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ABSTRACT. In [7], A.Bahri introduced two topological invariants μ and τ to study the prescribed scalar curvature problem
on standard spheres of high dimensions. In this paper we first extend μ and τ to the problem on general riemannian man-
ifolds. Second we analyze, as suggested in [7], the relation between these two quantities and we prove under topological
conditions that μ = τ .
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1. Scalar curvature problem

Let (Mn, g0), n ≥ 3, be a closed riemannian manifold endowed with its initial metric g0. The pre-
scribed scalar curvature problem on (Mn, g0) is the problem of finding suitable conditions on a given
function K on Mn, so that it can be realized as the scalar curvature of a new metric g conformally
equivalent to g0. This is equivalent to solving the nonlinear elliptic equation⎧⎨⎩−4

n− 1

n− 2
Δg0u+Rg0u = Ku

n+2
n−2

u > 0 on Mn,
(1.1)

where Δg0 is the Laplace-Beltrami operator and Rg0 is the scalar curvature of the metric g0.

Problem (1.1) has an underlying variational structure. The associated variational function being

J(u) =

∫
Mn −Lg0uudvg0(∫

Mn Ku
2n
n−2dvg0

)n−2
n

, u ∈ H1(Mn)\{0}.

Here −Lg0 = −4n−1
n−2

Δg0u+ Rg0u is the conformal Laplacian of (Mn, g0). Let

Σ =

{
u ∈ H1(Mn), ‖u‖2 =

∫
Mn

−Lg0uudvg0 = 1

}
and Σ+ =

{
u ∈ Σ, u ≥ 0

}
.

A direct computation shows that solutions of problem (1.1) correspond to the critical points of J(u)
subjected to the constraint u ∈ Σ+. However, J fails to satisfy the Palais-Smale condition, since the
exponent 2n

n−2 is critical and embedding H1(Mn) ↪→ L
2n
n−2 (Mn) is not compact. This leads to the failure

of the classical existence mechanisms.
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By a direct integration, it is easy to see that a necessary condition to solve (1.1) is that max
Mn

K > 0.
Moreover, in the case of Mn = Sn, there are well known obstructions found by Kazdan-Warner [25] and
later by Bourguignon-Ezin [12]. Hence it is not expectable to solve (1.1) for all functionsK. Particulary,
a strictly monotone function on Sn which is rotationally symmetric cannot be the scalar curvature of a
metric conformally equivalent to the standard one.

The prescribed scalar curvature problem has always been one of major subject in differential geometry
and non linear analysis. Numerous studies were dedicated to this topic and various sufficient conditions
were found with various methods. Among them let us cite Bahri [7] and Bahri-coron [7] (topological
methods), Ambrosetti-Garcia-Peral [3] and Chang-Yang [14] (perturbation methods), W. Chen-C.Li [16],
A. Malchiodi [30] and Y. Li [28] (sub-critical approximations).

Most of the results on problem (1.1) are concerned with the lower dimensional case, see for example
[1, 2, 10, 15, 18, 20, 23, 26, 27, 32]. Much less is known for the higher dimensional case, see for example
[5, 9, 19, 22, 24, 29, 33].

In a seminal paper [7], A. Bahri studies problem (1.1) on the standard dimensional spheres. He intro-
duced two topological invariants μ and τ to study the problem in high dimensions (n ≥ 7) and derived
the following existence result:

If τ = 1 or μ = 0 ( in Z�2Z), then (1.1) has a solution.

Our first aim in this paper is to extend these topological invariants to the problem on general riemannian
manifolds and therefore extend the existence result of Bahri to any n-dimensional closed riemannian
manifold, n ≥ 7. Second we shall analyze, as suggested in ([7], P 374), the relation between the
quantities μ and τ and discuss some topological conditions to ensure an equality between these two
topological invariants.

The rest of this paper is organized as follows. We first introduce the assumptions, notations and def-
initions that we will use. Second, we prove technical estimates useful to extend the existence result of
Bahri to problem (1.1) on general closed riemannian manifolds. Finally, we analyze the relation between
the topological invariants μ and τ and we prove under some topological conditions that μ equals τ .

2. Variational calculus

Fix a positive constant ρ0 less than the injective radius of (Mn, g0). Denote {xi} the geodesic coor-
dinates of g0 in B(a, 2ρ0), a ∈ Mn. We introduce a smooth positive function ha, a ∈ Mn, defined
by

ha(x) =
1

n− 2

(
2(Rg0)ij(a)−

Rg0(a)(g0)ij(a)

n− 1

)
xixj, x ∈ B(a, 2ρ0)

where (Rg0)ij is the Ricci tensor of (Mn, g0). Let

g̃ = ehag0.

From [4] we know that (Rg̃)ij(a) = 0.

Denote again {xi} the geodesic coordinates of g̃ in B(a, 2ρ0). We define

δ(a,λ)(x) =
( λ

1 + λ2dg̃(x, a)2
)n−2

2 , x ∈ B(a, 2ρ0), λ� 1.
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Let ψa(x) = e
n−2
4 ha(x) and let ωa(x) be a cut-off function on Mn defined by ωa = 1 on B(a, ρ0) and

ωa = 0 on B(a, 2ρ0)
c. We define

δ̂(a,λ)(x) = ωa(x)ψa(x)δ(a,λ)(x) + (1− ωa(x))
1

λ
n−2
2

.

The failure of the Palais-Smale condition is characterized as follows.

Let ω be a solution of (1.1) or zero and let p ∈ N and ε > 0 small enough. We define

V (p, ε, ω) =

{
u ∈ Σ, ∃a1, · · · , ap ∈Mn,∃λ1, · · · , λp > ε−1, ∃α0, α1, · · · , αp > 0, s.t.,

∥∥u− α0ω −
p∑

i=1

αiδ̂(ai,λi)

∥∥ < ε, with
∣∣α 4

n−2

i K(ai)J(u)
n

n−2 − 1
∣∣ < ε,

∀i = 1, · · · , p, ∣∣α 4
n−2

0 J(u)
n

n−2 − 1
∣∣ < ε, ∀i = 1, · · · , p and εij < ε, ∀i 	= j

}
,

where εij =
(
λi

λj
+ λj

λi
+ λiλjd

2
g0(ai, aj

)−n−2
2 .

Proposition 2.1. [6] Let (uk) be a non precompact Sequence of Σ+ such that J(uk) is bounded and
∂J(uk) tends to zero. Then there exists p ∈ N, (εk) ↘ 0 and a subsequence of (uk) denoted again (uk)

such that uk ∈ V (p, εk, ω), ∀k ∈ N.

Let ω be a non degenerate critical point of J in Σ+. It is known (see [6] and [8]) that for any u ∈
V (p, ε, ω) there exists unique α0, α1, · · · , αp, a1, · · · , ap, λ1, · · · , λp and h ∈ TωWu(ω) such that α0(ω+

h) +
p∑

i=1
αiδ̂(ai,λi) ∈ V (p, ε, ω) and

u =

p∑
i=1

αiδ̂(ai,λi) + α0(ω + h) + v,

where v ∈ H1(Mn) satisfying

(V0) : 〈v, ϕ〉 = 0, ∀ϕ ∈
{
ω, h, δ̂(ai,λi),

∂δ̂(ai,λi)

∂λi
,
∂δ̂(ai,λi)

∂ai
, i = 1, · · · , p

}
.

We point out here that in a generic situation we can assume that all the critical points of J are non
degenerate, see [34].

For u = α0(ω + h) +
p∑

i=1

αiδ̂(ai,λi) ∈ V (p, ε, ω), we introduce the minimization problem

min {J(u + v), v satisfies (V0)} .
According to [6] and [7], the above minimization problem has a unique solution v̄ = v̄(αi, ai, λi, h).
Moreover there exists a change of variables V = v − v̄ such that

J(α0(ω + h) +

p∑
i=1

αiδ̂(ai,λi) + v) = J(α0(ω + h) +

p∑
i=1

αiδ̂(ai,λi) + v̄) + ‖v‖2 .
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On the V variable, we decrease ‖V ‖ according to the differential equation V̇ = −βV, β � 1. Therefore,
as t = 1, V (t) = e−βtV (0) will have a very small norm as β very large. Therefore in order to define our
deformation, we can work as if V = 0.

We now define a critical point at infinity of J .

Definition 2.2. [6], [7] Let ω be a solution of (1.1) or zero. Let y1, · · · , yp ∈ Mn, p ∈ N. We say that
(ω, y1, · · · , yp) is a critical point at infinity of J , if there exists a decreasing pseudogradient

∨
of J and

a flow line u(t) of
∨

such that for any t large u(t) = α0(t)(ω + h(t)) +
p∑

i=1
αi(t)δ̂(ai(t),λi(t)) + v(t) ∈

V (p, ε(s), ω), with ε(t) ↘ 0 and ai(t) → yi as t → ∞, ∀i = 1, · · · , p. Moreover, J has a Morse
reduction around (ω, y1, · · · , yp).

The next Proposition describes the critical points at infinity of J in dimension n ≥ 7 under the follow-
ing non degeneracy-condition:

(nd) K : Mn → R is a positive Morse function such that Δg0K(y) 	= 0 if ∇g0K(y) = 0.

Proposition 2.3. Let n ≥ 7. There exists a family P1 of bounded pseudogradients of the functional J
such that for any V ∈ P1 the following holds:

Let ω be a (non degenerate) critical point of J or zero. For any p ∈ N and ε > 0 small enough there

exists a positive constant c such that for any u = α0(ω + h) +
p∑

i=1

αiδ̂(ai,λi) ∈ V (p, ε, ω) we have.

(i) 〈∂J(u), V (u)〉 ≤ −c
(
‖h‖2

p∑
i=1

(
1
λ2
i
+ |∇K(ai)|

λi

)
+
∑
i �=j

εij

)
,

(ii)
〈
∂J(u+ v), V (u) + ∂v

∂(αa,λ,h)

〉
≤ −c

(
‖h‖2

p∑
i=1

(
1
λ2
i
+ |∇K(ai)|

λi

)
+
∑
i �=j

εij

)
,

(iii) max
1≤i≤p

λi(t) remains bounded along any flow line u(t) = α0(ω+h(t))+
p∑

i=1

αi(t)δ̂(ai(t),λi(t)) of V only

if for any i = 1, · · · , p ai(t) → yi, with ∇K(yi) = 0, −ΔK(yp) > 0 and yi 	= yj , ∀1 ≤ i 	= j ≤ p.

In this case, λi(t) → ∞, ∀i = 1, · · · , p.
(iv) J(u(t)) has an expansion of Morse type when t tends to ∞.

Proof. See the construction of ([11], Section 3) in the case of ω = 0. If ω 	= 0, we have the following
expansion of J in V (p, ε, ω). See [21] for a Similar Statement.

J(

p∑
i=1

αiδ̂(ai,λi) + α0(ω + h)) =

Sn

p∑
i=1
α2
i + α0 ‖ω‖2(

Sn

p∑
i=1

α
2n
n−2

i K(ai) + α
2n
n−2

0 ‖ω‖2
)n−2

n

[
1− C1

p∑
i=1

α
2n
n−2

i

ΔK(ai)

λ2i
− C2

p∑
i=1

αiα0ω(ai)

λ
n−2
2

i

− C3

∑
i �=j

Cijαiαjεij

]
.
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Observe that for n ≥ 7, the term ω(ai)

λn−2
i

is dominated by ΔK(ai)
λ2
i

, (if ΔK(ai) 	= 0), for λ large enough.
Therefore, the construction of P1 proceeds as if ω = 0 in [11].

Next, we denote ω∞ a critical point or a critical point at infinity of J . We also denote i(ω)∞ its Morse
index, Wu(ω)∞ its unstable manifold and Ws(ω)∞ its stable manifold of flow lines relatively to a vector
field V ∈ P1.

Wu(ω)∞ is a i(ω)∞-dimensional submanifold of Mn. after truangulation, Wu(ω)∞can be partitioned
into i(ω)∞-simplices. Therefore Wu(ω)∞ defines a Z/2Z-chain of dimension i(ω)∞ in Mn.

Let (ω)∞ and (ω′)∞ be tow critical or critical points at infinity of J . We say that Wu(ω)∞ ∩Ws(ω
′)∞

is transverse, if Wu(ω)∞ ∩ J−1({c}) and Ws(ω
′)∞ ∩ J−1({c}) have transverse intersections with the

hypersurface J−1({c}). Here, c is a regular value of J . In this case by a dimension argument, one
deduce that i(ω)∞ ≥ i(ω′)∞ + 1.

In order to define the topological invariants μ and τ , we introduce the so-called the intersection numbers
of two submanifolds of Mn. Let Γ1 and Γ2 be two submanifolds of Mn such that Γ1 ∩ Γ2 is transverse
and dimΓ1 = codimΓ2. By a dimension argument Γ1∩Γ2 is decomposed by isolated points. In the case
of Γ1 ∩ Γ2 is compact, we denote

Γ1 · Γ2

the intersection number of Γ1 ∩ Γ2. Particularly, if i(ω)∞ = k + 1 and i(ω′)∞ = k, we define

i(ω∞, ω′
∞) =

[
Wu(ω)∞ ∩ J−1({c})] · [Ws(ω

′)∞ ∩ J−1({c})],
where c is a regular value of J between J(ω∞) and J(ω′

∞).

Notice that i(ω∞, ω′
∞) counts the number of the flow lines of V descending from (ω)∞ to (ω′)∞.

3. Topological results

Let X ⊂Mn, be a fixed closed stratified set of dimension k ≥ 1. For p ≥ 2 we define

Bp(X) =

{
p∑

i=1

αiδai, αi ∈ [0, 1], ai ∈ X, ∀i = 1, · · · , p and
p∑

i=1

αi = 1

}
,

where δai denotes the Dirac mass at ai.

Let λ0 be fixed positive constant large enough. We set

fλ0 : Bp(X) → Σ+

p∑
i=1

αiδai �→
∑p

i=1 αiδ̂(a0,λ0)∥∥∥∑p
i=1 αiδ̂(a0,λ0)

∥∥∥ .
Bp(X) and fλ0(Bp(X)) are two compact manifolds of dimension p(k + 1) − 1 with no boundary of
dimension p(k + 1)− 2.

Let ν+(X) be a tabular neighborhood of X in Mn. Let zi, · · · , zp be a fixed p-points in X .
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For any zi, i = 1, · · · , p, we denote ν+(zi) the fiber of ν+(X) at zi.

Let ε1 be a fixed positive constant small enough. We define

Γε1(z1, · · · , zp) =

{ p∑
i=1

1

K(zi + hi)
n−2
4

δ̂(zi+hi,λi) + v, v satisfies (V0), ‖v‖ < ε1, λi > ε−1
1 ,

hi ∈ ν+(zi), ∀i = 1, · · · , p and
p∑

i=1

|hi|2 < ε1

}
.

Γε1(z1, · · · , zp) is a submanifold of Σ of codimension p(k + 1)− 1.

Let δ0 be a fixed positive constat small enough. We define

c
δ0
(z1, · · · , zp) = Γε1(z, · · · , zp) ∩ J−1

({c∞(z1, · · · , zp) + δ0}
)
,

where c∞(z1, · · · , zp) =
(
Sn

∑p
i=1

1

K(zi)
n−2
2

) 2
n . c

δ0
(z1, · · · , zp) is a Fredholm submanifold of Σ of codi-

mension p(k + 1).

For V ∈ P1, we denote Φ(t, ·) the 1_parameter group generated by V . Define

Wu(fλ0(Bp(X))) =

{
Φ(t, u), t ≥ 0 and u ∈ fλ0(Bp(X))

}
.

IT is easy to see that

dimWu(fλ0(Bp(X))) = codim c
δ0
(z1, · · · , zp) = p(k + 1).

We therefore define:

Definition 3.1.

τ(z1, · · · , zp) = τ =Wu(fλ0(Bp(X))) · c
δ0
(z1, · · · , zp).

We point out that in [7], X is defined by a stable manifold of a critical point of K of coindex k. Here
X represents any closed stratified set of dimension k. We shall prove the following Theorem.

Theorem 3.2. If

τ = 1 ( in Z/2Z)

then K is the scalar curvature of a metric g conformally equivalent to g0.

Proof. Denote y0 an absolute maximum of K on Mn, denote yi0 an element of X such that

K(yi0) = min
x∈X

K(x),

and for ∗ := p(k + 1)− 1, we denote

A∗ the set of all the critical or critical points at infinity of J not containing y0 in its description.
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Let Kε = 1 + εK and Jε be the associated variational functional. For t ∈ [0, 1] we set

Kt = tK + (1− t)Kε.

Observe that Kt, t ∈ [0, 1] have the same critical points on Mn with the same sign of Laplacian. There-
fore the above Proposition 2.3 holds for all Kt, t ∈ [0, 1].

For any V t ∈ P1, t ∈ [0, 1], we consider the (∗ + 1)-dimensional chain of Σ+ introduced first by
A.Bahri in [7].

C(V t) =W t
u

(
fλ0(Bp(X))

)
+
∑

ω∗∈A∗

(
fλ0(Bp(X)) ·Ws(ω∞)

)
W t

u(y0, ω∞).

Remark. Let ω be a critical point of J . the unstable manifold Wu(ω) of ω with respect to the gradient
flow η(·, ·) of (−∂J) is as usual defined by:

Wu(ω) = {u ∈ Σ, η(t, u) −→ ω, as t −→ −∞} .
Wu(ω) is a manifold with boundary of finite dimension. If ω is nondegenerate, the dimension of Wu(ω)

equals to the Morse index of J at ω given by the dimension of the negative space in the expansion of
J (up to order 2) around ω. If ω is degenerate, the dimension of Wu(ω) cannot be computed by the
expansion of J (up to order 2) around ω, since a null space of dimension ≥ 1 appears in the expansion.
However, the behavior of flow lines around degenerate critical points (or mixed critical points at infinity
) is well studied in ([7], P.335 and P.460-466).

Now using the computation of [7], we have.

∂(C(V t)) = fλ0(Bp(X)), ∀t ∈ [0, 1].

Recall that fλ0(Bp(X)) is independent of Kt, t ∈ [0, 1]. Therefore C(V 0) + C(V 1) defines a cycle
with Z/2Z coefficients of dimension (∗ + 1) in Σ+. Using the fact that Σ+ is a contractible space,
the cycle C(V 0) + C(V 1) defines a boundary of a (∗ + 2)-dimensional chain θ of Σ+. Assume that
θ ∩ c

δ0
(z1, · · · , zp) is compact and intersects transversally, then θ ∩ c

δ0
(z1, · · · , zp) defines a manifold of

dimension 1 and

�∂
(
θ ∩ c

δ0
(z1, · · · , zp)

)
= C(V 0) · c

δ0
(z1, · · · , zp) + C(V 1) · c

δ0
(z1, · · · , zp) = 0 in Z/2Z.

Thus

C(V 1) · c
δ0
(z1, · · · , zp) = C(V 0) · c

δ0
(z1, · · · , zp), in Z/2Z. (3.1)

At t = 0, we can suppose that ε is small that all the critical points at infinity of J of p-masses, p is large,
can not dominated by fλ0(Bp(X)). Moreover Jε

(
fλ0(Bp(X))

)
lies under the level C2(z1, · · · , zp) + δ0

2 .
Therefore

W 0
u

(
fλ0(Bp(X))

) ∩ c
δ0
(z1, · · · , zp) = ∅ and C(V 0) · c

δ0
(z1, · · · , zp) = 0.

This yields from (3.1) that

C(V 1) · c
δ0
(z1, · · · , zp) = 0. (3.2)
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Let A∗ be the subset of the critical points at infinity in A∗ not containing a (true) critical point of J in
Σ+. We decompose C(V ), (V = V 1), as the following

C(V ) = Wu

(
fλ0(Bp(X))

)
+
∑

ω∞∈A∗

(
fλ(Bp(X)) ·Ws(ω)∞

)
Wu(y0, ω∞)

+
∑

ω∞∈A∗\A∗

(
fλ(Bp(X)) ·Ws(ω)∞

)
Wu(y0, ω∞).

From (3.2), we have

τ(z1, · · · , zp) +
∑

ω∞∈A∗

(
fλ(Bp(X)) ·Ws(ω)∞

)(
Wu(y0, ω∞) · c

δ0
(y0, ω∞)

)
(3.3)

+
∑

ω∞∈A∗\A∗

(
fλ(Bp(X)) ·Ws(ω)∞

)(
Wu(y0, ω∞) · c

δ0
(y0, ω∞)

)
= 0 in Z/2Z.

We shall prove that∑
ω∞∈A∗

(
fλ(Bp(X)) ·Ws(ω)∞

)(
Wu(y0, ω∞) · c

δ0
(y0, ω∞)

)
= 0. (3.4)

Let ω∞ ∈ A∗. According to the topological computation of [7], it remains only to focus the case of
ω∞ = (y1, · · · , yp) with

ind(K, yi) = n− k, ∀i = 1, · · · , p.
We distinguish 3-cases.

• Case 1. c∞(ω∞) ≥ (PSn)
2
n

K(y0)
n−2
n

.

In this case ω∞ is above fλ0(Bp(X)) and hence
(
fλ0(Bp(X))

) ∩Ws(ω∞) = ∅.

• Case 2. C∞(ω∞) < (PSn)
2
n

K(y0)
n−2
n

and C∞(y0, ω∞) < (PSn)
2
n

K(y0)
n−2
n

.

We know from [7] that starting from c
δ0
(z1, · · · , zp), the flow lines of V increase (with respect to J)

until arriving to the level (PSn)
2
n

K(y0)
n−2
n

without meeting any critical points at infinity of J . Therefore

Wu(y0, ω∞) · c
δ0
(z1, · · · , zp) = 0.

• Case 3. C∞(ω∞) < (PSn)
2
n

K(y0)
n−2
n

and C∞(y0, ω∞) ≥ (PSn)
2
n

K(y0)
n−2
n

.

Let in this case ε0 > 0 such that

ε0
S

2
n
n

K(y0)
n−2
n

+ C∞(ω)∞ <
(PSn)

2
n

K(y0)
n−2
n

.

We define a functional Kε0 in Mn by:

Kε0 = K in Mn\B(y0, ρ) and Kε0 = ε0K in B(y0,
ρ

2
),
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where ρ is a small positive constant. It is easy to see that Kε0 satisfies the assumptions of the above Case
2. Thus

W ε0
u (y0, ω∞) · c

δ0
(z1, · · · , zp) = 0 (3.5)

For t ∈ [0, 1], define Kt = tK + (1− t)Kε0 . Let

W =
⋃

t∈[0,1]
W t

u(y0, ω∞).

W is a manifold of dimension ∗ + 2. Assume that it dominates critical points at infinity ωt
∗+1 of index

∗+ 1 at a infinite number of times t1, · · · , tr with intersection numbers �1, · · · , �r. It follows that,

∂W = W ε0
u (y0, ω∞) +Wu(y0, ω∞) +

⋃
t∈[0,1]

W t
u(ω∞)

+
∑
ω∗+1

(
ω∞ · ω∗+1

) ⋃
t∈[0,1]

W t
u(y0, ω∗+1) +

r∑
i=1

�iWu(ω
ti
∗+1). (3.6)

As C
δ0
(z1, · · · , zp) is of codimension ∗+ 1 and without boundary, we get

�∂(W ∩ C
δ0
(z1, · · · , zp) = �(∂W ∩ C

δ0
(z1, · · · , zp)) = 0. (3.7)

Claim 1.⋃
t∈[0,1]

W t
u(ω∞) · C

δ0
(z1, · · · , zp) = 0.

Indeed, we devide W t
u(ω∞) into 2 subsets.

St
1 =

{
u ∈ W t

u(ω∞), s.t., u =

p∑
i=1

αiδ̂(xi,λi), with xi ∈ B(y0, ρ)
c, ∀i

}
.

St
2 =

{
u ∈ W t

u(ω∞), s.t., u =

p∑
i=1

αiδ̂(xi,λi), with xi ∈ B(y0, ρ) for some index i

}
.

In B(y0, ρ)
c, Kt = K, ∀t ∈ [0, 1]. Therefore

⋃
t∈[0,1]

St
1 = S1

1 , which is of dimension ∗. So by a dimension

argumentS1
1 cannot dominate C

δ0
(z1, · · · , zp).

Now, if xi ∈ B(y0, ρ) for at least an index i, in this case the distance d(xi, y0) can only decrease along
V . Thus, xi can not dominate any zi, i = 1, · · · , p and therefore⋃

t∈[0,1]
St
2 · Cδ0

(z1, · · · , zp) = 0.

Hence Claim 1 is valid.

Claim 2.⋃
t∈[0,1]

W t
u(y0, ω∗−1) · Cδ0

(z1, · · · , zp) =
r∑

i=1

�i
(
W ti

u (ω∗+1) · Cδ0
(z1, · · · , zp)

)
= 0.
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Indeed, for t ∈ [0, 1], W t
u(y0, ω∗−1) can not dominate C

δ0
(z1, · · · , zp) through direct connections, see

[7]. Also, Wu(ω∗+1) can not exists in the boundary of W only through indirect connections. Using
dimension arguments of [7], Claim 2 follows.

Collecting Claims 1 and 2, (3.5), (3.6) and (3.7), we get

Wu(y0, ω∞) · C
δ0
(z1, · · · , zp) =W ε0

u (y0, ω∞) · C
δ0
(z1, · · · , zp) = 0,

and therefore (3.4) follows.

Consequently, if τ = 1, we deduce from (3.3) and (3.4) that A∗\A∗ is not empty and therefore, the
existence of a true critical point of J in Σ+.

We now introduce an other topological invariant μ defined by an intersection number of two submanifolds
in Σ+.

Let k ∈ N and let y1, · · · , yp, p-critical points of K of index k such that −ΔK(yi) > 0, i = 1, · · · , p.
We denote

X =

p⋃
i=1

Ws(yi).

X is a stratified set of dimension k in Mn. It can be chosen for an appropriate k without boundary of
dimension k − 1. Let Cy0(X) be a (k + 1)-dimensional submanifold of B2(X) defined by

Cy0(X) =
{
αδx + (1− α)δy0, x ∈ X and α ∈ [0, 1]

}
.

fλ0(Cy0(X)) defines a (k + 1)-dimensional contractible set in Σ+. We may perturb if necessary the flow
lines of V , so that the intersection of fλ0(Cy0(X)) and Ws(y0, yi)∞ be transverse, for any i = 1, · · · , p.
Therefore the following intersection numbers is well defined.

Definition 3.3. For any i = 1, · · · , p, we define

μ(yi) = fλ0(Cy0(X)) ·Ws(y0, yi), in Z/2Z.

We then have

Theorem 3.4. μ(yi) = 0, i = 1, · · · , p⇒ (1.1) has a solution.

Proof. Assume that (1.1) has no solution. We deform fλ0(Cy0(X)) using the flow lines of V . fλ0(Cy0(X))

retracts by deformation on a set diffeomorph to

X ∪
p⋃

i=1

Wu(y0, yi)∞ ∪ σ,

where dim σ ≤ k. Using the assumption of the Theorem we get

fλ0(Cy0(X)) � X ∪ σ.
Using the sequence of the homology group of pairsH∗(X∪σ,X), we get after recalling that fλ0(Cy0(X))

is a contractible space, that

Hk(X) = 0.

This is impossible since X is k-dimensional stratified set without boundary.
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Remark. The proof of Theorem 3.4 is a simplified version of the one of ( [7], Theorem B). So there
is no differences in the proof of theorem 3.4 on general manifolds and Theorem B of [7] on spheres.
However, the proof of Theorem 3.2 contain new justifications with respect to the one of ( [7], Theorem
A) . Namely, the discussion following the cases 1, 2 and 3 of the proof. These discussions are necessary
in our statement, since, as mentioned before, We have not imposed any condition on the stratified set X .

4. Relation between the invariants μ and τ

In this section we study the relation between the quantities μ and τ introduced in the previous chapter.
We discuss some topological conditions to ensure an equality between them. This leads of course to get
more existence results of problem (1.1).

Let k ∈ N and yi0 be a critical point of K of coindex k such that −ΔK(yi0) > 0 and

K(yi0) = max
{
K(y), ∇K(y) = 0, ΔK(y) > 0, n− ind(K, y) = k

}
.

Define

X =Ws(yi0),

fλ0(B2(X)) =
{
αδ̂(x1,λ) + (1− α)δ̂(x2,λ), α ∈ [0, 1], xi ∈ X

}
,

fλ(Cy0(X)) =
{
αδ̂(x,λ) + (1− α)δ̂(y0,λ), α ∈ [0, 1], x ∈ X

}
.

As in the previous chapter we define for z ∈ X ,

τ(z) =Wu(fλ0(B2(X))) · C
δ0
(yi0, z), (4.1)

and

μ(z) = fλ0(Cz(X)) ·Ws(y0, yi0)∞. (4.2)

Let V (2, ε)(X) be the subset of V (2, ε, ω), such that ω = 0 and the concentration points of any u in
V (2, ε, ω) lie in X . Assume that

(H1) : Wu(fλ0(B2(X))) ∩Ws

( ⋃
z∈By0

C
δ0
(yi0, z)

) ⊂ V (2, ε, ω)(X).

Here By0 is a neighborhood of y0 in X such that for any z ∈ By0 , C
δ0
(yi0, z) is a Fredholm manifold of

codimension (k + 2) without boundary. We then have

Proposition 4.1. Under (H1)-assumption μ(z) is independent of z, ∀z ∈ X

Proof. Let z0 and z1 be two points in X . We define a continuous path z(t), t ∈ [0, 1] in X connecting z0
and z1. We set

W =
⋃

t∈[0,1]
fλ0(Cz(t)(X)).
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W defines a compact manifold in dimension k + 2. Using the fact that Ws(y0, yi0)∞ = k + 1, then
W ∩Ws(y0, yi0)∞ is a compact manifold of dimension 1. Thus,

0 = �∂(W ∩Ws(y0, yi0)∞), in Z/2Z,

= μ(z0) + μ(z1) +
∑
ωk+2

[
Wu(ωk+2) ·Ws(y0, yi0)

] · [Ws(ωk+2) ·W
]
.

We claim that[
Wu(ωk+2) ·Ws(y0, yi0)

] · [Ws(ωk+2) ·W
]
= 0. (4.3)

Indeed, if it is not zero, the critical point at infinity ωk+2 of Morse index k + 2 dominates (y0, yi0)∞.
Hence ωk+2 have to be of at least two masses. Moreover W dominates ωk+2, then ωk+2 have to be of at
most two masses. Thus ωk+2 contains exactly two masses which are critical points of K in X . Say yi
and yj . Using the fact that

ind(yi, yj)∞ = k + 2 = ind(y0, yi0) + 1,

then under (H1) assumption, yi = y0 and ind(yj)∞ = k+1 or yj = yi0 and ind(yi)∞ = 1. By dimension
arguments these two cases are impossible. (4.3) is then valid and Proposition 1 follows.

Proposition 4.2. Under (H1)-assumption, τ(z) is independent of z, ∀z ∈ By0.

Proof. Let z0 and z1 be two points in By0 and let z(t), t ∈ [0, 1] be a continuous path in By0 between z0
and z1. We define

W =
⋃

t∈[0,1]
C

δ0
(z(t), yi0).

W is a manifold in Σ+ of codimension 2k + 1. We can assume that the intersection between
Wu(fλ0(B2(X))) and W is transverse. Then W ∩ Wu(fλ0(B2(X))) defines a compact manifold of
dimension 1. and we therefore have

0 = �∂(W ∩Wu(fλ0(B2(X)))), in Z/2Z,

= τ(z0) + τ(z1) + fλ0(B2(X)) ·W +
∑
ω2k+1

(
fλ0(B2(X)) ·Ws(ω2k+1)

) · (Wu(ω2k+1) ·W
)
.

Observe that fλ0(B2(X))∩W = ∅, since we can chose the concentration parameters ofW large enough,
and by the same argument of Proposition 4.1, we prove that(

fλ0(B2(X)) ·Ws(ω2k+1)
) · (Wu(ω2k+1) ·W

)
= 0.

The result of Proposition 4.2 follows.

We now prove the following result.

Theorem 4.3. Assume that J has no critical point in Σ+ and assume (H1). Then

μ = τ.
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Proof. Define

Mk =
⋃

z∈By0

[
Wu

( ⋃
z′∈X

fλ0(Cz′(X))
) · C

δ0
(yi0, z)

]
.

We may assume that the intersection is transverse so that Mk defines a k-dimensional submanifold of
Σ+. We claim that

∂Mk =
⋃

z∈∂By0

[
Wu

( ⋃
z′∈X

fλ0(Cz′(X))
) · C

δ0
(yi0, z)

]
:= Γ.

Indeed,

∂Mk = Wu

(
fλ0(B2(X))

) ∩ ∂
( ⋃
z∈By0

C
δ0
(yi0, z)

)
+ ∂Wu

(
fλ0(B2(X))

) ∩ ⋃
z∈By0

C
δ0
(yi0, z).

Using the fact that there is no boundary for C
δ0
(yi0, z), z ∈ By0 , we get

∂Mk = Γ+fλ0(B2(X))∩( ⋃
z∈By0

C
δ0
(yi0, z)

)
+
∑
ω2k+1

(
fλ0(B2(X))·ω2k+1

)
Wu(ω2k+1)∩

( ⋃
z∈By0

C
δ0
(yi0, z)

)
.

Observe that for λ0 < ε−1
1 , we then have

fλ0(B2(X)) ∩
⋃

z∈By0

C
δ0
(yi0, z) = ∅,

and by (H1) assumption, ω2k+1 is constructed by only two critical points in X . Therefore ω2k+1 =

(y, y′)∞ and i(y, y′)∞ ≤ 1 + k + (k − 1) = 2k, which is impossible since i(ω2k+1) = 2k + 1. It follows
that ∑

ω2k+1

(
fλ0(B2(X)) · ω2k+1

)
Wu(ω2k+1) ∩

( ⋃
z∈By0

C
δ0
(yi0, z)

)
= ∅,

and therefore ∂Mk = Γ.

Let Φ(., u) be the 1-parameter group associated to V ∈ P1 and such that (H1)-condition holds. For
any u ∈ Mk there exists a unique time tu > 0 such that Φ(−tu, u) ∈ fλ0(B2(X)). The existence of tu
comes from the definition of Mk and the unicity comes from transferability and dimensions arguments.

We introduce the following two mappings of pairs:

g : (Mk, ∂Mk) −→
(
X2/σ2 , {yi0} ×

σ2

X\By0

)
u = αδ̂(yi0+hi0 ,λ1) + (1− α)δ̂(z+h,λ2) + v �−→ (

yi0, x(tu, z + h)
)
,

where x(., a) is the restriction of Φ(., u) on its concentration points.

Define also,

ϕ : (Mk, ∂Mk) −→
(
X/σ2, {yi0} ×

σ2

∂By0

)
u = αδ̂(yi0+hi0 ,λ1) + (1− α)δ̂(z+h,λ2) + v �−→ (yi0, z).
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Here σ2 is the permutations group of order 2.

We now consider the following two diagrams:

X2 p1
−→

X

↓ p
(Mk, ∂Mk) ϕ

−→

(
X2/σ2 , {yi0} ×

σ2

∂By0

)
and

X2 p1
−→

X

↓ p
(Mk, ∂Mk) g

−→

(
X2/σ2 , {yi0} ×

σ2

X\By0

)
.

Note that (Mk, ∂Mk) defines a cycle of dimension k in its self. It cannot be realized as the boundary
of chain of dimension (k + 1) in (Mk, ∂Mk). Therefore, [Mk, ∂Mk]∗ is an orientation class of the pair
(Mk, ∂Mk) for ∗ = k. We shall prove:

τ =
(
ϕ∗ ◦ t∗r ◦ P ∗

1

)
[X]∗

(
[Mk, ∂Mk]∗

)
,

and

μ =
(
g∗ ◦ t∗r ◦ p∗1

)
[X]∗

(
[Mk, ∂Mk]∗

)
.

Here tr∗ is the transfer homomorphism, see [13].

Indeed, in Z/2Z we have(
ϕ∗ ◦ t∗r ◦ P ∗

1

)
[X]∗

(
[Mk, ∂Mk]∗

)
=
(
[X]∗ ◦ P1∗ ◦ t∗r ◦ ϕ∗

)(
[Mk, ∂Mk]∗

)
=
(
[X]∗ ◦ P1∗ ◦ t∗r

)(
[ϕ(Mk), ϕ(∂Mk)]∗

)
. (4.4)

Observe that for any (yi0, z) ∈ ϕ(Mk) we have

ϕ−1({(yi0, z)}) =
{
u ∈ C

δ0
(yi0, z), s.t., u is dominated by fλ0(B2(X))

}
.

Therefore,

�ϕ−1({(yi0, z)}) = τ(yi0, z) = τ,

since it is constant. Thus,

[ϕ(Mk), ϕ(∂Mk)]∗ = τ
[{yi0} ×

σ2

By0 , {yi0} ×
σ2

∂By0

]
∗. (4.5)

By excision of
◦
By0 in the pair (X,By0), we obtain that[{yi0} ×

σ2

By0 , {yi0} ×
σ2

∂By0

]
∗ =
[{yi0} ×

σ2

X, {yi0} ×
σ2

{y0}
]
∗.
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It follows from (4.4) and (4.5) that

(ϕ∗ ◦ tr∗ ◦ p∗1)[X]∗([Mk, ∂Mk]∗) = τ
(
[X]∗ ◦ p1∗ ◦ tr∗

)([{yi0}σ2 ×X, {yi0}σ2 × {y0}
]
∗
)

(4.6)

= τ
(
[X]∗ ◦ p1∗

)({yi0} ×X ∪X × {yi0}
)
= τ [X]∗([X]∗)

= τ.

From an other part,

(g∗ ◦ tr∗ ◦ p∗1)[X]∗([Mk, ∂Mk]∗) =
(
[X]∗ ◦ p1∗ ◦ tr∗ ◦ g∗

)([
Mk, ∂Mk

]
∗
)

=
(
[X]∗ ◦ p1∗ ◦ tr∗

)([
g(Mk), g(∂Mk)

]
∗
)
.

For any (yi0, z
′) ∈ g(Mk) we have

g−1({yi0, z′}) =

⎧⎨⎩u ∈
⋃

z∈By0

C
δ0
(yi0, z), s.t., u is dominated by fλ0(Cz′(X))

⎫⎬⎭ .

Therefore,

�g−1({yi0, z′}) = �Wu(fλ0(Cz′(X))) ·
⋃

z∈By0

C
δ0
(yi0, z)

= �fλ0(Cz′(X)) ·Ws(
⋃

z∈By0

C
δ0
(yi0, z))

= �fλ0(Cz′(X)) ·Ws(y0, yi0)∞
= μ(z′) = μ,

since μ(z′) is constant for any z′ ∈ X . It follows that

g(Mk) = μ
({yi0} ×X\Byi0

)
and

g(∂Mk) = μ
({yi0} × ∂Byi0

)
.

Therefore,

(g∗ ◦ tr∗ ◦ p∗1)[X]∗([Mk, ∂Mk]∗) = μ
(
[X]∗ ◦ p1∗ ◦ tr∗

)([{yi0}σ2 ×X
]
∗
)

= μ
(
[X]∗ ◦ p1∗

)([{yi0} ×X
]
∗ +
[
X × {yi0}

]
∗
)

= μ[X]∗
(
[{yi0} ×X

]
∗
)
= μ[X]∗([X]∗) = μ. (4.7)

Lastly, we note that under (H1)-condition, any flow line between fλ0(B2(X)) and
⋃

z∈By0
C

δ0
(yi0, z) lies

in V (2, ε)(X). Thus ϕ and g are two homotypes functions and therefore, ϕ∗ = g∗, for any ∗ ∈ N. This
with (4.6) and (4.7) yield that μ = τ .

Remark. In a forth coming paper, we will discuss several possible alternative situations where condition
(H1) holds. For instance we think that if K is close to a positive constant on Mn, then (H1) is satisfied.
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This will give another proof of the recent result of [31] on Einstein manifolds and extend it to any closed-
riemannian manifolds.
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