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ABSTRACT. Let 1 ≤ q ≤ α < ∞.
{
(Lq, lp)α(Rd) : α ≤ p ≤ ∞}

is a nondecreasing family of Banach spaces such that the
Lebesgue space Lα(Rd) is its minimal element and the classical Morrey space Mα

q (R
d) is its maximal element. In this note

we investigate some closed linear subspaces of (Lq, lp)α(Rd). We give a characterization of the closure in (Lq, lp)α(Rd) of
the set of all its compactly supported elements and study the action of some classical operators on it. We also describe
the closure in (Lq, lp)α(Rd) of the set C∞

c (Rd) of all infinitely differentiable and compactly supported functions on R
d as an

intersection of other linear subspaces of (Lq, lp)α(Rd) and obtain the weak density of C∞
c (Rd) in some of these subspaces.

We establish a necessary condition on a function f in order that its Riesz potential Iγ(|f |) (0 < γ < 1) be in a given
Lebesgue space.
KEYWORDS. Morrey spaces, Closed linear subspaces, Approximation, Adams-Spanne type theorem, Riesz potential,
Fractional maximal operator
2020 Mathematics Subject Classification: 42B35, 42B25.

1. Introduction

Let d be a fixed positive integer and consider the d-dimensional Euclidean space R
d equipped with its

Lebesgue measure E �→ |E|. The euclidean norm of an element x of Rd is denoted by |x|.
For 1 ≤ α ≤ ∞, Lα denotes the classical Lebesgue space on R

d, endowed with its usual norm ‖ · ‖α.

For any element f of Lp (1 ≤ p ≤ 2), we denote by f̂ its Fourier transform. In [2] Aguilera and
Harboure have proved that if 1 < p < 2 then, in order that a nonnegative function u on R satisfies the
condition∫

R

∣∣∣f̂(x)∣∣∣p u(x)dx ≤ K

∫
R

|f(x)|pdx , f ∈ Lp

for some real constant K, it is
• necessary that⎡⎢⎢⎣∑

k∈Z

⎛⎜⎝ (k+1)r∫
kr

u(x)dx

⎞⎟⎠
2

2−p

⎤⎥⎥⎦
2−p
2

≤ C rp−1 , r > 0

for some real constant C
• sufficient that

sup
λ>0

λ |{x ∈ R : u(x) > λ}|2−p
2 < ∞.
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In order to get a good insight in this result, Fofana has introduced in [14] a family of Banach spaces
denoted by (Lq, lp)α (1 ≤ q, p, α ≤ ∞). Let us introduce some notations in order to recall their
definitions.

Notation 1.1. Let r be any positive real number.

(i) Irk =
d∏

j=1

[kjr, (kj + 1)r) , k = (k1, k2, ..., kd) ∈ Z
d.

(ii) If (q, p) is an element of [1,∞]2 and f belongs to the space L1
loc of locally integrable functions on

R
d, then

r‖f‖q,p =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(∑

k∈Zd

‖fχIrk
‖pq
) 1

p

if p < ∞

sup
k∈Zd

‖fχIrk
‖q if p = ∞

where for any subset E of Rd, χE stands for its characteristic function.

Definition 1.2. Let (q, p, α) be an element of [1,∞]3.

(Lq, lp)α = {f ∈ L1
loc : ‖f‖q,p,α < ∞}

where

‖f‖q,p,α := sup
r>0

rd(
1
α−1

q)
r||f ||q,p .

Let us notice that, for (q, p, α) in [1,∞]3, (Lq, lp)α is a linear subspace of L1
loc and when endowed with

f �→ ‖f‖q,p,α , a Banach space. It is also known that, for 1 ≤ q ≤ α ≤ p ≤ ∞, the space (Lq, lp)α is a
linear subspace of the Morrey space Mα

q which is defined as the set of all elements f of L1
loc for which

the norm

‖f‖Mα
q := sup

x∈Rd, r>0

rd(
1
α−1

q)
∥∥fχQ(x,r)

∥∥
q

is finite, where

Q(x, r) =
d∏

j=1

[
xj − r

2
, xj +

r

2

)
, x = (x1, x2, ..., xd) ∈ R

d and 0 < r < ∞.

Let us recall that the Morrey spaces were introduced in 1938 by C. B. Morrey (see [25]) and are used
in connection with regularity problems of solutions to partial differential equations. In recent years,
there is an increasing interest in applications and generalizations of these spaces (see [1, 27, 28] and the
references therein).

It is worth noticing that the following continuous inclusion and equality relations hold :

Lα = (Lq, lα)α ⊂ (Lq, lp1)α ⊂ (Lq, lp2)α ⊂ (Lq, l∞)α = Mα
q , 1 ≤ q ≤ α ≤ p1 ≤ p2 ≤ ∞

(Lq, lp)α = {0} if α /∈ [q, p].
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From now on we shall consider (Lq, lp)α only with 1 ≤ q ≤ α ≤ p ≤ ∞.

Many results in Fourier analysis (about the Fourier transform, fractional maximal operators, Riesz po-
tential oprators and Calderon-Zygmund operators), well-known and widely used in Lebesgue or Morrey
spaces, have been extended in the framework of the spaces (Lq, lp)α (see [8, 10, 11, 12, 13, 14, 15, 16, 23]
and the references therein ). However, some very useful properties of the Lebesgue spaces, linked to ap-
proximation by nice functions, are not shared by the spaces (Lq, lp)α. For example it is known that:

1) if 1 ≤ α < ∞ and f is an element of Lα then :

(i) lim
R→∞

∥∥fχRd\Q(0,R)

∥∥
α
= 0

(ii) lim
|E|→0

‖fχE‖α = 0

(iii) u �→ τuf = f(· − u) is continuous from R
d to Lα

2) if 1 ≤ q < α < p ≤ ∞ then (Lq, lp)α has elements which do not satisfy properties similar to (i), (ii)
and (iii).

Because of this fact various distinguished closed linear subspaces of (Lq, lp)α have been considered
(see [4, 6, 22, 31, 32] for p = ∞ and [11, 14] when α ≤ p ≤ ∞).

The purpose of the present paper is to contribute to a better understanding of some of these subspaces,
mainly those defined below.

Definition 1.3.

(i) (Lq, lp)α0 =
{
f ∈ (Lq, lp)α : lim

R→∞
‖fχRd\Q(0,R)‖q,p,α = 0

}
(ii) (Lq, lp)αc =

{
f ∈ (Lq, lp)α : lim

u→0
‖f − τuf‖q,p,α = 0

}
(iii) (Lq, lp)αc,0 = (Lq, lp)αc ∩ (Lq, lp)α0 .

Our main results may be summarized as follows :

1) a characterization of (Lq, lp)α0 from which we deduce that this subspace of (Lq, lp)α is invariant by
the Hardy-Littlewood maximal operator and obtain for it an Adams and Spanne type theorem;

2) the description of (Lq, lp)αc as the closure in (Lq, lp)α of the set of all infinitely differentiable func-
tions on R

d having all their derivatives in Lp ∩ (Lq, lp)α;

3) several descriptions of (Lq, lp)αc,0 as intersection of other subspaces of (Lq, lp)α and, as a conse-
quence, the weak-density of the set C∞

c (of all infinitely differentiable and compactly supported functions
on R

d) in a subspace of (Lq, lp)α larger than (Lq, lp)αc,0 ;

4) a proof of the inclusion in (L1, lp)αc,0 of the set of all locally integrable functions f on R
d for which

the Riesz potential Iγ(|f |)
(
γ = 1

α − 1
p > 0

)
belongs to Lp.

It should be noted that the last point of our results provides a necessary condition on f for the solvability
in (Lp)d of the equation div u = f (see [26]).
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The remainder of the paper is organized as follows. Section 2 contains a more detailed presentation of
our results. In Section 3 we collect some basic results on Wiener amalgam spaces and (Lq, lp)α. Sections
4, 5 and 6 deal with (Lq, lp)α0 , (Lq, lp)αc and (Lq, lp)αc,0 respectively. Section 7 is devoted to the inverse
image of Lp by the Riesz potential Iγ.

2. Statement of the main results

In this section we assume that 1 ≤ q ≤ α ≤ p ≤ ∞ unless otherwise specified.

Let us begin by noticing that (Lq, lp)α0 has been considered in [11] where it is proved that it is a closed
linear subspace of (Lq, lp)α.

Our first result reads as follows.

Theorem 2.1. If α < ∞ then an element f of (Lq, lp)α belongs to (Lq, lp)α0 if and only if

lim
ρ→∞

{
sup
r>0

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

}
= 0 . (2.1)

The above characterization of (Lq, lp)α0 extends and improves on the following result obtained in [31]
: if q < α < ∞ then, for any f in (Lq, l∞)α,

f ∈ (Lq, l∞)α0 ⇐⇒

⎧⎪⎪⎨⎪⎪⎩
lim
ρ→∞

{
sup
r>0

rd(
1
α−1

q)
∥∥∥∥∥fχQ(· , r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
∞

}
= 0

f ∈ V∞(Lq, l∞)α

(2.2)

where

V∞(Lq, lp)α =
{
f ∈ (Lq, lp)α : lim

r→∞ rd(
1
α−1

q)
r‖f‖q,p = 0

}
.

Notice that, in [31] and several subsequent papers, (Lq, l∞)α0 is denoted by
∗

Mα
q . We recall also that

V∞(Lq, l∞)α has been introduced in [4] where it is denoted by V∞Lq,d(1− q
α).

The equivalence relation (2.2) implies that (Lq, l∞)α0 is included in V∞(Lq, l∞)α. This inclusion is
extended and refined by our next result which gives some relationships between (Lq, lp)α0 and other
linear subspaces of (Lq, lp)α.

Theorem 2.2. Assume that q < α < ∞. We have

(Lq, lp)α0 ⊂ Lq ∩ (Lq, lp)α ⊂ V∞(Lq, lp)α ∩ (Lq, lp)αω (2.3)

where Lq ∩ (Lq, lp)α is the closure in (Lq, lp)α of Lq ∩ (Lq, lp)α and

(Lq, lp)αω =
{
f ∈ (Lq, lp)α : lim

m→0

∥∥fχ{|f |≤m}
∥∥
q,p,α

= 0
}
.

It is clear that (Lq, lp)α0 is the closure in (Lq, lp)α of the set of all elements of (Lq, lp)α whose supports
are bounded (with respect to the Euclidean norm on R

d). (Lq, lp)αω may be described in a similar way, as
follows.

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 44



Theorem 2.3. (Lq, lp)αω is the closure in (Lq, lp)α of the set

(Lq, lp)αFNS =
{
f ∈ (Lq, lp)α :

∥∥fχRd\E
∥∥
q,p,α

= 0 for some subset E of Rd satisfying ‖χE‖q,p,α < ∞
}

of all elements of (Lq, lp)α with support of finite norm.

As an application of Theorem 2.1, we shall prove an Adams-Spanne type theorem for (Lq, lp)α0 . Let us
recall that the Riesz potential operator Iγ (0 < γ < 1) is defined by

Iγf(x) =

∫
Rd

|x− y|d(γ−1)f(y)dy

when this integral makes sense. This operator is known to be closely related to the fractional maximal
operator Mq,β (1 ≤ q < β ≤ ∞) defined on L1

loc by

Mq,βf(x) = sup
r>0

rd(
1
β−1

q)
∥∥fχQ(x,r)

∥∥
q

, x ∈ R
d.

Notice that M1,∞ is the well known Hardy-Littlewood maximal operator.

It is known (see [7, 11, 13] and the references therein) that, for 1 < q :

• M1,∞ is a bounded operator on (Lq, lp)α

• under the hypotheses

0 < γ <
1

α
,

1

α∗ =
1

α
− γ,

1

q∗
=

1

q
− γ,

1

q̃
=

1− γα

q
,

1

p̃
=

1− γα

p
(2.4)

the Riesz potential Iγ maps (Lq, lp)α into :

(i) (Lq̃, lp̃)α
∗

(Adams type theorem)

(ii) (Lq∗, lp)α
∗

if γ < 1
α − 1

p (Spanne type theorem).

Our result reads as follows.

Theorem 2.4. Assume that 1 < q ≤ α < ∞.

1) The Hardy-Littlewood maximal operator M1,∞ maps (Lq, lp)α0 into itself.

2) Under the hypotheses (2.4) the Riesz potential Iγ maps (Lq, lp)α0 into :

• (Lq̃, lp̃)α
∗

0

• (Lq∗, lp)α
∗

0 if γ < 1
α
− 1

p
.

Let us mention that our proof of Theorem 2.4, with very slight modifications, shows that this re-
sult remains true with (Lq, lp)α0 replaced by either of V∞(Lq, lp)α and the so-called vanishing subspace
V0(L

q, lp)α defined by

V0(L
q, lp)α =

{
f ∈ (Lq, lp)α : lim

r→0
rd(

1
α−1

q)
r‖f‖q,p = 0

}
.

We recall that these results, as far as, V0(L
q, l∞)α and V∞(Lq, l∞)α are concerned, have been proved in

[3].
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In the statement of our results on (Lq, lp)αc we shall use another linear subspace of (Lq, lp)α, namely

AC(Lq, lp)α =

{
f ∈ (Lq, lp)α : lim

‖χE‖q,p,α→0
‖fχE‖q,p,α = 0

}
.

This subspace of (Lq, lp)α may be characterized as follows.

Theorem 2.5. If α < ∞ then AC(Lq, lp)α is the closure in (Lq, lp)α of L∞ ∩ (Lq, lp)α.

Let us recall that the closure of L∞ in a Morrey type space [ larger than (Lq, l∞)α ], has been con-
sidered in [29] in connection with the study of some partial differential equations. See also [20] where
AC(Lq, l∞)α is denoted by Mα

q .

A generalized form of Lq ∩ (Lq, l∞)αc has been introduced by Zorko in [32]. So, as done by some
authors in the case where p = ∞, (Lq, lp)αc may be called the Zorko subspace of (Lq, lp)α. However, in

our best knowledge, (Lq, lp)αc itself has been considered first in [14] where it is denoted by (Lq, lp)
1
q− 1

α
c .

In [22], (Lq, l∞)αc is denoted by M̈q,d(1− q
α)

.

It is known (see [11, Proposition 3.3]) that, if q < ∞, then (Lq, lp)αc is the closure in (Lq, lp)α of

C∞
(Lq,lp)α =

{
f ∈ C∞ : ∂βf ∈ (Lq, lp)α for any β in N

d
}

where C∞ denotes the set of all infinitely differentiable functions on R
d, and for any β in N

d, ∂βf stands
for the derivative of order β of f .

The above characterization of (Lq, lp)αc shows that the space denoted by
�

Mα
q in [31] is nothing else

than (Lq, l∞)αc .

It is worth noticing the following result.

Theorem 2.6. 1) We have

C∞
(Lq,lp)α ⊂ Lp ∩ L∞. (2.5)

2) If p < ∞ then C∞
(Lq,lp)α is included in the set C0 of all continuous functions f on R

d such that
lim

|x|→∞
|f(x)| = 0.

As an obvious consequence of the above result we get the following description of (Lq, lp)αc .

Theorem 2.7. If q < ∞ then (Lq, lp)αc is the closure in (Lq, lp)α of

• {f ∈ C∞ : ∂βf ∈ Lp ∩ (Lq, lp)α ∩ C0 for any β in N
d
}

if p < ∞
• {f ∈ C∞ : ∂βf ∈ L∞ ∩ (Lq, l∞)α for any β in N

d
}

if p = ∞

and therefore (Lq, lp)αc is included in the closure Lp ∩ (Lq, lp)α in (Lq, lp)α of Lp ∩ (Lq, lp)α.

Theorem 2.5 and Theorem 2.7 imply that (Lq, l∞)αc is included in AC(Lq, l∞)α when α < ∞. Actually,
more can be said about the relationships between (Lq, lp)αc and other linear subspaces of (Lq, lp)α.
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Theorem 2.8. 1) If α < p then

(Lq, lp)αc ⊂ Lp ∩ (Lq, lp)α ⊂ V0(L
q, lp)α ∩ AC(Lq, lp)α. (2.6)

In particular, if α < ∞ then

(Lq, l∞)αc ⊂ AC(Lq, l∞)α ⊂ V0(L
q, l∞)α (2.7)

and the inclusion of (Lq, l∞)αc in AC(Lq, l∞)α is proper in general.

2) V0(L
q, l∞)α ∩ V∞(Lq, l∞)α ∩ Cu ⊂ (Lq, l∞)αc (2.8)

where Cu is the set of all uniformly continuous functions on R
d.

Notice that Point 1) of Theorem 2.8 implies that (Lq, l∞)αc is not equal to V0(L
q, l∞)α, contrary to what

is claimed in [31, Lemma 2.33].

As an easy consequence of Point 2) of Theorem 2.8 we obtain the following approximation result
contained in [4].

Corollary 2.9. Each element of V0(L
q, l∞)α ∩ V∞(Lq, l∞)α ∩ Cu is the limit in (Lq, l∞)α of a sequence

of elements of V0(L
q, l∞)α ∩ V∞(Lq, l∞)α ∩ C∞.

Among the various closed linear subspaces of (Lq, lp)α, (Lq, lp)αc,0 is one of the most popular because
it is the closure in (Lq, lp)α of the set C∞

c (see the remark following [11, Proposition 2.6]). We have
defined it as the intersection of (Lq, lp)α0 and (Lq, lp)αc . It is worth noticing that it may be expressed in
several manners as intersection of other distinguished subspaces of (Lq, lp)α. Some of these expressions
are contained in the theorem below.

Theorem 2.10. 1) We have

(Lq, lp)αc,0 = (Lq, lp)α0 ∩ V0(L
q, lp)α = (Lq, lp)α0 ∩ AC(Lq, lp)α. (2.9)

2) If p < ∞ then

(Lq, lp)αc,0 = (Lq, lp)αc ∩ V∞(Lq, lp)α. (2.10)

Using 2.9, we obtain another expression of (Lq, lp)αc,0 which is given below.

Theorem 2.11. If q < α < p then

(Lq, lp)αc,0 =

⎧⎨⎩
V0(L

q, lp)α ∩ V∞(Lq, lp)α if p < ∞

V0(L
q, l∞)α ∩ V∞(Lq, l∞)α ∩ (Lq, c0) if p = ∞

(2.11)

where

(Lq, c0) =

{
f ∈ L1

loc : sup
x∈Rd

∥∥fχQ(x,1)

∥∥
q
< ∞ and lim

|x|→∞

∥∥fχQ(x,1)

∥∥
q
= 0

}
.

From Theorem 2.11 we obtain the following approximation result.
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Theorem 2.12. If 1 < q and p < ∞ then for any element f of V0(L
q, lp)α or V0(L

q, l∞)α∩ (Lq, c0) there
is a sequence (ϕn)n≥1 of elements of C∞

c converging weakly to f :

lim
n→∞

∫
Rd

ϕn(x)g(x)dx =

∫
Rd

f(x)g(x)dx , g ∈ C∞
c .

Let us recall that, the set I(γ, p) =
{
f ∈ L1

loc : Iγ(|f |) ∈ Lp
}

is strongly related to the problem of
existence of solutions in (Lp)d of the equation div u = f (see [26, Theorem 3.2]).

The well known theorem of Hardy-Littlewood-Sobolev states that Lα is included in I(γ, p) for 0 <

γ < 1
α < 1 and 1

p = 1
α − γ.

We shall prove what follows.

Theorem 2.13. If 0 < γ < 1
α
≤ 1 and 1

p
= 1

α
− γ then I(γ, p) is included in (L1, lp)αc,0 [ the closure in

(L1, lp)α of Lα].

3. Preliminaries

Wiener amalgams and weak-Lebesgue spaces are known to be related to the spaces (Lq, lp)α. We recall
their definitions below.

Definition 3.1. Let (q, p, α) be an element of [1,∞]3.

a) The Wiener amalgam space (Lq, lp) is defined by

(Lq, lp) =
{
f ∈ L1

loc : 1‖f‖q,p < ∞}
.

b) For α < ∞, the weak-Lebesgue space Lα,∞ is defined by

Lα,∞ =
{
f ∈ L1

loc : ‖f‖∗α,∞ < ∞}
where

‖f‖∗α,∞ = sup
λ>0

λ
∣∣{x ∈ R

d : |f(x)| > λ}∣∣ 1
α .

We shall use in the sequel the following basic properties of Wiener amalgams and (Lq, lp)α spaces.

Proposition 3.2. [7, 10, 11, 13, 14, 15, 21, 23] Let 1 ≤ q, p, α ≤ ∞.

1) a) (Lq, lp) is a linear subspace of L1
loc and, when endowed with f �→ 1‖f‖q,p , a Banach space.

b) For any real number r > 0

• f �→ r‖f‖q,p is a norm on (Lq, lp), equivalent to f �→ 1‖f‖q,p
• if q ≤ p and m is the integer satisfying 2m ≤ r < 2m+1 then

r‖f‖q,p ≤ 3d(
1
q− 1

p)
2m‖f‖q,p , f ∈ L1

loc. (3.1)
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• f �→ r|||f |||q,p = r−
d
p

∥∥‖fχQ(· , r)‖q
∥∥
p

is a norm on (Lq, lp) and there are two positive real numbers
A1 and A2, depending only on (d, q, p) and such that

A1 r|||f |||q,p ≤ r‖f‖q,p ≤ A2 r|||f |||q,p , f ∈ L1
loc. (3.2)

c) The set (Lq, c0) defined in Theorem 2.11 satisfies

(Lq, c0) =

{
f ∈ (Lq, l∞) : lim

|k|→∞
‖fχI1k

‖q = 0

}
.

d) There is a real number C depending only on (d, q, p) such that for any vector u of Rd,

r‖τuf‖q,p ≤ C r‖f‖q,p , f ∈ L1
loc. (3.3)

2) a) (Lq, lp)α is a linear subspace of (Lq, lp) and, when endowed with f �→ ‖f‖q,p,α , a Banach space.
Moreover (Lq, lp)α is non trivial if and only if q ≤ α ≤ p.

b) Let f be an element of L1
loc.

• If q ≤ α ≤ p then

‖f‖q,∞,α ≤ ‖f‖q,p,α ≤ ‖f‖α , ‖f‖α,p,α ≤ ‖f‖α ≤ 2d(
1
q− 1

p)‖f‖α,p,α and ‖f‖q,α,α = ‖f‖α (3.4)

and therefore the following relations hold

α ∈ {q, p} =⇒ (Lq, lp)α = Lα. (3.5)

• If q < α < p then there is a real number C such that

‖f‖q,p,α ≤ C‖f‖∗α,∞ (3.6)

and therefore the weak-Lebesgue space Lα,∞ is continuously included in (Lq, lp)α.

• We have

A1 |||f |||q,p,α ≤ ‖f‖q,p,α ≤ A2 |||f |||q,p,α and |||f |||q,∞,α = ‖f‖Mα
q (3.7)

where

|||f |||q,p,α = sup
r>0

rd(
1
α−1

q)
r|||f |||q,p = sup

r>0
rd(

1
α−1

q− 1
p)
∥∥‖fχQ(· , r)‖q

∥∥
p
, (3.8)

A1 and A2 are the constants in (3.2).

It follows from (3.4) and (3.7) that (Lq, lp)α is continuously included in the Morrey space Mα
q and

(Lq, l∞)α = Mα
q .

We shall use the following result.

Proposition 3.3. Let 1 ≤ q ≤ α ≤ p ≤ ∞. For any element f of (Lq, lp) and any bounded Radon
measure μ on R

d, the convolution product μ ∗ f is a well defined element of (Lq, lp) and there is a real
number C , not depending on (f, μ) and such that

r‖μ ∗ f‖q,p ≤ C |μ|(Rd) r‖f‖q,p , r > 0 (3.9)
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and therefore

‖μ ∗ f‖q,p,α ≤ C |μ|(Rd) ‖f‖q,p,α (3.10)

where |μ| stands for the total variation of μ.

Proof. When p < ∞ the assertions follow from the proof of [23, Theorem 2.4] which may be adapted
in an obvious manner to cover the case where p = ∞.

We shall use, in the sequel, 1 ≤ q < α < p ≤ ∞ unless otherwise specified.

4. The subspace (Lq, lp)α0 of (Lq, lp)α

The following results are known.

Proposition 4.1. [11, 23] (Lq, lp)α0 is a closed linear subspace of (Lq, lp)α which contains Lα and is
invariant with respect to convolution product with bounded Radon measures on R

d.

It is not difficult to show that (Lq, lp)αFNS is a linear subspace of (Lq, lp)α.

Let us set, for any element f of L1
loc, Ef = {|f | > 0}.

We notice that, for any element f of (Lq, lp)α,

Ef bounded =⇒
{

f ∈ Lq

|Ef | < ∞ =⇒ ‖χEf
‖q,p,α < ∞ =⇒ f ∈ (Lq, lp)αω.

(4.1)

The last implication stems from the inequalities below :∥∥fχ{|f |≤m}
∥∥
q,p,α

≤ m‖χEf
‖q,p,α, m > 0 and f ∈ L1

loc.

From (4.1) we get

(Lq, lp)α0 ⊂ Lq ∩ (Lq, lp)α (4.2)

and ⎧⎨⎩
(Lq, lp)αFNS ⊂ (Lq, lp)αω

(Lq, lp)α0 ⊂ (Lq, lp)αFNS

(4.3)

where, for any subset X of (Lq, lp)α, X stands for its closure in (Lq, lp)α.

We shall now prove Theorem 2.3.

Proof of Theorem 2.3

Let f be an element of (Lq, lp)α.

a) Suppose that f is in (Lq, lp)αFNS and let ε be any positive real number.

There is an element gε of (Lq, lp)αFNS such that

‖f − gε‖q,p,α < ε. (∗)
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By (4.3) there is a real number mε > 0 such that∥∥gεχ{|gε|≤m}
∥∥
q,p,α

< ε , m ∈ (0, 2mε] . (∗∗)
Furthermore, for any m in (0,mε)

|f |χ{|f |≤m} ≤ |f − gε|χ{|f |≤m} + |gε|χ{|f |≤m}∩{|gε|≤2mε} + |gε|χ{|f |≤m}∩{|gε|>2mε}
≤ |f − gε|+ |gε|χ{|gε|≤2mε} + 2|gε − f |. (∗ ∗ ∗)

By (∗), (∗∗) and (∗ ∗ ∗) we get∥∥fχ{|f |≤m}
∥∥
q,p,α

≤ 4 ε , m ∈ (0,mε).

This shows that f belongs to (Lq, lp)αω.

b) Suppose that f is in (Lq, lp)αω and let ε be any positive real number.

There is a real number mε > 0 such that∥∥fχ{|f |≤m}
∥∥
q,p,α

< ε , m ∈ (0,mε].

It is clear that fε = fχ{|f |>mε} belongs to (Lq, lp)α, satisfies

Efε = {|fε| > mε} ,
∥∥χEfε

∥∥
q,p,α

≤ 1

mε
‖f‖q,p,α < ∞ and ‖f − fε‖q,p,α < ε

and therefore

fε ∈ (Lq, lp)αFNS and ‖f − fε‖q,p,α < ε.

This shows that f is in (Lq, lp)αFNS.

c) The results obtained in Point a) and Point b) show that

(Lq, lp)αFNS = (Lq, lp)αω. �

The following holds true.

Proposition 4.2. V∞(Lq, lp)α is a closed linear subspace of (Lq, lp)α which is invariant with respect to
the convolution product with bounded Radon measures on R

d.

Proof. a) It is easy to check that V∞(Lq, lp)α is a linear subspace of (Lq, lp)α. Its invariance with
respect to the convolution product with bounded Radon measures on R

d follows readily from Proposition
3.3.

b) For any element f in the closure in (Lq, lp)α of V∞(Lq, lp)α and any real number ε > 0, there is an
element (gε, rε) of V∞(Lq, lp)α × (0,∞) such that

‖f − gε‖q,p,α < ε and rd(
1
α−1

q)
r ‖gε‖q,p ≤ ε , r > rε

and therefore

rd(
1
α−1

q)
r ‖f‖q,p ≤ 2ε , r > rε.
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This shows that V∞(Lq, lp)α is closed in (Lq, lp)α.

Proof of Theorem 2.2

a) The first inclusion is just (4.2).

b) Let f be an element of Lq ∩ (Lq, lp)α.

• Since q < p, it follows from the definition of r‖ · ‖q,p that

rd(
1
α−1

q)
r‖f‖q,p ≤ rd(

1
α−1

q)‖f‖q , r > 0

and so

lim
r→∞ rd(

1
α−1

q)
r‖f‖q,p = 0 .

Thus f belongs to V∞(Lq, lp)α.

• Let us consider a sequence (mn)n≥1 of elements of (0, 1) converging to 0 in R and set

fn = |f |χ{|f |≤mn} , n ≥ 1.

We have

0 ≤ fn ≤ |f |χ{|f |≤1} ∈ Lq ∩ L∞ ⊂ Lα , n ≥ 1.

Moreover, if f(x) �= 0 then there are two positive integers n′
x and n′′

x such that

mn <
1

n′
x

< |f(x)| , n ≥ n′′
x

and therefore

fn(x) = 0 , n ≥ n′′
x.

So lim
n→∞ fn = 0 in L1

loc.

Consequently, by the dominated convergence theorem, (fn)n≥1 converges to 0 in Lα and therefore in
(Lq, lp)α; that is : lim

n→∞
∥∥fχ{|f |≤mn}

∥∥
q,p,α

= 0. This shows that lim
m→0

∥∥fχ{|f |≤m}
∥∥
q,p,α

= 0 and so f

belongs to (Lq, lp)αω.

c) The results obtained in b) show that Lq ∩ (Lq, lp)α is included in V∞(Lq, lp)α ∩ (Lq, lp)αω which
is closed in (Lq, lp)α (see Theorem 2.3 and Proposition 4.2 ) . Therefore Lq ∩ (Lq, lp)α is included in
V∞(Lq, lp)α ∩ (Lq, lp)αω. �

The following example shows that the inclusion of (Lq, lp)α0 in V∞(Lq, lp)α is proper.

Example 4.3. Let us assume that d = 1 and set g =
∑
n≥1

2
n
αχ[2n, 2n+2−n).

a) For any real number λ ≥ 2
1
α there is an integer k ≥ 1 such that 2

k
α ≤ λ < 2

k+1
α and so

λ |{x ∈ R : |g(x)| > λ}| 1α = λ

∣∣∣∣∣⋃
n>k

[
2n, 2n + 2−n

)∣∣∣∣∣
1
α

= λ

(∑
n>k

2−n

) 1
α

= λ 2−
k
α < 2

1
α .
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If 0 < λ < 2
1
α then

λ |{x ∈ R : |g(x)| > λ}| 1α = λ

∣∣∣∣∣⋃
n≥1

[
2n, 2n + 2−n

)∣∣∣∣∣
1
α

= λ

(∑
n≥1

2−n

) 1
α

= λ < 2
1
α .

This shows that g belongs to Lα,∞ and therefore to (Lq, lp)α (see Proposition 3.2).

b) Let us consider a real number r > 4 and the unique integer m > 1 such that 2m ≤ r < 2m+1.

We have

2m‖g‖q,∞ = max

⎧⎨⎩
[
m−1∑
n=1

2n(
q
α−1)

] 1
q

, sup
n≥m

2
n
(

1
α− 1

q

)
⎫⎬⎭ = max

⎧⎨⎩2

(
1
α− 1

q

) [
1− 2(m−1)( q

α−1)

1− 2
q
α−1

] 1
q

, 2
m
(

1
α− 1

q

)
⎫⎬⎭

≤ max

⎧⎨⎩
[

2
q
α−1

1− 2
q
α−1

] 1
q

, 1

⎫⎬⎭ = A(q, α,∞) < ∞.

and for p < ∞

2m‖g‖q,p =

⎧⎨⎩
[
m−1∑
n=1

2
nq
α 2−n

]p
q

+
∑
n≥m

(
2

nq
α 2−n

)p
q

⎫⎬⎭
1
p

=

⎧⎨⎩2

(
1
α− 1

q

)
p

[
1− 2(m−1)( q

α−1)

1− 2
q
α−1

]p
q

+
2
m
(

1
α− 1

q

)
p

1− 2

(
1
α− 1

q

)
p

⎫⎬⎭
1
p

≤
⎧⎨⎩
[

2
q
α−1

1− 2
q
α
−1

]p
q

+
1

1− 2

(
1
α− 1

q

)
p

⎫⎬⎭
1
p

= A(q, α, p) < ∞.

Therefore, by (3.1) we have in all cases

r
1
α−1

q
r‖g‖q,p ≤ 3

1
q− 1

p A(q, α, p) r
1
α−1

q .

This shows that g belongs to V∞(Lq, lp)α.

c) Let us consider an integer m ≥ 1. We have

2−m( 1
α−1

q)
2−m

∥∥gχ[2m,∞)

∥∥
q,∞ ≥ 2−m( 1

α−1
q)
∥∥gχ[2m,2m+2−m)

∥∥
q
= 2−m( 1

α−1
q) 2

m
α 2−

m
q = 1

and for p < ∞

2
−m

(
1
α− 1

q

)
2−m

∥∥gχ[2m,∞)

∥∥
q,p

= 2
−m

(
1
α− 1

q

) ⎡⎣∑
n≥m

∥∥∥gχ[2n,2n+2−n)

∥∥∥p
q

⎤⎦ 1
p

= 2
−m

(
1
α− 1

q

) ⎡⎣∑
n≥m

(
2

n
α2

−n
q

)p⎤⎦ 1
p

= 2
−m

(
1
α− 1

q

) [
2

(
1
α− 1

q

)
mp 1

1− 2

(
1
α− 1

q

)
p

] 1
p

=
1(

1− 2

(
1
α− 1

q

)
p
) 1

p

> 1.

Therefore, in all cases∥∥gχ[2m,∞)

∥∥
q,p,α

≥ 1

and consequently g does not belong to (Lq, lp)α0 .
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It is easy to see that (Lq, lp)α is included in (Lq, c0) when p < ∞. But in the case where p = ∞, this
inclusion is not true. Actually we have

[V∞(Lq, l∞)α ∩ V0(L
q, l∞)α] \ [(Lq, c0) ∩ (Lq, l∞)α] �= ∅.

(See [4, Theorem 4.1], where (Lq, c0) ∩ (Lq, l∞)α is denoted by V (∗)Lq,d(1− q
α) ).

However we have what follows.

Proposition 4.4. (Lq, l∞)α0 is embedded in (Lq, c0).

Proof. Let us consider an element (f, r, ε) of (Lq, l∞)α0 × (0,∞)× (0,∞).

There exists a real number ρr,ε such that∥∥fχRd\Q(0,ρr,ε)

∥∥
q,∞,α

< ε rd(
1
α−1

q).

For any element x of Rd satisfying |x| > ρr,ε +
√
d
2 r, we have Q(x, r) ⊂ R

d\Q (0, ρr,ε) and so∥∥fχQ(x,r)

∥∥
q
=
∥∥(fχRd\Q(0,ρr,ε)

)
χQ(x,r)

∥∥
q
≤ r

∥∥fχRd\Q(0,ρr,ε)

∥∥
q,∞ ≤ rd(

1
q− 1

α)
∥∥fχRd\Q(0,ρr,ε)

∥∥
q,∞,α

< ε.

Thus

lim
|x|→∞

∥∥fχQ(x,r)

∥∥
q
= 0 .

Hence f belongs to (Lq, c0).

Theorem 2.1 is a consequence of the following two propositions.

Proposition 4.5. For any element f of (Lq, lp)α0 , we have

lim
ρ→∞

{
sup
r>0

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

}
= 0 .

Proof. Suppose that f is an element of (Lq, lp)α0 and consider a positive real number ε.

By (2.3), f belongs also to V∞(Lq, lp)α. Therefore there are two positive real numbers Rε and rε such
that ⎧⎪⎨⎪⎩

‖fχRd\Q(0,Rε)‖q,p,α < ε (∗)

rd(
1
α−1

q)
r‖f‖q,p < ε , r ≥ rε . (∗∗)

Set ρε =
√
d (Rε + rε) and consider ρ ≥ ρε.

a) Suppose that 0 < r < rε.

We notice that

|x| > ρ =⇒ Q(x, r) ⊂ Q(x, rε) ⊂ R
d\Q(0, Rε) =⇒ fχQ(x,r) =

(
fχRd\Q(0,Rε)

)
χQ(x,r).
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From this, (∗) and (3.7) we get

rd(
1
α−1

q− 1
p)

∥∥∥∥∥fχQ(· , r)
∥∥
q
χRd\Q(0,ρ)

∥∥∥
p
≤ rd(

1
α−1

q− 1
p)

∥∥∥∥∥(fχRd\Q(0,Rε)

)
χQ(· , r)

∥∥
q

∥∥∥
p

≤ |||fχRd\Q(0,Rε)|||q,p,α ≤ A−1
1 ε .

b) Suppose that r ≥ rε.

From (∗∗) and (3.2) we obtain

r
d
(

1
α− 1

q− 1
p

) ∥∥∥∥∥fχQ(· , r)
∥∥
q
χ
Rd\Q(0,ρ)

∥∥∥
p
≤ r

d
(

1
α− 1

q− 1
p

) ∥∥∥∥∥fχQ(· , r)
∥∥
q

∥∥∥
p
≤ A−1

1 r
d
(

1
α− 1

q

)
r‖f‖q,p ≤ A−1

1 ε.

The claim follows from the above observations.

The following proposition is the converse of Proposition 4.5

Proposition 4.6. Any element f of (Lq, lp)α satisfying the condition

lim
ρ→∞

{
sup
r>0

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

}
= 0

belongs to (Lq, lp)α0 .

Proof. Let f be an element of (Lq, lp)α satisfying the condition

lim
ρ→∞

{
sup
r>0

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

}
= 0

and assume that p < ∞.

1) Let ε be a positive real number.

By hypothesis there is a real number ρε > 0 such that

rd(
1
α−1

q− 1
p)

⎛⎜⎝ ∫
|x|∞>ρε

∥∥fχQ(x,r)

∥∥p
q
dx

⎞⎟⎠
1
p

< ε , 0 < r < ∞

where

|x|∞ = max (|x1|, |x1|, ..., |xd|) , x = (x1, x2, ..., xd) ∈ R
d.

• Suppose that r > 2 ρε.

Fix an element j of {1, 2, ..., d} and set

Q+
j =

{
x ∈ R

d\{0} : |x|∞ = xj ≤ ρε
}
, Q−

j =
{
x ∈ R

d\{0} : |x|∞ = −xj ≤ ρε
}
,

Tj(x) =

{
x+ ρεej if x ∈ Q+

j

x− ρεej if x ∈ Q−
j

where ej stands for the j-th element of the canonical basis of Rd.
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It is easy to see that, whenever x is in Q+
j ∪Q−

j ,

|Tj(x)|∞ = |x|∞ + ρε > ρε and Q(x, r) ⊂ Q(Tj(x), r + 2ρε) =
{
y ∈ R

d : |y − Tj(x)|∞ ≤ r

2
+ ρε

}
and therefore, if Q stands for Q+

j or Q−
j then

∫
Q

∥∥fχQ(x,r)

∥∥p
q
dx ≤

∫
Q

∥∥∥fχQ(Tj(x),r+2ρε)

∥∥∥p
q
dx =

∫
Tj(Q)

∥∥fχQ(y,r+2ρε)

∥∥p
q
dy ≤

∫
|y|∞>ρε

∥∥fχQ(y,r+2ρε)

∥∥p
q
dy.

Since{
x ∈ R

d : 0 < |x|∞ ≤ ρε
}
=

d⋃
j=1

(
Q+

j ∪Q−
j

)
,

the above observations imply that

r
d
(

1
α− 1

q− 1
p

)⎛⎝∫
Rd

∥∥fχQ(x,r)

∥∥p
q
dx

⎞⎠ 1
p

=

⎧⎪⎨⎪⎩r
d
(

1
α− 1

q− 1
p

)
p

∫
|x|∞≤ρε

∥∥fχQ(x,r)

∥∥p
q
dx+ r

d
(

1
α− 1

q− 1
p

)
p

∫
|x|∞>ρε

∥∥fχQ(x,r)

∥∥p
q
dx

⎫⎪⎬⎪⎭
1
p

≤

⎧⎪⎨⎪⎩2d 2
d
(

1
q+

1
p− 1

α

)
p
(r + 2ρε)

d
(

1
α− 1

q− 1
p

)
p

∫
|x|∞>ρε

∥∥fχQ(x,r+2ρε)

∥∥p
q
dx+ r

d
(

1
α− 1

q− 1
p

)
p

∫
|x|∞>ρε

∥∥fχQ(x,r)

∥∥p
q
dx

⎫⎪⎬⎪⎭
1
p

≤
{
(2d) 2

d
(
1
q+

1
p− 1

α

)
p
+ 1

} 1
p

ε ( by the choice of ρε ) .

Therefore, by (3.2), there is a real number A1 = A1(d, q, p) such that

rd(
1
α−1

q)
r‖f‖q,p ≤ A1 ε , r > 2ρε . (∗)

• Suppose that 0 < r ≤ 2ρε and consider a real number R > 3ρε.

We notice that for any x in R
d

|x|∞ ≤ ρε =⇒ Q(x, r) ⊂ Q(0, R) =⇒ (
fχRd\Q(0,R)

)
χQ(x,r) = 0.

This implies that

rd(
1
α−1

q− 1
p)

⎛⎝∫
Rd

∥∥fχRd\Q(0,R)χQ(x,r)

∥∥p
q
dx

⎞⎠
1
p

= rd(
1
α−1

q− 1
p)

⎛⎜⎝ ∫
|x|∞>ρε

∥∥fχRd\Q(0,R)χQ(x,r)

∥∥p
q
dx

⎞⎟⎠
1
p

≤ rd(
1
α−1

q− 1
p)

⎛⎜⎝ ∫
|x|∞>ρε

∥∥fχQ(x,r)

∥∥p
q
dx

⎞⎟⎠
1
p

< ε (by the choice of ρε) .
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Therefore, by (3.2), there is a real number A2 = A2(d, q, p) such that

rd(
1
α−1

q)
r‖fχRd\Q(0,R)‖q,p < A2 ε 0 < r ≤ 2ρε and R > 3ρε . (∗∗)

From (∗) and (∗∗) we get

‖fχRd\Q(0,R)‖q,p,α < max (A1, A2) ε , R > 3ρε.

This shows that f is in (Lq, lp)α0 .

In the case where p = ∞ the claim is proved by a similar argumentation.

In order to prove Theorem 2.4, let us recall the following result of Guliyev.

Proposition 4.7. [19] Let 1 < q < ∞. Then there is a real number C > 0 such that for any f in Lq
loc

1)
∥∥(M1,∞f)χQ(x,t)

∥∥
q
≤ C t

d
q

∞∫
t

r−1−d
q

∥∥fχQ(x,r)

∥∥
q
dr , t > 0 and x ∈ R

d (4.4)

2) if 0 < γ < 1
q and 1

q∗ = 1
q − γ then

∥∥(Iγf)χQ(x,t)

∥∥
q∗ ≤ C t

d
q∗

∞∫
t

r−1− d
q∗
∥∥fχQ(x,r)

∥∥
q
dr , t > 0 and x ∈ R

d. (4.5)

Proof of Theorem 2.4

Let f be an element of (Lq, lp)α0 and ρ be a positive real number.

1) Assume that 1 < q.

By (4.4) and the Minkowski inequality, there is a real number C > 0, not depending on f and ρ, such
that

td(
1
α−1

q− 1
p)
∥∥∥∥∥(M1,∞f)χQ(· , t)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

≤ C

∞∫
1

s−1−d( 1
α− 1

p)
[
(ts)d(

1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , ts)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

]
ds , t > 0. (4.6)

Therefore

sup
t>0

td(
1
α−1

q− 1
p)
∥∥∥∥∥(M1,∞f)χQ(· , t)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

≤ C Kd,α,p

[
sup
r>0

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

]
(∗∗) (4.7)

with

Kd,α,p =

∞∫
1

s−1−d( 1
α− 1

p)ds < ∞.

Inequality (4.7) and Theorem 2.1 infer that M1,∞f belongs to (Lq, lp)α0 . 2) Assume that the hypotheses
(2.4) hold.
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• It is known (see the proof of [13, Theorem 4.3 ]) that there is a real number D, not depending on f

and such that

|Iγf | ≤ D ‖f‖αγq,∞,α (M1,∞f)1−αγ
.

This implies that, for any real number t > 0∥∥(Iγf)χQ(x, t)

∥∥
q̃
≤ D ‖f‖αγq,∞,α

∥∥(M1,∞f)χQ(x, t)

∥∥1−αγ

q
, x ∈ R

d

and therefore

td(
1
α∗−1

q̃− 1
p̃)
∥∥∥∥∥(Iγf)χQ(· , t)

∥∥
q̃
χRd\Q(0,ρ)

∥∥∥
p̃

≤ D‖f‖αγq,∞,α

{
td(

1
α−1

q− 1
p)
∥∥∥∥∥(M1,∞f)χQ(· , t)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

}1−αγ

. (4.8)

By (4.6) and (4.8), there is a real number C > 0, not depending on (f, ρ) and such that, for any real
number t > 0

td(
1
α∗−1

q̃− 1
p̃)
∥∥∥∥∥(Iγf)χQ(· , t)

∥∥
q̃
χRd\Q(0,ρ)

∥∥∥
p̃

≤ C ‖f‖αγq,∞,α

⎧⎨⎩
∞∫
1

s−1−d( 1
α− 1

p)
[
(ts)d(

1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , ts)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

]
ds

⎫⎬⎭
1−αγ

.

Therefore

sup
t>0

td(
1
α∗−1

q̃− 1
p̃)
∥∥∥∥∥(Iγf)χQ(· , t)

∥∥
q̃
χRd\Q(0,ρ)

∥∥∥
p̃

≤ CK1−αγ
d,α,p ‖f‖αγq,∞,α

[
sup
r>0

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

]1−αγ

. (4.9)

Inequality (4.9) and Theorem 2.1 imply that Iγf belongs to (Lq̃, lp̃)α
∗

0 .

• Suppose that γ < 1
α − 1

p .

By (4.5) and the Minkowski inequality, there is a real number C > 0, not depending on (f, ρ), such
that for any real number t > 0

td(
1
α∗− 1

q∗− 1
p)
∥∥∥∥∥(Iγf)χQ(· , t)

∥∥
q∗ χRd\Q(0,ρ)

∥∥∥
p

≤ C

∞∫
1

s−1−d( 1
α− 1

p−γ)
[
(ts)d(

1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , ts)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

]
ds.

Therefore

sup
t>0

td(
1
α∗− 1

q∗− 1
p)
∥∥∥∥∥(Iγf)χQ(· , t)

∥∥
q∗ χRd\Q(0,ρ)

∥∥∥
p

≤ C Kd,α,p,γ

[
sup
r>0

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(· , r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p

]
(4.10)

with

Kd,α,p,γ =

∞∫
1

s−1−d( 1
α− 1

p−γ)ds < ∞.

Inequality (4.10) and an application of Theorem 2.1 show that Iγf belongs to (Lq∗, lp)α
∗

0 . �
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5. The subspace (Lq, lp)αc of (Lq, lp)α

The following results are known.

Proposition 5.1. [11] (Lq, lp)αc is a closed linear subspace of (Lq, lp)α which contains Lα and :

a) satisfies

(Lq, lp)αc = L1 ∗ (Lq, lp)αc = L1 ∗ (Lq, lp)α,

where ∗ stands for the usual convolution product

b) is equal to :

•
{
f ∈ (Lq, lp)α : lim

n→∞ ‖f − ρn ∗ f‖q,p,α = 0
}

whenever ρ is a nonnegative element of L1

such that ‖ρ‖1 = 1 and ρn = ndρ(n ·) for any integer n ≥ 1

• the closure in (Lq, lp)α of the set C∞
(Lq,lp)α =

{
f ∈ C∞ : ∂βf ∈ (Lq, lp)α for any β in N

d
}

.

By an application of the Sobolev embedding theorem we shall prove Theorem 2.6.

Proof of Theorem 2.6

a) Let f be an element of C∞
(Lq,lp)α . Let us consider an element (x, ω) of Rd × C∞

c such that χB(0, 12 )
≤

ω ≤ χB(0,1) and set gx = fω(· − x).

We notice that gx is an element of C∞
(Lq,lp)α such that for any θ ∈ N

d⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂θgx =

∑
β≤θ

Cβ
θ ∂

βf
(
∂θ−βω

)
(· − x)

∂θgx = ∂θf on B(x, 12) and ∂θgx = 0 on R
d\B(x, 1)

|∂θgx| ≤ Mθ max
β≤θ

|∂βf |χB(x,1)

where Mθ is a real number depending only on d, θ and the partials derivatives ∂βω (β ≤ θ) of ω.

Let us consider an integer m ≥ 1 such that m > d
q
.

Since gx belongs to the Sobolev space Wm,q and mq > d, there is a real constant A, depending only
on (d,m, q) and such that

‖gx‖∞ ≤ A‖gx‖Wm,q ≤ A
∑
|θ|≤m

‖∂θgx‖q.

Therefore

|f(x)| ≤ A

⎛⎝∑
|θ|≤m

Mθ

⎞⎠max
θ≤m

∥∥(∂θf)χB(x,1)

∥∥
q
.

b) From the above observations and (3.2) we get

‖f‖s ≤ A

⎛⎝∑
|θ|≤m

Mθ

⎞⎠max
θ≤m

∥∥∥∥∥(∂θf)χB(·,1)
∥∥
q

∥∥∥
s
≤ C max

|θ|≤m
1

∥∥∂θf
∥∥
q,s

, s ∈ {p,∞}

where C is a real constant not depending on f .
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c) Assume that p < ∞.

Since any derivative of f is in C∞
(Lq,lp)α , the result obtained above shows that |�f | is bounded and

therefore f is uniformly continuous on R
d.

Consider a real number ε > 0.

There is a real number δ > 0 such that

|x− y| <
√
d δ =⇒ |f(x)− f(y)| < ε

2
, x, y ∈ R

d

and therefore

sup
x∈Iδk

|f(x)| ≤ inf
x∈Iδk

|f(x)|+ ε

2
, k ∈ Z

d . (∗)

Since∑
k∈Zd

‖fχIδk
‖pq ≤

(
δd(

1
q− 1

α)‖f‖q,p,α
)p

< ∞

there is a positive integer K such that

‖fχIδk
‖q ≤ ε

2
δ

d
q , k ∈ Z

d with |k| > K

and therefore, by (∗),

|f(x)| ≤ ε , x ∈ R
d\
⎛⎝ ⋃

k∈Zd, |k|>K

Iδk

⎞⎠ .

This ends the proof. �

Remark 5.2. Theorem 2.7 follows readily from Theorem 2.6 and Point b) of Proposition 5.1.

Before the proof of Theorem 2.8, let us give some properties of V0(L
q, lp)α and AC(Lq, lp)α.

Proposition 5.3. V0(L
q, lp)α is a closed linear subspace of (Lq, lp)α which is invariant with respect to

the convolution product with bounded Radon measures on R
d.

Proof. The claim is proved by an argumentation similar to the proof of Proposition 4.2.

The following proposition contains Theorem 2.5.

Proposition 5.4. AC(Lq, lp)α is the closure in (Lq, lp)α of L∞ ∩ (Lq, lp)α and therefore a closed linear
subspace of (Lq, lp)α.

Proof. 1) Let f be an element of (Lq, lp)α.

• Suppose that : f is in L∞ ∩ (Lq, lp)α, E is a measurable subset of Rd and ε is a positive real number.

There is an element fε of L∞ ∩ (Lq, lp)α such that

‖f − fε‖q,p,α <
ε

2
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and therefore

‖fχE‖q,p,α ≤ ‖(f − fε)χE‖q,p,α + ‖fεχE‖q,p,α <
ε

2
+ ‖fε‖∞‖χE‖q,p,α.

So there is a positive real number tε such that

sup
{‖fχE‖q,p,α : E is a measurable subset of Rd and ‖χE‖q,p,α < tε

} ≤ ε.

This shows that f is in AC(Lq, lp)α.

• Suppose that f is in AC(Lq, lp)α and consider a real number ε > 0.

Let us set

Ek = {|f | ≥ k} and fk = f (1− χEk
) , k > 0.

Notice that, for any real number k > 0, fk belongs to L∞ ∩ (Lq, lp)α and

‖χEk
‖q,p,α ≤ 1

k
‖fχEk

‖q,p,α ≤ 1

k
‖f‖q,p,α. (∗)

Since f is in AC(Lq, lp)α, there is a real number tε > 0 such that, for any measurable subset E of Rd

‖χE‖q,p,α < tε =⇒ ‖fχE‖q,p,α < ε. (∗∗)
From (∗) and (∗∗) it follows that

‖f − fk‖q,p,α = ‖fχEk
‖q,p,α < ε , k > t−1

ε (‖f‖q,p,α + 1) .

This shows that f is in L∞ ∩ (Lq, lp)α.

2) By the observations in Point 1), AC(Lq, lp)α = L∞ ∩ (Lq, lp)α.

Moreover, L∞ ∩ (Lq, lp)α is a linear subspace of (Lq, lp)α. Therefore AC(Lq, lp)α is a closed linear
subspace of (Lq, lp)α.

Proof of Theorem 2.8

1) a) It follows from Theorem 2.7 that (Lq, lp)αc is included in Lp ∩ (Lq, lp)α.

b) Let f be an element of Lp ∩ (Lq, lp)α.

• We have

rd(
1
α−1

q)
r‖f‖q,p ≤ rd(

1
α− 1

p)‖f‖p , r > 0

and therefore, since α < p,

lim
r→0

rd(
1
α−1

q)
r‖f‖q,p = 0 and so f ∈ V0(L

q, lp)α.

• 1st case : p < ∞. Let (ε,m) be an element of (0,∞)× (0,∞) and set fm = fχ{|f |>m}.

By the result obtained in a), there is a real number rε > 0 not depending on m and such that

rd(
1
α−1

q)
r ‖fm‖q,p < ε , 0 < r ≤ rε. (∗)
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For any real number r ≥ rε, we have

rd(
1
α−1

q)
r ‖fm‖q,p ≤ r

d( 1
α−1

q)
ε

[∑
k∈Zd

∥∥fmχIrk

∥∥p
p
|{|f | > m} ∩ Irk |

p
q−1

] 1
p

≤ r
d( 1

α−1
q)

ε ‖fm‖p
(
m−p‖fm‖pp

) 1
q− 1

p ≤ m−p
q+1r

d( 1
α−1

q)
ε ‖f‖

p
q
p .

Therefore, since q < α < p and ‖f‖p < ∞, there is a real number mε > 0 such that

rd(
1
α−1

q)
r ‖fm‖q,p < ε , m ≥ mε and r ≥ rε . (∗∗)

From (∗) and (∗∗) we get∥∥f − fχ{|f |≤m}
∥∥
q,p,α

= ‖fm‖q,p,α < ε , m ≥ mε. (∗ ∗ ∗)

Notice that for any m > 0, fχ{|f |≤m} belongs to L∞ ∩ (Lq, lp)α. Thus, it follows from (∗ ∗ ∗) that f is
in L∞ ∩ (Lq, lp)α and so in AC(Lq, lp)α (see Proposition 5.4).

2nd case : p = ∞. Proposition 5.4 implies that L∞ ∩ (Lq, l∞)α is included in AC(Lq, l∞)α.

Hence, we have

Lp ∩ (Lq, lp)α ⊂ V0(L
q, lp)α ∩ AC(Lq, lp)α.

Since V0(L
q, lp)α ∩ AC(Lq, lp)α is closed in (Lq, lp)α (see Proposition 5.3 and Proposition 5.4), the

previous inclusion shows that

Lp ∩ (Lq, lp)α ⊂ V0(L
q, lp)α ∩ AC(Lq, lp)α.

c) By the results obtained in Point a) and Point b), we get

(Lq, lp)αc ⊂ Lp ∩ (Lq, lp)α ⊂ V0(L
q, lp)α ∩ AC(Lq, lp)α.

In particular, taking p = ∞ and using Proposition 5.4, we obtain

(Lq, l∞)αc ⊂ AC(Lq, l∞)α ⊂ V0(L
q, l∞)α.

d) It is known (see [22, Example 3.4]) that the function f defined on R by

f(x) =
∑
n≥1

ϕn(x− 2n) with ϕn(x) = [sin(2πnx)]χ(0,1)(x)

is in V0(L
q, l∞)α(R)\(Lq, l∞)αc (R). Moreover it is clearly in L∞(R) and therefore in AC(Lq, l∞)α(R).

This shows that the inclusion of (Lq, l∞)αc (R) in AC(Lq, l∞)α(R) is proper.

2) Let f be an element of V0(L
q, l∞)α ∩ V∞(Lq, l∞)α ∩ Cu and ε be any positive real number.

Let us consider a vector u in R
d.
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Since f is in V0(L
q, l∞)α ∩ V∞(Lq, l∞)α, there are two real numbers rε and Rε such that 0 < rε < Rε

and

rd(
1
α−1

q)
r‖f‖q,∞ <

ε

1 + 2
d
q

, , r ∈ (0, rε) ∪ (Rε,∞). (∗)

From (3.3) it follows that

rd(
1
α−1

q)
r ‖τuf − f‖q,∞ ≤

(
1 + 2

d
q

)
rd(

1
α−1

q)
r ‖f‖q,∞ , r > 0

and therefore, by (∗),

rd(
1
α−1

q)
r ‖τuf − f‖q,∞ < ε , r ∈ (0, rε) ∪ (0, Rε). (∗∗)

Notice that for any (r, k) in [rε, Rε]× Z
d,

rd(
1
α−1

q)
∥∥(τuf − f)χIrk

∥∥
q
≤ r

d( 1
α−1

q)
ε R

d
q
ε sup

|x−y|=|u|
|f(x)− f(y)|.

Therefore, since f is uniformly continuous, there is a real number δε > 0 such that

rd(
1
α−1

q)
r ‖τuf − f‖q,∞ < ε , r ∈ [rε, Rε] and |u| < δε. (∗ ∗ ∗)

From (∗∗) and (∗ ∗ ∗) it follows that

‖τuf − f‖q,∞,α < ε , |u| < δε.

This shows that f belongs to (Lq, l∞)αc . �

6. The subspace (Lq, lp)αc,0 of (Lq, lp)α

We begin by recalling some known properties of (Lq, lp)αc,0.

Proposition 6.1. [10, 11] (Lq, lp)αc,0 is a closed linear subspace of (Lq, lp)α which is equal to the :

• closure in (Lq, lp)α of C∞
c [and of Lα]

• set of all elements f of (Lq, lp)α of absolutely continuous norm [ that is, for which, lim
n→∞ ‖fχEn‖q,p,α =

0 whenever (En)n≥1 is a nonincreasing sequence of measurable subsets of Rd satisfying

∣∣∣∣∣⋂
n≥1

En

∣∣∣∣∣ = 0 ].

In the proof of Theorem 2.10 we shall use the following two propositions.

Proposition 6.2. (Lq, lp)αc contains (Lq, lp)α0 ∩ V0(L
q, lp)α and (Lq, lp)α0 ∩ AC(Lq, lp)α.

Proof. Let f be an element of (Lq, lp)α0 .

a) Assume that f is in V0(L
q, lp)α and consider any vector u in R

d.
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Notice that, for any positive real numbers ρ and R

‖τuf − f‖q,p,α ≤ sup
0<r<ρ

rd(
1
α−1

q)
r

∥∥τu (fχQ(0,R)

)− fχQ(0,R)

∥∥
q,p

+ ρd(
1
α−1

q) sup
r≥ρ

r

∥∥τu (fχQ(0,R)

)− fχQ(0,R)

∥∥
q,p

+
∥∥τu (fχRd\Q(0,R)

)− fχRd\Q(0,R)

∥∥
q,p,α

≤ (1 + C)

[
sup

0<r<ρ
rd(

1
α−1

q)
r

∥∥fχQ(0,R)

∥∥
q,p

+
∥∥fχRd\Q(0,R)

∥∥
q,p,α

]
+ ρd(

1
α−1

q)
∥∥τu (fχQ(0,R)

)− fχQ(0,R)

∥∥
q

( by (3.3)).

Since f is in (Lq, lp)α0 ∩ V0(L
q, lp)α and q < ∞, for any real number ε > 0 there are three positive real

numbers ρε, Rε and δε such that⎧⎪⎨⎪⎩
sup

0<r<ρε

rd(
1
α−1

q)
r

∥∥fχQ(0,Rε)

∥∥
q,p

+
∥∥fχRd\Q(0,Rε)

∥∥
q,p,α

< ε∥∥τu (fχQ(0,Rε)

)− fχQ(0,Rε)

∥∥
q
< ε ρ

d(1
q− 1

α)
ε , |u| < δε

and therefore

‖τuf − f‖q,p,α < (2 + C) ε , |u| < δε.

This shows that f is in (Lq, lp)αc .

b) Assume that f is in AC(Lq, lp)α and consider any vector u in R
d.

Notice that
{
fχQ(0,n)∩{|f |≤n}

}
n≥1

is a sequence of elements of Lα and therefore, of (Lq, lp)αc . Further-
more, for any integer n ≥ 1∥∥f − fχQ(0,n)∩{|f |≤n}

∥∥
q,p,α

≤ ∥∥fχRd\Q(0,n)

∥∥
q,p,α

+
∥∥fχ{|f |>n}

∥∥
q,p,α

.

The hypotheses on f and the closedness of (Lq, lp)αc in (Lq, lp)α imply that f is in (Lq, lp)αc .

Proposition 6.3. Suppose that p < ∞. Then (Lq, lp)αc ∩ V∞(Lq, lp)α is included in (Lq, lp)α0 .

Proof. Let f be an element of (Lq, lp)αc ∩ V∞(Lq, lp)α and ε be any positive real number.

Consider a nonnegative element ρ of C∞
c such that ‖ρ‖1 = 1 and set

fn = f ∗ ρn with ρn = nd ρ(n ·) , n ∈ N.

By Proposition 5.1 and Proposition 4.2, (fn)n≥1 is a sequence of elements of C∞
(Lq,lp)α ∩ V∞(Lq, lp)α

converging to f in (Lq, lp)α. Moreover, Theorem 2.6 asserts that each fn(n ≥ 1) is in Lp.

Notice that for any (n, ρ,R) in N× (0,∞)× (0,∞)

∥∥∥fχRd\Q(0,R)

∥∥∥
q,p,α

≤ ‖f − fn‖q,p,α +
∥∥∥fnχRd\Q(0,R)

∥∥∥
q,p,α

≤ ‖f − fn‖q,p,α +max

{
sup

0<r<ρ
r
d
(

1
α
− 1

p

) ∥∥∥fnχRd\Q(0,R)

∥∥∥
p
, sup

r≥ρ
r
d
(

1
α
− 1

q

)
r ‖fn‖q,p

}

≤ ‖f − fn‖q,p,α +max

{
ρ
d
(

1
α− 1

p

) ∥∥∥fnχRd\Q(0,R)

∥∥∥
p
, sup

r≥ρ
r
d
(

1
α− 1

q

)
r ‖fn‖q,p

}
. (∗)
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Moreover, by the properties of (fn)n≥1, we may choose successively an integer nε ≥ 1 and two positive
real numbers ρε and Rε such that

‖f − fnε‖q,p,α < ε , sup
r>ρε

rd(
1
α−1

q)
r ‖fnε‖q,p < ε ,

∥∥fnεχRd\Q(0,R)

∥∥
p
< ερ

d( 1
p− 1

α)
ε for R ≥ Rε. (∗∗)

By (∗) and (∗∗), there is a real number Rε > 0 such that∥∥fχRd\Q(0,R)

∥∥
q,p,α

< 2ε , R ≥ Rε.

This ends the proof.

Proof of Theorem 2.10

1) From (2.6) and Proposition 6.2 we get

• (Lq, lp)αc ∩ (Lq, lp)α0 ⊂ V0(L
q, lp)α ∩ (Lq, lp)α0 ⊂ (Lq, lp)αc ∩ (Lq, lp)α0

and therefore

(Lq, lp)αc,0 = (Lq, lp)α0 ∩ V0(L
q, lp)α

• (Lq, lp)αc ∩ (Lq, lp)α0 ⊂ AC(Lq, lp)α ∩ (Lq, lp)α0 ⊂ (Lq, lp)αc ∩ (Lq, lp)α0

and therefore

(Lq, lp)αc,0 = (Lq, lp)α0 ∩ AC(Lq, lp)α.

2) If p < ∞ then from (2.3) and Proposition 6.3 we get

(Lq, lp)αc ∩ (Lq, lp)α0 ⊂ (Lq, lp)αc ∩ V∞(Lq, lp)α ⊂ (Lq, lp)αc ∩ (Lq, lp)α0

and therefore

(Lq, lp)αc,0 = (Lq, lp)αc ∩ V∞(Lq, lp)α. �

Proof of Theorem 2.11

We set

X =

⎧⎨⎩
V0(L

q, lp)α ∩ V∞(Lq, lp)α if p < ∞

V0(L
q, l∞)α ∩ V∞(Lq, l∞)α ∩ (Lq, c0) if p = ∞.

• Let us consider an element f of X and a real number ε > 0.

Since f is in V0(L
q, lp)α ∩ V∞(Lq, lp)α, there are two real numbers r0 and r1 such that :{

0 < r0 < r1 < ∞
rd(

1
α−1

q)
r‖f‖q,p < ε for 0 < r < r0 or r1 < r < ∞ (∗)

1st case : p = ∞
Since f belongs to (Lq, c0), there exists a real number ρ′ε > 0 such that

sup
|x|>ρ′ε

∥∥fχQ(x,r1)

∥∥
q
< r

d( 1
q− 1

α)
0 ε , ρ ≥ ρ′ε
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and therefore

sup
r0<r<r1

rd(
1
α−1

q)
∥∥∥∥∥fχQ(·,r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
∞

< ε , ρ ≥ ρ′ε . (∗∗)

2nd case : p < ∞
Since f is in (Lq, lp)α, (3.2) asserts that x �→ ∥∥fχQ(x,r1)

∥∥
q

belongs to Lp and therefore there is a real
number ρ′′ε > 0 such that∥∥∥∥∥fχQ(·,r1)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p
< ε r

d( 1
q+

1
p− 1

α)
0 , ρ ≥ ρ′′ε .

This implies that

sup
r0<r<r1

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(·,r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p
< ε , ρ ≥ ρ′′ε . (∗ ∗ bis)

By (2.2), (∗), (∗∗) and (∗ ∗ bis), there is a real number ρε > 0 such that

sup
r>0

rd(
1
α−1

q− 1
p)
∥∥∥∥∥fχQ(·,r)

∥∥
q
χRd\Q(0,ρ)

∥∥∥
p
< ε , ρ ≥ ρε .

This shows that f belongs to (Lq, lp)α0 ( by Theorem 2.1) and therefore to (Lq, lp)αc,0 (by (2.9)). So X is
included in (Lq, lp)αc,0.

• From (2.3) and (2.6), we have

(Lq, lp)αc,0 = (Lq, lp)αc ∩ (Lq, lp)α0 ⊂ V0(L
q, lp)α ∩ V∞(Lq, lp)α.

The above inclusion and Proposition 4.4 imply that

(Lq, l∞)αc,0 ⊂ V0(L
q, l∞)α ∩ V∞(Lq, l∞)α ∩ (Lq, l∞)α0 ⊂ V0(L

q, l∞)α ∩ V∞(Lq, l∞)α ∩ (Lq, c0).

So (Lq, lp)αc,0 is included in X . �

Proof of Theorem 2.12

Let us recall that, if p < ∞ then (Lq, lp)α is included in (Lq, c0) and so

V0(L
q, lp)α ∩ (Lq, c0) = V0(L

q, lp)α.

Assume that 1 < q and let f be an element of V0(L
q, lp)α ∩ (Lq, c0).

a) Fix R in (0,∞). It is clear that, for any real number r > R

r

∥∥fχQ(0,R)

∥∥
q,p

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎡⎣ ∑
k∈{−1,0}d

∥∥∥fχIRk

∥∥∥p
q

⎤⎦
1
p

if p < ∞

sup
k∈{−1,0}d

∥∥∥fχIRk

∥∥∥
q

if p = ∞

and so

rd(
1
α−1

q)
r

∥∥fχQ(0,R)

∥∥
q,p

≤ (
R r−1

)d( 1
q− 1

α) ‖f‖q,p,α .
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This shows that fχQ(0,R) is in V∞(Lq, lp)α and therefore in (Lq, lp)αc,0 (by the hypothesis on f and Theo-
rem 2.11).

b) It is obvious that
(
fχQ(0,m)

)
m≥1

is a bounded sequence of elements of (Lq, lp)α.

Furthermore, (Lq, lp)α represents the dual space of the Banach space H(q′, p′, α′) which is separable
and contains the set X = C∞

c ∪{χE : E is a bounded measurable subset of Rd
}

(see [10, 12]). Therefore,
there are an increasing sequence (mn)n≥1 of elements of N and an element f̃ of (Lq, lp)α such that

lim
n→∞

∫
Rd

f(x)χQ(0,mn)(x)g(x)dx =

∫
Rd

f̃(x)g(x)dx , g ∈ X (∗)

(see [5, Corollary 3.30]).

From (∗) and the dominated convergence theorem it follows that, for any bounded measurable subset
E of Rd,∫

E

f(x)dx =

∫
E

f̃(x)dx. (∗∗)

This implies that f̃ = f in L1
loc (see [17, Theorem 2.23]) and therefore we have, by (∗),

lim
n→∞

∫
Rd

f(x)χQ(0,mn)(x)g(x)dx =

∫
Rd

f(x)g(x)dx , g ∈ C∞
c . (∗ ∗ ∗)

Since fχQ(0,mn) (n ≥ 1) belongs to (Lq, lp)αc,0 , there is a sequence (ϕn)n≥1 of elements of C∞
c such that∥∥ϕn − fχQ(0,mn)

∥∥
q,p,α

<
1

n
, n ≥ 1 (∗ ∗ ∗∗)

The claim follows from (∗ ∗ ∗) and (∗ ∗ ∗∗). �

7. Proof of Theorem 2.13

In our proof we shall use the following link between the fractional maximal and the Riesz potential
operators.

Proposition 7.1. [13] Let 0 < γ < 1 and 1 ≤ q ≤ α ≤ p ≤ +∞. Then there is a real number C > 0

such that

C−1
∥∥∥M1, 1γ

f
∥∥∥
q,p,α

≤ ‖Iγ(|f |)‖q,p,α ≤ C
∥∥∥M1, 1γ

f
∥∥∥
q,p,α

, f ∈ L1
loc. (7.1)

In particular, for any element p of [1; +∞], there is a real number C > 0 such that

C−1
∥∥∥M1, 1γ

f
∥∥∥
p
≤ ‖Iγ(|f |)‖p ≤ C

∥∥∥M1, 1γ
f
∥∥∥
p

, f ∈ L1
loc. (7.2)

In view of Proposition 7.1 the following results are clearly related to Theorem 2.13.

Proposition 7.2. Let 1 ≤ q ≤ α ≤ β ≤ ∞ and 1
s = 1

α − 1
β .

1) If s ≤ p then

‖f‖q,p,α ≤ 2d(
1
q− 1

β ) ‖Mq,βf‖1,p,s , f ∈ Lq
loc. (7.3)
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In particular, if 1
p = 1

α − 1
β then

‖f‖q,p,α ≤ 2d(
1
q− 1

β ) ‖Mq,βf‖p , f ∈ Lq
loc. (7.4)

2) If 1
p0

= 1
q
− 1

β
≤ 1

α
then there is a real number C = C(d, q, α, β, p0) > 0 such that

‖Mq,βf‖∗s,∞ ≤ C ‖f‖
p0
s
q,p0,α ‖f‖1−

p0
s

q,∞,α ≤ C‖f‖q,p0,α , f ∈ Lq
loc. (7.5)

These results appear in [16] (a paper written by one of the authors) without a full proof of (7.3) and
with a weighted form of (7.5). For the reader’s convenience we give a full and simple proof of these
results.

Proof. Let f be any element of Lq
loc.

1) a) For any element (k, r) of Zd × (0,∞) we have

Mq,βf(y) ≥ (2r)d(
1
β−1

q)
∥∥fχQ(y,2r)

∥∥
q
≥ 2d(

1
β−1

q)rd(
1
β−1

q)
∥∥fχIrk

∥∥
q

, y ∈ Irk

2d(
1
q− 1

β )rd(
1
s−1) ∥∥(Mq,βf)χIrk

∥∥
1
≥ rd(

1
α−1

q)
∥∥fχIrk

∥∥
q
.

This yields (7.3).

b) By (3.4), (7.4) is a particular case of (7.3).

2) By hypothesis, 0 ≤ 1
α
− 1

β
= 1

s
≤ 1

q
− 1

β
= 1

p0
≤ 1

α
and therefore 1 ≤ q ≤ α ≤ p0 ≤ s ≤ ∞.

Let f be in Lq
loc.

1st case : s = ∞; that is α = β.

From the definitions and (3.4) we get

Mq,βf(x) = Mq,αf(x) ≤ 2d‖f‖q,∞,α ≤ 2d‖f‖q,p0,α , x ∈ R
d

and therefore

‖Mq,βf‖∞ ≤ 2d ‖f‖q,p0,α.
2nd case : s < ∞ and therefore p0 < ∞.

We may assume that f is a non nul element of (Lq, lp0)α (otherwise the claim is obvious).

Let λ be any positive real number and set Eλ =
{
x ∈ R

d : Mq,βf(x) > λ
}

.

For any element x of Eλ, there is a positive real number r(x) such that

λ < |Q(x, r(x))| 1β−1
q
∥∥fχQ(x,r(x))

∥∥
q
.

This implies that

1 < λ−1 |Q(x, r(x))| 1β−1
q
∥∥fχQ(x,r(x))

∥∥
q
≤ 2dλ−1‖f‖q,∞,α r(x)−

d
s , x ∈ Eλ

and as a consequence,

r = sup
x∈Eλ

r(x) ≤ (
2dλ−1‖f‖q,∞,α

) s
d < ∞ . (∗)
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Therefore, by Theorem 1.1 of Chap.I in [9] and the remarks following it, there is a sequence (Ql)l≥1 of
elements of {Q(x, r(x)) : x ∈ Eλ} such that

• Eλ ⊂
⋃
l≥1

Ql

•
∑
l≥1

χQl
≤ θd

where θd is a positive real number depending only on d. This implies that

|Eλ|
1
p0 ≤

[∑
l≥1

|Ql|
] 1

p0

≤
[∑

l≥1

(
λ−1|Ql|

1
β−1

q ‖fχQl
‖q
)p0 |Ql|

] 1
p0

= λ−1

[∑
l≥1

‖fχQl
‖p0q

] 1
p0

. (∗∗)

Let us set, for any element k of Zd, Lk = {l ≥ 1 : |Irk ∩Ql| > 0} . We have

∑
l≥1

‖fχQl
‖p0q =

∑
l≥1

⎡⎢⎣ ∑
{k∈Zd : l∈Lk}

∫
Irk∩Ql

|f(x)|qdx

⎤⎥⎦
p0
q

≤
∑
l≥1

⎧⎪⎪⎪⎨⎪⎪⎪⎩2
d
(
1− q

p0

)
⎡⎢⎢⎣ ∑
{k∈Zd : l∈Lk}

⎛⎜⎝ ∫
Irk∩Ql

|f(x)|qdx

⎞⎟⎠
p0
q

⎤⎥⎥⎦
q
p0

⎫⎪⎪⎪⎬⎪⎪⎪⎭

p0
q

by the Hölder inequality and the fact that the number of elements of
{
k ∈ Z

d : l ∈ Lk

}
does not exceed

2d. Therefore

∑
l≥1

‖fχQl
‖p0q ≤ 2d(

p0
q −1)

∑
k∈Zd

∑
l≥1

⎛⎜⎝ ∫
Irk∩Ql

|f(x)|qdx

⎞⎟⎠
p0
q

≤ 2d(
p0
q −1)

∑
k∈Zd

⎛⎜⎝∑
l≥1

∫
Irk∩Ql

|f(x)|qdx

⎞⎟⎠
p0
q

= 2d(
p0
q −1)

∑
k∈Zd

⎛⎝∫
Rd

|f(x)|q
∑
l≥1

χIrk∩Ql
(x)dx

⎞⎠
p0
q

≤ 2d(
p0
q −1) θ

p0
q

d

∑
k∈Zd

∥∥fχIrk

∥∥p0
q
.

From this inequality, (∗) and (∗∗) we get

|Eλ|
1
p0 ≤ λ−1 2

d
(

1
q− 1

p0

)
θ

1
q

d r‖f‖q,p0 ≤ λ−1 2
d
(

1
q− 1

p0

)
θ

1
q

d ‖f‖q,p0,α rd(
1
q− 1

α)

≤ λ−1 2
d
(

1
q− 1

p0

)
θ

1
q

d ‖f‖q,p0,α
(
2d λ−1‖f‖q,∞,α

)s( 1
q− 1

α) ≤ A λ− s
p0 ‖f‖q,p0,α ‖f‖

s
p0

−1
q,∞,α

where A = θ
1
q

d 2
d
[
1
q− 1

p0
+s( 1

q− 1
α)

]
. Thus

λ |Eλ|
1
s ≤ A

p0
s ‖f‖

p0
s
q,p0,α ‖f‖1−

p0
s

q,∞,α ≤ C ‖f‖q,p0,α
where C is a real number not depending on f and λ. This ends the proof.

We notice that (7.4) implies that : given q, β and p in [1,∞] such that 1
p + 1

β ≤ 1
q , the set

{f ∈ Lq
loc : Mq,βf ∈ Lp} is included in (Lq, lp)α with 1

α = 1
p + 1

β . This result may be improved as
follows.
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Proposition 7.3. Let 1 ≤ q < β < ∞, 0 < 1
p ≤ 1

q − 1
β , 1

α = 1
p +

1
β and f an element of Lq

loc such that
Mq,βf belongs to Lp. Then f is in (Lq, lp)αc,0 .

Proof. a) By (7.3), f belongs to (Lq, lp)α.

b) • We have

Mq,βf(x) =
(
M1,βq

(|f |q) (x)
) 1

q

, x ∈ R
d. (∗)

Therefore, by the hypothesis on Mq,βf and Proposition 7.1, I q
β
(|f |q) belongs to L

p
q .

• Let (En)n≥1 be a decreasing sequence of measurable subsets of Rd such that

∣∣∣∣∣⋂
n≥1

En

∣∣∣∣∣ = 0.

Set for any integer n ≥ 1, fn = fχEn .

We have in L1
loc⎧⎪⎨⎪⎩

|fn| ≤ |f | , n ≥ 1

lim
n→∞ fn = 0 .

Furthermore, since I q
β
(|f |q) belongs to L

p
q , there is a measurable subset N of Rd such that |N | = 0 and∫

Rd

|x− y|d( qβ−1)|f |q(y)dy = I q
β
(|f |q)(x) < ∞ , x ∈ R

d\N.

Thus, for any element x of Rd\N , we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

• y �→ |x− y|d( qβ−1)|f(y)|q belongs to L1

• for almost every element y of Rd

⎧⎪⎨⎪⎩
• 0 ≤ |x− y|d( qβ−1)|fn(y)|q ≤ |x− y|d( q

β−1)|f(y)|q , n ≥ 1

• lim
n→∞ |x− y|d( q

β−1)|fn(y)|q = 0.

Consequently, by the dominated convergence theorem, we obtain

lim
n→∞ I q

β
(|fn|q)(x) = 0 , x ∈ R

d\N.

Therefore we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

•
(
I q

β
(|f |q)

) p
q ∈ L1

• for almost every element x of Rd

⎧⎪⎪⎪⎨⎪⎪⎪⎩
• 0 ≤

(
I q

β
(|fn|q)

)p
q

(x) ≤
(
I q

β
|f |q

)p
q

(x) , n ≥ 1

• lim
n→∞

(
I q

β
(|fn|q)

) p
q

(x) = 0 .
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Another application of the dominated convergence theorem gives lim
n→∞

∥∥∥I q
β
(|fn|q)

∥∥∥
p
q

= 0.

From this we obtain

lim
n→∞ ‖Mq,βfn‖p = 0 ( by (∗) and Proposition 7.1)

and therefore lim
n→∞ ‖fn‖q,p,α = 0 ( by (7.4)).

Thus f is of absolutely continuous norm in (Lq, lp)α and so it belongs to (Lq, lp)αc,0 (see Proposition
6.1).

Remark 7.4. Theorem 2.13 follows readily from (7.2) and Propostion 7.3.
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