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ABSTRACT. Let G be a second countable locally compact Hausdorff groupoid with abelian isotropy groups and £ be a
lattice bundle in the isotropy subgroupoid G’ of G. In this paper, we define a Zak transform on G relatively to £ and study
some of its properties. Moreover, we use Zak transform to obtain some characterizations of the cyclic subbundle of the left
regular representation of G restricted to L.
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1 introduction

The Zak transform was first introduced by Gelfand [6] in 1950 on R for a problem in differential
equations. Let f € L?(R), the Zak transform of f is the function Z f : R x R — C defined by

+o0
Zf(xy)= 3 fla+ k)

k=—00

It was extended after by Weil [20] in 1964 to locally compact abelian groups with respect to arbitrary
closed subgroups. It was rediscovered in 1967 by Zak [23] in quantum mechanic representation. But
Zak proved explicitly that its transform was actually a special case of the transform introduced by Weil
on locally compact abelian groups. The Zak transform is a particular useful tool in condensed matter
physics, signal processing, time-frequency analysis, and harmonic analysis in general. The Zak transform
was developed by many authors [8, 11, 12, 14] on locally compact abelian groups. We also have now
some generalizations of the notion to locally compact non abelian groups [1, 2, 13]. Groupoids are a
generalization of groups. If the notion of group is the mathematical tool to describe the symetries, that
of groupoid permits to describe local symetries. The theory of groupoids is becoming more used in
many areas of mathematics [3, 4, 16, 17, 19] and theorical physics where group theory is useful. It has
many applications for instance in mathematical foundations of classical and quantum mechanics as N.
Landsman work [15] shows. In this paper, our purpose is to generalize the notion of Zak transform to
groupoids. We actually extend to groupoids some results of [9, 22] using abelian group representations.
In fact, we consider a groupoid G with abelian isotropy group and define the Zak transform by the
restriction to a lattice bundle £ of the regular representation of G on the measurable fields of square
integrable functions. All our groupoids are locally compact, second countable, and Hausdorff. The
paper is organized as follows. In the second section, we give definitions and notations useful for the
understanding of the paper. The purpose of the third section is to introduce first all the necessary materials
to define the Zak Transform in the context of groupoids. Then we obtain a groupoid version of elementary
properties of Zak transform such as the fact that the Zak transform intertwines the regular representation
and the modulation representation. In section 4, we study the properties of cyclic invariant subdundles
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of the left regular representation of the groupoid generalizing some results of [9, 22]. Cyclic invariant
subbundles generalize the notion of cyclic invariant subspaces also known as principal shift invariant
subspaces.

2 Notations and preliminaries

We use the notations and setup of this section in the rest of the paper without mentioning. We shall
use definition of a locally compact groupoid and the definition of a Haar system on groupoid giving by J.
Renault in [18]. Let G be a second countable locally compact Hausdorff groupoid with a left Haar system
(A u e GO} Forz € G, r(z) = z2~" and d(x) = 2~ 'z are respectively the range and the domain
of . For u,v € G, let us put G* = r~'(u), G, = d~'(v), G* = G* N G, and for each unit element ,
G(u) ={x € G : r(x) = d(x) = u} is the isotropy group at u. The set G’ = {zx € G : r(z) = d(x)}
is called the isotropy subgroupoid of G. The groupoid G is a groupoid with abelian isotropy if for any
u € G, G(u) is an abelian group. Let ;1 be a measure on GV and v = [ A“dpu(u) be the induced
measure by 1 on G. For u € G, \, will denote the image of A" by the inverse map and {\,, u €
G} is a right Haar system on G. Let [u] be the saturation of p. [u] is quasi-invariant for the Haar
system {\“,u € GO}, There is a decomposition(see [21]) of v with respect to the range map to get
measures v € G such that v = [ v"d[u]. We denote the image of v under inversion as v,. C.(G) will
denote the space of complex-valued continuous functions on G with compact support endowed with the
inductive limit topology and L!(G,v) the space of v-integrable functions on G. Let H=(H,),cc© be a
Hilbert bundle over G(*) and 2/(#) the unitary groupoid of the bundle H. (7, H) is a unitary continuous
representation of G if 7 is a groupoid morphism of G into the unitary groupoid U (H) such that for all
square integrable sections ¢ and 7 of H, the map = —< 7(z)&(d(x)),n(r(x)) > is continuous. A
closed nonzero subbundle N- =(Nu)ueg(o) of H (i.e. N, is a nonzero closed subspace of H, for each
uw € G©) is invariant under 7 if W(I)Nd(x) C N,(z), for each z € G. If 7 admits a non trivial closed
invariant subbundle J, it is called reducible. Otherwise it is called irreducible. If £ is a section of H, the
subbundle NV whose leaf at u € G(¥) is the closed linear span of the set {7 (x)£(d(x)) : € G*} is called
the cyclic subbundle generated by £&. We say that ¢ is cyclic if (NV), is dense in H,, for each u € G ©),
We designate by G the set of equivalence classes of unitary irreducible representations of G. It is called
the unitary dual of G. Let us recall that if G is an abelian group then any unitary irreducible representation
of G is one dimensional and so its unitary dual is the set of characters of G. For f € L'(G), the Fourier
transform is defined by: f(w) = J; f(x)w(x)dx where w € G and dz is a left Haar measure on G. A
sequence {e; : j € J} in a Hilbert space # is a Riesz basis if there exists constants 0 < A < B < o0
such that for any {a; : j € J} € (*(J)

AN o P < 1D ajeill < B layf?
jeJ jeJ jeJ
A sequence {e; : j € J} in a Hilbert space H is a frame if there exists constants 0 < A < B < oo such
that for any f € ‘H

AFIP <Y 1< fre> P < AllfIP
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3 Zak Transform

Let G be a second countable locally compact Hausdorff groupoid with abelian isotropy. Let {\",u €

(0} be a left Haar system on G. Let G’ be the isotropy subgroupoid of G with a Haar system {3, u €

(0}, Then G’ is a second countable locally compact Hausdorff subgroupoid which is closed in G(see
[7], page 12, Proposition 1.33). We will assume that G’ is a group bundle over G(¥), with bundle map
p = d = r, whose fibres are the isotropy subgroups G(u). Each isotropy subgroup G(u) is second
countable, so according to Weil’s structural Theorem [20], there is a topological discrete subgroup £(u)
of G(u) such that T,y = G(u)/L(u) is compact in the quotient topology. L(u) is called a lattice. We
will assume that £ = U, g0 L(u) is a group bundle over G with bundle map p; : £ — G© such
that p. (1) = wifl € L(u). We will call £ the lattice bundle. We will assume also that G’/ L is a group
bundle. By considering the counting measure on each fibre £(u), we have a Haar system on £ and it
follows that p, is open. For u € G(©), let Q/(E) be the dual group of G(u). We can then define the dual
lattice for each L(u) by:

L)t = {weGu): Yk € L(u),w(k) =1}

and set L1 = U, g0 L(u). We know by Goelhe in [7] that G = Uuegw)g/(?;) is a group bundle called

the dual group bundle, where the bundle map 7 : G’ — G(© is such that p(w) = u if w € g(A ). Goelhe,
always in [7] proves that G’ is second countable, Hausdorff and locally compact. Since each £(u)" is

closed in Q( ) then £+ is a bundle where the bundle map 1s ¢ is the restriction ¢ = p|,+. We will call it the
dual lattice bundle. We have Q/(\ )/L(u)* isomorphic to E( )(see [10]). Let us denote by { B“} the dual
Haar system on C (see definition 2.50. in [7]). We can take 6“ normalized since each E( ) is compact.
Let us consider the measurable field of Hilbert spaces { L*(G“, v“), u € Q )1 (resp. {Lz(/(\) B“) u €
G0}). We denote by L2(G,v) = [© LA(G", v*)d[u)(u) (resp. L*(L f L2(L(u), %)) the space
of square integrable sections for the field { L?(G*, "), u € GO} (resp {L2( ( ) 6“) u€ GO, Let§
be the modular function coming from [u]. For v € G,

d(~y.v*)
d(]/r(’Y) )

In particular, if ¥ € G’ then §() = 1. We denote by D the left regular representation of G on L?(G, v).
Fory € G,z € G'™ and f € LG 14)), we have

D()f(x) = 3(7)2 f(y ")
Forl € Land ¢ € LZ(E@)), 3P we define an operator M ({)¢ by

M(D)p(w) = w(l)p(w)
where w € L£(p(l)). The map M defines a unitary representation of £ on L2(L, B) which is called the
modulation representation. For any u € G(), since L(u) is compact, we have(see [5]) an orthonormal

set {e;;1 € L(u)} in LQ(E/(u\), B") defined by e;(w) = w(l). Now, we are ready to give our definition of
Zak transform.

o(y) =

Definition 3.1. For v € L?(G,v), the Zak transform of 1 is a section Z4) of the bundle of functions
{G" — L2(L(u), B%);u € GO} defined by Zt)(u) := Z,1(u) where

Z(w)(x,w) =Y (D) (w)(z)w(l)

leL(u)
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The following results extend some well-known properties to groupoids setting.

Theorem 3.2. For ) € L*(G,v), u € G

Zup(u)(kx, wb) = w(k™N Zp(u)(z,w),
V(z, k) € G x L(u), (w,0) € L(u) x L{u)*

Proof.
Zup () (kw,w) = Y (DO)$(u)(ke)w ()00

leL(u)

= 3 G k(i)

leL(u)
= > e E

leL(u)

Y Y e

leL(u)

=w(k™) Zut (u) (2, w)

[

Theorem 3.3. The Zak transform Z intertwines the restriction of the representation D to L and the
modulation representation M of L on the image under Z of L*(G,v).

Proof. Forl € L and ¢ € L*(G,v), we have

Zpey (DD (pe(l) = Y DE(DOY(pc))(@)w(k™)

keL(p(l))

= 3 DOk (k™)

keL(p(l))

keL(p(l))
Z pe (D) (k™ m)w(k™)
keﬁ(p(l))
=w(l) Y (DE)(pe0))(@)w(k™)
keL(p(l))

[

Now, we denote by M the Hilbert space of sections ® on G(*) of the bundle of functions {F(u) :
G x L2(L(u), 3*) — C;u € GO} which intertwines the resrtictions to £ of representations D and M

and |01 = [0 Sy Sz 1) (@, 0) PdF* (w)dv ()dlja)(u) < oo.
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Theorem 3.4. The Zak transform is an isometry from L*(G,v) onto the Hilbert space M.

Proof. For vy € L*(G,v) and an orbit-cross section set C C G for the natural action of £ on G. C* =
cnNg“.

1213, = ///w@ ), 0) 2B ()™ (2)d ) )

ORI
///IZ¢ (7 ) (I PdB* w)dv" (@)l (u)
GO) Cu flyy  [EEMW)
/zw ) 2" ()l ()
G cu [€L(w)
- [ 3 [ ww@Pd @ = 191,
g0 €L cu

[

We achieve this section by an application to the groupoid action G = R oc S*. R is the set of real
numbers and S! the unit circle. Let us consider the action of R on S! defined by: t.s = 2™
t € R,s € S'. So G is defined by:

s for

d(t,s) = s;r(t,s) = t.s; (t,1.8)(t,s) = (t+1,5);(t,s)" = (—t,t.5)

G is identified with S'. We equip G with the Haar system v = {\ x &,, s € S'}, where \ is the
Lebesgue measure on R and d, the point mass at s. For each s € S1, G(s) is the stabilizer subgroup of s

which is here Z, thus we can take £(s) = Z as lattice in each G(s). The unitary dual is then Z(;) ~7Z
which is isomorphic to T, the one dimensional torus and consequently to the unit circle S'. For any
s € S1, the corresponding character is defined by w(k) = €2™** for k € Z and k.s designates the scalar
product in C. Now for any s € S', we have

Zap(s)(t, 7 s, 8') =D (D(k)(s))(t,t " = ST ()t — sk

keZ kEZ

4 Properties of the D-cyclic subbundle 7,

For ¢ € L*(G,v) \ {0}, we denote by H,, the cyclic subbundle generated by ¢ whose leaf at u € GO
is the closed linear span of the set {D(l)i(d(l)) : | € E( )}. Let LY(Z, ) be the space of integrable

sections of the bundle { L (L (u), B“), u € GOV where L' (£ ( ), 6“) is the space of the class of integrable
functions on L£(u). Let ¢,v € L*(G,v), we define the following bracket at u € G by [¢, ](u) =
[#(u), 9 (u)] where

[(u), (u)](w) = /Zu¢(u)(a:,w)Zuw(u)(a:,w)dV“(x)
Cu

~

It is clear that [¢, 9] € L'(L, 3).
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Remark 4.1. The map (¢, ) — [¢,¢] is bounded, sesquilinear, Hermitian symmetric from L*(G,v) x
L*(G,v) to Ll(ﬁ 6) and it is positive semi-definite that is [1),%] > 0, in other words for each u €

GO, w € LN(L(w), B), [, ](w)(w) > 0.

We denote by Sy, the set defined by Sy, = {w € L'(L ( ), BY) : [¥,Y](u)(w) # 0} and by S,
the bundle {Sy ), u € g<0>}. The following results generalize in groupoids setting some well-known
results.

Theorem 4.2. For ¢,v) € L*(G,v) \ {0} and | € L, we have

(i) [D(N)p(d(D), P(d(1))] = [¢(d(1)), DU~ (d(1)] = edl(d(D)), 1 (d(1))];

(ii)

< D()¢(d(1)), v (d(l)) >12= / w(D)[p(d(1)), (d(D)))(w)dB" (w)
L(d(1))
where L? here designates L*(G(d(1)), v4®);

(iii) Hg is orthogonal to Hy iff (¢, Y] = 0 a.e.;

(iv) The restriction to Hy, of the map Jy, : ¢ — [1[p¢1;/])]1 Xs,, i unitary onto L3Sy, ﬂ)

Proof.

(i) Using the Theorem 2.2, we have

ca)

— [ Za () o o) ST Zagy oD 20 )
ca)

— [ Za#(d))(w.)Zag DU 0D ) )
ca)
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(1i1) Using (i) and the fact that the Zak transform is an isometry, we have

< D(N)o(d(l)), (d(1)) >L2= < Za (d(1)), Zd( y(d()) >

-/ / Do) ()%

Cdl) 1o gd(l) ,340)

Zyay(d(1)) (2, w)dB" (w)dv™® (z)
- / D) (D)), (d(D))] (w)dF™D (w)
L2(G70 )

_ / w(b)[B(d(1)), w(d(1))] () s (w)

L2(G0) gdD)

(iii) Using (ii), We have for k, [ € £(u)
< D(D)¢(u), D(k)i(u) >= < D(k™ D)(u), ¢ (u) >
= [ Wl o). v ) )5 )
L(u)
So, < D()é(u), D(k)y(u) >= 0 if and only if f£ () & 1l)[¢(u),¢(u)](w)d§“(w) = 0 and by the
unicity of the Fourier transform on £ (u), [o(u),¥(u)] = O for a.e.

(iv) Let us first show that the bracket [, | verifies that |[¢, V]| < [¢, @] 3 [V, 1&]5 In fact, for any u € G\©)
andw € L(u)

|[¢(w), p(u)](w)] =|/Zuqﬁ(U)(ﬂ%w)Zuw(U)(ﬂf,w)dV“(ﬂf)|

C
:| < Zu¢(u>(7w>7zu¢(u>(7w> >L2(g“7uu) |
<[|Zu¢(u) (., )| Zuto(w) (., w) ]

N =

—( / 7o), ) ZuB(a) (7, @) 0" ()

Cu

( / Zuth () (2, ) Zuth (@) (@, ) ()

)
=[p(u), $(w)]2 (w) [t (u), P(w)]? (w)

where the inequality of the third line is due to the Cauchy-Schwartz inegality in L?(G*,v*). Let us
notice that this property of the bracket shows that [¢(u),(u)](w) = 0 when w is off S;. Now for
¢ € L*(G,v) \ {0}, we have

/ / 190(6) @) PaB )l ) = | / et (ZL)] Yoo (@B (@)l (u)

G(0) ﬁ G(0) ﬁ

X
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(w [¥(w), ¢ (u)](w)
R (u), ¥(u)](w)
GO L(w)

X84 (W)dB" (w)d[1) (w)

= [ [ . s@i)a @

GO Sy (u)
=[1Z¢l 54 = 161IZ2(g.0

Thus, we have shown that J,, maps L?(G, v) into L2(£, 6). It is clear that 7, is linear. We have thanks
to (1)

[DW(d@D), pdD)](w) _ elw)(dl)), ¥(d(l))](w)

[ (d(D), $(d(1))]> (w) [ (d(D), (d(1))] 7 (w)

which shows that J,(Hy) C L*(Sy, B) Also foru € G© and ¢ (u) = ZZEE(u) arD(1)p(d(l)), p2(u) =
> ker(w) kD (K)p(d(k)), the sum are finite.

X

N

= el(w)[y(d(1)), Y (d(1))]Z(w)

< Jup(¢1), Ty (d2) >= / < Ju(@1)(w), Tu(¢2)(w) > dlp](u)

G

/ / T (1) () () T (92) () (@) dB" (o) ] 1)

GO L(u
-/ / 3 aibrenfe ) () () B () ) ()
GO L(u
-/ Zazbk ern0) (), ) () B (@) ) )
G L(w)
= [ S < D00, v > dip )
G
— [ <ot éat) > did(w) =< 61,61 >
G
Since this finite sums are dense in (), we have proved the unitarity. ]

Remark 4.3. 7, intertwines the left regular representation D on H,, with the modulation representation
of £ on L*(Sy, B). In fact,

T (D) (A1) (@) =er(@)[(d(D), $(d(1)]2 (@)xs, (@)
=e1(w) Ty (¥ (d()))(d(D))(w) = M) Ty () (d(D)(w)

Corollary 4.4. For each ) € L*(G,v) \ {0} and u € G, the set
Ay, = {D)Y(d(l)) : I € L(u)} spanning (Hy)y is

(i) an orthonormal basis if and only if [, 9] = 1 a.e.
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(ii) a Riesz basis for (Hy), if and only if ||[{(u), ¥ (u)]|| and m are finite.

(iii) aframe if and only if there exists non-negative constants A and B such that Axs,, ., < [ (u), ¥ (u)]
< Bxs,., a-e.

Proof.
(i) For [ € L(u), we have thanks to Theorem 3.2 (ii)

< D(1)p(u), (u) >= /ez(w)[w(U%w(u)](w)dﬁ“(w)
L(u)

If Ay, is orthonormal then < D(I)y(u),¢(u) >=< D()Y(u), D(u)y(u) >= 05, where 0y, is the
symbol of Kronecker. So the integral above is null for all [ # « and equal 1 for [ = w. It follows, looking
at the integral for various [ as Fourier coefﬁ01ents of [t(u),v(u)] € L'(L C(uw), B“) that [¢)(u), ¥ (u)] = 1
for ae w € L’( ). Arbitrariness of u € g implies that [¢,¢] = 1Vu € G and ae. for w €
L(u). Conversely if W w] vu € GO and ae. for w € L(u) then for any u € GO, we have
< D()y(d(l)), D(k)y(d(k)) >= f£ ep1y(w)dB (W) =< e, e >= Oy, since the set {e; : [ € L(u)}
is orthonormal.

(ii) Let us suppose that Ay, is a Riesz basis, then there exists constants 0 < A < B < oo such that for
any {a; : 1 € L(u)} € C(L(u))

A Z Jar? < || Z aD(1)(w)[|F2(guuy < B D af

leL(u leL(u leL(u)

Since 7y 1s unitary and

Tp(D()Y)(d(D))(w) = el(w)[w(d(1)), (d(D))]

=

(W)XSw(d(l)) (w> (1)

we have

A Z jaf* < | Z werfy (]2 X800 3220y ) < B Z i ?

leL(u leL(u leL(u

So we deduce, since the set {el : 1 € L(u)} is orthonormal, that

A< [ ) v)@dd e < B
L(u)
and consequently ||[1)(u), 1 (u)]|| and m are finite. Conversely if ||[¢)(u), ¥ (u)]||~ and

m are finite then there exists some positive constants A and B such that for any w € LA(u)
A< [W(u),¥(u)](w) < B
and it follows that
A< [ W)@l < B
L(u)

Now multiplying each members by > )./ (, |al| |le;(w)]? and using relation (1) and the unitarity of 7,
we have the result.
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(iii) Letus suppose that A, isaframe with frame bounds 0 < A < B < oo such thatforany ¢ € (Hy)u

Aol <Y1 < 6, D)D) > [* < All¢|f?

Since 7y 1s unitary, we have

ATo(@) < D1 < Tu(), Tu(DOw(AD) > 2 < ATy (9)]?
In particular, for ¢ = D(k)y(d(k)), we have using relation (1)

A [ ), v @5 @) < [ o)) w)?
Sy ) S (w)
<B [ [, w5 w
Sy (u)
The map [)(u), 1 (u)] is continuous and [1)(u), ¥ (w)] > 0 on Sy, S0

A< / (), §(u)] (w)dF* (w) < B
Sy (u)

and it follows that Axs, ., < [¢(u),¥(u)] < Bxs,,,- Conversely let us suppose that Axs,, <
[¥(u),¥(u)] < Bxs,,, and let ¢ € (Hy),. Multiplying the inequality by |7, (¢)|* an passing to
integral, we obtain

Al Tp(@)II? < / [T () (@) [ (w) (@), (1) ()] X0y (@) [2dB" (w) < BI| T ()2
L(u)

Now using the Plancherel theorem, we have

/|«7w(¢)(w)[¢(u)(w)7@ﬁ(u)(w)]%XSw(u)(w)|2d§“(w)= > /|~7w(¢)(w)><
3 2w

[10(w) (@), 9 () ()] 2 €1 () X5,y () 2B (w)
= Y < Ju(@). (), b(w)]exs,, >

leL(u)

Using then the relation (1) and the unitarity of 7;(¢), we have

[ 176000 ), b @) s )P Z < 6, D)Y(() >

P leL(u
this completes the proof. ]
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