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1 Introduction

The question of to what extent the multiplicative structure of rings and algebra determines its addi-
tive structure has been considered by many researchers over the past decades. In particular, they have
investigated conditions under which bijective mappings between algebras preserving the multiplicative
structure necessarily preserve the additive structure as well. The most fundamental result in this direc-
tion is due to W. S. Martindale III [12], who proved that every bijective multiplicative mapping from a
prime ring containing a nontrivial idempotent onto an arbitrary ring is necessarily additive. Let R be an
associative ring. An additive mapping d : R → R is said to be a derivation if d(st) = d(s)t + sd(t)

for all s, t ∈ R. For any s, t ∈ R, we denote a "new product" of s and t by {s, t} = st + ts, this new
product is usually known as Jordan product. Such kind of product based on Jordan bracket naturally
appears in relation with the so-called Jordan derivations. An additive mapping d : R → R is said to be a
Jordan derivation if d({s, t}) = {d(s), t} + {s, d(t)} holds for all s, t ∈ R. It is to be remarked that if
the additivity is dropped in the above definition, then d is said to be a multiplicative Jordan derivation.

The concept of derivation and Jordan derivation has been extended to higher derivation, Jordan higher
derivations and Jordan triple higher derivation of rings. Let N be the set of non-negative integers and
D = {dm}m∈N be a family of additive mappings dm : R → R such that d0 = idR, the identity map on R.
Then D is called a higher derivation on R if for every m ∈ N, dm(st) =

∑
i+j=m

di(s)dj(t) for all s, t ∈ R.

A family D = {dm}m∈N of mappings dm : R → R (not necessarily additive) is said to be:

(i) a multiplicative Jordan higher derivation on R if for every m ∈ N,

dm({s, t}) =
∑

i+j=m

{di(s), dj(t)} for all s, t ∈ R.

© 2023 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 36



Given the consideration of Jordan derivations and Jordan triple derivations, Lin [7, 8] further developed
them in a more general way. Suppose that n ≥ 2 is a fixed positive integer. Let us consider a sequence
of polynomials:

p1(Y1) = Y1,

p2(Y1, Y2) = {p1(Y1), Y2} set
= {Y1, Y2},

p3(Y1, Y2, Y3) = {p2(Y1, Y2), Y3} = {{Y1, Y2}, Y3},
p4(Y1, Y2, Y3, Y4) = {p3(Y1, Y2, Y3), Y4} = {{{Y1, Y2}, Y3}, Y4},

...
... ,

pn(Y1, Y2, · · · , Yn) = {pn−1(Y1, Y2, · · · , Yn−1), Yn}

A multiplicative Jordan n-derivation is a mapping d : R −→ R satisfying the condition

d(pn(s1, s2, · · · , sn)) =
n∑

k=1

pn
(
s1, · · · , sk−1, d(sk), sk+1, · · · , sn

)
(1.1)

for all s1, s2, · · · , sn ∈ R. This notion makes the best use of the definition of Jordan-type derivation
and that of Lie-type derivation, see [7, 8]. By the definition, it is clear that every Jordan derivation is
Jordan 2-derivation and each Jordan triple derivation is an Jordan 3-derivation. One can easily check
that each multiplicative Jordan derivation on R is a multiplicative Jordan triple derivation. But, we don’t
know whether the converse statement is true. Jordan 2-derivations, Jordan 3-derivations and Jordan
n-derivations are collectively referred to as Jordan-type derivations.

Let pn(Y1, Y2, · · · , Yn) be the polynomial defined by n indeterminates Y1, · · · , Yn and their Jordan
multiple products. Let N be the set of non-negative integers and D = {dm}m∈N be a family of mappings
dm : R → R such that d0 = idR, the identity mapping on R. Then D is called a multiplicative Jordan
n-higher derivation if D satisfies the condition

dm(pn(s1, s2, · · · , sn)) =
∑

i1+i2+···+in=m

pn(di1(s1), di2(s2), · · · , din(sn)) (1.2)

for all s1, s2, · · · , sn ∈ R and for eachm ∈ N. It is to be noted that {dm} is called a multiplicative Jordan
higher derivation whenever n = 2, and is called a multiplicative Jordan triple higher derivation when-
ever n = 3. Jordan higher derivations, Jordan triple higher derivations and Jordan n higher derivations
are collectively referred to as Jordan type higher derivations.

Jordan type derivations in different backgrounds are extensively studied by several authors. Herstein
[5] first proved that every additive Jordan derivation from a prime ring of characteristic not 2 into itself
is a derivation. Li and Lu [10] proved that every additive Jordan derivation on reflexive algebras is an
additive derivation. Brešar [2], proved that every Jordan triple derivation from a 2-torsion free semiprime
ring into itself is a derivation. Recently, Lee and Quynh [6] gave a complete characterization of additive
Jordan triple derivations of arbitrary semiprime rings, which generalized the results in Ref. [2]. Lu
[11] proved that every multiplicative Jordan derivation on a 2-torsion free unital prime ring containing
a nontrivial idempotent element is an additive derivation. Li and Fang [9] discussed the additivity of
multiplicative Jordan (triple) derivations on nest algebras. Benkovic and Sirvonik [1] proposed a kind
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of algebras. Assume that R is a non-zero unital associative algebra with a non trivial idempotent e, and
write f = 1− e. Then R can be represented as R = eRe+ eRf + fRe+ fRf , where eRe and fRf are
subalgebras with units e and f , respectively, eRf is an (eRe, fRf)-bimodule and fRe is an (fRf, eRe)-
bimodule. Furthermore, assume that R satisfies the following general conditions:

⎧⎨
⎩

exe.eRf = 0 = fRe.exe =⇒ exe = 0

eRf.fxf = 0 = fxf.fRe =⇒ fxf = 0.

⎫⎬
⎭ (1.3)

for all x ∈ R. Throughout this paper, we denote eRe by R11, eRf by R12, fRe by R21 and fRf by R22.

Zhang [21] independently studied 1-Jordan derivations on factor von Neumann algebras. Until re-
cently, Xiaofei Qi et.al, [16] gave the characterization of Jordan n-derivations of unital rings containing
idempotents. On the other hand, many mathematicians have made outstanding contribution for higher
derivations on some classical algebras (see [3],[13], [14],[15], [18],[19],[20]).

Motivated by the afore-mentioned works, we investigate multiplicative Jordan n-higher derivation on
non-zero unital associative rings. In fact, we prove that every multiplicative Jordan n-higher derivation
D = {dm}m∈N from R to itself is an additive higher derivation.

2 Main Theorem

In this section, we discuss the additivity of multiplicative Jordan n-higher derivation on unital rings.

Theorem 2.1. Let R be a non-zero unital associative ring with a nontrivial idempotent e satisfying (1.3).
Assume that the Ch(R) �= 2, where Ch(R) denotes the characteristic of R. Then for all n ≥ 2, every
multiplicative Jordan n-higher derivation on R is additive.

Proof of Theorem 2.1. Assume ψm : R → R is a multiplicative jordan n-higher derivation. let z0 =

eψm(e)f − fψm(e)e. Now define two maps hm and ψ
′
m as follows ; hm : R → R and ψ

′
m : R → R such

that hm(z) = [z, zo], for all z ∈ R and ψ
′
m = ψm − hm. Clearly ψ

′
m is also a jordan n-higher derivation

and satisfies eψ
′
m(e)f = fψ

′
m(e)e = 0. So, without loss of generality we will assume that eψm(e)e =

fψm(e)f = 0 in the following claims.

Claim 2.1. ψm(0) = 0

Proof. To Prove the claim we use the principle of mathematical induction. For m = 1, result is true by
[16]. Now suppose that it also holds for all k < m i.e, ψk(0) = 0, we will prove that it is also true for all
m ∈ N. Since, 0 = pn(0, 0, 0, · · · , 0) and by our assumption, this implies

ψm(0) = ψm(pn(0, 0, 0, · · · , 0))

=
n∑

i=1

pn(0, 0, 0, · · · , ψm(0)i, · · · 0) +
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(0), ψi2(0), · · · , ψin(0))

= 0.
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Claim 2.2. ψm(e) ∈ R11 and ψm(f) ∈ R22.

Proof. we will prove this with the help of induction,for m = 1 it is true, now suppose it is also true for
all k < m.We will show it holds for all m ∈ N. since 0 = pn(e, f, f, · · · , f) by induction hypothesis and
using Claim 2.1 ,we get

0 = ψm(pn(e, f, f, · · · , f))
= pn(ψm(e), f, f, · · · , f) + pn(e, ψm(f), f, · · · , f) + pn(e, f, ψm(f), · · · , f)
+ · · ·+ pn(e, f, f, · · · , ψm(f)) +

∑
i1+i2+···+in=m

0≤i1,i2,··· ,in≤m−1

pn(ψi1(e), ψi2(f), · · · , ψin(f))

= pn(ψm(e), f, f, · · · , f) + pn(e, ψm(f), f, · · · , f)
= 2n−1fψm(e)f + eψm(f)f + fψm(f)e. (2.1)

and

0 = ψm(pn(f, e, e, · · · , e))
= pn(ψm(f), e, e, · · · , e) + pn(f, ψm(e), e, · · · , e) + pn(f, e, ψm(e), · · · , e)

+ · · ·+ pn(f, e, e, · · · , ψm(e)) +
∑

i1+i2,···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(f), ψi2(e), · · · , ψin(e))

= pn(ψm(f), e, e, · · · , e) + pn(f, ψm(e), e, · · · , e)
= 2n−1eψm(f)e+ fψm(f)e+ eψm(e)f. (2.2)

from equations (2.2) and (2.3), we get eψm(e)f = fψm(e)e = 0, fψm(e)e = eψm(e)f = 0 and
fψm(e)f = eψm(f)e = 0, as ch(R) �= 2. Therefore, ψm(e) = eψm(e)e ∈ R11 and ψm(f) = fψmf ∈
R22.

Claim 2.3. ψm(R11) ⊆ R11 and ψm(R22) ⊆ R22.

Proof. The result is true for m = 1 by [16]. Suppose it also holds for all k < m.i.e, ψk(R11) ⊆ R11 and
ψk(R22) ⊆ R22, for all k < m. We show it also holds for each m ∈ N. Since, 0 = pn(s11, f, f, · · · , f)
by above two claims and induction hypothesis, we have

0 = ψm(pn(s11, f, f, · · · , f))
= pn(ψm(s11), f, f, · · · , f) + pn(s11, ψm(f), f, · · · , f) + pn(s11, f, ψm(f), · · · , f)
+ · · ·+ pn(s11, f, f, · · · , ψm(f)) +

∑
i1+i2+···+in=m

0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11), ψi2(f), · · · , ψin(f))i

= pn(ψm(s11), f, f, · · · , f)

= ψm(s11)f + fψm(s11) +
n−2∑
i=1

C i
n−1fψm(s11)f

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11), ψi2(f), · · · , ψin(f))
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= ψm(s11)f + fψm(s11) +
n−2∑
i=1

C i
n−1fψm(s11)f.

(2.3)

Premultiplying by e and postmultiplying by f to equation (2.4) gives eψm(s11)f = 0 and by premulti-
plying f and postmultiplying e gives, fψm(s11)f = 0. Also by premultiplying and postmultiplying by
f , it gives

0 = fψm(s11)f + fψm(s11)f +
n−2∑
i=1

C i
n−1fψm(s11)f.

=
n−1∑
i=0

C i
n−1fψm(s11)f.

Since ch(R) �= 2, we get ψm(s11)f = 0. Therefore, ψm(s11) = eψm(s11)e ∈ R. Which implies
ψm(R11) ⊆ R11.

Similarly we can show that ψm(R22) ⊆ R22, which proves our claim.

Claim 2.4. ψm(R12) ∈ R12 + R21 and ψm(R21) ∈ R12 + R21

Proof. To prove our claim, we use induction hypothesis on m, for m = 1 it is true by [16]. Suppose it
also holds for all k < m, i.e, ψk(R12) ∈ R12+R21 and ψk(R21) ∈ R12 +R21. We show it is also true for
all m ∈ N. For any s12 ∈ R12. Since, s12 = pn(s12, f, f, · · · , f). This implies

ψm(s12) = ψm(pn(s12, f, f, · · · , f))
= pn(ψm(s12), f, f, · · · , f) + pn(s12, ψm(f), f, · · · , f) + · · ·
+ pn(s12, f, f, · · · , ψm(f)) +

∑
i1+i2+···+in=m

0≤i1,i2,··· ,in≤m−1

pn(ψi1(s12), ψi2(f), · · · , ψin(f))

= ψm(s12lt)f +
n−2∑
i=1

C i
i−1fψms12f + fψms12 + (n− 1)s12ψmf. (2.4)

Now multiply by e from the left and the right in equation (2.5), we get eψm(s12)e = 0. Again since,
s12 = pn(s12, e, e, · · · , e). Therefore from the relation ψm(s12) = ψm(pn(s12, f, f, · · · , f)). One can
get fψm(s12)f = 0. hence ψm(s12) = eψm(s12)f + fψm(s12)e ∈ R12 + R21. Similarly, we can show
ψm(s21) = eψm(s12)f + fψm(s12)e ∈ R12 +R21.

Claim 2.5. For any sii ∈ Rii,sij ∈ Rij and sji ∈ Rji, we have,
ψm(sii + sij) = ψm(sii) + ψm(sij) and ψm(sii + sji) = ψm(sii) + ψm(sji), 1 ≤ i �= j ≤ 2.

Proof. We will prove only one part, second follows same arguments. For m = 1 it is true by [16], now
assume that it holds for all k < m, i.e,ψk(sii+sij) = ψk(sii)+ψk(sij), 1 ≤ i �= j ≤ 2. We show it is also
true for allm ∈ N. Take any s11 ∈ R11 and s12 ∈ R12 and write, z = ψm(s11+s12)−ψm(s11)−ψm(s12).
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Now

ψm(pn(s11 + s12, f, f , · · · , f))
= pn(ψm(s11 + s12), f, f, · · · , f) + pn(s11 + s12, ψm(f), f, · · · , f)
+ · · ·+ pn(s11 + s12, f, f, · · · , ψm(f))

+
∑

i1+i2,···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s12), ψi2(f), ψi3(f), · · · , ψin(f)), (2.5)

and

ψm(pn(s11 + s12, f, f , · · · , f))
= ψm(pn (s11, f, f, · · · , f)) + ψm(pn (s12, f, f, · · · , f))
= pn(ψm(s11), f, f, · · · , f) + pn(s11, ψm(f), f, · · · , f)+
· · ·+ pn(s11, f, f, · · · , ψm(f))

+
∑

i1+i2,···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11), ψi2(f), ψi3(f), · · · , ψin(f))

+ pn(ψm(s12), f, f, · · · , f) + pn(s12, ψm(f), f, · · · , f)
+ · · ·+ pn(s12, f, f, · · · , ψm(f))

+
∑

i1+i2,···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s12), ψi2(f), ψi3(f), · · · , ψin(f))

= pn(ψm(s11), f, f, · · · , f) + pn(ψm(s12), f, f, · · · , f)
+

∑
i1+i2+···+in=m

0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s12), ψi2(f), ψi3(f), · · · , ψin(f)). (2.6)

Comparing equations (2.6) and (2.7), we get pn (z, f, f, · · · , f) = zf + fz +
∑n−2

i=1 C
i
n−1fzf = 0.

Which implies ezf = fze = fzf = 0. Finally to prove our claim, we need to show eze = 0. Now, since

ψm(pn(s11 + s12, e− f, e− f, · · · , e− f))

= pn(ψm(s11 + s12), e− f, e− f, · · · , e− f)

+ pn(s11 + s12, ψm(e− f), e− f, · · · , e− f)

+ · · ·+ pn(s11 + s12, e− f, e− f, · · · , ψm(e− f))

+
∑

i1+i2,···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s12), ψi2(e− f), ψi3(e− f), · · · , ψin(e− f)). (2.7)

and

ψm(pn(s11 + s12, e− f, e− f, · · · , e− f))

= ψm(pn(s11, e− f, e− f, · · · , e− f)) + ψm(pn (s12, e− f, e− f, · · · , f))
= pn(ψm(s11), e− f, e− f, · · · , f) + pn(s11, ψm(e− f), e− f, · · · , e− f)

+ · · ·+ pn(s11, e− f, e− f, · · · , ψm(e− f))

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11), ψi2(e− f), ψi3(e− f), · · · , ψin(e− f))
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+ pn(ψm(s12), e− f, e− f, · · · , e− f) + pn(s12, ψm(e− f), e− f, · · · , e− f)

+ · · ·+ pn(s12, e− f, e− f, · · · , ψm(e− f))

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s12), ψi2(e− f), ψi3(e− f), · · · , ψin(e− f))

= pn(ψm(s11), e− f, e− f, · · · , e− f) + pn(ψm(s12), e− f, e− f, · · · , e− f)

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s12), ψi2(e− f), ψi3(e− f), · · · , ψin(e− f)) (2.8)

From equations (2.8) and (2.9), we get

pn(z, e− f, e− f, · · · , e− f) = pn(eze, e− f, e− f, · · · , e− f)

= 2n−1eze

= 0.

Now, since ch(R) �= 2, it follows that eze = 0. Hence z = 0 i.e, z = ψm(s11+s12)−ψm(s11)−ψm(s12) =

0. Which implies ψm(s11 + s12) = ψm(s11) + ψm(s12). For the other cases, the proofs are similar and
we omit these here.

Claim 2.6. ψm is additive on Rij , i �= j ∈ 1, 2

Proof. For any s12, t12 ∈ R12 and s21, t21 ∈ R21, we have to show, ψm(s12 + t12) = ψm(s12) + ψm(t12)

and ψm(s21 + t21) = s21 + t21. We will prove first one and second can be proved similarly. Note that,
s12+ t12 = pn(e+s12, f+ t12, · · · , f+ t12). Then, ψm(s12+ t12) = ψm(pn(e+s12, f+ t12, · · · , f+ t12))
and, by claim 2.2 and claim 2.5, we have

ψm(s12 + t12) =

pn(ψm(e+ s12), f + t12, · · · , f + t12) + pn(e+ s12, ψm(f + t12), · · · , f + t12)

+ · · ·+ pn(e+ s12, f + t12, · · · , ψm(f + t12))

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(e+ s12), ψi2(f + t12), ψi3(f + t12), · · · , ψin(f + t12))

= pn(ψm(e), f + t12, · · · , f + t12) + pn(e, ψm(f + t12), · · · , f + t12) + · · ·
+ pn(e, f + t12, · · · , ψm(f + t12))

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(e), ψi2(f + t12), ψi3(f + t12), · · · , ψin(f + t12))

+ pn(ψm(s12), f + t12, · · · , f + t12) + pn(s12, ψm(f + t12), · · · , f + t12) + · · ·
+ pn(s12, f + t12, · · · , ψm(f + t12))

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s12), ψi2(f + t12), ψi3(f + t12), · · · , ψin(f + t12))

= ψm(pn(e, f + t12, · · · , f + t12)) + ψm(pn(s12, f + t12, · · · , f + t12))

= ψm(s12) + ψm(t12) (2.9)

i.e, ψm(s12 + t12) = ψm(s12) + ψm(t12), Which proves the claim. The proof of the other case can be
verified similarly.
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Claim 2.7. ψm is additive on Rii, i = 1, 2 i.e, for s11, t11 ∈ R11 and s22, t22 ∈ R22

ψm(s11 + t11) = ψm(s11) + ψm(t11) and ψm(s22 + t22) = s22 + t22.

Proof. We will prove the first one and second will be proved similarly. For s11, t11 ∈ R11, write z =

ψm(s11 + t11)− ψm(s11)− ψm(t11). By claim 2.3, z = eze ∈ R11. Now, for any s12 ∈ R12, we have,

ψm(pn(s11 + t11, s12 + f, s12 + f, · · · , s12 + f))

= pn(ψm(s11 + t11), s12 + f, s12 + f, · · · , s12 + f)

+ pn(s11 + t11, ψm(s12 + f), s12 + f, · · · , s12 + f) + . . .

+ pn(s11 + t11, ψm(s12 + f), s12 + f, · · · , s12 + f)

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + t11), ψi2(s12 + f), · · · , ψin(s12 + f)). (2.10)

Also,

ψm(pn(s11 + t11, s12 + f, s12 + f, · · · , s12 + f))

= ψm(pn(s11, s12 + f, s12 + f, · · · , s12 + f))

+ ψm(pn(t11, s12 + f, s12 + f, · · · , s12 + f))

= pn(ψm(s11), s12 + f, s12 + f, · · · , s12 + f)

+ pn(s11, ψm(s12 + f), s12 + f, · · · , s12 + f) + . . .

+ pn(s11, f + s12 + f, s12 + f, · · · , ψm(s12 + f))

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11), ψi2(s12 + f), , · · · , ψin(s12 + f))

+ pn(ψm(t11), s12 + f, s12 + f, · · · , s12 + f)

+ pn(t11, ψm(s12 + f), s12 + f, · · · , s12 + f) + . . .

+ pn(t11, ψm(s12 + f), s12 + f, · · · , s12 + f)

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(t11), ψi2(s12 + f), , · · · , ψin(s12 + f))

= pn(ψm(s11) + ψm(t11), s12 + f, s12 + f, · · · , s12 + f)

+ pn(s11 + t11, ψm(s12 + f), s12 + f, · · · , s12 + f) + . . .

+ pn(s11 + t11, ψm(s12 + f), s12 + f, · · · , s12 + f)

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + t11), ψi2(s12 + f), · · · , ψin(s12 + f)). (2.11)

Therefore by comparing equations (2.11) and (2.12), we get, pn (eze, s12 + f, s12 + f, · · · , s12 + f) =

pn (z, s12 + f, s12 + f, · · · , s12 + f) = 0, and so, ezes12 = 0 for all s12 ∈ R12. Similarly for any
s21 ∈ R21, by calculating ψm(pn(s11 + t11, s21, e, · · · , e)) in two ways, we obtain,s21eze = 0. Therefore
from this equation and ezes12 = 0, and using equation (1.3), we obtain, z = eze = 0, i.e,z = ψm(s11 +

t11) − ψm(s11) − ψm(t11) = 0. which implies, ψm(s11 + t11) = ψm(s11) + ψm(t11). similarly, we can
prove,ψm(s22 + t22) = ψm(s22) + ψm(t22). Hence our claim is proved.

Claim 2.8. For any s11 ∈ R11 and s22 ∈ R22, we have, ψm(s11 + s22) = ψm(s11) + ψm(s22).
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Proof. Let z = ψm(s11 + s22)− ψm(s11)− ψm(s22), so, to prove our claim we need to show z = 0. For
any s11 ∈ R11 and s22 ∈ R22, we have

ψm(pn(s11 + s22, f, f, · · · , f))
= pn(ψm(s11 + s22), f, f, · · · , f) + pn(s11 + s22, ψm(f), f, · · · , f)
+ · · ·+ pn(s11 + s12, f, f, · · · , ψm(f))

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s22), ψi2(f), ψi3(f), · · · , ψin(f)) (2.12)

and

ψm(pn(s11 + s22, f, f, · · · , f))
= ψm(pn (s11, f, f, · · · , f)) + ψm(pn (s22, f, f, · · · , f))
= pn(ψm(s11), f, f, · · · , f) + pn(s11, ψm(f), f, · · · , f)
+ · · ·+ pn(s11, f, f, · · · , ψm(f))+∑
i1+i2+···+in=m

0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11), ψi2(f), ψi3(f), · · · , ψin(f))

+ pn(ψm(s22), f, f, · · · , f) + pn(s22, ψm(f), f, · · · , f)
+ · · ·+ pn(s22, f, f, · · · , ψm(f))+∑
i1+i2,···+in=m

0≤i1,i2,··· ,in≤m−1

pn(ψi1(s22), ψi2(f), ψi3(f), · · · , ψin(f))

= pn(ψm(s11), f, f, · · · , f) + pn(ψm(s22), f, f, · · · , f)+
pn(s11 + s22, ψm(f), f, · · · , f) + · · ·+ pn(s11 + s22, f, f, · · · , ψm(f))

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s22), ψi2(f), ψi3(f), · · · , ψin(f)) (2.13)

From equations (2.13) and (2.14), we obtain

pn(z, f, f, · · · , f) = zf + fz +
n−2∑
i=1

C i
n−1fzf = 0

, and since the ch(R �= 2), therefore we have, eze = fze = fzf = 0 . On the other hand by calculating,
ψm(pn (s11 + s22, e, e, · · · , e)) in two ways, one can get pn(z, e, e, · · · , e) = 0, which implies eze = 0.
Hence, z = 0, i.e, ψm(s11 + s22) = ψm(s11) + ψm(s22) . Which proves our claim.

Claim 2.9. For any sij ∈ Rij, (1 ≤ i �= j ≤ 2), we have ψm(sii + sij + sji) = ψm(sii) + ψm(sij + sji).

i.e, for any sij ∈ Rij; i, j = 1, 2.

Proof. Since, ψm(s11 + s12 + s21) = ψm(s11) + ψm(s12 + s21) and ψm(s22 + s12 + s21) =

ψm(s22) + ψm(s12 + s21). Let z = ψm(s11 + s12 + s21) − ψm(s11) − ψm(s12 + s21) . Then
as in claim 2.8, by calculating ψm(pn (s11 + s12 + s21, f, f, · · · , f)) in two ways one can obtain,
pn(z, f, f, · · · , f) = 0, implies that esf = fse = fsf = 0 . On the other hand, by calculating
ψm(pn (s11 + s12 + s21, e− f, e− f, · · · , e− f)) in two ways we obtain,pn(z, e−f, e−f, · · · , e−f) =
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0. This implies that eze = z = 0, i.e, ψm(s11 + s12 + s21) = ψm(s11) + ψm(s12 + s21). Hence, we are
done.

Now by taking g = ψm(s22+s12+s21)−ψm(s22)−ψm(s12+s21) and calculatingψm(pn (g, e, e, · · · , e))
and ψm(pn (g, f − e, f − e, · · · , f − e)) in two ways, one can show that g = 0, i.e, ψm(s22+s12+s21) =

ψm(s22) + ψm(s12 + s21) . Hence proves the claim.

Claim 2.10. For all sij ∈ Rij, (1 ≤ i �= j ≤ 2), we have ψm(s11 + s12 + s21 + s22) = ψm(s11) +

ψm(s12 + s21) + ψm(s22).

Proof. Write z = ψm(s11+s12+s21+s22)−ψm(s11)−ψm(s12+s21)−ψm(s22) and since pn(s22, e, e, · · · , e) =
0.

By using claim 2.9, we have

ψm(pn(s11 + s12 + s21 + s22, e, e, · · · , e))
= pn(ψm(s11 + s12 + s21 + s22), e, e, · · · , e)
+ pn(s11 + s12 + s21 + s22, ψm(e), e, · · · , e) + · · ·
+ pn(s11 + s12 + s21 + s22, e, e, · · · , ψm(e))+∑
i1+i2+···+in=m

0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s12 + s21 + s22), ψi2(e), · · · , ψin(e))

= pn(ψm(s11 + s12 + s21 + s22), e, e, · · · , e)+
n∑

i=2

pn(s11 + s12 + s21 + s11, e, e, · · · , ψm(e)i, · · · , e)+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s12 + s21 + s22), ψi2(e, · · · , ψin(e))) (2.14)

Also,

ψm(pn(s11 + s12 + s21 + s22, e, e, · · · , e))
= ψm(pn(s11 + s12 + s21, e, e, · · · , e)) + ψm(pn(s22, e, e, · · · , e))
= ψm(pn(s11, e, e, · · · , e)) + ψm(pn(s12 + s21, e, e, · · · , e))
+ ψm(pn(s22, e, e, · · · , e))

= pn(ψm(s11), e, e, · · · , e) +
n∑

i=2

pn(s11, e, e, · · · , ψm(e)i, · · · , e)+

pn(ψm(s12 + s21), e, e, · · · , e) +
n∑

i=2

pn(s12 + s21, e, e, · · · , ψm(e)i, · · · , e)

+ pn(ψm(s22), e, e, · · · , e) +
n∑

i=2

pn(s22, e, e, · · · , ψm(e)i, · · · , e)+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s12 + s21 + s22), ψi2(e), · · · , ψin(e))

= pn(ψm(s11), e, e, · · · , e) + pn(ψm(s12 + s21), e, e, · · · , e)+
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pn(ψm(s22), e, e, · · · , e)+
n∑

i=2

pn(s11 + s12 + s21 + s11, e, e, · · · , ψm(e)i, · · · , e)+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(s11 + s12 + s21 + s22), ψi2(e), · · · , ψin(e)). (2.15)

Therefore by comparing equations (0.15) and (0.16), we get, pn(z, e, e, · · · , e) = 0, Which gives eze =
ezf = fze = 0. Similarly by calculating, ψm(pn(s11 + s12 + s21 + s22, f, f, · · · , f)) in two ways gives
fzf = 0. Which implies z = 0. i.e, ψm(s11+s12+s21+s22) = ψm(s11)+ψm(s12+s21)+ψm(s22).

Claim 2.11. For any s12 ∈ R12, s21 ∈ R21), we have ψm(s12 + s21) = ψm(s12) + ψm(s21).

Proof. To Prove the claim we use the principle of mathematical induction. For m = 1 it is true, now
suppose that it holds for all k < m i.e, ψk(s12 + s21) = ψk(s12) + ψk(s21). we will prove that it is also
true for allm ∈ N. Take any s12 ∈ R12 and s21 ∈ R21) . If n ≥ 3, since pn(e+s12, e+s21, e, e, · · · , e) =
s12 + s21 + 2n−2s12s21. By claim 2.9, one obtains

ψm(s12 + s21) + ψm(2
n−2s12s21)

= ψm(s12 + s21 + 2n−2s12s21)

= ψm(pn(e+ s12, f + s21, e, e, · · · , e))
= pn(ψm(e+ s12), f + s21, e, e, · · · , e) + pn(e+ s12, ψm(f + s21), e, e, · · · , e)

+
n∑

i=3

pn(e+ s12, f + s21, e, e, · · · , ψm(e)i, · · · , e)

+
∑

i1+i2+···+in=m
0≤i1,i2,··· ,in≤m−1

pn(ψi1(e+ s12), ψi2(f + s21), ψi3(e), ψi4(e), · · · , ψin(e))

= ψm(pn(e, f, e, e, · · · , e)) + ψm(pn(s12, f, e, e, · · · , e))
+ ψm(pn(e, s21, e, e, · · · , e)) + ψm(pn(s12, s21, e, e, · · · , e))
= ψm(s12) + ψm(s21) + ψm(2

n−2s12s21)

i.e, ψm(s12 + s21) = ψm(s12) + ψm(s21) . Which proves the claim for n ≥ 3.

Now if n = 2, by claim 2.10, one obtains

ψm(s12 + s21) + ψm(s12s21) + ψm(s21s12)

= ψm(s12 + s21 + s12s21 + s21s12)

= ψm(p2(e+ s12, f + s21))

= p2(ψm(e+ s12), f + s21) + p2(e+ s12, ψm(f + s21))

+
∑

i1+i2=m
0≤i1,i2≤m−1

p2(ψi1(e+ s12), ψi2(f + s21))

= p2(ψm(e) + ψm(s12), f + s21) + p2(e+ s12, ψm(f) + ψm(s21))

+
∑

i1+i2=m
0≤i1,i2≤m−1

p2(ψi1(e) + ψi1(s12), ψi2(f) + ψi2(s21))
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= p2(ψm(e), f) + p2(ψm(e), s21) + p2(ψm(s12), f) + p2(ψm(s12), s21)

+ p2(e, ψm(f)) + p2(e, ψm(s21)) + p2(s12, ψm(f)) + p2(s12, ψm(s21))

+
∑

i1+i2=m
0≤i1,i2≤m−1

p2(ψi1(e), ψi2(f)) +
∑

i1+i2=m
0≤i1,i2≤m−1

p2(ψi1(e), ψi2(s21))

+
∑

i1+i2=m
0≤i1,i2≤m−1

p2(ψi1(s12), ψi2(s21)) +
∑

i1+i2=m
0≤i1,i2≤m−1

p2(ψi1(s12), ψi2(f))

= ψm(p2(e, f)) + ψm(p2(e, s21)) + ψm(p2(s12, f)) + ψm(p2(s12, s21))

= ψm(s12) + ψm(s21) + ψm(s12s21) + ψm(s21s12),

i.e, ψm(s12 + s21) = ψm(s12) + ψm(s21). Which implies that result also holds for n = 2. Hence for all
m ∈ N,

ψm(s12 + s21) = ψm(s12) + ψm(s21).

Claim 2.12. ψm(s+ t) = ψm(s) + ψm(t) holds for all s, t ∈ R.

Proof. For any s = s11 + s12 + s21 + s22, t = t11 + t12 + t21 + t22 ∈ R, by claim 2.10 and claim 2.11,
we have

ψm(s+ t) = ψm(s11 + s12 + s21 + s22 + t11 + t12 + t21 + t22)

= ψm(s11 + t11) + ψm(s12 + t12) + ψm(s21 + t21) + ψm(s22 + t22)

= ψm(s11) + ψm(t11) + ψm(s12) + ψm(t12) + ψm(s21) + ψm(t21)

+ ψm(s22) + ψm(t22)

= ψm(s11 + s12 + s21 + s22) + ψm(t11 + t12 + t21 + t22)

= ψm(s) + ψm(t).

Which completes the proof of Theorem.

In the sequel, we present some applications of multiplicative Jordan n-higher derivations to some unital
rings: triangular rings, nest algebra,upper triangular block matrix algebra, prime rings, von Neumann
algebras.

2.1 Triangular rings

Suppose H and K be any unital rings over a commutative ring R and S be a faithful (H,K)-bimodule.

Then the R-ring T = Tri(H, S,K) =
{(

h s

o k

)
: h ∈ H, s ∈ S, k ∈ K

}
under usual matrix operations

is called a triangular ring and the idempotent element E =

(
IH O

o O

)
is called the standard idempotent

of the triangular ring T, where I and IH are units of T and H respectively. By definition, triangular rings
are unital rings containing non-trivial idempotent E and satisfying (1.3). Then using Theorem 2.1, we
have the following result:
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Corollary 2.1. Let T = Tri(H, S,K) be a triangular ring with characteristic not equal to 2. Then every
multiplicative jordan n-higher derivation on T is additive.

2.2 Nest algebra

A nest N on a banach space X is a chain of closed subspaces of X, which is closed under the formation
of arbitrary closed linear span and intersection, and which includes {0} and X. The nest algebra associ-
ated with the nest N, denoted by AlgN, is the weakly closed operator algebra consisting of all operators
that leave N invariant. As an application of Theorem 2.1, we have

Corollary 2.2. Let N be a nest on a banach space X over the real or complex field F and AlgN be the
associated nest algebra. If there exist a non-trivial element in N that is complemented in X, then every
multiplicative Jordan n-higher derivation on AlgN is additive.

2.3 Upper triangular block matrix algebras

Let U be an upper triangular block matrix algebra and Wm(F) the algebra of all m×m matrices over
a field F. Then U = U(n1, n2, · · · , nl) is a subalgebra of Wm(F) of all m × m matrices of the form

B =

⎛
⎜⎜⎜⎝
B11 B12 · · · B1k

0 B22 · · · B2k
...

...
...

0 0 · · · Bkk

⎞
⎟⎟⎟⎠,

where n1, n2, · · · , nl are finite sequence of positive integers satisfying n1 + n2 + · · · + nl = m and
Bij ∈ Wni×nj(F), the space of ni×nj matrices over F. Since, every nest algebra on a finite dimensional
space is isomorphic to an upper triangular block matrix algebra. Thus, by Theorem 2.1, we have the
following result:

Corollary 2.3. Let F be the real or complex field, and m ≥ 1 be a positive integer. Assume that U is
an upper triangular block matrix algebra. Then every multiplicative Jordan n-higher derivation on U is
additive.

2.4 Prime rings

A ring R is said to be a prime ring if for any a, b ∈ R, aRb = {0} implies a = 0 or b = 0. Clearly
every unital prime ring with a non-trivial idempotent satisfies the condition (1.3). By the application of
Theorem 2.1, we have the following result:

Corollary 2.4. Let R be a 2 torsion free unital prime ring with a non-trivial idempotent e. Then every
multiplicative Jordan n-higher derivation on R is additive.

2.5 von Neumannn Algebras

Let V a von Neumann algebra, then V is a C∗-subalgebra of some B(H), the algebra of all bounded
linear operators acting on a complex Hilbert space H. Clearly, if V has no central summands of type
I1, then V satisfies the corresponding assumption (1.3)[16]. Also note that V is semiprime, as any von
Neumann algebra is semiprime. Hence by Theorem 2.1, we have the following corollary.
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Corollary 2.5. Let V a von Neumann algebra without central summands of type I1. Then every multi-
plicative Jordan n-higher derivation on V is additive.

finally we will

References
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