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1. Introduction

The Einstein-Vlasov (EV) system describes the evolution of self-gravitating collisionless fast moving
massive particles. This system models distribution of stars, galaxies or galaxy clusters and constitutes
an accurate model for the large scale structure of spacetime. Recently a global existence theorem of the
EV system was proved by D. Fajman in [6], L. Bigorgne in [2], H. Lindblad in [12] and M. Taylor in
[22]. These authors used the vector field method for transport equations. Notice that these results need
a strong knowledge in differential geometry, moreover the understanding and the proof are so heavy. To
get a simpler proof on global existence theorem for that system, an assumption of spherical symmetry
was taken into account. So, G. Rein and A. D. Rendall [17] established a global existence theorem for
solutions to the EV system, for small initial data, and A. D. Rendall prove the same result in the case of
non-diagonal metric [19]. We notice that all these results are concerned with the uncharged case.

The EV system coupled with the Maxwell equations models the time evolution of self-gravitating
collisionless massive charged particles in the context of general relativity. The particles could be for
instance the electrons in a plasma. Up to now, we are not aware that a global existence theorem has been
already established for the Einstein-Vlasov-Maxwell (EVM) system without any symmetry assumptions.
However, in [16], the author proved a global in time existence theorem for the spherically symmetric
EVM system with initial data sufficiently small and with diagonal metric.

The present work is concerned with the EVM system in the spherical symmetry context, where the
unknown spacetime is (R%, g), and the isotropic metric ansatz g is not diagonal as in [16]. We try to
extend to our new context, the global results obtained in the chargeless case. Contrary to what is done
in [16], the general form of g forces us to use the 1 + 3 formulation in writing down the EVM system;
this changes the calculations considerably. Besides, in the chargeless case, trajectory of particles is a
geodesic and the latter is deviated where introducing the electromagnetic field F' that is reduced to its
electric part e in the spherical symmetry setting. This forces us to use the concept of Fermi derivative
that is necessary to control the bound of particle momentum on the support of the distribution function
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f of particles and obtain a decay condition to the energy density p. That concept is not necessary in the
previous works. On the other hand, the fundamental gauge fixing condition that allows us to obtain the
global result not only depends on f which is an initial datum of f as in [16] and [17] but also on A, K
and ¢ initial data of the metric function A(t,r), the second fundamental form K (¢,r) and the electric
field e(¢, r) respectively. This is a reason why the presence of the electric field gives rise to a new and
interesting mathematical problem to be studied.

Here, we aim to establish a global existence theorem of solutions for the asymptotically flat spherically
symmetric EVM system. To do so, we prove on the first hand, the continuous dependence of solution on
the initial data ( f ALK, ¢) where A (resp. K, éand f ) is the initial datum of the metric function A(t, )
(resp. the second fundamental form K (¢, ), the electric field e(¢, ) and f). On the second hand, a global
existence theorem of solutions is investigated. This generalizes the result obtained by A. D. Rendall in
[19] in the chargeless case and the one of the second author in [16] where the shift function of ADM is
equal to zero (5 = 0).

The paper proceeds as follows. In Section 2, we formulate the Cauchy problem. In Section 3, we show
that if the charge is small then one can choose a set of initial data so that solutions depend continuously
on the latter. In Section 4, we establish a global existence theorem for the solution corresponding to the
initial boundary value problem and the obtained spacetime is found to be geodesically complete.

2. The Einstein-Vlasov-Maxwell system

We consider fast moving collisionless particles with charge q. The basic spacetime is (R?, g), with g a
Lorentzian metric with signature (—, +, +, +). In what follows, we assume that Greek indices run from
0 to 3 and Latin indices from 1 to 3, unless otherwise specified. We also adopt the Einstein summation
convention, both the gravitational constant and the speed of light are set to unity, ultimately, we assume
that all particles have the identical rest mass equal to unity.

The metric g reads locally, in Cartesian coordinates (z%) = (2", 2%) = (¢, )
ds® = Gap dz® ® dz”. (1)

The Einstein-Vlasov-Maxwell system can be written

1

Raﬁ - igaﬁR = 87T(Toeﬁ + Taﬁ)a ()
Lxryf =0, (3)
VoF* =J° and VoFg, +VgF,+ V., Fap =0, (4)
with
y dptdp?dp? o U
Top = —/papﬁf|g| T, Taf = 45F FY + F,*Fpy;
R3

8 1
p g 2 (6% (63 [0 [0
J7 = q/f(ﬂﬁ,p)TLO| dp'dp*dp®;  X(F) = (p*, =I5, p'p" — qp*F\ ),
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where I'} denote the Christoffel symbols, Lx () the Lie derivative, T3 and 7,4 are the energy-
momentum and Maxwell tensors respectively and Jﬁ denotes the Maxwell current. Here z = (z%)
is the position and p = (p®) is the 4-momentum of the particles. In the expressions above, f stands for
the distribution function of the charged particles, F' = (F,g) stands for the electromagnetic field created
by the charged particles. Here (2) are the Einstein equations for the metric tensor g = (g,3) with sources
generated by both f and F, that appear in the stress-energy tensor 8m(7ns + Tos5). Equation (3) is the
Vlasov equation for the distribution function f of the collisionless particles and (4) are the Maxwell
equations for the electromagnetic field F' with source current generated by f through J = J(f). One
verifies (using the normal coordinates) that the conservation law V,(7%° + 79%) = (0 holds if f satisfies
the Vlasov equation.

Now, using the assumption of spherical symmetry, the metric g can be written in the isotropic form
(maximal-isotropic coordinates) [21].

ds? = —a?dt? + A2[(dr + Bdt)? + r*(d6? + sin® 0d?)], )

where a = «(t,7), 8 = B(t,7), A= A(t,r);t € R,r € [0,4+00], 0 € [0,7], ¢ € [0,27]. Here o and
(3 are the lapse and shift functions respectively, and (3" = B%) is the shift vector. One obtains that for
the metric of the form (5) which satisfies the extra condition that the hypersurfaces of constant time are
maximal, the EVM field equations and the coordinate freedom conditions can be written in the 1 + 3
formulation, see [20] (for details we refer to section 2.3, 3.2 and 11.2.2), as the following P.D.E
systemin A, o, K, 8, ¢, f

! 1 3
20 A1/2y\ _ _ 1.2 45/2( 2 52

(r (A )) oA (2K +167T,0), ©6)

o + 227t + AT A = ozAz[ K? + 47 (p + trS)] (7)

K' +3(A'A +1/r)K =87A j, (8)

6/ _ T_l/B — SO{K7 (9)

A= —aAK + (BA), (10)

K =—A2a" + ABA Y + a - 2473A" +2A74A? — 2A73A! /r — 87S, (an

+ 4mtrS — 4mp| + K’

O ( 243\ _ 23

E(rAe)—qrAM, (12)

9 (43 _ 3 2

E(A e) =qBA°M — qaA*N, (13)

af 1 v x\ Of VT

— AT —— - -] - = — A1 2———K — 33—

ot * <a VAENTTE 67“) Ox * + [vl 2% (U r r)

1 BA x-v\x| Of
A (2 — D) ———— — qeA| —a+ —| - ===0, 14
() e Ve i

where A’ = %. Here equation (6) is the explicit form of the Hamiltonian constraint in this class

of spacetime with this kind of coordinate. The maximal slicing condition is expressed by the lapse
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equation (7). The momentum constraint equation is given by (8). Equation (9) is a consequence of
the coordinate condition chosen while (10) follows from the definition of the second fundamental form.
The one non-trivial Einstein evolution equation in this class of spacetimes is (11), (12) is the Maxwell
constraint equation for e, (13) is the Maxwell evolution equation. Finally, (14) is the Vlasov equation
for f, f being the distribution function of the charged particles which is defined on the mass-shell.
Here x := (2°) and v belong to R3, r := |z|, z - v denotes the usual scalar product of vectors in R?,
and |[v|> = v - v. This form of the Einstein field equations had been used by S. L. Shapiro and S. A.
Teukolsky for numerical calculations (see [21]). The distribution function f is assumed to be invariant
under simultaneous rotations of x and v, hence the differents matter terms above can be regarded as
functions of ¢ and r. It is assumed that f(¢) has compact support for each fixed . We also recall
that in the above, we took z* = (rsinf cos p, 7 sin §sin ¢, r cos ) and considered the corresponding
orthonormal frame e; = A~'9/0x". So the mass-shell is coordinatized by (¢, 2%, v*) in which the Vlasov
equation is writing.

The matter quantities are given by

p(t,r) = p(t,z) = / V14 lPf(t, z,v)do + %A2(t, x)e’(t, ), (15)
R3

WL eg e ), (16)

VItPpPE o 2
ﬂum=j¢xy=/(fi§f@xmm% A7)

trS(t,r) =trS(t,z) := / lv2f(t, x,v)
R3

.
R3
_ o v 2 dv _1 2 2
&@m_&@@fé(r)f@LMVijﬁ SAY (@) (¢, ), (18)
M(t,r) = M(t,z) = /f(t,x,v)dv, (19)
Rfﬂ
T dv
N(t,r) = N(t,2) :=R[( - )fm, (20)

where if n® is the unit future-pointing normal vector to the hypersurface of constant time, then p =
(Tup + Tap)n®n? is the energy density, trS = (Tng +7as) (%7 + no‘nﬁ) is the 3 x isotropic”pressure”,
j is obtained by contracting —(g*® + n’na)(T i + Tap)n” with %, S, is obtained by contracting (¢*“ +
n'n®)(g’? + nInf)(T.s + Tap) once with ‘”7 and once with %, M comes from the Maxwell current

component .J and N follows from contracting the part of the Maxwell current .J* with ‘”7

The boundary conditions in case of asymptotically flat spacetime in spatial and time coordinate with
regular center are given by

lim A(t,r) = lim a(t,r) =1, (21)
r—00 r—00

lim B(t,r) = 6(t,0) = lim K(t,r) = K(¢,0) = lim e(t,r) = e(t,0) =0, (22)
r—00 r—00 r—00

tlgrolo Alt,r) = tlgglo a(t,r) =1 and tlgglo B(t,r) = 0. (23)
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Now, define the initial data by

[ £(0,2,v) = f(z,v), A0,z) = A(z) = A(r)

{ K(0,2) = K(z)=K(r), a0,z)=d)=d&r) (24)

| 8(0,2) = Bla) = B(r), e(0,2) = é(x) = é(r)

with f being a C'! function with compact support, which is non-negative and spherically symmetric, i.e.,

) o

VAeSO3), V(x,v) e R f(Ax, Av) = f(x,v).

We have to solve the boundary initial value problem (6) — (9), (12), (14), (21), (22) and (24).

3. Preliminary results

In this section, we first prove that some unknown functions can be bounded and we introduce the notion
of ADM mass. Secondly, we recall the local existence and continuation criterion theorem on which our
present result relies. Finally, we state an important theorem which proves that the difference between
two solutions can be bounded by a constant time multiple of d = ||f — §||c. All these results will be
applied in the proof of global existence.

Definition 3.1. A solution (A, «, K, 3, e, ) of (6) — (9), (12) and (14) is said to be regular if

i) f is non-negative, spherically symmetric, C*, and f(t) is compactly supported for all t,

i) A, o, A, o/, K, B and e are Cl with A, o, K, 3 and e satisfying the boundary conditions (21) and
(22).

It is easy to see that (A, «, K, ) satisfies the following inequalities.

Proposition 3.1. Consider a solution (f,«, 5, A, K, e) of the EVM system defined on some interval [0, T
satisfying the boundary conditions, then we have the following estimates fort € [0, T[ and r > 0.

At,r) =21, a(t,r) <1, [B(tr)] <3,
(25)
|K(t,r)] <2r7t and |A7'A'(t,r)| < 3r !

Proof: It suffices to rearrange equations (6), (7) and (9), use the boundary conditions and an estimate of
E. Malec and N. O. Muchadha [13] which gives the expansions of the null geodesics.

We also notice that the ADM mass defined by

+00
1
MADM = — / r? lAE’/Z (2K2 + 167rp)1 (t,r)dr, (26)

oo

is time independent. Denote by m(t, ) the mass function defined as follows
1 2| 45/2( 3 2
m(t,r) = s/ A (§K + 167rp) (t,s)ds. (27)
0
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Theorem 3.1. (Local existence, continuation crlterlon) Let f € C%(R®) be a non-negative, compactly
supported and spherically symmetric, A & K, B é € C>®(R3) be a regular solution of the constraints
equations such that

. 11/2,9
A(0) > 1+2/Mds, (28)

then there exists a unique regular solution (A, «, K, B, e, f) of the asymptotically flat spherically sym-
metric EVM system with initial data (A, &, K, BO, e, f) on a maximal interval of existence [0, T']. If A(t,0)
and u(t) are bounded then T = +o0o. Where u(t) is the largest momentum of any particle at time t. In
the other words

u(t) = sup {|v]; f(t,z,v) #0 for some x}. (29)

Proof of Theorem 3.1 This is obtained by adapting to our new context the corresponding proof in the
zero shift vector case [15].

For rq > 0 and ug > 0 define the following set of initial data
= {(f, A, K, &) e CYHR®) x C2([0, +oo]) x (CH([0,+00]))2;  f is a non-negative, spherically
symmetric with a support contains on B(r) X B(ug) and (A, K, ¢) is a regular solution of the constraints

satisfying (28) }

Proposition 3.2. Consider initial data to the EVM system (f, fif, lo(f, ér), (9, fig, [O(g, éq) € D such
that there exists a constant A > 0 with

[A7(0) = Ag(0)] < Allf = Gllocs (30)
given a sufficiently small real number £ > 0, If d == || f — §||oc <  then
1Ko llésllee <€, 3D
145 = Aglloos ey = Eglloes 1Ky = Kylloc,
(32)
|43 = Ajeglloe  IATK; — AJK oo < Cd

where the constant C' depends on 1, u, g, A and not on f .
Proof: Take (f, fif, Io(f, ér) and (g, fif, f(f, é) such that If — dllso < e. Setting ¢ = 0 in (12) and
replacing f by f, we obtain by integration

) = L A7 / <2 (ABDIL) (s) ds.

0

where M 7 is defined as in (19) by replacing f by f . Distinguishing the cases r < rg and r > ry, we
obtain, since f is with compact support, |é (r)‘ < C. Remarking that the equation (8) can be rearranged
to give (r3A3K)/ = 87r3A*j, we also obtain in the same way |K;(r)| < C, where C' = C(ry, ug, §, A)
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is a constant, and (31) holds. Note that using (6), A can be expressed in term of p via an integration. To
prove inequalities (32), one writes

r

g = A,J0) <0 - A0 + © [E2 1A - 4y ds
0
+C / i _S;ng‘(‘g) ds, (33)
0

where m; = my(0,7), m(t,r) is the mass function given by (27). We obtain using (30), with the
Gronwall lemma

Ap = Ay|(r) < CIIF = gl exo (o/ [ﬁ + (1] + |Mf|)]<s>ds> <0d,
0

and the rest of inequalities in (32) follow immediately from those above. Thus, the proof of Proposition
3.2 1s complete.

We now state the essential result of this section.

Theorem 3.2. There exist a constant € > 0, a positive increasing function C' € C([O, T, [), and a positive
decreasing function n € C(]0,¢[) such that

lim n(s) = Ty, (34)

s—0

and for any solution (cf, Bf, Ag, Ky, ey, f) with initial datum satisfying the condition (30) of proposition
32andd = Hf — gHOO < g, we have the following estimates

Ty > n(d), (35)
1) = 9(Dlloe + [147(t) = Ag()lloo + [[A7(1) = Ag(t) oo

+ [ A5(t) = Ag@)lle + Nl (1) — ag®llce + 118£(8) = By(B)lloo + [187(2) = By(D)llse

+ 1K () = Kg(t)lloo + llef(t) — eg(t)[lo < C(E)d, (36)
fort € [0,n(d)]. The analogous assertion holds for t < 0.

Proof: Consider the solution (o, 8¢, A, K¢, ey, f) with initial data close enough to g, define on the
support of f

To(f) == sup{tE]O,min(Tf,Tg)[; such that Vs € [0,1], |As(s) — Ay(s)loe + [|IEs(5)

— Ky(s)lloo + lleg(s) = eg(s)lloe + [[A%(s) = Ag(s)lloe + ||O/f(3)_O‘;<S)H00§1}

Notice that for d small enough, say d < ¢y, for a suitable defined €; > 0, the estimate defining 7j( f)
holds at t = 0 so that by continuity, Tp(f) > 0. Let (o, B¢, Ay, K¢, ef, f) be the solution with d small
enough, the characteristics can be bounded on [O, To(f) [ by
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|i(s)] <4,

[o(s)] < C(Ha}(S)Hoo + K5 (9)lloo + 147 ()]l + ||Af(3)||oo||ef(5)||oo)(1+|U(3)|)7

with C' = C'(¢q) being a constant. Via the Gronwall inequality this implies that
Suppf(t) C {(m,v) € R® |z < rg+4tand |v] < Ug(t)}, (37)

fort € [0, Ty(f)[, where
t

U (1) = 1+mew(/kfrummw+wgmﬁwAwm
0

145l + eyl + llle ) (5 ).

Denote by C' a continuous, increasing function on [0, 7, which depends only on (ay, Ay, Ky, €4, 9),
for example C'(t) = U,(t). We have the following estimates on [0, Ty(f)[

w(t) < C) (I8 = g(®)lloo + 147(2) = Ag(®)lloo + lles (1) = €Dl ) (38)

where we setting

w(t) = lps(t) = pg(t)lloc + [[trSs(t) — trSg(t)lloc + 1175 (#) = Jg(t)]lco-

We now, find an estimate for &L (f — ¢) along the characteristics Zy = (X, V) corresponding to f.
From the fact that f is constant along these characteristics and from the Vlasov equation for g, using the
mean value theorem it follows that

d

S = )5 Z1(5:4,2))| < C6) (llag = gl + 187 = Bulloo + 147 = Aglloo + 157 = Kyl

Hlles = eglloe + llay = aflloe + 1145 = Ajluc ) (5),

and by integration with respect to s from 0 to ¢, one has
1f®) = 9@l < If — dllc + /C(S)(Haf—%ﬂoo + 18s = Bollo + 1147 = Aglloa

155 = Klloo + ller = eglloo + llay = aflloc + 147 = Ay lc ) (s)ds, (39)
using (38) and the fact that || f||sc = ||f]lec < €1 -+ ||§]|sc, We obtain the estimate, for any ¢ € 10, To(f)]

125 ) lloo + [ItrSy()lloe + 177 (D)lloc + M) lloo + [N (D)lloc < C(2), (40)

on the other hand, the equation (8) in K can be rewritten as (r*A3K)’ = 8mr3A%j. The integration on
[0, r] gives, using (38) and (40)

A3 K s — 435, (1) < OO (1 = glloe + 147 = Aglloe + lleg — egllo ) (1), @1)
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using the fact A; > 1, the mean value theorem implies the following inequality for K’
1K = Kglloo(t) < CWOIf = glloe + 147 = Aglloc + lley — eglloc) (£). (42)
Equation (7) can be rewritten as
(r’Aa’) = aA’r? (ng +4r(p + trS)).
So, in the same way as above, we also obtain after integrating on [0, 7]
[Ayey — Agagllsa(t) < CO(If = glloe + 147 = Agllse + lles — eglloo) (1), (43)

hence we can deduce that

loy = aglloc(t) < CEV(IIf = glloe + 147 = Agllo + lley — egllo) (2)- (44)

From equation (6), we obtain an analogous estimate for A’

1A% — AGlloo(t) < CEY(IIf — glloo + [ Ay — Aglloo + lleg — eglloc) (2)- (45)

Equation (9) can be rearranged as (r~!3)" = 2r~'aK, integrating on [r, +-oco[ and using the fact that

2
lim, _, 5(r) = 0, we also deduce that

185 = Bylloo(t) < COY(IIf = glloc + 147 = Aglloo + lles — eglloc) (1) (46)

We deduce from (39), using the estimates have been established above, that

t
1£ = gl <17 =l [ CO(I = gll+ 147 = Ayl + lleg = el ) s)ds @)
0

Evolution’s equations (10) and (13) of A and e respectively also yield by virtue of above estimates

0.4 = Ay (5,7) < C)(IF = glloe + 147 = Al + lleg = eglos ) (5)

Ou(Aey) = D(Aley)|(5,7) < C6) (If = glloe + 1147 = Aglloe + lleg = egllo ) )
and
Des = Oueg|(5,7) < C)(1If = glloe + 147 = Agllow + lleg = egll ) (5):

Integrating with respect to s from 0 to ¢, we get
t
450 = 4,0 < 14y = Al + [ (17 = g1l
0
+ 1Ay = Ayl + lles = egllse) (s)ds, (48)
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t
I4fes(0) — A3ey)] < 14365 — A2 + [ (17 - g1l
0

1Ay = Aglloe + lleg = el ) (s)ds (49)
and
t
les®) = eo®)lle < s~ églle + [ C)(1F = 9l
0
1Ay = Aglle + ey = el ) (s)ds, (50)
setting

(1) = 1) = g()lloo + 1A (8) = Ag(t)loo + lles(t) — eg(t)lloo + | AFes(t) — Ageg(t) .
It follows that on the interval [0, T (f)[, using (32), the inequality
t

A0 <CIF =il + [ CO(IS gl + 147~ Ayl
0

+ ller = eglloe + | A%es = Aleyloc) (s)ds,

holds, where the function C' € C ([0, To(f)[) depends only on g and can be taken strictly increasing with
lim¢ 7, C'(t) = +00. By the Gronwall inequality, we have
t

2(t) < Ol f = §lloo exp (/C(s)ds) < C(t)d. (51)
0
The rest terms of inequality (36) of theorem 3.2 follow from (41), (42), (44), (45) and (46) using (51).
Since C(t) can be taken as C'(0) > 0, define

£ = min {51; %@}, n(s) =C"! (%) s €]0,¢],

then n € C(]0,¢]) is positve decreasing and lim,_,o 77(s) = T},. Then on interval {O; min (n(d), To(f))} ,
it follows that since C' is strictly increasing

B(t) = [|Af = Aglloe + 1K — Kylloo + [ A7 — Aflloc + lla; — aflloc + llef — €glloc
1

< C(t)d < C(n(d))d = %d -

thus

B(t) < fort < n(d). (52)

Assume that Ty < n(d). Then by definition of 7j(f) and (52) we obtain the identity Ty(f) =
min(7, T,) = T}, in particular the estimate
lv] < Ug(n(d)) < 400,

holds for all (z,v) € supp(f(t)) and ¢ € [0, Ty| since Ty < n(d) < +oo0, this is a contracdiction to the
local existence and continuation criterion theorem, so we have shown that 7(d) < T’. Futhermore, (52)
implies that 7(f) > n(d) so that the estimates which were established on the interval [0, To( f)[ hold on
[0,7(d)], and the proof of theorem 3.2 is complete.

N[ —
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4. Global existence

In this section global existence of solutions of the EVM system will be proved when the spherically
symmetric initial data and the charge of particle are sufficiently small. The essential ingredient of the
proof is the concept of Fermi derivative along a geodesic that is necessary to control the bound of particle
momentum and obtain certain decay properties . We also observe that the obtained spacetime is found to
be geodesically complete.

Theorem 4.1. Let vy > 0 and uy > 0 be positive constants. There exists € > 0 such that if (f, «, 5, A, K, e)
is the maximal solution of the asymptotically flat spherically symmetric Einstein-Vlasov-Maxwell system
with initial data satisfying

Supp f C B(ro) x B(ug), ||J;|| <e,

then the solution exists globally in time t. Moreover, for this solution the metric coefficients o' and A
are bounded and the following estimates hold for some constant C' > ()

lo'()llse + A O loc + [K(H)]loo < CL+8)72,
le(@®)llosc + 11K (B)lloo + 175 (B)loo < CL+1)72,
1A () lloo + o)l + ltrS (@)oo + 1i ()]l < C(1+1)77,

IM(t)lloo + IN(E)lloo + 1SR(E)lloo + | Rapuw (t)[lo < C(1+8)7,
fort € R, and the geodesics are defined on R.
Before coming to the proof of theorem 4.1, we need to establish some results.

Lemma 4.1. Let § €)0,1] and C; > 0. Then there exists a constant Co > 0 only depending on 1y, C4

and ¢ such that, if (f,«, 8, A, K, e) is a spherically symmetric asymptotically flat solution of the EVM
system on a time interval [0, T'|, satisfying the estimates

sup {|@“I; (z,v) € Supp(f(t))} < 1o+ 4t,

A(t,0)<3 Vtelo,T],

lo®lle < L1+ Vi€ [0,T], (53)
then we have the following decay conditions for (¢,7) € [0, T[x[0, 400]

(e A )]+ et ()] 4 | K ()] F e te(t)] < Co(1 + 1) 7270
A" ()]l + [l (t)[loc + [trS()[|oc < Ca(1+1¢)727°
1M ()]loo + [N () ]|oo + 17 ()]loo < Co(1+1)727° (54)

ISE()llo + [ Raguw ()]loo < Co(1+1)727°

LA @) loo + 10/ ()l + K (D)oo + le@®)]loe < Co(1+8)717°

© 2023 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |11



Proof: The main idea of the proof of lemma is to show by virtue of differents equations (6), (7), (8)
and (12) that ||A'(t)||oe> ||/ (t)|loo> || (t)||sc and |le(t)]|s can be bounded by a constant multiple of

(|lo(t)|lacro +752). Remarking that the latter function of o has a critical point at 7§ = (% | p(t) ||Oo)
Then the proof of lemma follows.

The following result comes immediately from the Gronwall inequality.

Lemma 4.2. Let § €]0,1], ro > 0 and ug > 0. If Cy is taken sufficiently small such that the solution
of the EVM system satisfies (54), A(t,0) < 3 on [0,T[ and Supp f C B(ro) x B(ug), then the largest
momentum satisfies the estimate

u(t) <1+ ug Vit e [0,T] (55)

Next, Consider a timelike curve « described by parametric relation z#(7) in which 7 is proper time
measured along +, starting at ¢ = 0. Suppose that v intersects the initial hypersurface ¢ = 0 and passing
through a point (¢, z).

Definition 4.1. Let u* = % be the tangent vector to y and at* = %—ft = u”V, ut its acceleration vector.
A vector field v* is said to be Fermi-Walker transported on ~y if it is a solution to the differential equation
Dot
— = (v,a”)ut — (v,u”)at. (56)

Remark 4.1. The operation of Fermi-Walker transport have two important properties

1) ¢ = u' = % is automatically Fermi-Walker transported along . Indeed a,v" = 0 and u,u" =
—1.

2) If v* and w" is Fermi-Walker transported along vy, then their inner product is constant along v i.e.

L (v, wt) = 0.

Let ¢f, = % be the curve tangent vector, we can complete this vector to obtain an orthonormal frame
{e/ } which is Fermi-Walker transported along . Let {0’} be the dual coframe which is also Fermi-
Walker transported along «. Define by Z* the separation of two infinitesimally neighbouring particles, Z*
satisfies the following equation (see for more details, [10], p.82), known as the worldlines deviation
or Jacobi equation which gives the relative acceleration of two particles. Note that here the families of
worldlines of particles have the same charge ¢

A2 7
= (= RBygelellel + Vit + i, ) 2, (57)
where
W = uPVgu® = el Vel (58)

Now the crucial step to prove the global existence theorem is to estimate the jacobian determinant of
the mapping

v— X(0,t,z,v), (59)

for fixed values ¢ and x, X (s,t,z,v) is part of the solution of the characteristics system of the Vlasov
equation written in terms of the frame components. Remark that, the derivative of the mapping (59) can
conveniently be written as a composition L3L,L; of three linear mappings from R? to itself. The first
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mapping L is the one sending the components of a vector tangent to the mass shell in the basis {9/dv'}
to the components Y*. Let Lo(Y®) be the value at t = 0 of the solution of (57) with the initial data
Z®% = 0 and dZ°/dr = Y* at the point (¢,x). Let L3(Z*) be the cartesian components of the vector
obtained by projecting the vector Z*¢’, onto the hypersurface ¢ = 0 along the vector ¢j.

Lemma 4.3. Let ¢, 1, ug > 0. Then there exists a constant C's > 0 depending only on ¢, 1y, ug and Cy
such that if (f, «, B, A, K, e) is the spherically symmetric asymptotically flat solution of the EVM system
satisfying (54) for some constant Cy > 0 on a time interval [0, T'], with

supp f € B(ro) x B(ug), ||flle <& and A(t,0) <3,
then
alt,r)21/2 and  p(t)e < Cst™, (1) € 10, T[x[0, +ox].

Proof: Firstly, we prove that | K (t)||%, [le(®)]|%, ||p(t)|lc < C3e. In fact, by virtue of equation (12) and
distinguishing the cases 7 < rg and r > 1, one get the following inequality

le(t, )| < Cy (r0||f||oo + 7“0_2), V>0, tel0,T]

The function of ry occuring on the right hand side in this last inequality has a critical point to rj =

N . . .
(301 fll) " it follows that [e(t, )] < Cy /2, hence [le(t) o < Cll /12 or [le(®)]%, < Coll

for ¢t € [0, 7] with ¢ sufficiently small. In the same way we also get that || K (¢)|cc < (13||f||§é3 or

1K (t)||%, < Cs]|f]|e for t € [0, T[. By defintion (15) of p and using lemma 4.2 we also have || p(t)]|c0 <
C3 || flleo for t € [0, T[. Since ||f]lso < &, we conclude that || K (¢)]|%, |le(t)||%, and [|p(t)| < Cse.
Next, from (7), one has

(r*Ad) = aA®r? (2K2 +4m(p+ trS)) :

It follows that o/(r) < Cs e min(r, r~?), integrating on [r, +oo[ and use the fact that lim,_, | a(r) =
1, one has

a(r)>1-— ;C’g E.

If we choose ¢ so that Cs ¢ < 1/3, then the last inequality will give a(¢,7) > 1/2.

The inequality (55) implies, since e, = % 1s the momentum of the particle, a uniform bound for
the cartesian components of ¢ if the tangent vector to the curve +y is contained in the support of the
distribution function (only the curves of this kind are interested here). In order to estimate the cartesian
components of the remaining frame vectors €, note that it suffices, under the assumptions of the lemma,
to estimate their components in the frame e,,. Let these components be denoted by U/’ so that e, = Ul'e,,.

Since €/, are Fermi-Walker transported along v, we get using the definition of Fermi derivative

DU#
dr

- (aVUS”) U — (UOWU;’) "3

=0
ey 0,U + 1 UMY = qF \U'UUY,
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where equation of motion of the particles and a simple computation give a” = ¢F ”AUOA and a, =
Juaa® = qFl,,\UOA. Hence the components U} satisfies

U

IV = aFnUS U U, (60)
and the spatial components of (60) can be written as
ddUTg +YNUXUY = qF UL UL U, (61)
Since the electromagnetic field F*? is reduced only its electric field part F% = o 'E? = a‘le“"?i, it is
easy to see by virtue of (54) the following inequality
IFY < Cs(1+6)71°  Vielo,T] (62)

and the same estimate holds for the Ricci rotation coefficients 7, since 1/2 < o < 1. The relation
between the proper time and the coordinate time is given by

dr 9\ —1/2

g =a(l+[v]?) . (63)
Since o < 1, equations (61) — (63) imply that

dU! ~

L; < Gl + ) (1), (64)

since ¢/, is an unit vector, |U?| < C3|U!|, (64) becomes
U’
dt

< GU (L + 1),

Gronwall’s lemma implies, after integrating the last inequality on [0, ¢]
Ui < |UL0)[e? vielo,T]. (65)

Considering now that the vectors e/, along all trajectories are contained in the support of f; we have a
uniform bound for |U%(0)| and so (65) imply the bound of |U!| and hence of |U?|. As indicated above,
this implies a bound for the cartesian coordinate components of the frame vectors ¢’.. (63) implies that
there are positive constants K; and K5 such that

Kt <7 < Ko, (66)

along the trajectory . We can assume without loss of generality that K > 1 and then

(1+1)727° < Ky(1+71)7270, (67)
Thus if K} = —Rj ; eleleld + 'V i + €] i, define in equation (57), an estimate of the form
K (T)| < Cs(1+7)727° (68)

holds along . In fact by (54), the curvature tensor is bounded by C5(1 + 7)7279, so [R5 s egﬁ e eld| <

C3(1 + 7)727°. Since u* = qF",ef and using (62), it is bounded by a constant time C3(1 + 7)7'7°,
hence

ey i, | < Cy(1+7)727°.
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To obtain (68) it suffices to bound ¢,” Vi by C5(1 + 7)~27%. Without loss of generality we can write
Vi = 0,4° + fy:;ﬁuﬁ , the second term of the right hand side is already bounded by C3(1 + 7)727%; it
rests to prove that |0,1°| < C3(1 + 7)~27%. The equation of motion of the particles permit us to have

d?z

dr?
for 1 = 0 it implies that |d*t/dr?| < C3(1 + 7)~'79. Since dt/dr = €} = a~'\/1+ [v]? and e}’ =
dz" /dr, we deduce from (69) that

10 (1) (7)] < C3(1 + 7)1, (70)

‘ = | — ety +aF" el < Cs(1+7)71, (69)

and
10; e (T)| < C3(1 + 1)1, (71)

Maxwell’s evolution equation (13) of the electric part e allows us to obtain a similary bound for the
time derivative of e

0pe(r)| < C5(1+7)7%7°, (72)
using (70), (72) and the fact that F% = o~} e‘“;—s, we also have
0, F%(7)] < C3(1+7)7>7°, (73)

(71), (73) and " = gF" e imply that |0, 4 (7)| < C3(1 + 7)727°. In the similar manner as above we
also get |0; u*(7)] < C3(1+7)727°. Hence, we finally get |0, u*(7)| < C3(1 + 7)~279. It completes the
proof of the inequality (68).

Let 7y be the value of 7 at the point (¢, ) and let Z*(7) be the solution of (57) with Z*(7y) = 0 and
42 (1) _ ys Define

E(r)=2%(1) — (1 — 1) Y*. (74)

Then by Taylor’s theorem with integral remainder on interval [T, 7], one has

W) | iy tEw),,

B¥(r) = E*(m) + (7 = m0) = -

70
r

— /(7‘ — a)d gjga)da

70

T

= /(7‘ —0)K;(0)Z' (0)do

70

= /(7‘ —0)K}(0)E' (0)do + /(T —0)(o — 1)K} (0)Y'do
hence
E*(1) = /(T —0)(o — 1)K (0)Y'do + /(7’ —0)K}(0)E' (0)do, (75)
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the first integral can be estimate as follow using (68)

g‘fﬁ—aﬂa—mVQWHWw

‘ / (r — o) (0 — 1) K$(0)Ydo

§03|Yt|/|7'—a||a—7'o|(1—|—a)25dcr
< Calr - V| [olt+a) > do

<Calr—nIV'| [ o(1+0) %o

- -’

< C3(r—71)|YY

thus we obtain from (75) the following inequality
70
()] < o (= DY + Gy [ o1+ 0) > 7 E%(0)ldo,
Gronwall’s inequality gives
70

B ()] < Calra = ¥ e Ca [ ot1+ ) %ao

T

< O3 (o —7)[Y"]. (76)

Using this last inequality and the definition (74) of £*(7) at 7 = 0, we obtain |T—10L2(YS) + V¥ <
C3|Y!|. Since the tangent vectors are contained in the support of the distribution function, the deter-
minant of L, can be bounded uniformly so we can have without loss of generality that det(L;) > Cj,
it implies taking Cs small enough and using the properties of determinant that det(Ls) > C373. The
inequality (66) implies that 79 can be remplaced by ¢, so det(Ls) > C3t3. Since the explicite form of

components of the vector L3(Z*) are given by Z* (eg — (e¥/el )eo), it follows that the determinant of

Ls can be uniformly bounded and so det(Ls) > C. Since the Jacobian determinant of the mapping (59)
is equal to det(LsLoL4), we obtain

‘det (aUX(O,t,x, ))‘ > Cy 3. (77)

We now able to change the variable on R? on the definition of matter term p to obtain

/\/1—|—|v 2f(t,x,v)dv < / V14 |v2f(t, z,v)d

Supp f(t,x,.)

<\/1 + (1 4 up)? / f((X,V)(O,t,x,v))dv

Supp f(t,z,.)
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e /‘det (&,X(O,t,x,.))‘_ldX,

X

where x = {X(O,t,x,v); v € Supp f(t,x, )}, note that for all (z,v) € Suppf(t), |X(0,t,z,v)| < ro.
Using the estimate on the determinant (77), one has

/\/1 + o2f(t, 2, v)dv < C3t™, Yt € [0,T]. (78)
R3

By virtue of (54), we have for Cy small enough |e2(¢,7)] < Cy2(1 + ¢)72720 < t73. And since
A(t,0) < 3, we finally get that || p(t)|| < (C5+ 5) t~3. The proof of lemma 4.3 is complete.

Remark 4.2. We are not surprised by the fact that p decays like ¢t~3, since even in the Minkowski
spacetime, free particles starting in a compact set spread out linearly with time and the associated density
decays like t 3 as t — oo.

The following result comes immediately from the Gronwall lemma.
Lemma 4.4. Let ro, ug > 0. There exists € > 0 such that if the initial data of the EVM system satisfy
suppf C B(ro) x B(ug),  |Iflle <,

then there exists Ty > 0 such that the solution to this initial value problem exists on [0,T}]. Moreover
A(t,0) < 3, u(t) < 3u(0) and ||p(t)||oo is as small as desired on this time interval.

Proof of theorem 4.1: Let 1y, uy > 0 be fixed constants. By virtue of lemma 4.4, define 7" to be the
supremum of those times 7} such that the solution (f, «, 3, A, K, e) of the EVM system satisfies (28)
and

Suppf g B(TO) X B(U()), ||f||oo S €

A(t,0) <3, VteloT].

Here T' = o0, in fact we will show that it is the only possibility. Take g = 8, = K, = ¢, = 0, A = A,
a = a4 and T, = 1, applying theorem 3.2, there exists ¢ > 0 small enough, a positive increasing
function C' € C([0,1[) and a positive decreasing function n € C'([0,¢[) such that lim,_,o7(s) = 1 and
since d := || f]|oo < €, we have the estimate below

1f(®)lloo + lle)]lo < Ct)e, Vit [0,n(e)].
Then by definition of p, one gets
lp(®)lle < AC()e, Vit e [0,n(e)],
where the constant A depends only on ug. So fort € [0, 1]

lp(t)]|eo < Ae sup C(t) <1, with e suf ficiently small.
te(0,1]

Next, take § = 1/2 and note by C5* the constant C5 corresponding to C in lemma 4.3 and define

C* = 8(Cy" + 1)
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applying lemma 4.1, note C5* the corresponding constant to C; = C* and we take for instance 77 =
o 2

4(%—22) + 1 to have
Cr(1+)7 1< Co(l+8)Y2  fort>T.

Using theorem 3.2 with ¢ = 0, we can choose ¢ such that the solution (f, «, 5, A, K, e) exists on [0, 71]
and on this interval (54) is satisfying with parameters § = 1/2 and C5, provided || f|| < €. Define

Ty := sup {t € [0,T[; (f,a,B,A, K, e) satisfies (54) on [O,t]}
Then by definition 75 > 77 and using lemma 4.3
lo®)llo < C5"t77, £ €]0, T3],
the fact that ||p(t)||c < 1fort € [0, 1] allows us to establish the following inequality
lp®)lle < C*(1+1)7%, te[0,T3]

Note that the inequality above is obtained, distinguishing the cases 0 < ¢ < land 1 < ¢ < T5. Now,
using lemma 4.1, (54) holds with the parameters § = 1 and C.*, and with the choice of 7}, (54) holds
again on [T}, T3[ with parameters 6 = 1/2 and C5. By the construction of T, we obtain 75 = T. We
deduce from lemma 4.2

supp f(t) CR® x B(1+u), t€l0,T],
and using the theorem 3.1, we conclude that 7" = +o0.

On the other hand, the decay conditions with respect to coordinate time of the matter terms, Riemannian
tensor o, (t), the Ricci rotation coefficients v, (), the second fundamental form K, (t), K (t) and
electric field e(t) come with the proof. To prove that the solution (f, o, 8, A, K, €) is asymptotically flat
in time coordinate, we have just to show that (¢, 7) and A(¢, r) tend to unity as ¢ — +oo for each fixed r
while 3(t,r) and e(t,r) — 0. Since lim, , . o A(¢,7) = lim, oo (t,7) = 1 and lim, o, B(t,7) = 0;
the equations (6), (7) and (9) by integration on [r, +00|, and recalling the defintions (26) and (27) of
ADM mass and mass function respectively, give for o > 0, ¢ > 0, the fact that A is bounded and with
estimates obtained in theorem 4.1

|A(t,r)] <1+ / |A'(t, 5)| ds

+o0
2
§1—|—/—2A1/2m(t,3)d3
s
0

ro+4t
§1+2\/§/ ( ADM
ro+4t
T0+4t s
<14 / %/ /2A5/2 K2—|—167TP)<t 3>d8d8+2mADM\/_<T’0+4t) !

<14 Co(1+1t)" (r0+4t) +2mapnV3(ro+4t) "
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In the same way we also get the similary estimates for « and 3, in fact

“+o00

a(t,r)=1-— /o/(t, s) ds

+00 s
1 3
=1- / =y / ozA33/2(§K2 +47(p+ trS)) (t,s") ds'ds,
s
T 0
since o > 0
+o0 +o0
/ a(t,s)ds = / |/ (t, s)| ds
+0o0 1 s 3
— / Y /ozA38’2<§K2 —|—47T(p—|—trS))(t,s/) ds'ds
S
T 0
T 3
< Oy / —2/8/2A5/2(§K2+16ﬂ'p) (t,s") ds'ds,
S
0 0
hence
+00
alt.r)| = 1= [ |a'(e.s)]ds
+00 1 s 3
>1-— / 2—A/aA3s/2<§K2 +47T(,0+t7“5))(t,8/) ds'ds
s
T 0
T 3
>1—Cs / —2/8/2A5/2 (§K2 + 167Tp) (t,s")ds'ds
s
0 0
ro—+4t ] s 5 +o00
> 11—y / = /3’2A5/2(§K2 + 167rp) (t,s")ds'ds — Oy / mi;)M ds
0 0 ro-+at
>1—Cy(141)3(rg + 41t)2 + Cy(ro + 4t)*1,
next, using (P A3K)" = 8rr3AY)
3 ok
el < 5 [ s
2 S
+o0 1 S
< 127r / —4/3’3A4|j|(t,s') ds'ds
s
0 0
ro+4t 1 s +o00 1 s
< 127r / g/s’3A4|j|(t, s')ds'ds + 127r / g/s/3A4|j|(t,s/) ds'ds
0 0 ro+dt 0
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+oo
< Cor(l+ t)_3(r0 +4t) + Cor / mAé)M ds
5
ro+4t

S 027’(1 +t)_3<?"0 +4t) + CQ?"(?"O +4t)72

From above inequalities, using the fact that 1 < A(¢,7), a(t,r) < 1 and since we get ||e(t)]|o <
V2||p(t)]| 00, one concludes that

lim A(t,r) = lim o(t,r) =1

t—-+oo t—-+o00

and

lim B(t,r) = lim e(t,r) =0.

t—-+oo t—-+oo

So, the solution (f, «, 8, A, K, e) is asymptotically flat in time coordinate. To end the proof of theorem
4.1, we notice that all geodesics are complete. To see the latter, we have shown that the proper time
and coordinate time are equivalent along a timelike geodesic, combining this with the global existence
in coordinate time shows that geodesics are complete.

Remark 4.3. One can prove as in the zero shift vector case that if singularity exists, the first one has to
occur at the centre with arbitrary initial data.

5. Conclusion

In this work, we proved a global existence theorem for the EVM system in the spherically symmetric
setting. To achieve this goal, the concept of Fermi derivative was used to control the particle momentum
on the support of f. We hope to investigate in the next paper the global results to the EVM system
without any symmetry assumptions.
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