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ABSTRACT. In this paper, we investigate the existence of at least three weak solutions for a class of nonlocal elliptic
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1 Introduction

This article is concerned by the obtention of at least three weak solutions for the following problem:

(Pλ)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
M

( ∫
Ω

1

α(x)
|Δv|α(x)dx)Δ2

α(x)v = λ(F (x)vβ(x)−2v +G(x)vδ(x)−2v), in Ω,

v = Δv = 0, on ∂Ω,

where Ω be a smooth bounded domain in R
N (N ≥ 3) and λ is a positive parameter, F and G are two

functions such that F in Ll1(x)(Ω) and G in Ll2(x)(Ω), where Ll1(x)(Ω) and Ll2(x)(Ω) are a generalized
Sobolev spaces. The functions α, β, δ, l1 and l2 ∈ C(Ω) verify some inequalities which will be stated
later. M is a continuous function satisfying some conditions.

The operator Δ2
α(x) is defined as Δ2

α(x)v = Δ(|Δv|α(x)−2Δv) and called the α(x)-biharmonic operator.
This operator is a natural generalization of the α-biharmonic operator Δ2

αv = Δ(|Δv|α−2Δv), where
α > 1 is a real constant.

In [32], Zhang and Miao studied the problem⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
a+ b

∫
Ω

|Δv|α(x)
α(x)

dx
)
Δ2

α(x)v = f(x, v), in Ω,

v = Δv = 0, on ∂Ω,
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where f is a nonlinear term in C(Ω×R,R) satisfy Carathéodory condition. The constants a and b satisfy
a > 0 and b ≥ 0. In [32] the authors proved an existence and multiplicity result for the above nonlocal
elliptic equation by using the basic theory and critical point theory of variable exponential Lebesgue
Sobolev spaces.

Moreover, recently, Allali and Taarabti in [11] investigated the problem

−M
⎛
⎝∫

Ω

1

p(x)
|Δu|p(x)dx

⎞
⎠Δ2

p(x)u = f(x, u) in Ω,

with Neumann boundary conditions

∂u

∂ν
=

∂

∂ν

(
|Δu|p(x)−2Δu

)
= 0 on ∂Ω.

Under suitable conditions and using variational approach and Krasnoselskii’s genus theory, the authors
proved the existence and multiplicity of solutions to the above problem. Using the same tools as in [11],
Rezvazni, Alimohammady and Agheli in [28], established the existence of infinitely solutions for the
problem⎧⎪⎨

⎪⎩
−
(
a+ b

∫
Ω

1
p(x) |∇u|p(x)dx

)
div

(|∇u|p(x)−2∇u) = λ|u|q(x)−2u− g(x)|u|p(x)−2u in Ω,

u = 0 on ∂Ω,

where a, b > 0 are constants, Ω ⊂ R
N is a bounded smooth domain, λ is a positive real parameter and

g is a continuous function and p(x), q(x) are real continuous functions on Ω̄ with 1 < q(x) < p(x) <

p∗(x) = Np(x)
N−p(x) and p(x) < N for all x ∈ Ω̄.

The problems with negative nonlocal terms and weight function were considered in [16]⎧⎪⎪⎪⎨
⎪⎪⎪⎩

(
a− b

∫
Ω

|Δv|α(x)
α(x)

dx
)
Δ2

α(x)v = λV (x)|v|β(x)−2v, in Ω,

v = Δv = 0, on ∂Ω,

(1.1)

for the problem (1.1) the authors established the existence of at least three solutions. Their arguments is
mountain pass theorem and Ekeland’s principle.

According to the critical theorem of Bonanno and Marano [6] and variational methods, the authors in
[21] provided the existence of at least three weak solutions for the following problem⎧⎪⎨

⎪⎩
Δ(a(x,Δv)) = λ(V1(x)|v|β(x)−2v + V2(x)|v|δ(x)−2v) in Ω,

v = Δv = 0 on ∂Ω,

where λ is a positive parameter, V1 and V2 are two functions such that : V1 inLl1(x)(Ω) and V2 inLl2(x)(Ω),
where Ll1(x)(Ω) and Ll2(x)(Ω) are a generalized Sobolev spaces. The functions β, δ, l1, l2 ∈ C(Ω)

satisfy some inequalities.
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Recently, much attention has been paid to the study of problems involving elliptic equations with
non-standard growth conditions and corresponding non-local equations, both from a purely mathemat-
ical point of view and for specific application. Specifically, they arise spontaneously in many differ-
ent contexts, such as and not limited to electro-rheological fluids, elastic mechanics, porous medium
models and biological systems [27, 29, 33, 1, 7]. We recall that such problems are proposed by Kirch-
hoff in [22] as an existence of the classical D’Alembert wave equations for free vibration of elastic
strings. Note that elliptic and singular elliptic problems with α(x)-Laplace operator can be found in
[1, 2, 3, 4, 5, 8, 12, 13, 15, 17, 18, 19, 20, 21, 24, 25, 26].

The problem (Pλ) is a new variant of the Dirichlet problem of type Kirchhoff [22] that has never been
handled before. Problem (Pλ) is called nonlocal problem, which implies that the equations in (Pλ) are no
longer pointwise. This leads to some mathematical difficulties makes research on such issues particularly
interesting.

In the sequel, let l(x) := sup{l > 0 | b(x, l) ⊆ Ω} for all x ∈ Ω, where b is the ball centered at x and
of radius l. It’s easy to see that there is x0 ∈ Ω such that b(x0, R̃) ⊆ Ω, where R̃ = sup

x∈Ω
l(x).

To prove our aim result, we assume the following conditions

(H1) Assume that F ∈ Ll1(x)(Ω) such that

F (x) :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

≤ 0, for x ∈ Ω \ b(x0, R̃),

≥ f, for x ∈ b(x0,
R̃
2 ),

> 0, for x ∈ b(x0, R̃) \ b(x0, R̃2 ),

and G ∈ Ll2(x)(Ω) such that

G(x) :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

≤ 0, for x ∈ Ω \ b(x0, R̃),

≥ g, for x ∈ b(x0,
R̃
2 ),

> 0, for x ∈ b(x0, R̃) \ b(x0, R̃2 ),

where f and g are positive constants.

(H2) M : R+ −→ R
+ is a continuous and increasing function satisfying there exists m2 ≥ m1 > 0 and

q ≥ p > 1 such that

m1t
p−1 ≤M(t) ≤ m2t

q−1, ∀t ∈ R
+ with max(sup

x∈Ω
β(x), sup

x∈Ω
δ(x)) < p inf

x∈Ω
α(x),

and

sup
x∈Ω

p(x) <
N

2
< min(l1(x), l2(x)).

Our main tool is the following theorem, which we reformulate into a more convenient form.
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Theorem 1. (BONANNO-MARANO [[6], Theorem 3.6]) Let X be a reflexive real Banach space and
Φ : X → R a coercive, continuously Gateaux differentiable and sequentially weakly lower semicon-
tinuous functional whose Gateaux derivative admits a continuous inverse on X . Let Ψ : X → R be a
continuously Gateaux differentiable functional whose Gateaux derivative is compact such that

(a0) inf
x∈X

Φ(x) = Φ(0) = Ψ(0) = 0.

Assume that there exist r > 0 and x ∈ X , with r < Φ(x), such that:

(a1)

sup
Φ(x)≤r

Ψ(x)

r
<

Ψ(x)

Φ(x)
;

(a2) for each λ ∈ Λr :=
(Φ(x)
Ψ(x)

,
r

sup
Φ(x)≤r

Ψ(x)

)
, the functional Φ− λΨ is coercive.

Then for each λ ∈ Λr, the functional Φ− λΨ has at least three distinct critical points in X .

The remainder of this paper is organized as follows. In the next section, we introduce the mathematical
description of the variable exponent Lebesgue and Sobolev spaces. In Section 3, we give our main result
and proofs.

2 Mathematical backgrounds

In this part, we need definitions and elementary properties of Sobolev spaces with nonstandard growth
conditions Lα(x)(Ω), W 2,α(x)(Ω) and W 1,α(x)

0 (Ω) (more details, see [13] and [24]).

Set

C+(Ω) := {k : k ∈ C(Ω), k(x) > 1,∀ x ∈ Ω}.
For θ > 0, k ∈ C+(Ω), let

k− := min
x∈Ω

k(x), k+ := max
x∈Ω

k(x),

and

[θ]k := max{θk− , θk+}, [θ]k := min{θk− , θk+}.
Remark 2.1. One can see easily [θ]

1
k := max{θ 1

k+ , θ
1

k− } and [θ] 1
k
:= min{θ 1

k+ , θ
1

k− }.

Let α ∈ C+(Ω), denote by

Lα(x)(Ω) = {v : v is a measurable real-valued function with
∫
Ω

|v(x)|α(x)dx <∞}.

This space is equipped with the Luxemburg

|v|α(x) = inf{μ > 0 :

∫
Ω

|v(x)
μ

|α(x)dx ≤ 1}.
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We recall that the above normed space is a Banach spaces, reflexive if and only if 1 < α− ≤ α+ < ∞.
Besides, if α1, α2 satisfies α1(x) ≤ α2(x) a.e. x ∈ Ω then the embedding Lα2(x)(Ω) ↪→ Lα1(x)(Ω) is
continous. For every v ∈ Lα(x)(Ω) and w ∈ Lα′(x)(Ω) with 1

α(x) +
1

α′(x) = 1, the Hölder inequality holds
true (See [13] and [23])

|
∫
Ω

vwdx| ≤ (
1

α− +
1

(α′)−
)|v|α(x)|w|α′(x). (2.1)

On this space, we define the modular on Lα(x)(Ω) which is a map ρα(x) : Lα(x)(Ω) → R defined by

ρα(x)(v) :=

∫
Ω

|v|α(x)dx

and satisfy some useful properties cited below.

Lemma 2.1. (See [23]) For all v ∈ Lα(x)(Ω), we have

1. |v|α(x) < 1 (resp. = 1, > 1) ⇔ ρα(x)(v) < 1 (resp. = 1, > 1).

2.
[|v|α(x)]α ≤ ρα(x)(v) ≤

[|v|α(x)]α .
3. ρα(x)(vn − v) → 0 ⇔ |vn − v|α(x) → 0.

Proposition 2.2. (See [10]) Let α and β be two measurable functions with α ∈ L∞(Ω) and
1 ≤ α(x)β(x) ≤ ∞ for a.e.x ∈ Ω. If v ∈ Lβ(x)(Ω) with v �= 0, then we have[|v|α(x)β(x)]α ≤ ||v|α(x)|β(x) ≤

[|v|α(x)β(x)]α .
For any positive integer m, the Lebesgue-sobolev space Wm,α(x)(Ω) is defined as follows

Wm,α(x)(Ω) :=
{
v ∈ Lα(x)(Ω) | Dpv ∈ Lα(x)(Ω), |p| ≤ m

}
,

where p = (p1, p2, ..., pN ) is a multi-index and

|p| =
N∑
i=1

pi, D
pv =

∂|p|v
∂p1x1....∂pNxN

,

We equip this space with

‖v‖m,α(x) :=
∑
|p|≤m

|Dpv|α(x).

We define also Wm,α(x)
0 (Ω) as the closure of C∞

0 (Ω) in Wm,α(x)(Ω) with respect to the norm ‖.‖m,α(x).
We recall the following

Proposition 2.3. (See [23])

1. Wm,α(x)(Ω) is separable reflexive Banach space.
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2. If β ∈ C+(Ω) is such that β(x) < α∗(x) for any x ∈ Ω, then the embedding from Wm,α(x)(Ω) ↪→
Lβ(x)(Ω) is compact and continuous.

So, W 2,α(x)(Ω) and W 1,α(x)
0 (Ω) are separable and reflexive Banach spaces. And

E :=W 2,α(x)(Ω) ∩W 1,α(x)
0 (Ω),

is also a separable and reflexive Banach space, when equipped with the norm ‖v‖E = ‖v‖W 2,α(x)(Ω) +

‖v‖
W

1,α(x)
0 (Ω)

, thus ‖v‖ = |v|α(x) + |∇v|α(x) +
∑
|p|=2

|Dpv|α(x). In Zang and Fu [30], the equivalence of

the norms was proved, and it was even proved that the norm |�v|α(x) is equivalent to the norm ‖v‖ (see
[30], Theorem 4.4). Note that (E, ‖.‖) is a separable and reflexive Banach space.

In the sequel define ρα(x) : E → R by

ρα(x)(v) :=

∫
Ω

|Δv|α(x)dx,

one has

Lemma 2.2. For all v ∈ Lα(x)(Ω), we have

1. ‖v‖ < 1 (resp. = 1, > 1) ⇔ ρα(x)(v) < 1 (resp. = 1, > 1).

2. [‖v‖]α ≤ ρα(x)(v) ≤ [‖v‖]α .
3. ρα(x)(vn − v) → 0 ⇔ ‖vn − v‖ → 0.

Now, we recall a proposition which will be needed later

Proposition 2.4. (See [14]) If E is a reflexive Banach space, Y is a Banach space, Z ⊂ E is nonempty,
closed and convex and J : Z → Y is completely continuous, then J is compact.

3 The main result and proof

In the sequel, let

S := T (R̃N − (
R̃

2
)N), T :=

π
N
2

N
2 Γ(

N
2 )
,

here Γ is the Euler function. Let C1, C2 > 0 are the best constants for which the inequality (3.6) below
holds.

Our main result is as follows.

Theorem 3.1. Under the assumptions (H1) and (H2) , there exist R > 0 and d > 0 such that

R <
m1

p(α+)p

[2d(N − 1)

R̃2

]
αp
Sp, (3.1)
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and

TR :=
1

R

{(α+)

β+

α−

β− [C1]
β|F |l1(x)

[
[R]

1

α
]β

+
(α+)

δ+

α−

δ−
[C2]

δ|G|l2(x)
[
[R]

1

α
]δ}

(3.2)

< γd :=

( 1

β+
f [d]β +

1

δ+
g[d]δ

)
T (
R̃

2
)N

m2

q(α−)q
[4d(N − 1)

R̃2

]αq
Sq

.

Then for every λ ∈ ΛR :=
( 1

γd
,
1

TR

)
, problem (Pλ) have at least three weak solutions.

Corollary 3.2. Assume that (H1) and (H2) are fulfilled, then there exists R, d > 0 with

R <
1

α+

[2d(N − 1)

R̃2

]
α
S, (3.3)

and

TR :=
1

R

{(α+)

β+

α−

β− [C1]
β|F |l1(x)

[
[R]

1

α
]β

+
(α+)

δ+

α−

δ−
[C2]

δ|G|l2(x)
[
[R]

1

α
]δ}

(3.4)

(3.5)

< γd :=

( 1

β+
f [d]β +

1

δ+
g[d]δ

)
T (
R̃

2
)N

1

α−
[4d(N − 1)

R̃2

]α
S

.

Then for every λ ∈ ΛR :=
( 1

γd
,
1

TR

)
, problem

⎧⎪⎨
⎪⎩

Δ2
α(x)v = λ(F (x)vβ(x)−2v +G(x)vδ(x)−2v), in Ω,

v = Δv = 0, on ∂Ω,

have at least three weak solutions.

Remark 3.3. Note that corollary 3.2 is identical to corollary 1.1 obtained by Kefi et al in [21].

Remark 3.4. (see [17]) Let l′1(x), l
′
2(x), the conjugate exponents of the functions l1(x), l2(x) respectively

and let η1(x) :=
l1(x)β(x)

l1(x)− β(x)
, η2(x) :=

l2(x)δ(x)

l2(x)− δ(x)
. Then there exist compact and continuous em-

bedding E ↪→ Ll′1(x)β(x)(Ω), E ↪→ Ll′2(x)δ(x)(Ω), E ↪→ Lη1(x)(Ω) and E ↪→ Lη2(x)(Ω) and the best
constants C1, C2 > 0 with

|v|l′1(x)β(x) ≤ C1‖v‖ and |v|l′2(x)δ(x) ≤ C2‖v‖. (3.6)

Note that a weak solution of problem (Pλ) satisfy the following definition
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Definition 3.5. We say that v ∈ E is weak solution of (Pλ) if

M
(∫

Ω

1

α(x)
|Δv|α(x)dx

)∫
Ω

(|Δv|α(x)−2ΔvΔw)dx =

λ

∫
Ω

(F (x)|v|β(x)−2 +G(x)|v|δ(x)−2)vwdx

for any w ∈ E.

The energy functional corresponding to problem (Pλ) is defined on E as:

Jλ(v) = I(v)− λψ(v),

where

I(v) = M̂
(∫

Ω

1

α(x)
|Δv|α(x)dx

)
with M̂(t) =

t∫
0

M(s)ds

and

ψ(v) =

∫
Ω

(F (x)
β(x)

|v|β(x) + G(x)

δ(x)
|v|δ(x)

)
dx.

It is obviously that the functional I is a continuously Gâteaux differentiable whose Gâteaux derivative at
the point v ∈ E is the functional I ′(v) ∈ E∗, given by

〈I ′(v), w〉 =M
(∫

Ω

1

α(x)
|Δv|α(x)dx

)∫
Ω

(|Δv|α(x)−2ΔvΔw)dx.

By Proposition 2.2 and inequality (3.6), we have

|ψ(v)| ≤ 1

β− |F (x)|l1(x)[|v|l′1(x)β(x)]β +
1

δ−
|G(x)|l2(x)[|v|l′2(x)δ(x)]δ

≤ 1

β− |F (x)|l1(x)[C1‖v‖]β + 1

δ−
|G(x)|l2(x)[C2‖v‖]δ.

therefore ψ is indeed well-defined. Finally, using (H2), Jλ is well-defined.

In the sequel, we shall need the following lemma.

Lemma 3.1. (i) The functional I is coercive on E and I ′ : E → E∗ is a strictly monotone homeomor-
phism.
(ii) ψ′ : E → E∗ is completely continuous.

Proof.

(i) It is clear from Lemma 2.2 and hypothesis (H2) that for every v ∈ E such that ‖v‖ > 1, one has

I(v) = M̂
(∫

Ω

1

α(x)
|Δv|α(x)dx

)
≥ m1

p(α+)p−1
‖v‖pα−

, (3.7)

and thus I is coercive.
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For the rest of the proof of Lemma 3.1, we can use the same idea given by Dai in [9]. So the
functional I ′ is continuous becauseM is continuous. Without loss of generality and for any v, w ∈
E with v �= w, we assume that

∫
Ω

1
α(x) |Δv|α(x)dx ≥ ∫

Ω
1

α(x) |Δw|α(x)dx. Since M(t) is a monotone
function, we have

M
(∫

Ω

1

α(x)
|Δv|α(x)dx

)
≥M

(∫
Ω

1

α(x)
|Δw|α(x)dx

)
. (3.8)

By the Cauchy’s inequality, we have

ΔvΔw ≤ |Δv||Δw| ≤ |Δv|2 + |Δw|2
2

. (3.9)

Using (3.9) and Young’s inequality, we can easily obtain (more details, see [9])∫
Ω

|Δv|α(x)−2|Δv|2dx+
∫
Ω

|Δw|α(x)−2|Δw|2dx ≤
∫
Ω

(
|Δv|α(x) + |Δw|α(x)

)
dx. (3.10)

Therefore, using (3.8) and (3.10), we obtain

〈I ′(v)− I ′(w), v − w〉 = 〈I ′(v), v〉 − 〈I ′(v), w〉 − 〈I ′(w), v〉 + 〈I ′(w), w〉
= M

( ∫
Ω

1

α(x)
|Δv|α(x)dx

)∫
Ω

|Δv|α(x)dx

−M
( ∫

Ω

1

α(x)
|Δv|α(x)dx

)∫
Ω

(|Δv|α(x)−2ΔvΔw)dx

−M
( ∫

Ω

1

α(x)
|Δw|α(x)dx

) ∫
Ω

(|Δw|α(x)−2ΔvΔw)dx

+M
( ∫

Ω

1

α(x)
|Δw|α(x)dx

) ∫
Ω

|Δw|α(x)dx

≥ M
( ∫

Ω

1

α(x)
|Δw|α(x)dx

)( ∫
Ω

1

2
(|Δv|α(x)−2 − |Δw|α(x)−2)(|Δv|2 − |Δw|2)dx

)

≥ 0,

which implies, I ′ is monotone. It remains to show that I ′ is strictly monotone. Indeed, if 〈I ′(v)−
I ′(w), v − w〉 = 0, then we have∫

Ω

1

2
(|Δv|α(x)−2 − |Δw|α(x)−2)(|Δv|2 − |Δw|2)dx = 0,

so |Δv| = |Δw|. Thus, we obtain

〈I ′(v)− I ′(w), v − w〉 = 〈I ′(v), v − w〉 − 〈I ′(w), v − w〉
= M

(∫
Ω

1

α(x)
|Δv|α(x)dx

)(∫
Ω

|Δv|α(x)−2(Δv −Δw)2dx
)

= 0,
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i.e. v − w is a constant. In view of v = w = 0 on ∂Ω, we have v ≡ w, which is contrary with
u �= w. Therefore, 〈I ′(v)−I ′(w), v−w〉 > 0. Which implies that I ′ is a strictly monotone operator
in E. From the strict monotonicity of I ′, note that I ′ is an injection. By the condition (H2) it is
clear that for any v ∈ X with ‖v‖ > 1, one has

〈I ′(v), v〉
‖v‖ ≥

(
m1‖v‖pα−

p(α+)p−1

) ∫
Ω |Δv|α(x)dx

‖v‖ =
( m1

p(α+)p−1

)
‖v‖(p+1)α−−1,

So I ′ is coercive, thus I ′ is a sujection in view of Minty-Browder theorem [31]. Therefore I ′ has
an inverse mapping (I ′)−1 : E∗ −→ E.

Hence the continuity of (I ′)−1 is sufficient to ensure I ′ to be homeomorphism.

(ii) We prove that ψ′ is compact. Let vn ⇀ v in E then vn converge uniformly to v on Ω (see [31]).
Furthermore

|〈ψ′(vn)− ψ′(v), w〉| ≤
∫
Ω

|F (x)|||vn|β(x)−1 − |v|β(x)−1||w|dx +

∫
Ω

|G(x)|||vn|δ(x)−1 − |v|δ(x)−1||w|dx

≤ |F (x)|l1(x)||vn|β(x)−1 − |v|β(x)−1| β(x)
β(x)−1

|w|η1(x)
+ |G(x)|l2(x)||vn|δ(x)−1 − |v|δ(x)−1| δ(x)

δ(x)−1

|w|η2(x).

Using Lemma 1 in [18] and Remark 3.4, one has

|〈ψ′(vn)− ψ′(v), w〉| → 0, n→ +∞.

Which implies ψ′ is completely continuous. By Proposition 2.4, ψ′ is compact.

�

3.1 Proof of Theorem 3.1

Since the functionals I and ψ satisfy the assumptions mentioned in Theorem 1. We can start our proof.
In fact, let the function Vd ∈ E defined by

Vd :=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, if x ∈ Ω \ b(x0, R̃),
2d

R̃
(R̃− |x− x0|), if x ∈ b(x0, R̃) \ b(x0, R̃2 ),

d, if x ∈ b(x0,
R̃
2 ),

where |.| denotes the Euclidean norm in R
N . We can see that

ΔVd =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

0, if x ∈ Ω \ b(x0, R̃) ∪ b(x0, R̃2 ),

−2d(N − 1)

R̃|x− x0|
, if x ∈ b(x0, R̃) \ b(x0, R̃

2
).

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 46



Using Lemma 2.1 and the condition (H2), deduce that

m1

p(α+)p

[2d(N − 1)

R̃2
)
]
αp
Sp ≤ I(Vd) ≤ m2

q(α−)q
[4d(N − 1)

R̃2

]αq
Sq, (3.11)

ψ(Vd) ≥
∫

b(x0,
R̃
2 )

F (x)

β(x)
|Vd|β(x)dx+

∫
b(x0,

R̃
2 )

G(x)

δ(x)
|Vd|δ(x)dx

≥
( 1

β+
f [d]β +

1

δ+
g[d]δ

)
T
(R̃
2

)N

.

and hence

ψ(Vd)

I(Vd)
≥

( 1

β+
f [d]β +

1

δ+
g[d]δ

)
T
(R̃
2

)N

m2

q(α−)q
[4d(N − 1)

R̃2

]αq
Sq

= γd.

Next, from R < m1

p(α+)p

[
2d(N−1)

R̃2
)
]
αp
Sp, we get R < I(Vd). Now, for each v ∈ I−1(] − ∞, R]), due to

condition (H2), one has that
1

α+

[‖v‖]
α
≤ R. (3.12)

By proposition 2.2, inequalities (3.12) and (3.6) we have

ψ(v) ≤ 1

β− |F |l1(x)
[
C1‖v‖

]β
+

1

δ−
|G|l2(x)

[
C2‖v‖

]δ
≤ 1

β− |F |l1(x)[C1]
β
[
(α+)

1
α− [R]

1
α

]β
+

1

δ−
|G|l2(x)[C2]

δ
[
(α+)

1
α− [R]

1
α

]δ

≤ (α+)
β+

α−

β− [C1]
β|F |l1(x)

[
[R]

1
α

]β
+

(α+)
δ+

α−

δ−
[C2]

δ|G|l2(x)
[
[R]

1
α

]δ
. (3.13)

Therefore
1

R
sup

I(v)≤R

ψ(v) ≤ TR.

After that, we will prove that for any λ > 0, I − λψ is coercive. In fact by using Remark 3.4, one has

ψ(v) ≤ 1

β− |F |l1(x)[C1‖v‖]β + 1

δ−
|G|l2(x)[C2‖v‖]δ. (3.14)

For ‖v‖ > 1 and using the relations (3.7) and (3.14), we get

I(v)− λψ(v) ≥ m1

p(α+)p
‖v‖pα− − λ

( 1

β− |F |l1(x)[C1‖v‖]β + 1

δ−
|G|l2(x)[C2‖v‖]δ

)
.

Since max(β+, δ+) < pα−, so I − λψ is coercive and due to

Λ :=
( 1

γd
,
1

TR

)
⊆

( I(Vd)
ψ(Vd)

,
R

sup
I(v)≤R

ψ(v)

)
,

Theorem 1 asserts that for any λ ∈ ΛR, I − λψ have at least three critical points in E which are weak
solutions for problem (Pλ) and this completes the proof. �
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3.2 Proof of Corollary 3.2

Put m1 = m2 = 1 and t :=
∫
Ω

1

α(x)
|Δv|α(x)dx = 1, so due to assertion (H2), one has M(t) = 1 and

consequently M̂(t) = t. Inequality (3.7) becomes

I(v) = M̂
(∫

Ω

1

α(x)
|Δv|α(x)dx

)
≥ 1

α+
‖v‖α−

,

with max(β+, δ+) < α− which guarantees the coercivity of the functional I and I − λψ. Moreover
inequality (3.11) becomes

1

α+

[2d(N − 1)

R̃2
)
]
α
S ≤ I(Vd) ≤ 1

α−
[4d(N − 1)

R̃2

]α
S.

Finally a simple calculation achieve the proof of Corollary 3.2.

3.3 Final comments

(i) The problem (Pλ) corresponds to the subcritical setting described in Remarks 3.4. We believe that
worthy research directions fit either into the critical or supercritical framework (in the Sobolev variable
exponent sense). Even in the case of almost-critical with lack of compactness the consequences are
unknown. More precisely, in the same notation as Remark 3.4, it is a very interesting open problem to
study the qualitative analysis of the solution of (Pλ) provided that there exists z1, z2 ∈ Ω such that

max(r1(z1), s
′
1(z1)q(z1)) = p∗(z1) and max(r2(z2)s

′
2(z2)α(z2)) = p∗(z2)

but

max(r1(x), s
′
1(x)q(x)) < p∗(x) for all z ∈ Ω \ {z1}

and

max(r2(x)s
′
2(x)α(x)) < p∗(x) for all z ∈ Ω \ {z2}.

(ii) Another very interesting research direction is to extend the approach developed in this paper to the
operators who describe the capillary phenomenon. More precisely it’s intriguing to treat operators of
type

−div
(
(1 +

|∇v|p(x)√
1 + |∇v|2p(x)

)|∇v|p(x)−2w
)
+ b(x)|v|p(x)−2w,

provided that p+ < N and a source term which contain indefinite weights especially since until now
there was no work that has been completed in this direction.
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[29] M. Ružička, Electrorheological Fluids: Modeling and Mathematical Theory, Lect. Notes Math. 1748, Springer, Berlin
(2000).

[30] A. Zang, Y. Fu, Interpolation inequalities for derivatives in variable exponent Lebesgue Sobolev spaces, Nonlinear
Anal. 69 (2008), 3629-3636.

[31] E. Zeidler, Nonlinar Functional Analysis and Its Applications, vol. 2, Springer, Berlin, Germany, 1985.

[32] Q. Zhang, Q. Miao, Existence and Multiplicity of Solutions for a Biharmonic Equation with p(x)-Kirchoff Type,
Hindawi Discrete Dynamics in Nature and Society. vol. 2021, ID 8454755, https://doi.org/10.1155/2021/8454755.

[33] V. V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, Math. USSR. Izv., 9 (1987)
33-66.

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 50



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




