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ABSTRACT. This article concerns the inverse problem of the recovery of unknown potential coefficient for the Schrodinger
equation, in a bounded domain of R™ with non-homogeneous Neumann boundary condition from a time-dependent Dirich-
let boundary measurement. We prove uniqueness and Lipschitz stability for this inverse problem under certain convexity
hypothesis on the geometry of the spatial domain and under weak regularity requirements on the data. The proof is based
on a Carleman estimate in [12] for Schrédinger equations and its resulting implication, a continuous observability inequality.
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1 Introduction

Inverse problems for partial differential equations (PDE in short) have attracted much attention over
the past decades (sees for example [5] and the references therein). Both results of unique and stable
recovery of coefficients or sources have been considered for various PDEs and with various measure-
ments. Because of the subject of the present paper, we focus here our attention to references that dealt
with inverse problems for Schrodinger equations defined in a bounded domain of R” or of a Riemannian
manifold.

The stability issue in the inverse problem of determining the time-independent electric potential in the
Schrodinger equation with Dirichlet boundary condition from a Neumann boundary measurement on a
part of the boundary was treated in [2] and [14]. Baudouin and Puel [2] invoked the method of Carleman
estimate of [6] while Mercado et al [14] established a Carleman estimate with a relaxed pseudo-convexity
condition. This then yields a reduction of the portion of the Neumann boundary observation over [2] in
specific geometries. In these two papers, the Neumann datum is observed on a part of the boundary
satisfying the geometric control condition of Bardos, Lebeau and Rauch [1]. This condition was relaxed
in [3] at the price of requiring knowledge of the potential near the boundary. In [7], Cristofol and Soc-
corsi proved Lipschitz stability in the recovery of the time-dependent magnetic potential appearing in
the Schrodinger equation, from a finite number of Neumann observations measured on a subboundary
for different choices of the initial state by a method based essentially on an appropriate Carleman esti-
mate. This result was extended in [10] to the recovery of the complex-valued electric potential and the
direction of the magnetic field appearing in the dynamic Schrédinger equation with static coefficients by
finitely many partial boundary measurements of the solution. Bellasoued and Choulli [4] considered the
Schrodinger equation with magnetic potential and Dirichlet boundary datum. By employing a Dirichlet-
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to- Neumann approach, they obtained a stability estimate of the so-called magnetic field. Yuan and
Yamamoto [19] proved Carleman estimates for the Schrodinger equation in Sobolev spaces of negative
orders and used these estimates to derive the uniqueness in the inverse problem of determining an LP-
potential locally from some suitable local observation data. Deng [8] used some tools from Riemannian
geometry to obtain a Carleman estimate with a pseudo-convex weight function for a Schrédinger equa-
tion with variable coefficients in both the elliptic part and in the first order terms and then get uniqueness
and stability for the inverse problem consisting in recovering the potential from a Neumann measure-
ment on a portion of the boundary. Triggiani and Zhang [18] established uniqueness and stability results
for the inverse problem of determining the electric potential coefficient for a Schrddinger equation with
magnetic potential defined on a bounded connected set of a Riemannian manifold, subject to a non-
homogenous Dirichlet boundary condition by means of a Neumann boundary measurement on a portion
of the boundary. Liu and Triggiani [13] considered the inverse problem of determining simultaneously
two unknown electric potential coefficients for a system of two strongly coupled Schrodinger equations,
with magnetic potential terms, and with Neumann boundary conditions, from single Dirichlet measure-
ments on a portion of the boundary. Under suitable geometrical assumptions on the complementary
unobserved portion of the boundary, they showed uniqueness in determining the two unknown poten-
tial coefficients from respective Dirichlet boundary measurements over an arbitrarily short time interval.
Their proof is based on a Carleman estimate in [12] for single Schrodinger equations. To our knowledge,
there is no result available in the mathematical literature on the recovery of unknown potential coef-
ficient for a Schrodinger equation with Neumann boundary condition from a time-dependent Dirichlet
boundary measurement. In this paper, we use a global Carleman estimate for Schrodinger equations due
to Lasiecka et al [12] and the related continuous observability inequality to prove uniqueness and Lips-
chitz stability for this inverse problem under certain convexity hypothesis on the geometry of the spatial
domain and under weak regularity requirements on the data.

1.1 Statement of the problem and main assumptions

Let 7" > 0 and let 2 C R", n = 2,3, be an open bounded domain with smooth boundary I'" of

class C? consisting of the closure of two disjoint parts 'y and I'; both relatively open in I'. Namely
FIF()UFL,F(]ﬁFl 2@

Let v be the unit outward normal vector on I' and let g—]‘/ = V.v denote the normal derivative.
Asin [11], [12], [17],[16], and [13], we make the following assumption.

Assumption (H).
There exists a strictly convex (real-valued) non-negative function d : ) — R, of class C*? (ﬁ), such
that if we set h(x) = Vd(z):
(i)
od

— =hwv=0onT, (1.1)
v

(ii) the (symmetric) Hessian matrix H of d is strictly positive definite on €, i.e. there exists a constant
p > 0 such that forall z € Q :

Hy(z) > pl .
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(iii) d has no critical point in

inf |h(z)] =s>0.

e

Remark 1.1. Assumption (H) holds true for large classes of triples {2, 1,1}, see the appendices in
[11].

In 2, we consider the Schrodinger equation :

izg (x,t) + Az (x,t) = q(x)z (x,t), inQ=Qx][0,T], (1.2a)
z(., g) = 2o(x), in Q, (1.2b)
0z (z,t) e

e =g(x,t), inYX =T x[0,T]. (1.2¢)

Here z; is the given initial condition and g is the given Neumann boundary condition. Instead, the
potential ¢ is the time-independent unknown coefficient.

Remark 1.2. In (1.2a)-(1.2¢) and (1.4a)-(1.4c) we consider t = L to be the initial time. Because this
is appropriate to apply the Carleman estimate specified in [12] for Schrodinger equation, which uses a
pseudo-convex function v in (3.1) centered around %

Let z = z(q) be a solution to problem (1.2a)-(1.2¢). This paper treats the inverse problem which
consists in determining the potential ¢ from the observations of the Dirichlet boundary datum z on >y =
['y x [0,T] . We will prove uniqueness and stability of the nonlinear inverse problem characterized by
the nonlinear map

q— zly,
We will more precisely answer the following questions
Uniqueness in the nonlinear inverse problem
Under the geometrical Assumption (H) imposed on I'(, does the equality
2(q) = z(p) on ¥,
imply

g =pin ()

Stability in the nonlinear inverse problem.

Let {z(q),z(p)} be solutions to (1.2a)-(1.2¢). Under Assumption (H), is it possible to estimate
(g —p)|o by (2(q) — 2 (p)) |, in suitable norms ?

The corresponding linear inverse problem

We notice that the nonlinear inverse problem can be reduced to a linear inverse problem. In fact, if we
set :
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f(z)=q(zx)—p(z), (1.3)

Then after subtracting problem (1.2a)-(1.2¢) with coefficient ¢ from problem (1.2a)-(1.2¢) with coef-
ficient p, we obtain :

iug (z,t) + Au(z,t) = q () u(z,t) + f () R(z,t), inQ, (1.4a)

ul., g) —0, in Q, (1.4b)

Qulz,t) _ g on ¥, (1.4¢)
ov

where, the term f is the unknown time-independent coefficient. The u-problem has the advantage over
the original z-problem in (1.2a)-(1.2¢) that the map f — u (f) , where u = u (f) is a solution to problem
(1.4a)-(1.4c), is linear. Here we also face two problems.

Uniqueness in the linear inverse problem: Under Assumption (H), is the following implication true.
u(f)=0o0n%; = f=0in{

Stability in the linear inverse problem: Under the geometric Assumption (H), is it possible to esti-
mate f|., from the knowledge of the Dirichlet traces u (f) |5, ?

2 Main Results

The main results are the following theorems.
Theorem 2.1. Suppose that Assumption (H) holds true. Let
T>0. 2.1

For the u-problem (1.4a)-(1.4c), assume
qc Wl.oo (Q) y f € Wl.oo (Q) y R, Rt, Rtt eC ([OT] ,Hl (Q)) ,

Ry (2 8) Rao (F) R (1 5) €L7(Q), 1< Gk l<n, &2

fR, fRy, fRy € C([0.T),H" (Q)), (2.3)

‘R(., g) >r >0, x€Q, for some constant r. (2.4)
Assume also that the solution u = u (f) to problem (1.4a)-(1.4c) has the following regularity

u,ug, uy € C ([0.7), H (), (2.5)
If

w(f) (,t) =0, (z,1) € Xy, (2.6)
then
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Next, we state a stability result for the linear inverse problem.

Theorem 2.2. Consider problem (1.4a)-(1.4c), subject to Assumption (H) and to (2.1), (2.2) , (2.4) .Then
there exists a constant C' = C (2, T,T'1, ¢, q, R) > 0, such that

11z 0y < Cllluell pegssyy + el g2 (2.7)

Now, we give a uniqueness result for the nonlinear inverse problem.

Theorem 2.3. Suppose that Assumptions (H) holds true. Consider problem (1.2a)-(1.2¢) on [0.T, with

T > 0 as in (2.1), one time with potential coefficient q and one time with potential coefficient p, assume
further

g pE W' (Q). (2.8)

Let z = z (x,t) be the solution of the corresponding problem (1.2a)-(1.2¢), such that

z,z, o € C([0.T),H (Q)), (2.9)
20mi5 Awizyy Wziage, € L7(Q), 1< 4,5,k <n. (2.10)
Moreover, let
|20 ()| >7 >0, 2€Q. (2.11)
If
2(q) (z,t) = 2 (p) (z,t), (z,t) € 1. (2.12)
then

g(z)=p(r), zel

Finally, we state a stability result for the nonlinear inverse problem.

Theorem 2.4. Suppose that Assumption (H) is satisfied. Consider problem (1.2a)-(1.2¢) on [0.T], with
T > 0 as in (2.1), onece with potential coefficient ¢ € W' (Q) and once with potential coefficient p
e Wt (Q), and let = (q), z (p) € C ([0.T], H" (Q)) denote the corresponding solutions. Moreover,
assume that the initial datum zy is subject to (2.10) and (2.11). Then there exists a constant C' =
C(Q,T,T, ¢, ||q||Loo(Q) ,20,9) > 0, such that

lg = Pl < CLllze (@) (2,1) — 2 (p) (2, Ol pope,) + 22 (@) — 206 (D) p2p, ) (2.13)

The proofs of these theorems are based on a Carleman estimate for Schrodinger equations and a con-
sequent continuous observability inequality.
3 Carleman estimates for Schrédinger equations

In this section, we recall a Carleman estimate for the Schrodinger equation at the H'! -level established
in [12].
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3.1 Pseudo-convex function (see [12], p. 46).
Suppose that the function d introduced in Assumption (H) satisfies d (z) > dy > 0, and we define a
pseudo-convex function ¢ (., .) by

2
go(x,t)zd(a:)—c(t—g) , T €Q, tel0.1], (3.1)

where 1" > 0 is arbitrary and ¢ = ¢y is chosen large enough so that

cI? > 4maxd (r) sothat ¢TI > 4maxd (x) + 46, (3.2)
x€Q e

for a suitably small 6 > 0, henceforth kept fixed. The function ¢ has the following properties.

(a) For the constant 0 > 0 fixed in (3.2) and for any ¢ > 0,

T
oz, t) < ¢ <:1:, 5) for any ¢t > 0 and any = € 2, (3.3)

T2
o (z,0) = ¢(x,T)=d(z)— c < —¢ uniformly in z € €.

(b) There are tg and t1, with 0 < £y < % < t1 < T, such that for all z € Q)

min ¢ (z,t) > o > 0. (3.4)
z€Q, telto,t1]

since ¢ (, %) =d(x) > dy > 0.forall z € ) (in fact, only the weaker property: min ¢ (x,t) > o > —0

z€Q, t€[to,t1]
1s actually needed).

3.2 Carleman estimate at the H'- level
Consider the Schrodinger equation
iug (x,t) + Au (z,t) = ¢ (x)u(x,t) + F (z,t) in Q, (3.5)
where ¢ € L™ (), F € L*(Q) = L* (0, T, L*(2)) .

We consider solutions of (3.5) at first without imposing boundary conditions. They will be taken
initially in the class

u € H*?(Q)=L*(0,T,H*(Q)NH*(0,T,L* (Q)) (3.6)

so that

) 1 1
a—z % (0,T,H§ (r)) oy € L2(0,T, H (), wlp € L2 (O,T,Hi (r)) .

The following Carleman estimate holds true for the solutions of (3.5) (see ([12], Theorem 5.1, p. 74).
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Theorem 3.1. . Suppose that F' € L?(Q) and that Assumption (H) is satisfied. Let u be a solution of
(3.5) in the class (3.6). Then the following one parameter family of estimates holds true, for all T > 0

sufficiently large
Blg (u) + 4 / P\ FPAQ = O, / 2 ||Vul’| a@ 3.7
Q Q
+Ch,r / ¥ |ul? dQ — Cyrre " [, (0) + B, (T)],
Q
where

~ 1 ~ |
CI,T = 50 <2T,0 — 5) — 4CT, 02’7— = 47’3ps2 (1 - 50) +0 (7’2) — 4CT.

Here 0 < g < 1 is some fixed number while Cy 1 is a positive constant depending on d (x) and T'. In
particular, Cp depends on the L™ (§2)-norm of the coefficient q. Moreover the boundary terms Bls, (u),
are given explicitly as follows,

T
By (u) = 27/ e27¢ {2T2|h|2+<1>] |u|? h.vdldt
0

27 ag 877
[ (- T) o 2]
r

0
T
—27 / / ¢ [&m — Eny] hovdDdt
0T,

T
ou ou
219 2 2_ el el
—|—//e [27 17| <1>Huav+ua]drdt
0

/ ¢*% |Vul? h.vdDdt. (3.8)
I

where £ = R (u), n = 3 (u), ¢ is the constant in (3.2), while the function ® may be taken to satisfy
either ® = 0, or else & = TAd (x). Moreover, E, is the energy function defined by

B, (t) = / [|Vu (z,0)]* + |u<a:,t)|2} deQ.

Q

We also recall the following extension of the Carleman estimate (3.7) to solutions of (3.5) in the class;

ou

ue C (0.7, H () e

ug € L* (0,7, L*(T)) . 3.9)
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Theorem 3.2. ([12], Theorem 7.3.1, p. 92). With reference 1o (3.5), let F € L* (0,T, H' (Q0)) , and let
the function d be subject to the Assumption (H). Then, the Carleman estimate (3.7) holds true also for a
solution of (3.5), in the class (3.9).

4 Proof of Theorem 2.1

Step 1. We return to (1.4a) for u = u (f), i.e., we consider the equation
iug (z,t) + Au (2, t) = g () u(x,t) + f () R (,t). 4.1)
By matching (4.1) with (3.5), we find
F=fReC(0.T],H (). (4.2)

Thus F € L? (0,7, H' (Q)). So, we apply Theorem 3.2, i.e. Carleman’s estimate (3.7) to (4.1), (4.2)
and get

Bl (u) + 4 / 7 | (2) R (2,8)2dQ > 4.3)
Q

Ci,s / e [|Vul*| dQ + Co,y / ¥ [u2dQ — Carre > [B, (0) + E, (T)],
Q Q

From (1.4¢) and (2.6), we have
Bls. (u) = 0. 4.4)

Substituting (4.4) on the left hand side of (4.3), we find the following estimate, for all 7 sufficiently
large

Crr / 27 [mﬂ dQ + C,, / 7 |ul? dQ 4.5)
Q Q
< 4 / 22 | £ (2) R (2, )2 dQ + Corre2 [Ey (0) + By (T)].
Q

Step 2. We differentiate problem (1.4a)-(1.4c¢) with respect to time to obtain

i(ut)t (:E?t>+A(ut) (:E7t> ZQ('r) Ut (:E,t)—f—f(l‘) Rt (:E,t), in Q7 (463)

Uy (., g) =—if () R (., g) , in (2, (4.6b)

Qul,t) _ on 3. (4.6¢)
v
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and proceed as in the previous step to find for all 7 sufficiently large

Cir / 2 ||V *| dQ + G, / 7% |uy|” dQ

Q Q
<4 / 2 | f (2) Ry (2, )" dQ + Cyrre > [E,, (0) + By, (T)]. 4.7)
Q

Step 3. We differentiate the problem (4.6a)-(4.6¢) with respect to time, we find

i (), (2,8) + A () (3,8) = g (2) g (2,8) + f () Ry (2,8), inQ,  (48)
w( D) =a(r0n( D) -a0r0a( D) -isom (L), mo s
W o, on s, (4.80)
We note that, from (2.2), uy (-, L), is in H~1 () (see (4.8b) and not in H' (%2), as needed to invoke

Theorem 3.2. As the initial conditions in (4.8D) are very irregular, we will first prove Theorem 2.1 under
the following temporary constraints on the data

fR ( g) c H?(Q), (4.9)

for which the solution
uy € C ([0.7], H (). (4.10)

(4.9) holds true provided that
T
feH*(Q), and R < 5) € M(H?(Q)) : the set of multipliers in H3().. (4.11)

A characterization for (4.11) is given in ([15], Theorem 1 with m = [ = 3, p = 2, p. 243). More direct
sufficient conditions for (4.11) to hold is that

feH (Q)),

) 4.12
Ray (+3) R (4 5) Rayen (-3) €17(0), 1< Gk 1< 1

Then, we will extend the result to all f € W (Q), with R,,, Ry 4, Ry, as in (4.12), by using

(1) the continuity of the map

whe©) = ¢ (jo.1], H} (D)),
T:f = Tf=uls

and
(ii) the denseness of H? (2) in W1 (Q).

From (2.2),(2.3), we have F = fRy € L? (0, T, H' (0)),
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So, we can apply Theorem 3.2 to the u;-equation (4.8a) , to obtain after recalling (4.8¢) and (2.6)

6177- / 627—('0 [|Vutt|2] dQ + 6277- / 627—('0 |utt|2 dQ
Q Q
< 4 [ @70 1f (@) R (2,)dQ + Cure ™ (B (0) + Buy (7).
Q

for all 7 sufficiently large.
Step 4. We sum up (4.5), (4.7) and (4.13) to obtain

51,7/62790 [|VU|2 + |Vut|2 + |VUtt|2] d
Q

+Cor [ [luf + uf + Jua] d
Q

< 4 [ IFRE PR 4 £ R 4@ +
Q
Cd;TTe_zTé [Eu (O) + Ey (T) + Eu, (O) + Ey, (T) + By, (O) + By, (T)] )
for all 7 sufficiently large.
Step 5. We simplify the integral term on the right-hand side of estimate (4.14).
Proposition 4.1. For the integral term on the right-hand side of (4.14) , we have

[ e ln w1 0RE 1R dQ < o [ (11 ae,
Q Q

T
N fFIPdQ < {( ) (2cT'T + 1 } e2®) |y, (x, 5)|? dsd€
Q/ /0/

N
+<ﬁ>// @) |y (2, )| dsdQ+—/|ut z,0)[2 do.
0

Proof of Proposition 4.1
From (2.2) on R, Ry, Ry € L™ (@), we have

[ lnp w1 0rE 1Rl dQ < o [ (11 ae,
Q Q

with C'p a constant depending on the L>° (Q)-norms of R;, R;:, R;+ and (4.15) is verified.
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To prove (4.16), use use the method suggested in ([9], Theorem 8.2.2, p. 231). We take t = % in

u-equation (1.4a), invoke the initial condition (1.4b) , we find

iy (:1: g) — f@)R (:1: g) |

From (2.4) , we have ‘R (:1:%)‘ > r > 0, then

f (@) < »

()
< —lug |z, = |-
r 2

By (4.19), (3.3) and (3.1), we have

T
/ & |f12dQ = / / 9D | £ ()2 d2dt
0 Q

Q

%
T T
= alder / / <§ B ) e2909) [y, (i, 5) | dsdS +
0

2//62”‘”“’S lug (x, 8)]| |uge (, 3)|deQ—|—/€27‘p(x’0) lug (z,0)* )
0

Q

Using the Schwarz inequality and bearing in mind that (% — s) < %, we get

T
z
T
/62T(p|f|2dQ < T—2((20T7')//62T<P|ut|2dtdﬁ+
Q0

Q

//@27—('0 |’U,t|2 + |Utt|2 dtdQ+ /GZT@(x,O) |Ut ($,0)|2dQ)
Q

Q

z
T l'S
< 5 (20T +1 // g (2, 8)|° dsd§)
”

0
T
+t3

Q

0

(4.18)

(4.19)

(4.20)

by using in the last step ¢ (,0) < —d by (3.3), so that €27#(#:9) < 1. Then (4.16) follows from (4.20) .
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Step 6. We insert the estimates (4.15) , (4.16) into (4.14) , we get the desired estimate for the u-problem
(1.4a)-(1.4c) in the following proposition.

Proposition 4.2. In addition to the hypotheses of Theorem 2.1, assume that f € H? (), as in (4.11).
Then, the following estimates are true for the u-problem (1.4a)-(1.4c), for all T > 0 large

6177/62”" (IVal? + (Va4 V] dQ + Ko [ 2 Juf + fuf® + fua ] 4
Q

Cr <7“2> 27-('09:0 |u (37 O)| dQ—l—CdTTe 270

[Eu (0) + Eu (T) + Eu, (0) + Eu, (T) + Euy, (0) + Eu,, (T))],

where

Ko = Gos — Cp (T> (277 +1) - Cp (%) | (421)

From (4.21), we deduce

T
K., / 2 [[uf* + [l + Juu | dQ < Cy (—) / 20 [y (2, 0) [ d2

Q Q
+ Carre ™ [E, (0) + Ey (T) + By, (0) + By, (T) + Ey,, (0) + By, (T)]
S COnStu,data, (422)

where C'onst,, 4qtq 1 @ constant depending on the data R, T', u, r, 9, d, but not on 7.

Step 7. We note again that from (3.4), (4.22) implies

t1 bt
K277-62TU// [|u|2 + g |* + |Utt|2} dQ < Kz,T//€2w [|U|2 + Jug|* + |Utt|2] d
o Q to Q
T
< Kz,r//(izw “U|2 +u|” + |Utt|2} dQ
0 Q

< Consty datas (4.23)

For 7 — +o0in (4.23), K5, is of order 73, then (4.23) implies
u(x,t)=0 (x,t) € QX [to, 1] .

In particular for ¢y < % <t

iy (:1:, g) =f(»)R (:1:, g) =0, ze€. (4.24)
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after recalling (4.18). (4.24) together with (2.4), yields

fl)=0, €9, (4.25)
Step 8. By assumptions (2.2), (2.5) on u-problem (1.4a)-(1.4c), the map

whe Q) - C([0,T], H (),
f = u

is continuous. Hence, by trace theory, the map

Whe(Q) — C ([o,T] Nit (r)) .
T+ foTf=uly (4.26)

is also continuous. Since H3 () is dense in W1 (Q), the conclusion of (4.25) that 7f = 0 for
f € H?(Q), can be extended via (4.26) to 7f = 0 forall f € W' (Q) and R, (., ), Ry,u (1 2)

R jupan (- %) € L> (), 1< j,k, Il <n. The proof of Theorem 2.1 is thus complete.

5 Observability inequality

In this section, we recall an observability inequality (see ( [12], Theorem 8.4)) for the problem (1.2a)-
(1.2c) with homogeneous boundary condition, namely the problem.

iy (x,t) + Ay (z,t) = q(x)y (x,t), inQ, (5.1a)
T
y(. 5) = yo(z), in €, (5.1b)
Oy (@t) _ g on s (5.1c)
ov
with
yo € H'(Q), g € L% (). (5.2)

Then, its solution satisfies
yeC([0.7],H' (Q)) .

Theorem 5.1. . Suppose that the Assumption (H) is satisfied. Let y be the finite energy solution of
equation (5.1a) satisfying the Neumann B.C. (5.1c) and iy € H' (). Then the following observability
inequality holds true: there is a constant C' = C'(2,T,q) > 0 such that

T
ool < Cr [ [ ol + 1] v, 5.3
0 I
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6 Proof of Theorem 2.2

Step 1. Consider the u;-problem (4.6a)-(4.6¢), with data (2.2) and (2.4) i.e

i (), (2, 6) + A (ug) (2,8) = q (2) ug (2,8) + f(2) Ry (1),
U ( g) =—if()R ( g) c H (Q), in Q,
W =0, on X.

Set
U = Up + Uy,

where
i (), (2, t) + A (@) (2,t) = q(2) @ (v,),  inQ,
w(og)=-iror(.3), ino,
a“gf’ D _y, on ¥.

and

~ T

Ut (., 5) == 0, m Q?

Oulz,t) _ on S
Ov

(6.1a)
(6.1b)

(6.1c)

(6.2)

(6.3a)
(6.3b)

(6.3¢)

(6.42)

(6.4b)

(6.4¢)

Step 2. In view of (5.2), we apply the continuous observability inequality (5.3) to the u;-problem

(6.3a)-(6.3¢), so that

ron(.3

T
2
<ct, [ [ [+
H'(Q) 0T

Since |R (z.)| > r >0, for = € Q, (see (2.4)), then using (6.2), we obtain

Il < Crar { Nl + Il s, |
< Crgr {||Ut — Ut posy xpo, ) + e — att”L?(I‘lx[O,T])}
< Crgr {HutHL?(le[O,T]) el 2 sy + el g2,y + ||ﬂtt||L2(zlx[o,TD} ’
with O, = <2

(6.5)

Step 3. We need to drop the lower order term {HatHLQ(I“IX[O’TD + ||att||L2(El><[O,T])} in (6.5). We do

this by a compactness-uniqueness argument. We need the following lemma.
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Lemma 6.1. Consider the u;-problem (6.4a)-(6.4c) with data
qge W (Q), feW"(Q), R,R,RycC([0.T],H"(Q)). (6.6)
Define the following operators

{ K :Whe(Q) = L*(21), K {f} =t s,
L:Wtee(Q) — L* (3 x [0,7)), L{f} = tu |5,

Then

K and L are compact. (6.7)

Proof of Lemma 6.1 Step i. From (6.6), we have the following regularity for the ;-problem

i, € C([0.7],H () . (6.8)

Differentiating the @;-problem (6.4a)-(6.4¢) in time, we find

i(ﬂtt)t ($,t) +A(1~Ltt) ([L",t) = Q([B) 'lNLtt ($,t) +f([17) Rtt ($,t) s in Q, (693)

'lNLtt (., g) = —Zf ([B) Rt ([E, g) R in Q, (69b)

M =0, on Y. (6.9¢)
v

Because of (6.6), we have

iy € C([0.7),H () . (6.10)
Step ii. Problem (6.4a)-(6.4c) under assumptions (6.6), (6.8) for @, yields the map

whe(Q) — C(0,T], H' (Q)),
f — ”lNLt

1s continuous. Hence, by trace theory, the map

Wi Q) — C ([o,T] H? (r)) .
T f = Tif =ils (6.11)

is also continuous. Problem (6.9a)-(6.9¢) under assumptions (6.6), (6.10) for @y, yields the map

whe Q) - C([0,7], H (),
f — ﬂtt
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1s continuous. By trace theory, the map

To: W (Q) — c([o,T],H% (r)).
[ = Taf =uls (6.12)

1S continuous.
Step iii. Since R; € L™ (Q), we deduce from (6.11) that

fewte(@Q)—=a(f)]s €C ([O,T]  Hz (F)) continuously, i.e

@ ()l o(om )SCR||f||H1(Q) (6.13)

Similarly, from (6.12), where R; , Ry € L™ (Q), we have

fewt>(Q) = ay(f)|s €C ([O,T]  Hz (F)) continuously, i.e

e (Dl i) < O (1) (6.14)

Step iv. We deduce from (6.13) and (6.14), that K and L are compact operators because the embedding
Hz (') — L2 (T') is compact. This completes the proof of Lemma 6.1.

Step 4.

Assume that the inequality in (2.7) does not hold. Then, there exist a sequence { fn}nzp fn €
Whee (Q) ¢ H'(Q), such that

||fn||H1(Q) =1 n>1, (6.15a)
nl_ii{loonut (fn)||L2(21) + [Jun (fn)||L2(21) =0. (6.15b)
From (6.15a), there exist subsequence, still denoted by f,, , such that
fn converges weakly in L? () to some fy € L* (), (6.16)
by (6.7) we have

m K fo =~ Kfullpae,y = lm |Lfa = Lfnllas,) = 0. (6.17)

m,n——+00
Also, from (6.5), and the linearity of the map f — u (f), we find

[fn = fmllg) < Crar {||Ut (fn) = we ()l oy + llwee (fn) — vt (fm)||L2(E1)} +
Coar N b = K bl + 1 = Lhnllos)
< C {||ut (i)l g2y + e (Fadll p2esy) + 1w (F)ll 2,y + Nl (fm)||L2(21)} +

Crgr {16 fu = K fl 2y + 1260 = Lfmll 2y }
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then, by (6.15b) and (6.17), we find that

im || fp = fall gy = 0.

n,m——+0oo

By uniqueness of the limit, and (6.16), we obtain

i |1 = foll o) = 0. (6.18)

Thus, in view of (6.15a), (6.18) implies
||fo||H1(Q) =1 (6.19)

We return to the u-problem (1.4a)-(1.4¢). From hypothesis (2.2) and (2.5) , we have the continuity of
the map

wh=(Q) — C([0,7], H (%)),
f — u

Hence, by trace theory, the map

whe ) = ¢ (jo.1], H} (D)),
T:f = Tf=uls

18 also continuous, i.e.

4o, ) < C (1)

because, H2 (I') embeds in L2 (I'), then

lu (N)lleo,r, L2y < Cr (Hf”Hl(Q)) : (6.20)

As the map f — u (f)|y is linear, it then follows in particular from (6.20), since f,, fo € W' (Q),
that

lw (fn) 50 = w(fo) s leqory, 2y < Cr (||fn — fO”Hl(Q)) : (6.21)

Inserting (6.18) into (6.21), we find

lm|[u(f) |z, —u(fo) s ||C([0,T],L2(r1)) = 0.

n—-+oo

Similarly, for u;-problem (6.1a)-(6.1¢), we have by hypothesis (2.2) and (2.5) ,

il (F) [0 = we (fo) [ leqom 2y = 0 (6.22)

Then, by virtue of (6.15b), combined with (6.22), we obtain for ¢ € [0, 7] that
ut (fo) [, = 0. (6.23)
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For the u-problem (1.4a)-(1.4c), with f = f,, € W (Q)andq € W' (Q), R € C ([0.T], H (Q)),
we have

u(fn) (x,%) =0, x € Q,

and therefore

T

u(fn) <az 5) =0, z €Ty, (6.24)

in the sense of trace in /2 (I';) , then (6.24) combined with (6.21) yields a-fortiori

U(f()) <I7 g) = 07 S F17

and by virtue of (6.23), the desired conclusion
u(fO) <$7t)=O7 (ﬂf,t) EE1-

Here, u (fy) solves problem (1.4a)-(1.4c) with f = f;.
Finally, we apply Theorem 2.1 to conclude that
fo(z) =0, ze Q.

and this contradicts (6.19). Thus the proof of Theorem 2.2 is complete.

7 Proof of Theorem 2.3

From (1.3), we have

fx) = q(z) —p(2),
R(z,t) = z(p)(x,1),
u(a:,t) = Z(Q)(xvt)_z(p) ($,t). (7.1)

Since R (z,L) = 2z (p) (z,%) = 2z (z), z € Q (see (1.2)), the conditions (2.9) and (2.10) in The-

orem 2.3 imply (2.2) for R, Ry, Ry, R, (., %) , Ry (., %) s Ry (., %) in Theorem 2.1. Also, the

condition (2.11) in Theorem 2.3 implies (2.4) in Theorem 2.1. Moreover, assumption (2.8) for ¢, p in
Theorem 2.3 implies assumption (2.2) for f in Theorem 2.1.

Now, (2.12) together with (7.1) gives
u(f)(z,t) =0, (z,t) € .

Thus from the uniqueness property in Theorem 2.1 for the u-problem we conclude that
f(z)=0, z€Q,

1.€,
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8 Proof of Theorem 2.4

We end this paper by the proof of Theorem 2.4.

From (2.8),(2.9) and (7.1), we have f € W' (Q) and R € C ([0.7], H* (Q2)). Thus, we can apply
Theorem 2.2, to the function u {u = 2z (¢) — z (p)} in (7.1), solving problem (1.4a)-(1.4c), to obtain the
desired stability estimate (2.13), i.e

la =Pl < € {llze(a) (@) = 2 () (2 8) oy + e (0) = 2 (D)o -
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