according to the differential equation V = — 3V, 3 > 1. Therefore,
ast =1, V(t) = e P'V(0) will have a very small norm as /3 very large. Therefore in order to define our
deformation, we can work as if V' = 0.

We now define a critical point at infinity of .J.

Definition 2.2. [6], [7] Let w be a solution of (1.1) or zero. Let yy,--- ,y, € M", p € N. We say that
(W, 1, ,Yp) is a critical point at infinity of J, if there exists a decreasing pseudogmdient \/ of J and

a flow line u(t) of \/ such that for any t large u(t) = ag(t)(w + h(t)) + Z%( ) n(y) FO(t) €

V(p,e(s),w), with e(t) N\ 0 and a;(t) — y; ast — oo, Vi = 1,--- ,p Moreover J has a Morse
reduction around (w,y1, -+, Yp)-

The next Proposition describes the critical points at infinity of J in dimension n > 7 under the follow-
ing non degeneracy-condition:

(nd) K: M"™ — Ris a positive Morse function such that A, K (y) # 0if V,, K(y) = 0.

Proposition 2.3. Let n > 7. There exists a family P of bounded pseudogradients of the functional J
such that for any V- € Py the following holds:

Let w be a (non degenerate) critical point of J or zero. For any p € N and £ > 0 small enough there
p

exists a positive constant ¢ such that for any u = ap(w + h) + Zaig(ai,ki) € V(p,e,w) we have.
i=1

(D@ﬂmv(»_ﬂ<MHZ(-+W”)+Z%>

i#j

(i) (0J(u+7), V(w) + 532575 ) < (||h|| Z(w'w = )"'2521)

i#]
(iii) max Ai(t) remains bounded along any flow line u(t) = ap(w+h(t))+ Zal( ) 1)) of V only
<i<p
if foranyi=1,--- pa;(t) — yl, with VK (y;) = 0, —AK (y,) > OandyZ #y;, V1 <i#j<p.
In this case, \i(t) — oo, Vi=1,--- p.

(iv) J(u(t)) has an expansion of Morse type when t tends to cc.

Proof. See the construction of ([11], Section 3) in the case of w = 0. If w # 0, we have the following
expansion of J in V (p,e,w). See [21] for a Similar Statement.

b

p Sn Y202 + ag [|w]®
TO) " ida ) + aolw+h) = =1

- p 2n

= (%Z"”Whﬂﬁww>

=1
b 2n AK & aow
1— Clz Z — (5 ZCZJO‘Z%% .

i=1 1#]
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Observe that for n > 7, the term “;,(1“,3 is dominated by M;g‘”), (if AK(a;) # 0), for A large enough.

Therefore, the construction of P; proceeds as if w = 0 in [11]. (]

Next, we denote w, a critical point or a critical point at infinity of J. We also denote i(w),, its Morse
index, W, (w)« its unstable manifold and W(w) its stable manifold of flow lines relatively to a vector
field V' € P;.

Wiy (w)eo 18 @ i(w)so-dimensional submanifold of M". after truangulation, W, (w)..can be partitioned
into 7(w).o-simplices. Therefore W, (w)o defines a Z,,,-chain of dimension i(w) in M™".

Let (w)so and (w'), be tow critical or critical points at infinity of J. We say that W, (w)s N W(w') o
is transverse, if W, (w)s N J71({c}) and W,(w')s N J~1({c}) have transverse intersections with the
hypersurface J~!({c}). Here, c is a regular value of J. In this case by a dimension argument, one
deduce that i(w)s > i(W)oo + 1.

In order to define the topological invariants ¢ and 7, we introduce the so-called the intersection numbers
of two submanifolds of M". Let I'; and I'y be two submanifolds of M" such that I'; NIy is transverse
and dim I'y = codimI’y. By a dimension argument ['; NIy is decomposed by isolated points. In the case
of I'y N I'y is compact, we denote

I'y-T
the intersection number of I'; N I'y. Particularly, if i(w)oo = k + 1 and i(w’)o, = k, we define

i(wsortle) = [Wa(@)oe N T ({e})] - [Walw)oo 1 T ({e})].
where c is a regular value of J between J(ws) and J(w.).

Notice that i(ws, W) counts the number of the flow lines of V' descending from (w) t0 (W')oo-

3. Topological results

Let X C M™, be a fixed closed stratified set of dimension k£ > 1. For p > 2 we define

p p
BP(X> = {Zai(sam a; € [071]7 a; € X7 Vi = L--- 7pand Zai = 1}7
i=1 i=1

where d,, denotes the Dirac mass at ;.

Let Ay be fixed positive constant large enough. We set

o Bp(X) — X7

Zp >0 ady

e A
Oéi(sai i=1 (a0, o) '
i=1

= .
p
[0 0B

B,(X) and f),(B,(X)) are two compact manifolds of dimension p(k + 1) — 1 with no boundary of
dimension p(k + 1) — 2.

Let v (X)) be a tabular neighborhood of X in M™. Let z;, - - - , 2, be a fixed p-points in X.
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For any z;, i = 1,--- ,p, we denote v (z;) the fiber of v (X) at z;.

Let £, be a fixed positive constant small enough. We define

p
Lei(21,--+,2 { Z = —50(z+hs, ) T U, v satisfies (Vo), [[v]| < e, Ay > ert,
- P
h; € vt(z),Vi=1,---,p and Z'hi|2 < 51}.
i=1

I'c (21, -+, 2p) is a submanifold of ¥ of codimension p(k + 1) — 1.

Let 0, be a fixed positive constat small enough. We define

50(217 ' 7Zp) = F61(27 T 7Zp> n J_1<{COO<'217"' 7Zp> +50})7

S

where ¢y (21, - - - ,zp) = (Sn Zle %;2) .

K(Zl) 2

¢s, (21, , 2p) is a Fredholm submanifold of 3 of codi-

mension p(k + 1).

For V' € Py, we denote ®(¢, -) the 1_parameter group generated by V. Define

(B0 = { 000,10, 2 0and u € i, (B,(X) |
IT is easy to see that

dim Wy (fao (Bp(X))) = codim ¢, (21, -+, 25) = p(k + 1).
We therefore define:

Definition 3.1.
T(Zlv T 7Zp) =T= Wu(fz\o(Bp(X))) ’ 050(217 T 7217)'

We point out that in [7], X is defined by a stable manifold of a critical point of K of coindex k. Here
X represents any closed stratified set of dimension £. We shall prove the following Theorem.

Theorem 3.2. If
T=1(inZz)

then K is the scalar curvature of a metric g conformally equivalent to g.

Proof. Denote 1, an absolute maximum of K on M", denote y;, an element of X such that

K (yi,) = minK (),

and for * := p(k 4+ 1) — 1, we denote

A, the set of all the critical or critical points at infinity of .J not containing ¥ in its description.
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Let K. = 1+ <K and J. be the associated variational functional. For ¢ € [0, 1] we set
Ky =tK+(1-t)K..

Observe that Ky, t € [0, 1] have the same critical points on M™ with the same sign of Laplacian. There-
fore the above Proposition 2.3 holds for all Ky, ¢ € [0, 1].

For any V! € Py, t € [0,1], we consider the (x + 1)-dimensional chain of X" introduced first by
A.Bahri in [7].

o) =Wy 5uBx)) + 3 (AlB00) - Wilion) ) Wil

LAJ*EA*

Remark. Let w be a critical point of J. the unstable manifold W, (w) of w with respect to the gradient
flow n(-, ) of (—0J) is as usual defined by:

Wy(w)={uex, nlt,u) — w, ast — —oo}.

W, (w) is a manifold with boundary of finite dimension. If w is nondegenerate, the dimension of W, (w)
equals to the Morse index of J at w given by the dimension of the negative space in the expansion of
J (up to order 2) around w. If w is degenerate, the dimension of W, (w) cannot be computed by the
expansion of J (up to order 2) around w, since a null space of dimension > 1 appears in the expansion.
However, the behavior of flow lines around degenerate critical points (or mixed critical points at infinity
) is well studied in ([7], P.335 and P.460-466).

Now using the computation of [7], we have.
C(V')) = fao(By(X)), ¥t € [0,1].

Recall that f,(B,(X)) is independent of K;, t € [0,1]. Therefore C(V?) + C(V1) defines a cycle
with Z /o7 coefficients of dimension (x + 1) in ¥*. Using the fact that X is a contractible space,
the cycle C(V?) + C(V'!) defines a boundary of a (* + 2)-dimensional chain @ of ¥*. Assume that
0Ncs (21, 2p) is compact and intersects transversally, then 0 N ¢; (21, -+ , z) defines a manifold of
dimension 1 and

ﬁ8(9ﬂ050(21, ) = C(VO) e (21,0, 2) HC (V) - Cs, (21,000, 2p) = 01 Z 7.

%0
Thus
C(VY) e (21, 2) =C(V°) -y (21,0 1 2), inZygg. (3.1)

At t = 0, we can suppose that € 1s small that all the critical points at infinity of J of p-masses, p is large,
can not dominated by f),(B,(X)). Moreover J. ( fx,(B,(X))) lies under the level Cy(z1, - - - , 2,) + %0
Therefore

WS(fAO(Bp(X))) N, (21,00 2p) = ® and C'(V?) - Cs, (21,7, 2p) = 0.
This yields from (3.1) that

cvh- ¢ (21,70, 2) = 0. (3.2)
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Let A, be the subset of the critical points at infinity in A, not containing a (true) critical point of .J in

. We decompose C(V), (V = V1), as the following
o) = Wu(f/\o(Bp(X))) + Z (fA<Bp(X)) : WS(W)OO)Wu<907WOO)

Z (fA<Bp<X)) : WS<W)OO)Wu(yO7WOO)-

+
Woo €A\ Ay
From (3.2), we have
Tz )+ Y (ABX) - Waw)so) (Walyo, woo) - €5, (40, woo)) (3.3)
wmeZ*
+ Z (f)‘(Bp(X>) ) WS(W)OO) (WU(y()?woo) : Cgo(y(];woo)) = (in Z/ZZ-
Woo €A\ A
(3.4)

We shall prove that
S (BB - Walw)oo) (Wl ) - €5, (40, woe)) = 0

Let wy € A,. According to the topological computation of [7], it remains only to focus the case of

Woo = (Y1, ,Yp) With

ind(K,y;)=n—Fk,Vi=1,--- ,p.

We distinguish 3-cases.

e Case 1. coo (W) > T
(oo 2 3y
In this case we 18 above fi,(B,(X)) and hence (f,(Bp(X))) N W(ws) = 0

2 2
e Case 2. (U (ws) < (PS",)j and C (g, W) < %.
(o) K(yo) "= (30 ) K(yo)"
2p), the flow lines of V' increase (with respect to .J)

We know from [7] that starting from c,_ (21,
2
PS5 without meeting any critical points at infinity of .J. Therefore

n—2

until arriving to the level
K(yo)

Wu(:y()?wOO) " Cs, (217 T 7Zp) =0.

S

(PSn)

o Case 3. U (ws) < (PS",ZZ and C (Yo, Weo ) >
(o) K(yo) ™ (30 )2 K(yo)

3
3|1
)

Let in this case £y > 0 such that

EOLH + COO<W)OO < %
K(yo) ™= K(yo) ™=

We define a functional K, in M" by:
K., = K in M™\B(yo, p) and K., = oK in B(yy, 5),

Page |38
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where p 1s a small positive constant. It is easy to see that K, satisfies the assumptions of the above Case
2. Thus

W'jo(y(b woo) ) 050 ('217 e 7Zp) =0 (35)
Fort € [0, 1], define K; = tK + (1 —t)K,,. Let

W = U Wé(yo,woo).
t€]0,1]

W is a manifold of dimension * + 2. Assume that it dominates critical points at infinity w! ,; of index
* 4+ 1 at a infinite number of times ¢, - - - , ¢, with intersection numbers ¢1, - - - , £,.. It follows that,

oW = W:(yo,wWeo) + WaulYo, Weo) U W (weo)

t€[0,1]
+ Y (woorwir) | Wih(yo, weq) + Z GWa(wlyy). (3.6)
W1 t€[0,1] i=1

As O (21, - , %) is of codimension * 4 1 and without boundary, we get

OW NGy (21,00, 2) =4OW N Cy (21, -+, %)) = 0. (3.7)
Claim 1.

U W;(woo) ’ 050(217 T 7Zp) = 0.
t€[0,1]

Indeed, we devide W/ (ws) into 2 subsets.

Sto= {uGWt(woo) s.t., U_Z% (@) w1tha:ZEB(yo,p),Vi}.

=1

Sho= {u € Whws), s.t., u= ZO‘Z (@ \)> With z; € B(yo, p) for some indexz’} :

=1

In B(yo, p)¢, K; = K, Vt € [0, 1]. Therefore |J S% = S}, which is of dimension *. So by a dimension
t€[0,1]
argumentS; cannot dominate C, (21, - - , 2).

Now, if x; € B(yo, p) for at least an index 4, in this case the distance d(z;, ) can only decrease along

V. Thus, z; can not dominate any z;, ¢ = 1, - - - , p and therefore
U5'2 5, (215, 2p) = 0.
t€[0,1]

Hence Claim 1 is valid.

Claim 2.

U Wé(y()?w*—l) : Cao (217 T 7Zp) = Zei (Wéi(w*-i-l) : Cao ('Zl? T >ZP>) = 0.

t€[0,1] =1
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Indeed, for ¢ € [0, 1], W;(yo,ws—1) can not dominate C; (21, - - , 2,) through direct connections, see
[7]. Also, W, (w«11) can not exists in the boundary of W only through indirect connections. Using
dimension arguments of [7], Claim 2 follows.

Collecting Claims 1 and 2, (3.5), (3.6) and (3.7), we get
Wu(:y()?woo) ' 050 (217 e 7Zp) = Wso(y()?woo) : 050 (217 e 7Zp) = 07
and therefore (3.4) follows.

Consequently, if 7 = 1, we deduce from (3.3) and (3.4) that A*\Z* is not empty and therefore, the
existence of a true critical point of .J in 7. L]

We now introduce an other topological invariant 1 defined by an intersection number of two submanifolds
inYX".

Let k € Nand letyy, - - - ,y,, p-critical points of K of index k such that —AK (y;) > 0,i=1,--- ,p.
We denote

X = W)

i=1
X 1is a stratified set of dimension £ in M™. It can be chosen for an appropriate k£ without boundary of
dimension k£ — 1. Let €,,(X) be a (k + 1)-dimensional submanifold of By(X') defined by

Cyo(X) ={ad, + (1 — a)dy, v € X and a € [0, 1]}.

Fro (€0 (X)) defines a (k + 1)-dimensional contractible set in ©*. We may perturb if necessary the flow
lines of V/, so that the intersection of f\,(%,, (X)) and W;(yo, yi) be transverse, for any i = 1,--- | p.
Therefore the following intersection numbers is well defined.

Definition 3.3. Foranyi = 1,--- | p, we define
1Y) = fro(€yo (X)) - Wi(yo, vi), in Loz

We then have

Theorem 3.4. u(y;) =0, i =1,--- ,p = (1.1) has a solution.

Proof. Assume that (1.1) has no solution. We deform f, (%, (X)) using the flow lines of V. fy,(%,, (X))
retracts by deformation on a set diffeomorph to

P
XU U W (Yo, ¥i)oo U 0,
i=1

where dim o < k. Using the assumption of the Theorem we get
Fro(€y (X)) ~ X Uo.

Using the sequence of the homology group of pairs H, (X Uo, X), we get after recalling that f),(€,,(X))
1s a contractible space, that

Hy(X) = 0.

This is impossible since X is k-dimensional stratified set without boundary. ]
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Remark. The proof of Theorem 3.4 is a simplified version of the one of ( [7], Theorem B). So there
is no differences in the proof of theorem 3.4 on general manifolds and Theorem B of [7] on spheres.
However, the proof of Theorem 3.2 contain new justifications with respect to the one of ( [7], Theorem
A) . Namely, the discussion following the cases 1, 2 and 3 of the proof. These discussions are necessary
in our statement, since, as mentioned before, We have not imposed any condition on the stratified set X.

4. Relation between the invariants 1 and 7

In this section we study the relation between the quantities ;2 and 7 introduced in the previous chapter.
We discuss some topological conditions to ensure an equality between them. This leads of course to get
more existence results of problem (1.1).

Let £ € N and y;, be a critical point of K of coindex k such that —AK (y;,) > 0 and
K (yio) = max{ K (y), VK (y) = 0, AK(y) > 0, n — ind(K,y) = k}.

Define

X = WS(%O)?

Fro(Ba(X)) = {adun) + (1= @)y, @ €[0,1], 2; € X},

~

INE(X) = {aduny + (1= )iy, e €[0,1], z € X}

As in the previous chapter we define for 2 € X,

T(Z) = Wu(f)\o(BQ(X») ) Cso (yimZ)? 4.1)

and

p(2) = Fro(6=(X) - Wi(yo, Yio ) oo (4.2)

Let V(2,¢)(X) be the subset of V(2,¢,w), such that w = 0 and the concentration points of any u in
V(2,e,w) lie in X. Assume that

(Hl) : Wu(f)\o(BQ(X))) N WS( U Czso(yimz)) C V<2757w)<X)'

2€By,

Here By, is a neighborhood of yo in X such that for any 2 € By, C_ (Yig, 2) is a Fredholm manifold of
codimension (k + 2) without boundary. We then have

Proposition 4.1. Under (H,)-assumption 1(z) is independent of z, Vz € X

Proof. Let z and z; be two points in X . We define a continuous path z(t), ¢ € [0, 1] in X connecting 2
and z;. We set

W= ro(€)(X)).
[0,1]

te|0,1
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W defines a compact manifold in dimension k& + 2. Using the fact that W(yo, ¥i,)oo = k + 1, then
W N Ws(yo, ¥i, ) oo is @ compact manifold of dimension 1. Thus,

0 = ﬁa(W N W <y07 ylo) )7 in Z/2Z7
= p(z0) + p(z21) + D [Walwrra) - Walyo, vio)] - [Wilwira) - W],

Wk+2
We claim that
[Wu(wk+2) - Wis(o, yzo)} : [Ws<wk+2) ) W] = 0. (4.3)

Indeed, if it is not zero, the critical point at infinity wy o of Morse index k + 2 dominates (o, ¥i, ) oo
Hence w2 have to be of at least two masses. Moreover W dominates w2, then wy2 have to be of at
most two masses. Thus w2 contains exactly two masses which are critical points of K in X. Say y;
and y;. Using the fact that

ind(yi, Yj)oo = k + 2 = ind(yo, yi,) + 1,

then under (/) assumption, y; = yo and ind(y;)oc = k+1 or y; = y;, and ind(y;) = 1. By dimension
arguments these two cases are impossible. (4.3) is then valid and Proposition 1 follows. ]

Proposition 4.2. Under (H)-assumption, 7(z) is independent of z, Vz € By,.

Proof. Let z and z; be two points in By, and let z(¢), ¢t € [0, 1] be a continuous path in By, between 2
and z;. We define

W = U C )y Yig)-

t€0,1]

W is a manifold in X7 of codimension 2k + 1. We can assume that the intersection between
Wiu(fr(B2(X))) and W is transverse. Then W N W, (f\,(B2(X))) defines a compact manifold of
dimension 1. and we therefore have

0 = oW NWu(fr(B2(X)))), inZ ),
= 7(20) + 7(21) + oo (B2(X)) - W + Z (Fro (Ba(X)) - Wy(wary)) - (Walwarga) - W).

W2k+1

Observe that f),(B2(X))NW = @, since we can chose the concentration parameters of I/ large enough,
and by the same argument of Proposition 4.1, we prove that

(fro(Ba(X)) - Welwars1)) - (Walwarn) - W) = 0.

The result of Proposition 4.2 follows. L

We now prove the following result.

Theorem 4.3. Assume that J has no critical point in ¥ and assume (Hy). Then

= T.
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Proof. Define

Mk U U f/\o z’ éo(ylov )}

2€By, ZeX

We may assume that the intersection is transverse so that Mj defines a k-dimensional submanifold of
Y. We claim that

oMy = | Wu(lJ ho(%2(X))) - C, (i 2)] =T

2€0By, ZeX
Indeed,

My = Wau(fr(Ba(X)) N (| C, (Wi 2)) + OWaulfao(B2(X))) 0 | Cy, (wior 2

2€By, zZ€By,

Using the fact that there is no boundary for (150 (Yig» 2), 2 € By,, we get

8Mk = F—Ff)\o BQ U C ylo, Z (f,\O(B2(X))'CU2k+1) W2k+1 U 050 Yios Z

2€By, W2k+1 2€By,

Observe that for \g < £, we then have

f)\o B2 U C yzm = g,

2€By,

and by (H;) assumption, w11 is constructed by only two critical points in X. Therefore w1 =
(Y, ¥ )oo and 1(y, Y ) oo < 1+ k + (k — 1) = 2k, which is impossible since (wor+1) = 2k + 1. It follows
that

> (Fro(BaAX) - wap)) Walwanr) N (| Cy, Wios 2)) = 2,

W2k41 2€By,

and therefore OM;, =TI

Let ®(.,u) be the 1-parameter group associated to V' € P; and such that (H)-condition holds. For
any u € M), there exists a unique time ¢, > 0 such that ®(—¢,,u) € f,,(B2(X)). The existence of ¢,
comes from the definition of M}, and the unicity comes from transferability and dimensions arguments.

We introduce the following two mappings of pairs:
g: (Mg, 0My) — (X2 Jons {Wio } X X\By0>
02

~ ~

U= adgy, 1hya) (1= @)einn) +v — (Yigs 2(tu, z + h)),

where x(., a) is the restriction of ®(., ) on its concentration points.
Define also,
os (0,001 > (X () x 05 )
02

U= ad(y, 1hoa) (1= @)0cinn) +v — (Ui, 2)-
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Here o5 is the permutations group of order 2.

We now consider the following two diagrams:

X2 P1 X
—
ip
(My,0My) ¢ (XQ/UQ,{yio}XaByo>
— o2
and
X2 P1 X
—
Ip
(ML0M) g (X?/@, (0} x X\Byo).
— o2

Note that (M, M) defines a cycle of dimension £ in its self. It cannot be realized as the boundary
of chain of dimension (k + 1) in (My, OM}). Therefore, [Mj,, OMy]. is an orientation class of the pair

(My, 0My) for * = k. We shall prove:
7= (p*otio Py)[X]*([Mk, OMyl.),
and
p=(g" oty opi) [X]" ([My, OM;l).
Here ¢r* is the transfer homomorphism, see [13].

Indeed, in Z /57 we have

(" o 10 PY)XJ (M 0ML) = ([X]" 0 Pr ot 0.) ([My, M)

= ([X]" o Pr o t7) ([o(Mr), p(OMp)]).-

Observe that for any (y;,, 2) € ¢(My) we have

o ' {(yi, 2)}) = {u € Céo(yio, z), s.t., u is dominated by fAO(BQ(X))} .

Therefore,

107 ({io: 2)}) = 70, 2) = 7,

since it is constant. Thus,

[@(Mki)? So(aMkJ)]* = T[{yio} ;; Bym {yio} ;<2 aByo]*'

By excision of By, in the pair (X, B,,), we obtain that

[{yio} 3; Bym {yio} 5_(2 83@/0]* = [{yio} 3; X, {yio} 0>_<2 {yO}]*'
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It follows from (4.4) and (4.5) that

(gp* otr* OpT)[X]*([Mk,aMk]*) = T([X]* O P1x Otr*)([{yio}@ X X, {yi0}02 X {yO}]*) (4.6)
= 7([XT" o pr) ({wio} X X UX x {yio}) = 7[X]"([X]s)

= T
From an other part,

(4" o r* 0 B)IXI* (M OMLL,) = (IX]* 0 pre ot 0 g.) ([Mi 01 )
= ([X]" o preotry) ([g(My), g(0My)] ).

For any (y,,,2) € g(M}) we have

9 i, 7)) = {ue U Cs, Yigs 2); s.t., uis dominated by fi,(C.r(X))
2E€ By,
Therefore,
hg_1<{yioaz/}) = tWu(fx(C U Céo Yio: 2)
2€By,
= 1f2(Cx W G, Wio 2
2€By,
= ﬂf)\o(cz’(X» ‘ WS(y07yio)OO
= u(@) =,

since ((Z) is constant for any 2’ € X. It follows that
9(Mi) = p({ie} x X\By,)
and
9(0My,) = p({vio} X OBy,,).
Therefore,
(g% o tr* o p}) [ X]"([My, OMy],) = p([X]" o pre o tr) ([{¥io}on X X],)

[
= p([X]" opus) ([{yio} x X], + [X x {yi}],)
= u[X] (Hyio} x X],) = p[XT (X)) = p. (4.7)

Lastly, we note that under (/1 )-condition, any flow line between f),(B2(X)) and J, . By, Ci, (Yio, 2) lies
in V' (2,¢)(X). Thus ¢ and g are two homotypes functions and therefore, p* = ¢*, for any * € N. This
with (4.6) and (4.7) yield that u = 7. (]

Remark. In a forth coming paper, we will discuss several possible alternative situations where condition
(H) holds. For instance we think that if K is close to a positive constant on M", then (H;) is satisfied.
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This will give another proof of the recent result of [31] on Einstein manifolds and extend it to any closed-
riemannian manifolds.
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