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ABSTRACT. Letl<¢<a<oo. {(L%1?)*(R?) :a <p < oo} is a nondecreasing family of Banach spaces such that the
Lebesgue space L*(R?) is its minimal element and the classical Morrey space Mg (R?) is its maximal element. In this note
we investigate some closed linear subspaces of (L¢,17)*(R?). We give a characterization of the closure in (L9,17)*(R?) of
the set of all its compactly supported elements and study the action of some classical operators on it. We also describe
the closure in (L4, 1P)*(R?) of the set C2°(R?) of all infinitely differentiable and compactly supported functions on R¢ as an
intersection of other linear subspaces of (L9, 17)*(R%) and obtain the weak density of C2°(R%) in some of these subspaces.
We establish a necessary condition on a function f in order that its Riesz potential I, (| f|) (0 < v < 1) be in a given
Lebesgue space.
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1. Introduction

Let d be a fixed positive integer and consider the d-dimensional Euclidean space R? equipped with its
Lebesgue measure E + |E|. The euclidean norm of an element = of R? is denoted by |z|.

For 1 < a < oo, L denotes the classical Lebesgue space on R, endowed with its usual norm || - ||,.

For any element f of LP (1 < p < 2), we denote by £ its Fourier transform. In [2] Aguilera and
Harboure have proved that if 1 < p < 2 then, in order that a nonnegative function v on R satisfies the
condition

[ was <& [1f@pas . ser

for some real constant /&, it is
e necessary that

2 93
(k+1)r 2-p
Z / u(z)dx < Crbt , >0
keZ Lr

for some real constant C'
e sufficient that

sup A |{z € R:u(z) > )\}|2;_p < 0.
A>0
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In order to get a good insight in this result, Fofana has introduced in [14] a family of Banach spaces
denoted by (L9,1P)* (1 < ¢,p,a < o0). Let us introduce some notations in order to recall their
definitions.

Notation 1.1. Let r be any positive real number.
d
(i) ;:=H ki), k= (kK ka) € 27

ii) If (q,p) is an element of [1,00]? and f belongs to the space L\ of locally integrable functions on
loc
RY, then

1
p
(Z fXJ,gZ> if p<oo
kezd

sup || fxrrllq if p=o0
kezd

el fllgp =

where for any subset E of R%, x g stands for its characteristic function.
Definition 1.2. Let (¢, p, o) be an element of [1, oc]>.
(L9, 07)* ={f € Lige = IIf

where

I/

gpa < 00}

q,p,0x —SUPT< ) ||f||qp

Let us notice that, for (¢, p, @) in [1, 00]?, (L, 1P)* is a linear subspace of L;. . and when endowed with
f = |l fllgp.c » @ Banach space. It is also known that, for 1 < ¢ < a < p < o0, the space (L%, [P)*is a
linear subspace of the Morrey space M which is defined as the set of all elements f of L . for which
the norm

||f||/\/l8‘ ‘= sup r <é_% HfXQa:r H
z€RE, r>0

1s finite, where

d
:H[xj—g,xj—f—%) , r = (21,22, ...,24) € R and 0 < r < c0.
j=1

Let us recall that the Morrey spaces were introduced in 1938 by C. B. Morrey (see [25]) and are used
in connection with regularity problems of solutions to partial differential equations. In recent years,
there is an increasing interest in applications and generalizations of these spaces (see [1, 27, 28] and the
references therein).

It is worth noticing that the following continuous inclusion and equality relations hold :
L = (L9,1%)" € (L% 17)* C (L9, 172)* < (L9 17)* =Mg, 1<qg<a<p <py<o0
(L1, 1) = {0} if a & [q, p].
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From now on we shall consider (L%, ?)* only with 1 < ¢ < o < p < o0.

Many results in Fourier analysis (about the Fourier transform, fractional maximal operators, Riesz po-
tential oprators and Calderon-Zygmund operators), well-known and widely used in Lebesgue or Morrey
spaces, have been extended in the framework of the spaces (L9, [P)“ (see [8, 10, 11, 12, 13, 14, 15, 16, 23]
and the references therein ). However, some very useful properties of the Lebesgue spaces, linked to ap-
proximation by nice functions, are not shared by the spaces (L?, [?)®. For example it is known that:

1)if 1 < a < oo and f is an element of L then :
(@ Jim {|fxeaou.nll, =0
(i) lim [fxella =0
|E|—0
(iii) u + 7,f = f(- — u) is continuous from R? to L®

2)if 1 < g < a < p < oothen (LY, [P)* has elements which do not satisfy properties similar to (i), (ii)
and (iii).

Because of this fact various distinguished closed linear subspaces of (L4, [?)* have been considered
(see [4, 6,22, 31, 32] for p = oo and [11, 14] when a < p < o0).

The purpose of the present paper is to contribute to a better understanding of some of these subspaces,
mainly those defined below.

Definition 1.3.

() (@05 ={fe @, : lm | fxengomllumae =0}

i q Jp\& _ q P& . 14 _ —
(i) (L0, = {f € (17 = lml|f = 7ufllgpa =0}
(@ii) (L9 1P)co = (L9, 1P)d N (LY IP)g.

Our main results may be summarized as follows :

1) a characterization of (L4, [”)§ from which we deduce that this subspace of (L4, [?)* is invariant by
the Hardy-Littlewood maximal operator and obtain for it an Adams and Spanne type theorem:;

2) the description of (L%, [P)% as the closure in (L4, [?)* of the set of all infinitely differentiable func-
tions on R having all their derivatives in L N (L4, [P)%;

3) several descriptions of (L9,IP)¢ as intersection of other subspaces of (L?,[”)* and, as a conse-
quence, the weak-density of the set C>° (of all infinitely differentiable and compactly supported functions
on RY) in a subspace of (L, ”)* larger than (L, I")% ;

4) a proof of the inclusion in (L!, [P ) of the set of all locally integrable functions f on R? for which

the Riesz potential 1, (| f]) (fy =1_ % > O) belongs to LP.

It should be noted that the last point of our results provides a necessary condition on f for the solvability
in (L?)? of the equation div u = f (see [26]).
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The remainder of the paper is organized as follows. Section 2 contains a more detailed presentation of
our results. In Section 3 we collect some basic results on Wiener amalgam spaces and (L9, [P)“. Sections
4, 5 and 6 deal with (L9, 1P)g, (L%, 1P)¢ and (L9, IP)¢ respectively. Section 7 is devoted to the inverse
image of L? by the Riesz potential /..

2. Statement of the main results

In this section we assume that 1 < ¢ < a < p < oo unless otherwise specified.

Let us begin by noticing that (L7, [?)§ has been considered in [11] where it is proved that it is a closed
linear subspace of (L4, [P)“.

Our first result reads as follows.

Theorem 2.1. If o < oo then an element f of (L%, [P)* belongs to (L4,IP)§ if and only if

lim {suprd(é%%)

P00 r>0

[ fxo0n |, xen@op|| ¢ =0 2.1)
p

The above characterization of (L9, [P) extends and improves on the following result obtained in [31]
:if ¢ < o < oo then, for any f in (L9, (%)%,

p—>00

. d(£-1

lim {su%)r (G-3) HHfXQ(wT)HqXRd\Q(O"’)Hoo} =Y
J e L)y = " -
f € Vao(L9, 1)

where

V(20 = L p e (o)t G2 ) g

q7p:O}-

Notice that, in [31] and several subsequent papers, (L?,1°)§ is denoted by M. We recall also that
Voo (L2,1°°)% has been introduced in [4] where it is denoted by V, Ld(1=%).

The equivalence relation (2.2) implies that (L?,1°)§ is included in V,,(L?,1°°)®. This inclusion is
extended and refined by our next result which gives some relationships between (L4, [?)§ and other
linear subspaces of (L9, [P)“.

Theorem 2.2. Assume that ¢ < a < oo. We have

(L9,1P)g € LIN (L9, 7)™ C Vao (LY, 1) N (LY, 1P)° (2.3)

where L4 0 (L4,1P)« is the closure in (L4, [P)* of LY N (LY, [P)* and

(L7 = {f € @)+t | Fxgssmllyp =0}

It is clear that (L9, [7) is the closure in (L7, [P)® of the set of all elements of (L7, [P)® whose supports
are bounded (with respect to the Euclidean norm on R?). (L9, [?)® may be described in a similar way, as
follows.
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Theorem 2.3. (L9,[7)% is the closure in (L%, 1P)® of the set
(L9, P)ins = {f € (L, 0)° + || fxpon|

of all elements of (L4, [P)* with support of finite norm.

i = 0 for some subset E of R? satisfying || Xl qp.a < OO}

As an application of Theorem 2.1, we shall prove an Adams-Spanne type theorem for (L9, [)§. Let us
recall that the Riesz potential operator I, (0 < v < 1) is defined by

hﬂ@=i/w—yW”9ﬂw@
Rd

when this integral makes sense. This operator is known to be closely related to the fractional maximal
operator M, 5 (1 < ¢ < B < 00) defined on L by

loc

My pf () = Sgg rd(5=3) HfXQ(%r)Hq , x € R%

Notice that 901; o is the well known Hardy-Littlewood maximal operator.
It is known (see [7, 11, 13] and the references therein) that, for 1 < ¢ :
e M  is a bounded operator on (L, [7)*

e under the hypotheses

1 1 1 1 1 1 1- 1 1-
0<y<=, —=——7 —=--7 -=—>  -=—— 24
a o «Q q q q p p
the Riesz potential I, maps (L9, ")® into :
i) (L4,17) (Adams type theorem)

(i) (L9,1P)> ify < 1_ % (Spanne type theorem).
Our result reads as follows.
Theorem 2.4. Assume that 1 < q < a < o0.
1) The Hardy-Littlewood maximal operator 9 o, maps (L4, 1P)§ into itself.
2) Under the hypotheses (2.4) the Riesz potential I, maps (L4, [P)§ into :
o (L10)

o (LT, 1) ify<i-L

Let us mention that our proof of Theorem 2.4, with very slight modifications, shows that this re-
sult remains true with (L, [P)§ replaced by either of V. (L4, [?)* and the so-called vanishing subspace
Vo(L4,1P)* defined by

Va(ze,mye = {1 e (1o, i G g, =0}

We recall that these results, as far as, Vi (L4, [°>°)% and V. (L%,[°°)* are concerned, have been proved in

[3].
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In the statement of our results on (L%, [P)¢ we shall use another linear subspace of (L?, [?)*, namely

AC(L1, 1) — {f e Py s lm |fxell,,. = 0} |

IxEllg,p,a—0

This subspace of (L%, [P)“ may be characterized as follows.

Theorem 2.5. If o < oo then AC(LY,IP)® is the closure in (L%, IP)* of L*° N (L4, 7).

Let us recall that the closure of L™ in a Morrey type space [ larger than (L?,[°°)® ], has been con-
sidered in [29] in connection with the study of some partial differential equations. See also [20] where
AC(L4,1%)" is denoted by M.

A generalized form of L7 N (L%,1>°)¢ has been introduced by Zorko in [32]. So, as done by some
authors in the case where p = oo, (L4, ()% may be called the Zorko subspace of (L4, (7). However in

our best knowledge, (L?,17)¢ itself has been considered first in [14] where it is denoted by (L, [, )q “.
In [22], (L9,1°°)¢ is denoted by M d(1-1):

It is known (see [11, Proposition 3.3]) that, if ¢ < oo, then (L%, [P)% is the closure in (L4, [P)* of
ClLawys = {fec>: P f € (L9,1P)* for any S in N¢ }

where C™ denotes the set of all infinitely differentiable functions on R?, and for any /3 in N, 9° f stands
for the derivative of order (3 of f.

The above characterization of (L%,1P) shows that the space denoted by /\/la in [31] is nothing else
than (L9,1%)¢.

It is worth noticing the following result.

Theorem 2.6. /) We have

ClLawye C LP N L. (2.5)
2) If p < oo then Cé’zq ) is included in the set Cy of all continuous functions f on R¢ such that
lim | f(z)| = 0.
|z[—o00

As an obvious consequence of the above result we get the following description of (L, 7).
Theorem 2.7. If ¢ < oo then (L%, IP)? is the closure in (L1,17)% of

oe{fecC>™ : 0P f e LP N (L9, 1P)* N Cy forany BinN?} if p< oo
oe{fecC™ : P f e LN (L9,1°)" forany Bin N} if p=oo

and therefore (L4,1P)% is included in the closure LP N (L4, [P)* in (L9, IP)* of LP N (L9, [P)“.

Theorem 2.5 and Theorem 2.7 imply that (L7, [*°)% is included in AC(L4, [*°)® when av < oco. Actually,
more can be said about the relationships between (L4, [?)¢ and other linear subspaces of (L4, [P)?.
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Theorem 2.8. 1) If & < p then

(L4 P)e C LN (La, 1) C V(L4 1P)* N AC(LY,1P)~. (2.6)
In particular, if o < oo then
(L, 1°°) € AC(L9,1°)* € Vo(L9, 1) 2.7)

and the inclusion of (L1,1%°)% in AC(L4,1%°)® is proper in general.

2) Vo(L9,17°)* N Voo (L4 1) N Cy C (L9, 17°)2 (2.8)
where C, is the set of all uniformly continuous functions on RY.

Notice that Point 1) of Theorem 2.8 implies that (L%, )¢ is not equal to V(L4 [°°)®, contrary to what
1s claimed in [31, Lemma 2.33].

As an easy consequence of Point 2) of Theorem 2.8 we obtain the following approximation result
contained in [4].

Corollary 2.9. Each element of V(L9,1°°)* N Vo (L2, 1%°)* N C,, is the limit in (L7,1>°)* of a sequence
of elements of Vo(L1,1°°)* N Vo (L4,1>)* N C*=.

Among the various closed linear subspaces of (L4, 17)%, (L4, I”)¢ is one of the most popular because
it is the closure in (LY,(P)“ of the set C>° (see the remark following [11, Proposition 2.6]). We have
defined it as the intersection of (L%, {P)§ and (L9,{7)¢. It is worth noticing that it may be expressed in
several manners as intersection of other distinguished subspaces of (L4, [?)*. Some of these expressions
are contained in the theorem below.

Theorem 2.10. /) We have
(LY IP)eo = (L9, 1P)g N V(L9 1P)* = (L%, 1P)g N AC(LY, IP)“. (2.9)
2)If p < oo then

(L9, 1) = (L9, 1P)2 N Voo (LY, 7). (2.10)

Using 2.9, we obtain another expression of (L9, [P)¢, which is given below.
Theorem 2.11. If ¢ < o < p then

Vo(L9,1P)* N Vo (L9, IP)* if p < o0
(L9 1P)eo = (2.11)
‘/O(Lq7 loo)a N VOO(Lq7 loo)a N (Lq7 CO) lf p=

where

(L%, ¢o) = {f € Llloc . sup HfXQ(fml H < oo and lim HfXQa:l H O}.

z€eR4 |z|—00
From Theorem 2.11 we obtain the following approximation result.
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Theorem 2.12. If 1 < q and p < oo then for any element f of Vo (L%, 1P)* or Vo(L9,1°)* N (LY, ¢y) there
is a sequence (py,)n>1 of elements of C2° converging weakly to f :

n—oo

lim [ pu(2)g(x)dz = / f@)g(x)dr ,  gecx.

Let us recall that, the set I(vy,p) = {f € L\, : I,(|f|) € L”} is strongly related to the problem of

loc
existence of solutions in (LP)? of the equation div u = f (see [26, Theorem 3.2]).

The well known theorem of Hardy-Littlewood-Sobolev states that L is included in I(~y,p) for 0 <
7<$<1and%:$—7.

We shall prove what follows.

Theorem 2.13. If 0 <y <1 <1 and 117 = 1 — v then I(,p) is included in (L*,1P)% [ the closure in
(LY, 1P)> of LY.

3. Preliminaries

Wiener amalgams and weak-Lebesgue spaces are known to be related to the spaces (L4, [?)*. We recall
their definitions below.

Definition 3.1. Let (¢, p, ) be an element of [1, cc|?.

a) The Wiener amalgam space (L4, 1P) is defined by
(L) = {f € Lie : llf

b) For a < oo, the weak-Lebesgue space L™ is defined by

L7 = {f € Ll : [Ifll}n0 < 00}

where

ap < 00}

1

1100 = sup A{z € RT + [f(x)] > A}[*.
A>0

We shall use in the sequel the following basic properties of Wiener amalgams and (L7, [P)* spaces.

Proposition 3.2. [7, 10, 11, 13, 14, 15, 21, 23] Let 1 < q,p, o < oc.
1) a) (L9,IP) is a linear subspace of LL . and, when endowed with f v+ 1| f||,.,, @ Banach space.
b) For any real number r > 0

o [ = || fllqp is a normon (L%,IP), equivalent to f — 1| f|4p

o if ¢ < p and m is the integer satisfying 2™ < r < 2™"! then

11
r||f||q,p < 3d(q p>2’”||f q.p , f€ Llloc' (3.1)
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o f = || flllgp = rp || fxac, ||qu is anorm on (L9, [P) and there are two positive real numbers
Ay and Ay, depending only on (d, q, p) and such that

Ay r|||f|||q7p§7"||f q7p—A2 r|||f|||q7p ) fELlloc‘ (3.2)

c) The set (L, c) defined in Theorem 2.11 satisfies

o) = {7 e @) i gl - o}

d) There is a real number C' depending only on (d, q,p) such that for any vector u of RY,

Al 7uf ey < C ol fllap , [ € Ly (3.3)

2) a) (L%,1P)* is a linear subspace of (L%,1") and, when endowed with f + || f||4.p.« » @ Banach space.
Moreover (L4,IP)® is non trivial if and only if ¢ < a < p.

b) Let f be an element of L}

loc*

o Ifq < a < pthen

1_1
1 llgooe < 1 Fllapa < I las [ Fllapa < IFlla < 24G3)) 1

and therefore the following relations hold

apa @d | fllgaa=flla G4

a € {q,p} = (L4, 1")* = L~ (3.5)

o If ¢ < a < p then there is a real number C such that

1fllgpa < CNFIE o (3.6)

and therefore the weak-Lebesgue space L™ is continuously included in (L4, [P)“.

o We have
A [[[f g < N1 fllgpa < A2 [[[fllgpa and |[|f[|lg000 = 1f]lrmg (3.7)
where

QIH
»el»i

11/ Mape = wpr< (3.8)

Ay and As are the constants in (3.2).

It follows from (3.4) and (3.7) that (L%, [P)® is continuously included in the Morrey space /\/lfq’ and
(L9,[%°)* = M.

We shall use the following result.

Proposition 3.3. Ler 1 < ¢ < a < p < oo. For any element f of (L4,[?) and any bounded Radon
measure . on RY, the convolution product 1  f is a well defined element of (L9, (") and there is a real
number C, not depending on (f, 1) and such that

Al fllap < C1lRY) | fllgp L >0 (3.9)
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and therefore

1% fllgpa < C 1R | fllgpa (3.10)

where || stands for the total variation of .

Proof. When p < oo the assertions follow from the proof of [23, Theorem 2.4] which may be adapted
in an obvious manner to cover the case where p = co. m

We shall use, in the sequel, 1 < ¢ < a < p < oo unless otherwise specified.

4. The subspace (L%, ")5 of (L, [")*

The following results are known.
Proposition 4.1. [11, 23] (L%,IP)§ is a closed linear subspace of (L1 IP)* which contains L* and is
invariant with respect to convolution product with bounded Radon measures on R,

It is not difficult to show that (L, I?)(\q is a linear subspace of (L9, 7).

Let us set, for any element f of L\ , E; = {|f] > 0}.

We notice that, for any element f of (L4, [P)?,

q

E; bounded :>{ |fEi|L< o0 — x5, lupa < 00 — f € (L9, I7)2. (4.1)
The last implication stems from the inequalities below :

fo{|f|§m}Hq,p7a < mlxe;llgpa; m >0 and f € Li,.
From (4.1) we get

(L, 1P)a © Tan (L, )° (4.2)
and

(L% P)iins © (L9 1)
4.3)

(L9, 17)5 < (L9, IP)gng
where, for any subset X of (L4, [?), X stands for its closure in (L9, IP)°.
We shall now prove Theorem 2.3.

Proof of Theorem 2.3

Let f be an element of (L4, ().
a) Suppose that f is in (L9, [P)&\ 4 and let € be any positive real number.

There is an element g of (L, [P)%\g such that
1 = ell g po <€ (*)
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By (4.3) there is a real number m., > 0 such that

lgexggizmllype <€+ m€(0,2me]. (%)

Furthermore, for any m in (0, m.)

|FIxgremy 1= gelxqremy + 19elxqiriempngigel<amey + 19elxq11<mpn{lge>2me)
< |f - ge| + |ge|X{\ge|§2me} + 2|ge - f| (* . *)

By (), (*x) and (x * %) we get

[ xtszmllype <4e 0 m € (0,me).

This shows that f belongs to (L4, (P)<.
b) Suppose that f is in (L9, [P)2 and let € be any positive real number.

There is a real number m, > 0 such that

fo{|f|§m}Hq,p7a <€ ) m e (O7m€]‘

It is clear that f. = fx{|f/>m.} belongs to (L?,[P)%, satisfies

1

q.p,cx < E ||f||q,p,a < oo and ||f - fe

Ef, = {lfd >me} , |xE, ¢

apa S
and therefore
fee (L P)ens and [[f = fellgpa <€
This shows that f is in m.
¢) The results obtained in Point a) and Point b) show that

(Lq’ lp)%NS = (Lq7 lp)g. u

The following holds true.

Proposition 4.2. V, (L4, [P)* is a closed linear subspace of (L9,[P)* which is invariant with respect to

the convolution product with bounded Radon measures on R

Proof. a) It is easy to check that V. (L9, {P)“ is a linear subspace of (L7, [P)*. Its invariance with
respect to the convolution product with bounded Radon measures on R? follows readily from Proposition

3.3.

b) For any element f in the closure in (L9, [P) of V(L% [P)* and any real number € > 0, there is an

element (g, ) of Voo (L9, 1P)* x (0, 00) such that

||f_ge

and therefore

gpo < € and rd(éfé)r 19ellyp < € . T> T

11
=0, 1, < 26 > T
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This shows that V, (L%, [P)* is closed in (L%, [P)*. m

Proof of Theorem 2.2

a) The first inclusion is just (4.2).
b) Let f be an element of L9 N (L9, 1P)*.

e Since g < p, it follows from the definition of .|| - ||, that

1

1 1 1 1
r&) |l < PG fl, L >0
and so
lim r4e=3), | f
00

Thus f belongs to V., (L4, [P)°.

q7p:0-

e Let us consider a sequence (my,),~, of elements of (0, 1) converging to 0 in R and set

fr = 1 FIXq1f1<mn) , n>1
We have
0< f < |f|X{|f|§1} e LINL>* cCL” , n>1.

Moreover, if f(z) # 0 then there are two positive integers n, and n!. such that
1

my, < — < |f()] , N>
nl’

and therefore
fn(z) =10 , n>nl.

So lim f, = 0in L}

n—00 loc*
Consequently, by the dominated convergence theorem, (f5,),~, converges to 0 in L and therefore in
(L2,1P)%; that is : T}g& ||fX{\f\§mn}|| = 0. This shows that Tlnigo ||fX{|f|§m}H =0 andso f
belongs to (L%, [P)2.

q,p, q4,p,x

¢) The results obtained in b) show that L? N (L%, [P)* is included in V(L9 ") N (L9, [P)% which
is closed in (L9, [?)* (see Theorem 2.3 and Proposition 4.2 ) . Therefore L4 N (L4,P)* is included in

Voo (L4, IP)* N (L2, 1P). 1

The following example shows that the inclusion of (L%, [P)§ in V (L4, ?)* is proper.

Example 4.3. Let us assume that d = 1 and set g = Z ng[gn’ 2n49-n).

n>1

a) For any real number \ > 9% there is an integer k > 1 such that 9a <)A\< 2" and so

a A(ZQ”)Q —\27a < 24,

n>k

AM{z eR:|g(z)] > )\}|é _

U [2% 2" +27")

n>k
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If0<)\<2§then

U [2% 2" +27")

n>1

Az eR:|g(x)| > )\}ﬁ —

Q=A<22">Q=A<2i.

n>1

This shows that g belongs to L™ and therefore to (L4,[P)* (see Proposition 3.2).

b) Let us consider a real number r > 4 and the unique integer m > 1 such that 2™ < r < 2m+1,

We have

| I |
=]
\&}
3
—~
Q—
|

1
fm—1 q 1_1 11 1_2(m71)(%71)
2|9 llg.00 = max{ 2"<%1>] sup 2" q>} _ max{z@ i) q
| 1 —2a1

[ 9d-1 %
<max{ |[————| ,1p = A(q,a,00) < 0.

and for p < o0
v 1
[l a p|” 1.1 (m-1)(%£-1)7a m(é_l
ng ng 1), [1-2 2 q
2m9q,p{z2o‘ " +Z(2a2”)q} {2( q)[ e ] (%)
Ln=1 n>m 1 -2\«
o1 T4 z
<= + ! A(g, a,p) <
i - 49 _ 4 = q,a,p oQ.
47
_1_2a 1—2(é_Q)p

Therefore, by (3.1) we have in all cases
11 11 11
ramillglley < 3777 Alg,a,p) ram
This shows that g belongs to Vo (L1, 7).
c) Let us consider an integer m > 1. We have

3G ol 2 277G lgxm i, =

and for p < oo

2_m<é_%> Z H9X[2n,2n+2—n)

n>m

_ 1
— z’m(éﬁ) 2(5*%)7’”’ 1 ) r = 1 > 1.

L 1—2(5*5 p <1_2<é%>p>117

_ 1_1
275 75), o gxpm o, =

Therefore, in all cases

9127 00| o = 1

and consequently g does not belong to (L9, 1P)g.
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It is easy to see that (L9, [P)® is included in (LY, ¢y) when p < oco. But in the case where p = oo, this
inclusion is not true. Actually we have

[Voo (L9, 1) N VO (L9, 1)\ [(L¥, e0) N (LY, 17)%] # 2.
(See [4, Theorem 4.1], where (L9, ¢o) N (L7,1%°)* is denoted by v ped(i-3) ).
However we have what follows.

Proposition 4.4. (L7,[>°) is embedded in (L, cy).

Proof. Let us consider an element (f, 7, €) of (L%,1%)§ x (0,00) x (0, 00).

There exists a real number p, . such that

<E€er (%_%).
q,00,x

|| XR1\Q(0,01.0)

For any element = of R? satisfying |x| > p, + @r, we have Q(z,7) C RN\Q (0, p,.) and so

< €.

q,00,x

< rG=3) | Fxmn o

q,00

[/ xewnll, = 1 (Fxeneoma) Xownll, <+ [[fXR0QOpm0
Thus

lim | Fxq@.nll, =0

|z|—o0
Hence f belongs to (L9, ¢;). m

Theorem 2.1 is a consequence of the following two propositions.

Proposition 4.5. For any element f of (L1,1P)5, we have

lim {suprd(é_%_%>

P00 >0

st seaun],} =0

Proof. Suppose that f is an element of (L%, [P){ and consider a positive real number €.

By (2.3), f belongs also to V(L4 [?)*. Therefore there are two positive real numbers R, and r, such
that

||fXRd\Q(O,R€) gpo < € (*)

riG=3), | f

gp < € , T T (k)

Set p. = Vd (R + r) and consider p > p..
a) Suppose that 0 < r < r.

We notice that

7| > p = Q(z,7) C Q(z,r.) CRAQ(0, R) = X = (fXrt\00.R.)) XQ@.1r)-
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From this, (*) and (3.7) we get

< |[lfxre\Q,r)llgpa <
b) Suppose that r > r..

From (xx) and (3.2) we obtain

The claim follows from the above observations. ®

The following proposition is the converse of Proposition 4.5

Proposition 4.6. Any element f of (L4, [P)* satisfying the condition

i {sup 424Dl v} 0

P00 r>0

belongs to (L1,17)§.

Proof. Let f be an element of (L4, [P)“ satisfying the condition

1

tin {oup 40 2.0l v} =0

r>0

and assume that p < oo.
1) Let € be a positive real number.

By hypothesis there is a real number p. > 0 such that

1
P
rd(a=3-3) / ”fXQ(l‘ﬂ“)HZ dr | <e , 0<r<oo
x|oo>pe
where
|70 = max (|x1|, |z1], ..., |74]) , T =(x1,T9,...,2q4) € RY.

e Suppose that r > 2 p,.
Fix an element j of {1,2,...,d} and set

Q;r = {J: € Rd\{O} D 2] = x5 < pﬁ} , Qj_ = {x € Rd\{O}

Ti(x) = T+ pee; ifaUEQ;r
I r—peej ifx€ Q)

where e; stands for the j-th element of the canonical basis of R?.
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It is easy to see that, whenever z is in Q;L U Qj_,

— r
@)l = [2loo + pe > pe and Q(a,r) € QT3 ()7 +2p) = {y € R : [y = T3(@)|, < 5+ e}

and therefore, if () stands for Qj+ or (); then

p
ar [ el s [ xau ol

/ 1 x@nll; dz < / | Pxewerszn
Q Q Q) [yl oo >pe

Since

d
{reR! 1 0< |zl <p} =] (@ UQ;).

j=1

the above observations imply that

1
p
1_1 1
P& ”>({R 1fXQ(z,r>§dx)
d

1
p
11 1), [ o gfi_1i_1
— ,r.d(a q P)p / HfXQ(Iﬂ”)HS dx + rd(a q p>P / HfXQ(I,T’)HS dx
‘I‘oogpe |CC|o<>>,0€

%

<3202 2p) G i vaurapllde + 7GR g da

‘I‘oo>ﬂe |CC|o<>>,0€
< {(2d) 2d<%+%7é)p+ 1}_ € ( by the choice of p, )
Therefore, by (3.2), there is a real number A; = A;(d, q, p) such that
11
MG fllep < Ave L r>2p0. (%)
e Suppose that 0 < r < 2p, and consider a real number R > 3p..
We notice that for any = in R?
|$|oo < Pe — Q([If, 7’) - Q(()? R) = (fX]Rd\Q(O,R)) XQ(I,T) = 0.
This implies that
1
S p
111 111
ey / |/ xea0R) Xe@En [ dz | = rilamas) / | /xraaomxaEnll, do
d %] 00> pe
1
p
d(i-1_1 p
<r (a q p) / HfXQ(I,T)qux
Z| oo >pe

<e (by the choice of p,) .
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Therefore, by (3.2), there is a real number Ay = As(d, q, p) such that
ri(a=3) I xra Q0,8 lgp < Az € 0<r<2p and R > 3p.. ()
From () and () we get
1/ Xra\@(0,7) lg.p.0 < max (Ay, As) € ,  R>3pe.
This shows that f is in (L, P)§.
In the case where p = oo the claim is proved by a similar argumentation. m
In order to prove Theorem 2.4, let us recall the following result of Guliyev.

Proposition 4.7. [19] Let 1 < q < co. Then there is a real number C' > 0 such that for any f in L}

loc
d _q1_d
1) ||(5m17oof) XQ(q;¢)Hq < (C'ta /r 1= ||fXQ(x7r)||qdr , t>0 and x € R? 4.4)
t
2)lfO<7< and L+ :%—ythen
4 _1_d
(1) Xa@n]|,- < Ot /r o @rll,dr . >0 and x € R™ (4.5)
t
Proof of Theorem 2.4

Let f be an element of (L9, [”)§ and p be a positive real number.
1) Assume that 1 < gq.

By (4.4) and the Minkowski inequality, there is a real number C' > 0, not depending on f and p, such
that

14573 ‘H (M0 f) Xac 0, XRd\Q(Op)H
/ 1ea(i-L lts) (553 ‘||fo 9, xenm H] , t>0. (4.6)
1
Therefore
sup td&=35) ‘H (M1,00f) Xa, H XRd\Q(Op)H
>0

|Ilfxacnl, xzneon) ] (s5) @)

with

[e.9]

Kiap= /8_1_d(é_%>ds < 00.
1

Inequality (4.7) and Theorem 2.1 infer that 9, o f belongs to (L%, {”)§. 2) Assume that the hypotheses
(2.4) hold.
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e It is known (see the proof of [13, Theorem 4.3 ]) that there is a real number D, not depending on f
and such that

|]’Yf| < D ||f||qooa (mlpof)l_om-

This implies that, for any real number £ > 0

1) xaw o ll, < DI w |l Xowall, ™ 2R
and therefore
= ==5) ||| (L, ) xo¢|l; XRd\Q(Op)H
1 —
< D||f|qooa{ a5 ‘H (M1 00 f) X, H XRN\Q(0,p) H } : (4.8)

By (4.6) and (4.8), there is a real number C' > 0, not depending on (f, p) and such that, for any real
number ¢ > 0

‘ 10 xac ol xene0. Hp

00 1—avy
Cl_d(i_1 111y
< Cllgnq [5G [(w) G0 |l xec an XRd\QopH]
1
Therefore
sup /02 =575) ([|(2,£) xar- o X 7p)H
£>0
oy
N 111
<CK§?ozp7 ||f||qooal81>110)rd(a o ‘”fXQ || XRAN\Q( OpH} (4.9)

Inequality (4.9) and Theorem 2.1 imply that I, f belongs to (L7, [P)§”

e Suppose that v < é — ]13.

By (4.5) and the Minkowski inequality, there is a real number C' > 0, not depending on (f, p), such
that for any real number ¢ > 0

a1
a3 |1 f) xac

* XRd\Q(O,p) ‘ ‘p

< C]Os—l—d(é—%—v) l(tS)d(é‘E‘E

1

17xotsall, xeson ]| @

Therefore
Suptd(a*__" (L1f) xq., XRd\Q(O,p)H
t>0
l____
< C R [ \Hfm e @10

with

[e.9]

Kaapy = /Sld(é%ﬂds < 00.
1

Inequality (4.10) and an application of Theorem 2.1 show that /., f belongs to (Lq*, lp)g*. |

© 2023 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |58



5. The subspace (L9, ") of (L4, [7)*
The following results are known.
Proposition 5.1. [11] (L9,1P)% is a closed linear subspace of (L4, 1P)* which contains L and :
a) satisfies
(L4 1P)g = Lt x (L9, 1) = L'+ (L9, 1P)°,
where * stands for the usual convolution product
b) is equal to :
o {f e (LLP)* = lm [[f = pp* fll,p0 = O} whenever p is a nonnegative element of L'
n—0o0 e
such that ||p|1 = 1 and p, = np(n -) for any integer n > 1

e the closure in (L9,[P)® of the set C¥ (La 1p)a {f c€C>® : 9°f € (L4,IP)* forany 3 in N? }

By an application of the Sobolev embedding theorem we shall prove Theorem 2.6.

Proof of Theorem 2.6

a) Let f be an element of C(quvlp)a. Let us consider an element (,w) of R? x C2° such that XB0,h) <
w < XB(o,1) and set g, = fw(- — ).
We notice that g, is an element of CE’E% p)e such that for any § € N¢
9. = CJo°f (0" Pw) (- — x)
<6
0%, =9°f on B(z,%) and 98’g, =0 on RN\B(z,1)
0°9:] < Mo max |0 f X

where M is a real number depending only on d, 6 and the partials derivatives 9°w (8 < 6) of w.
Let us consider an integer m > 1 such that m > g.

Since g, belongs to the Sobolev space W4 and mq > d, there is a real constant A, depending only
on (d,m, q) and such that

lg2ll0e < Allgallwma < A Y [10°gally-
6]<m

Therefore

F@I <A Y0 My | max [0 F)xsell,

|0|<m

b) From the above observations and (3.2) we get

£l <A (D2 Mo | max |16 s
|6]<m

<CmaX1H89fH , se€{p,o0}
|0|<m

where C' is a real constant not depending on f.
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¢) Assume that p < oo.

Since any derivative of f is in CE’Eq pyoc s the result obtained above shows that |V f| is bounded and
therefore f is uniformly continuous on R,

Consider a real number ¢ > 0.

There is a real number § > 0 such that

r—yl <Vds = |f@@) - f)l <5 . wyeR!
and therefore

wp f@) < mf |fw) +5 k2! (*)
Since

S xgly < (316D fllpa) < o0

keZd

there is a positive integer K such that
[Pl <565 ket wit k] > K

and therefore, by (),

If(x)|<e , xeRN U

kezd, |k|>K
This ends the proof. B

Remark 5.2. Theorem 2.7 follows readily from Theorem 2.6 and Point b) of Proposition 5.1.

Before the proof of Theorem 2.8, let us give some properties of V(L2 [P)* and AC(L4, [P)“.
Proposition 5.3. V,(L%,[P)“ is a closed linear subspace of (L4,1P)* which is invariant with respect to
the convolution product with bounded Radon measures on R.

Proof. The claim is proved by an argumentation similar to the proof of Proposition 4.2. m

The following proposition contains Theorem 2.5.

Proposition 5.4. AC(L?,[P)“ is the closure in (L1,1P)* of L>° N (L4, IP)* and therefore a closed linear
subspace of (L4, 1P)“.

Proof. 1) Let f be an element of (L9, [P)°.

e Suppose that : f isin L> N (L4, [?)2, E is a measurable subset of R? and ¢ is a positive real number.

There is an element f, of L>° N (L%, [P)* such that

1f = fellgpa <

€

2
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and therefore

€
||fXE||q7p7a < ||<f - fe)XE q,p;x + ||feXE||q7p7a < 5 + ||f6||00||XE||q7p7a'

So there is a positive real number ¢, such that
sup { ||/ xEllgpa : E is a measurable subset of R” and || xp|gpa <t} <€
This shows that f isin AC(L9, [P)“.
e Suppose that f is in AC(L4,[?)“ and consider a real number € > 0.

Let us set

Ey={|fl=k} and fr=f(1-xg) , k>0

Notice that, for any real number k£ > 0, fj belongs to L> N (L4, ?)* and

1
q,p,x S E ||f q,p,0 (*>

1
q,p,x S E ||fXEk

||XEk

Since f isin AC(L,[P), there is a real number ¢, > 0 such that, for any measurable subset £ of R?

IxE gpo <le = ||fXE||q7p7a < €. (%)

From (x) and (xx) it follows that
If = fillopa = 1/ xENgpa <€ o k>t (I llgpa+ 1)

This shows that f isin L>° N (L9, [P)e.

2) By the observations in Point 1), AC(L?,P)* = L>° N (L4, [P)e.

Moreover, L> N (L9,17)* is a linear subspace of (L%, 1P)“. Therefore AC(LY, )" is a closed linear
subspace of (L%,[P)“. m

Proof of Theorem 2.8

1) a) It follows from Theorem 2.7 that (L%, [P)% is included in LP N (L4, [P)*.
b) Let f be an element of LP N (L4, [P)“.
e We have
PG oy <GS, >0
and therefore, since o < p,

lim G =3) || fll,p = 0 andso f € Vp(L, P)°.

—0

o 1*" case : p < 0. Let (¢, m) be an element of (0, 00) x (0,00) and set fr, = fX{|f[>m}-

By the result obtained in a), there is a real number . > 0 not depending on m and such that

1

_1
rd(a <Z>T ||fm||q’p<€ , 0<r<r. (%)
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For any real number r > r., we have

D=

l
«a

(i,;) 1
" a ||fm||qp96 2 o x|l

kezd

< XS ol (7P f )

21
[{1f] > m} NI

1_
q

P <t g,

Therefore, since ¢ < o < p and || f||, < oo, there is a real number m, > 0 such that
ri(a=3) r | fmlly, < , m>m, and r >, . ()

From () and (%) we get

= [[fmllgpa <€ ;M2 M. (o %)

If = Fxqgsi<m |

q,p,

Notice that for any m > 0, fx{fj<m) belongs to L> N (L%, [7)*. Thus, it follows from (* * *) that f is
in L> N (L4,[P)* and so in AC(LY, [P)* (see Proposition 5.4).

2" case : p = co. Proposition 5.4 implies that L°° N (L4,1>)% is included in AC(L?,[>)<.

Hence, we have
LP A (L9, 1P)> C Vo(L9,1P)* N AC(L4, IP)“.

Since Vp(L4,P)* N AC(L4,[P)* is closed in (L4, [P)* (see Proposition 5.3 and Proposition 5.4), the
previous inclusion shows that

L (1 (L9, 1)° C Vi(L9, IP)™ N AC(L9, ).

c¢) By the results obtained in Point a) and Point b), we get

(L9, 1P)e < TP O (L9, 0P)e C V(L 1) N AC(LY, IP)°,

In particular, taking p = oo and using Proposition 5.4, we obtain
(L2, 1°°)e < AC(L9,1>°)* < Vo(L9,1>)“.
d) It is known (see [22, Example 3.4]) that the function f defined on R by

= on(z—2") with @, () = [sin(2mnz)] x(0,1)(x)

n>1
is in Vo(L9,1°°)*(R)\ (L4, 1*)3(R). Moreover it is clearly in L>°(R) and therefore in AC(L?,1>)*(R).
This shows that the inclusion of (L9,(°°)%(R) in AC(L?,[*°)*(R) is proper.
2) Let f be an element of Vi(L4, )% N Vo (L9,1*)* N C, and € be any positive real number.

Let us consider a vector u in R<.
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Since fisin Vo (L7,1°)* N Vo (L4,1°°)%, there are two real numbers 7 and R, such that 0 < r. < R,
and

Vil fllgse < ——» > 7 €(0,7) U (Re, 00). (%)
1+ 24

»QI>—‘

pda-

From (3.3) it follows that

-

S

d 11
llrf = Fllgoo < (1427) 7 g 7>0
and therefore, by (x),
P, fruf = flye <€ T €O UOLRY). )

Notice that for any (r, k) in [re, R x Z4,

IR sup [f(x) = fy)

|z —yl|=]ul

PG5 || (ruf = P xagl], <7

Therefore, since f is uniformly continuous, there is a real number . > 0 such that

-

Q=

) P 1Tuf = fllgoo < , 7€ [re,R] and |u| < .. (% * *)
From () and (x * x) it follows that

|7 f — f||q’oo’a <€ ;o lul < de.

This shows that f belongs to (L4, [>)2. |

6. The subspace (L%, ") of (L?,1")°
We begin by recalling some known properties of (L, [7)¢ .

Proposition 6.1. [10, 11] (L%,1P)2 is a closed linear subspace of (LY, [P)* which is equal to the :
o closure in (L1, IP)* of C° [and of L*]

o set of all elements f of (L9, 17)* of absolutely continuous norm [ that is, for which, lim || fxg,|l¢pa =
n—o0

e

n>1

=0].

0 whenever (E,,),> is a nonincreasing sequence of measurable subsets of R? satisfying

In the proof of Theorem 2.10 we shall use the following two propositions.

Proposition 6.2. (L9, (P)S contains (L4,17)§ N Vo (L4, 1P)* and (L9,17)§ N AC(L,P)~.

Proof. Let f be an element of (L9, [7)§.

a) Assume that f is in Vo (L4, [P)® and consider any vector u in R%.
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Notice that, for any positive real numbers p and R
11
I7uf = Fllypa < swp 3 17 (Fxgom) = Fraemll,,
0<r<p ’
11
+pE3) SUp - 7 (Fxow0.R) — Freomll,,

+ 7 (Frxeago.m) = Fxeagorll, )a

1

<(1+0) | swp G5, || Fxoomll,, + | xe00om])

0<r<p T

1 1

+P > 4 ||Tu (fXQOR)_fXQ(QR)Hq (by (3.3)).

Since f isin (L9, P)§ N Vo(L2,[P)* and ¢ < oo, for any real number ¢ > 0 there are three positive real
numbers p., R, and . such that

d(L-1)
sup r + <
0<T£pe v [ FXoo.R) p | fXR\Q(0.7.) epa
i(3-4)
HTU (fXQ(O,Re)) — [XQ,Rr) g < EPe . ul < o
and therefore
170f = fllypa < 2C+C)e , Juf < e

This shows that f is in (L%, IP).
b) Assume that f is in AC(LY, [”)® and consider any vector u in R%.

Notice that { IXQ0.n)ny] f\<n}}n>1 is a sequence of elements of L* and therefore, of (LY, (?)¢. Further-
more, for any integer n > 1

| e T XA
The hypotheses on f and the closedness of (L%, [P)% in (L%,[P)* imply that f is in (L%, [P)%. m

e < [ Fxragom||

q,p,a

Proposition 6.3. Suppose that p < co. Then (L9,1P)¢ N Vo (L4, 1P)* is included in (L1, [P)g.

Proof. Let f be an element of (L9, {7)? N V. (L4,1P)* and € be any positive real number.
Consider a nonnegative element p of C° such that ||p||; = 1 and set
fo=f*p, with p,=n?p(n) , néeN.

By Proposition 5.1 and Proposition 4.2, (f,),>1 is a sequence of elements of ClLawy N Voo (L4, 1P)*
converging to f in (L4, [P)®. Moreover, Theorem 2.6 asserts that each f,,(n > 1) is in LP.

Notice that for any (n, p, R) in N x (0, 00) x (0, 00)

FXra\Q(0,R) <f = fallgpa + |[frxra\Q,R)
q’p’a

q7p7a

o ) e

i(-3)
; SupT « T“f””q,p
r>p

supr (-3) an\qp} ()

1_1
< ‘f_fn‘q7p7a+max{ sup rd<a p)

d(i-1
< If = fallgp,a + max {p (3-5) anRd\Q(OM‘ P
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Moreover, by the properties of ( f,,),>1, we may choose successively an integer n. > 1 and two positive
real numbers p,. and R, such that

I~ fu o

||fn6X1R<d\Q(o,R) ||p < €Pe

S

<€, supr( i) ||fn ~3) for R > R.. (xx)

7> Pe

q.p,0x
By (*) and (), there is a real number R, > 0 such that

HfXRd\Q(QR)Hq’pﬂ < 2 , R>R.

This ends the proof. m

Proof of Theorem 2.10

1) From (2.6) and Proposition 6.2 we get
o (L, 1P)8 N (L4, )5 € V(L4 )™ (1 (L9, 1P)g © (L4, 17)2 (1 (L9, )G
and therefore

(LY 1P)eo = (L9, 17)g N V(L9 17)”

o (LU IP)aN (LY IP)g C AC(LY,IP)* i (L9,1P)g € (L9, 1P n (L9, 1P)g
and therefore

(L9 1P)do = (L9, 17)g N AC(L, 1)~
2) If p < oo then from (2.3) and Proposition 6.3 we get

(LL )N (LGP C (L9 1P)e N Vo (L4 7)Y € (L9, P)e (L9, 1P)g
and therefore

(LY IP)eo = (L9, IP)d NV (L9, 1P)*. W

Proof of Theorem 2.11

We set

Vo(L9, 1P) N Vi (L9, IP)® if p < o0
X:
Vo(L9, 1) N Vi (L9, 1) (1 (L9, ¢)  if p = oo.

e Let us consider an element f of X and a real number ¢ > 0.
Since fis in Vo(L9,P)* N Vo (L9, 1P)%, there are two real numbers ¢ and 71 such that :

(%)

O<rop<r; <oo
rd<l*_) I fllgp <€ for 0<r<ryorr <r<oo

15! case : p = o0
Since f belongs to (L9, ¢y), there exists a real number p. > 0 such that

[ d(3-3)

Mg <To € =y

|z|>pe
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and therefore

sup rd(é_a
ro<r<ri

Xt ll, xzngon| < NEV AN

27 case 1 p < 00

Since f is in (L%,[P)%, (3.2) asserts that x — ||fXQ(:L‘J’1) ||q belongs to L? and therefore there is a real
number p” > 0 such that

d l‘i‘l—é
H “fXQ('7T1)||q XRd\Q(Qp)Hp < GTO(q P ) L p> 10/6/ '
This implies that

1_1_1
sup rd(E_E_E)
ro<r<ri

‘||fXQ(«,r)||qXRd\Q(O,p)Hp <€ , P> pr (* % bis)

By (2.2), (%), (**) and (* % bis), there is a real number p. > 0 such that

1 1 1
sup "G50 | Fxaen l, xeaqon]|| < P P2 P
r>0 p

This shows that f belongs to (L9, I”)§ ( by Theorem 2.1) and therefore to (L4, [P)¢, (by (2.9)). So X is
included in (L9, 17)%

e From (2.3) and (2.6), we have
(LY IP)e o = (L9, 1P) (LY 1P)g € Vo(L9,1P)™ M Voo (LY, 17)“.
The above inclusion and Proposition 4.4 imply that
(L9 170)e 0 C Vo(LE,17°)* N Vo (L4 179)* M (L4, 17°)g € Vo (L9, 17°)* N Vo (L9, 17°)* 1 (LY, o).

So (L9,1P)¢ is included in X [

Proof of Theorem 2.12

Let us recall that, if p < oo then (L4, [P)® is included in (L9, ¢y) and so

Vo(L%, 1P)* N (LY, ¢o) = V(L2 1P)“.

Assume that 1 < ¢ and let f be an element of V(L% [P)* N (L9, ¢p).

a) Fix R in (0, 00). It is clear that, for any real number r > R

;

»
P
> |l if p < oo
r ||fXQ(0,R)||q’p = 9 ke{—1,0}4 I
sup || fxyr if p=o0
L ke{-1,0}¢ kg

and so

rd(éié)r ||fXQ(OvR)Hq7p S (R r_l)d(5_5> ||f||q,p7a ’
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This shows that fx¢,r) is in Vo (L%, 17)* and therefore in (L4, [P)¢, (by the hypothesis on f and Theo-
rem 2.11).

b) It is obvious that ( f XQ(07m))m>1 is a bounded sequence of elements of (L4, [P)“.

Furthermore, (L7, [P)* represents the dual space of the Banach space H(¢',p’, o’) which is separable
and contains the set X = CSOU{X . E is a bounded measurable subset of Rd} (see [10, 12]). Therefore,
there are an increasing sequence (m,,),>1 of elements of N and an element f of (L9, [P)* such that

Jim - f(2)xQ0.mn) (% d:r:—/f dv ~, geX (*)
Rd

(see [5, Corollary 3.30]).

From (*) and the dominated convergence theorem it follows that, for any bounded measurable subset
E of R,

/f da:—/f (+4)

This implies that f = f in L{ . (see [17, Theorem 2.23]) and therefore we have, by (),

tim [ )00 (@ d:c—/f de , gec, (%)
Rd
Since fxq(0,m,) (n > 1) belongs to (L%, IP)¢, there is a sequence (i, )n>1 of elements of C° such that

1

H@n — fXQ(()?mn)Hq’p7a < - ,n>1 (s * %)

The claim follows from (x x x) and (x * *x). H

7. Proof of Theorem 2.13

In our proof we shall use the following link between the fractional maximal and the Riesz potential
operators.

Proposition 7.1. [I13] Let 0 < v < land1 < q < a < p < 4+o0. Then there is a real number C' > 0
such that

Homad]] <UD < C [ . el .1

q4,p,x

In particular, for any element p of [1; +0<|, there is a real number C' > 0 such that

Homos|| <imasi, <clmos] L feti 7.2

In view of Proposition 7.1 the following results are clearly related to Theorem 2.13.

Proposition 7.2. Let 1 < g<a<f<ooandl=1-
1)If s < pthen

I/

1
3

11
gpa S Qd(q 5> ||£mq,ﬁf||1,p78 , [ € Ly

(7.3)

loc*
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In particular, if}l7 =1_ % then

Q

11
1 lapa <2 G 3 Meflly . f € L, (7.4
2) Ifi = 1 — % < é then there is a real number C = C(d, q,«, 3,pg) > 0 such that
1—P0
1Mg,5f .00 < o [fllgosia < Cllfllgpoa + f € Lige- (7.5)

These results appear in [16] (a paper written by one of the authors) without a full proof of (7.3) and
with a weighted form of (7.5). For the reader’s convenience we give a full and simple proof of these
results.

Proof. Let f be any element of L;
1) a) For any element (k, ) of Z? x (0, 00) we have

1

My f () 2 2r)" 53 || Fxauan|l, 2 2G0rG0) |[

2B G |0y ) Xl = 73 | fxry g

This yields (7.3).
b) By (3.4), (7.4) 1s a particular case of (7.3).

2) By hypothesis, 0 < % — L= % < < éand therefore 1 < ¢ < a <py < s < .

1
po

s
Q=
EI*—‘

Let f bein L{

loc*
15! case : s = oo; thatis a = f.
From the definitions and (3.4) we get
My 5f(x) = Myaf(2) <27 fllgooa < 29| f

and therefore

19925 f lloe < 2% [1.fllg.posa-

274 case : s < oo and therefore py < 00.

d
gpoa > TER

We may assume that f is a non nul element of (L%, [P°)“ (otherwise the claim is obvious).
Let A be any positive real number and set £y = {z € R? : M, 5f(z) > A}.

For any element z of F)), there is a positive real number 7 (x) such that

A< 1Q, (@) 77 || Fxowrn], -

q

This implies that

1< A Q, r @) | FXouay |, < 227 H1f

and as a consequence,

» |

g00.a T(T)” RSN

ISP

r = sup r(x) < (2d/\*1||f

zel)

q’oo,a) < 00 . (%)
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Therefore, by Theorem 1.1 of Chap.I in [9] and the remarks following it, there is a sequence (Q);) 1>1 of
elements of {Q(x,r(z)) : = € E)} such that

OE)\CU@

I>1

° ZXQ; < Oqg

I>1

where 6, is a positive real number depending only on d. This implies that

Byl < [ZQ1|] < [Z ()\1|Qz|3_E 1 xall ) O |Qz|] =\ [Z fXQzZOI . (k)

1>1 1>1 1>1

Let us set, for any element k of Z4, Ly = {l > 1 : [I[L N Q| > 0} . We have

- Po
q

Slifal?=1 X /|f<x>|qu

I>1 21 | {keZd : leLi}rhg,

QS

<yt |y / (@) ode
>1 {k)GZd : lGLk} I;:le

\

by the Holder inequality and the fact that the number of elements of {k: cZ? :le Lk} does not exceed
24, Therefore

ydo} Po
Po _
S lxel? <20 3% / F)ld | <2303 (Y / (@) de
I>1 keZt 121 \prpg, kezd \ 12100,
PO
Po __ Po
DS 1@ e e | <29 00 57 ||
keZd d >1 kezd

From this inequality, (%) and (xx) we get
11 1 11\ 1 11
Bl < A2 G0 £ < A7 20 ) £ r9G2)
a1y L B 1 L
< A1 225)07 | fllypmn RN lgoen) T < AN 1

4,p0,0 ||f||qooa
1 11 (1 1
where A = 0 2d[5 oo a)} Thus

_Po
o |1 llgec]

q7OO7Oé S C ||f
where C' is a real number not depending on f and A. This ends the proof. m

q,P0,x

We notice that (7.4) implies that : given ¢, and p in | ] such that 117 + % < %, the set
felLl M, sf € LP}isincluded in (L9,[P)* with £ = 1 4+ 1 This result may be improved as
loc qvﬁ o p ﬁ y p
follows.
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Proposition 7.3. Let 1 < g < [ <00, 0< 217 < % — %, é = % + % and f an element of L{ . such that
M, sf belongs to LP. Then f isin (L9,1P)g,.
Proof. a) By (7.3), f belongs to (L9, (7).
b) e We have
My sf (@) = (M (119 () . ER’ (+)

Therefore, by the hypothesis on 2, s f and Proposition 7.1, [ g (|f]?) belongs to Li.

N

n>1

e Let (E,),>1 be a decreasing sequence of measurable subsets of R? such that = 0.

Set for any integer n > 1, f, = fxE&,-

We have in L

loc

[ful < 1F , n=>1

lim f,=0.

n—0o0

Furthermore, since /4 (If]7) belongs to L4, there is a measurable subset N of R such that [ N| = 0 and

[lo= oS fwdy = 13110 <0, xeRAN.
Rd

Thus, for any element x of R%\ N, we have

oy |z —y|"5V|f(y)? belongs to L!
e for almost every element y of R?

¢ 0< |z —yl"E VL))" < oz —y"FVf )T, n>1

o lim |z —y|"3 Y| fu(y)|! = 0.
\ n—oo
Consequently, by the dominated convergence theorem, we obtain
lim Ta(|f,]7)(z) =0 , r€RAN.
n—oo
Therefore we have

(o (m) e

e for almost every element = of R?

Y4 Y4
q q

¢ 0= (15 (15l9)" @) < (131719)" (@) . =1

[SYS]

o T (I4(1ful)" (@) =0.

\ n—o00
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=0.

p

Another application of the dominated convergence theorem gives lim HI g (| fn]D
n—oo

From this we obtain
lim My 5fnll,=0  (by (*) and Proposition 7.1)
n—oo

and therefore lim || f,|| =0 (by(7.4)).
n—oo

q,p,

Thus f is of absolutely continuous norm in (L9, [”)* and so it belongs to (L?,IP)2, (see Proposition
6.1). m

Remark 7.4. Theorem 2.13 follows readily from (7.2) and Propostion 7.3.

Acknowledgment

The authors are very grateful to the referee for meticulous reading of the manuscript.

Bibliography

[1] Adams, D. R.: Morrey Spaces; Lecture Notes in Applied and Numerical Harmonic Analysis, Birkhduser/ Springer,
Cham (2015).

[2] Aguilera, N. E. and Harboure, E. O.: On the search of weighted norm inequalities for the Fourier transform; Pacific J.
Math., 104 (1), 1-14 (1983).

[3] Alabalik, A., Almeida, A. and Samko, S.: On the invariance of certain vanishing subspaces of Morrey spaces with
respect to some classical operators; Banach J. Math. Anal. (2020) https://doi.org/10.1007/s43037-019-00049-7.

[4] Almeida, A. and Samko, S.: Approximation in Morrey spaces; J. Funct. Anal., 272, 2392-2411 (2017).

[S5] Brezis H.: Functional Analysis, Sobolev Spaces and Partial Differential Equations; Springer New York Dordrecht
Heidelberg London (2011).

[6] Chiarenza, F. and Franciosi, M.: A generalization of a theorem by C.Miranda; Ann. Mat. Pura Appl., 161, 285-297
(1992).

[7] Chiarenza, F. and Frasca, M.: Morrey spaces and Hardy-Littlewood maximal function; Rend. Math., 7 , 273-279
(1987).

[8] Coulibaly, S. and Fofana, I.: On Lebesgue integrability of Fourier transforms in amalgam spaces; J. Fourier Anal.
Appl., 25, 184-209 (2019).

[9] De Guzman, M. : Differentiation of Integrals in R™; Lecture Notes in Mathematics (481); Springer-Verlag; Berlin
Heidelberg-New York (1975).

[10] Diarra, N. and Fofana, I.: On preduals and Kothe duals of some subspaces of Morrey spaces; J. Math. Anal. Appl.,
496 (2021), https://DOI.org/10.1016/j.jmaa.2020.124842.

[11] Dosso, M., Fofana, I. and Sanogo, M.: On some subspaces of Morrey-Sobolev spaces and boundedness of Riesz
integrals; Ann. Pol. Math., 108, 133-153 (2013).

[12] Feichtinger, H. G. and Feuto, J.: Pre-dual of Fofana’s spaces; MDPI Mathematics, 7, 528 (2019),
DOI:10.3390/math7060528.

[13] Feuto, J.: Norm inequalities in some subspaces of Morrey space; Ann. Math. Blaise Pascal 21 (2), 21-37 (2014).

[14] Fofana, L.: Etude d’une classe d ‘espaces de fonctions contenant les espaces de Lorentz; Afr. Mat., 1, 29-50 (1988).

© 2023 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |71



[15]

[16]

[17]

[18]
[19]

[20]

[21]
[22]

[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]
[31]

[32]

Fofana, 1.  Espace de fonctions a moyenne fractionnaire intégrable. Theése de Doctorat d’Etat es-Sciences,
numéro d’ordre 224, Université de Cocody, Abidjan R.C.I, (1995) http://greenstone.refer.bf/collect/thef/index/assoc/
HASH6a39.dir/CS_02767.pdf

Fofana, I.: Espace (L9,1P)®(RY) et continuité de I’opérateur maximal fractionnaire de Hardy-Littlewood; Afrika Mat.,
12, 23-37 (2001).

Folland, G. B.: Real Analysis: Modern Techniques and Their Applications; Second Edition, John Wiley and Sons, Inc,
(1999).

Fournier, J. and Stewart, J.: Amalgams of L” and L9; Bull. Am. Math. Soc., 13, 1-21 (1985).

Guliyev S.: Boundedness of the maximal, potential and singular operators in the generalized Morrey spaces; J.
Inequal. Appl., (2009), DOI:10.1155/2009/503948.

Hakim, D. I. and Sawano, Y.: Calderdn’s first and second complex interpolations of closed subspaces of Morrey
spaces; J. Fourier Anal. Appl., 23 (5), 1195-1226 (2017).

Holland, F. : Harmonic analysis on amalgams of LP and [4; J. Lond. Math. Soc., 10, 295-305 (1975).
Kato, T.: Strong solutions of the Navier-Stokes equations in Morrey spaces; Bol. Soc. Bras. Mat., 22, 127-155 (1992).

Kpata, B. A. and Fofana, 1.: Isomorphism between Sobolev spaces and Bessel potential spaces in the setting of Wiener
amalgams spaces; Com. Math. Ana., 16 (2), 57-73 (2014).

Muckenhoupt, B.: Weighted norm inequalities for classical operators; Proc. Symp. in Pure Math., 35 (1), 69-83
(1979).

Morrey, C. B.: On the solutions of quasi-linear elliptic partial differential equations; Trans. Am. Math. Soc., 43,
126-166 (1938).

Phuc, N. C. and Torres, M.: Characterizations of the existence and removable singularities of divergence-measure
vector fields; Indiana Univ. Math. J., 57 (4), 1573-1597 (2008).

Rafeiro, H., Samko, N. and Samko, S.: Morrey-Campanato spaces: an overview. In: Karlovich, Yi., Rodino, L.,
Silbermann, B., Spitkovsky, IM. (eds.) Operator Theory, Pseudo-Differential Equations, and Mathematical Physics;
Advances and Applications, Springer Basel, 228, 293-323 (2013).

Sawano, Y.: A thought on generalized Morrey spaces; J. Indones. Math. Soc., 25 (3), 210-281 (2019).

Transirico, M., Troisi, M. and Vitolo, A.: Spaces of Morrey type and elliptic equations in divergence form on
unbounded domains; Bolletino U.M.I., 9B (1), 153-174 (1995).

Wiener, N.: On the representation of functions by trigonometrical integrals; Math. Z., 24, 575-616 (1926).

Yuan, W., Sickel, W. and Yang, D.: Interpolation of Morrey—Campanato and related smoothness spaces; Sci. Math.
China., 58 (9), 1835-1908 (2015).

Zorko, C. T.: Morrey space; Proc. Am. Math. Soc., 98, 586-592 (1986).

© 2023 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |72




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


