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1. Introduction

In this work, letting T ≥ 2 be an integer, set [1, T ]Z the discrete interval {1, 2, ..., T} we deal with the
following anisotropic discrete Kirchhoff type problem{ −M(ρ(u))Δ(φp(k−1)(Δu(k − 1))) = λf(k, u(k)), k ∈ [1, T ]Z

u(0) = u(T + 1) = 0,
(1.1)

where φρ(k)(t) = |t|p(k)−2t, ∀(k, t) ∈ [1, T ]Z×R, λ is positive real parameter, Δu(k−1) = u(k)−u(k−
1) is the forward difference operator, f : [1, T ]Z × R → R is continuous functions and the functional
ρ : R → [0,∞) is defined by

ρ(u) :=
T+1∑
k=1

|Δu(k − 1)|p(k−1)

p(k − 1)
.

Moreover, we define the function p : [0, T ]Z → [2,+∞) such that

p− = min
k∈[0,T ]Z

p(k) ≤ p+ = max
k∈[0,T ]Z

p(k).

The function M : R+ → R
+ is continuous satisfying the following condition:

(M0) There is a positive constant m0 such that m0 ≤ M(t) for all t ≥ 0.

Problem (1.1) is related to the stationary version of the Kirchhoff equation

ρ
∂2u

∂t2
− (

ρ0
h

+
E

2L

L∫
0

|∂u
∂x

|2dx)∂
2u

∂x2
= 0 (1.2)
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which was presented by Kirchhoff in 1883 (see [14]) describing the transversal oscillations of a stretched
string, particularly, taking into account the subsequent change in string length caused by oscillations.
This model is an extension of the classical d’Alembert wave equation, by considering the effect of the
changing in the length of the string during the vibrations. The parameters in the Kirchhoff’s model have
the following meanings: L is the length of the string, h is the area of cross-section, X is the Young
modulus of the material, ρ is the mass density and ρ0 is the initial tension. A distinguishing feature of the
Kirchhoff equation is that the equation contains a nonlocal coefficient ρ0

h + E
2L

∫ L

0 |∂u∂x |2dx which depends

on the average E
2L

∫ L

0 |∂u
∂x
|2dx of the kinetic energy 1

2
|∂u
∂x
|2dx on [0, L] and hence the equation is no longer

a point wise identity. On the other hand, the stationary analogue of the equation (1.2) is given as{
(a+ b

∫
Ω
|∇u|2dx)Δu = f(x, u), in Ω

u = 0, on Ω
(1.3)

which received much attention only after Lions [16] proposed an abstract framework to the problem,
which is related to the stationary analog of the equation of Kirchhoff-type

utt − (a+ b

∫
Ω

|∇u|2dx)Δu = f(x, u), in Ω

where u denotes the displacement, f(x, u) the external force, b the initial tension while a is related to the
intrinsic properties of the string (such as Young’s modulus).

In recent years, the nonlocal differential equations with boundary conditions have been studied much
in the literature, especially focusing on the Kirchhoff equations, due to their wide applications in applied
sciences, in [1, 2, 10].

On the other hand, difference equations play a relevant role in modelling problems that arise in physics,
engineering, biology, economics, finance, and many other areas. The study of discrete boundary value
problems has captured special attention in the last years. The modelling of certain nonlinear problems
from biological neural networks, economics models, optimal control and other areas of study have led to
the rapid development of the theory of difference equations; see [3, 7, 8, 13, 18, 20, 21, 26]. For example,
Gao [8] has studied{ −Δ[p(k − 1)Δu(k − 1)] + q(k)u(k) = ra(k)f(u(k)), k ∈ [1, T ]Z

Δu(0) = Δu(T ),

and has discussed the existence of positive solutions by means of the Rabinowitzs bifurcation theorem. In
[13] the existence of multiple solutions were investigated using critical point theorems for the following
discrete fourth-order boundary value problem{

Δ4u(t− 2) + δΔ2u(t− 1)− ξu(t) = λf(t, u(t)) + μg(t, u(t)) + h(u(t)), t ∈ [1, N ]Z
u(0) = Δ2u(−1) = 0, u(N + 1) = Δu(N + 1) = 0.

Recently, many authors have studied the existence of solutions for various discrete boundary value prob-
lems of Kirchhoff type because due to their wide applications in engineering and physics, for instance
see [5, 11, 12, 15, 22]. For example, Yang and Liu in [22], by using variational methods and the compu-
tations of critical groups, have obtained the existence of nontrivial solutions for the following problem{

−(a+ b
∑N+1

k=1 |Δ(u(k − 1)|2)Δ2u(k − 1) = λf(k, u(k)), k ∈ [1, N ]Z
u(0) = u(N + 1) = 0,
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where N ≥ 3 is a fixed positive integer, a, b > 0 are real constants, [1, N ]Z denotes the discrete interval
{1, 2, ..., N}. As usual, Δ denotes the forward difference operator defined by Δu(k) = u(k+1)− u(k),
Δ2u(k) = Δ(Δu(k)), and for all k ∈ [1, N ]Z, f(k, .) ∈ C1(R,R) satisfies f(k, 0) = 0. Kone et al.
in [15], have proved the existence of solutions for the following problem{ −M(A(k − 1,Δ(u(k − 1))Δ(a(k − 1,Δu(k − 1))) = f(k), k ∈ [1, T ]Z

u(0) = Δu(T ) = 0,

where T ≥ 2 is a positive integer and Δu(k) = u(k + 1) − u(k) is the forward difference operator.
In [11,12] the existence of solutions for the problem (1.1) have been discussed using variational methods
and critical point theory.

Here, we use the variational methods to prove existence results for the problem (1.1) under suitable
conditions imposed on M and f (see, the conditions (M0), (A1), (f0) and (f1) of Theorem 3.1. In
Theorem 3.1 we establish the existence of at least two solutions for the problem (1.1).

The present paper is organized as follows. In Section 2, we recall some basic definitions and our main
tools. In Section 3, we state and prove the main results of the paper. Then, we give A example to illustrate
our results.

2. Preliminaries and Basic Notation

In this section, we first introduce some notations and some necessary definitions. Set

X := {u : [0, T + 1] → R;u(0) = u(T + 1) = 0}
endowed with the norm

‖u‖ = (
T+1∑
k=1

|Δu(k − 1)|2) 1
2 .

Moreover, it is useful to introduce other norms on X, namely

|u|m = (
T∑

k=1

|u(k)|m) 1
m , ∀u ∈ X, m ≥ 2.

We imply that:

T
2−m
2m |u|2 ≤ |u|m ≤ T

1
m |u|2,

(see [2]). In the sequel, we will mention some auxiliary results used through the paper.

Lemma 2.1. ( [18, 20]). We have the following assertions:

(i1) for every u ∈ X with ‖u‖ ≤ 1 one has

T+1∑
k=1

|Δu(k − 1)|p(k−1) ≥ T
p+−2

2 ‖u‖p+

(i2) For every u ∈ X and for any p, q > 1 such that 1
p +

1
q = 1 we have

max
k∈[1,T ]

|u(k)| < (T + 1)
1
q (

T+1∑
k=1

|Δu(k − 1)|p) 1
p . (2.1)
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Lemma 2.2. (see [9]). We have the following inequality in space X:

(j1) for every u ∈ X and for every m > 1 we have

T∑
k=1

|u(k)|m ≤ T (T + 1)m−1
T+1∑
k=1

|Δu(k − 1)|m

(j2) for every u ∈ X and for every m ≥ 1 we have

T+1∑
k=1

|Δu(k − 1)|m ≤ (T + 1)‖u‖m

(j3) For any u ∈ X and for every m ≥ 2 we have

T+1∑
k=1

|Δu(k − 1)|m ≥ (T + 1)
2−m

2 ‖u‖m

(j4) For any u ∈ X whit ‖u‖ ≥ 1 we have

T+1∑
k=1

|Δu(k − 1)|p(k−1) ≥ T
2−p−

2 ‖u‖p+ (2.2)

(j5) For every u ∈ X we have

T+1∑
k=1

|Δu(k − 1)|p(k−1) ≥ (T + 1)‖u‖p+ + (T + 1).

Definition 2.3. We say that u ∈ X is a solution of problem (1.1) if

M(ρ(u))
T+1∑
k=1

|Δu(k − 1)|p(k−1)−2Δu(k − 1)Δv(k − 1)− λ

T∑
k=1

f(k, u(k))v(k) = 0

for all v ∈ X.

Set

ϕ(u) = Φ(u)− λΨ(u)

for every u ∈ X , where

Φ(u) = M̂(ρ(u))
T+1∑
k=1

1

p(k − 1)
|Δu(k − 1)|p(k−1), Ψ(u) =

T∑
k=1

(F (k, u(k)),

M̂(t) =

t∫
0

M(ξ)dξ, t ∈ R

and

F (k, t) =

t∫
0

f(k, s)ds, ∀(k, t) ∈ [1, T ]Z × R.
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Definition 2.4. Let E be a real reflexive Banach space. If any sequence {uk} ⊂ E for which {ϕ(uk)}
is bounded and ϕ′(uk) → 0 as k → 0 possesses a convergent subsequence, then we say ϕ satisfies
Palais-Smale condition.

The proofs on our theorems are based on Theorems 2.5 and 2.6 below.

Theorem 2.5. [19, Theorem 4.10] Let ϕ ∈ C1(X,R), and ϕ satisfies the Palais-Smale condition.
Assume that there exist u0, u1 ∈ X and a bounded neighborhood Ω of u0 satisfying u1 /∈ Ω and

inf
ν∈∂Ω

ϕ(ν) > max{ϕ(u0), ϕ(u1)},

then there exists a critical point u of ϕ, i.e. ϕ′(u) = 0 with ϕ(u) > max{ϕ(u0), ϕ(u1)}.
Theorem 2.6. [23, Theorem 38] For the functional F : M ⊆ X −→ [−∞,+∞] with M �= ∅,minu∈M F (u) =

α has a solution in case the following conditions hold:

(h1) X is a real reflexive Banach space,

(h2) M is bounded and weak sequentially closed,

(h3) F is weak sequentially lower semi-continuous on M , i.e., by definition, for each sequence {un} in
M such that un ⇀ u as n → ∞, we have F (u) ≤ limn→∞ inf F (un) holds.

In Theorem 2.6 for a finite dimensional space setting one uses only norm topologies.

We refer to the papers [4, 24], Theorem 2.5 in which has been applied to obtain the multiple solutions
boundary value problem. Moreover, in the paper [25], Theorems 2.6 and 2.5 have been successfully
applied to obtain the existence of two solutions for a boundary value problem.

3. Main results

We utilize the following assumptions throughout this paper:

(A1) there exist constants ν > p+ and L > 0 such that for every k ∈ [1, T ]Z, 0 < νF (k, t) ≤ tf(k, t),
for |t| > L,

(f1) limt−→0
f(k,t)

|t|p+−1
= 0, for k ∈ [1, T ]Z uniformly.

The main result of this paper is the following theorem.

Theorem 3.1. Assume that the assumptions (M0), (A1) and (f1) hold. Then:

if f(k, t) ≥ 0 for all (k, t) ∈ [1, T ]Z × R, the problem (1.1) has at least two solutions.

We need the following lemma to prove our main result.

Lemma 3.2. Assume that (A1) and (M0) hold. Then ϕ(u) satisfies the (PS)-condition.
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Proof. Assume that {un}n∈N ⊂ X such that {ϕ(un)}n∈N is bounded and ϕ′(un) → 0 as n → +∞. Then,
there exists a positive constant c0 such that |ϕ(un)| ≤ c0 and |ϕ′(un)| ≤ c0 for all n ∈ N. Therefore,
from the definition of ϕ′ and the assumption (A1) and inequality (2.2) of Lemma 2.2 for some c1 > 0 we
have,

c0 + c1‖un‖ ≥ νϕ(un)− ϕ′(un)(un)

≥ m0(
ν

p+
− 1)T

2−p−
2 ‖un‖p+ − λν

T+1∑
1

F (k, un(k))

+ λ

T+1∑
1

f(k, un(k))un(k) ≥ m0(
ν

p+
− 1)T

2−p−
2 ‖un‖p+.

Since ν > p+ this implies that (un) is bounded. Consequently, since X is a finite dimensional Banach
space we have, up to a subsequence,

un → u in X.

Consequently, ϕ satisfies the (PS)-condition.

3.1. The proof of Theorem 3.1

Proof. In our case it is clear that ϕ(0) = 0. Lemma 3.2 shows that ϕ satisfies the (PS)-condition.
Step 1. We will show that there exists M > 0 such that the functional ϕ has a local minimum u0 ∈
BM = {u ∈ X; ‖u‖ < M}. Then by Theorem 2.6 we conclude that ϕ has a local minimum u0 ∈ B̄M .

We assume that ϕ(u0) = minu∈B̄M
ϕ(u). Now we will show that

ϕ(u0) < infu∈∂BM
ϕ(u).

From (2.1) we have
‖u‖∞ ≤ √

1 + T‖u‖, u ∈ X.

When ‖u‖ → 0, by assumptions (f0) we implies there exists ε > 0 be small enough, such that ε <
m0

λp+(1+T )
p++2

2

T
p+−2

2 and F (k, t) ≤ ε|t|p+ , therefore, one has

ϕ(u) ≥ m0

p+
T

p+−2
2 ‖u‖p+ − λε

T+1∑
1

|u|p+ − λc

T+1∑
1

|u|q

≥ m0

p+
T

p+−2
2 ‖u‖p+ − λε

T+1∑
1

‖u‖p+∞

≥ m0

p+
T

p+−2
2 ‖u‖p+ − λε(T + 1)(1 + T )

p+

2 ‖u‖p+

≥
(m0

p+
T

p+−2
2 − λε(1 + T )

P++2
2

)
‖u‖p+,

therefore, there exist r > 0, δ > 0 such that ϕ(u) ≥ δ > 0 for every ‖u‖ = r, We choosing M = r, so
ϕ(u) > 0 = ϕ(0) ≥ ϕ(u0) for u ∈ ∂BM . Hence u0 ∈ BM and ϕ′(u0) = 0.

Step 2. Since u0 is a minimum point of ϕ on X, we can consider M > 0 sufficiently large such that
ϕ(u0) ≤ 0 < infu∈∂BM

ϕ(u), where BM = {u ∈ X; ‖u‖ < M}. Now we will illustrate that there exists
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u1 with ‖u1‖ > M such that ϕ(u1) < inf∂BM
ϕ(u). For this, Consider the function e1 : [1, T ]Z → R

such that there exists k0 an integer satisfying 1 ≤ k0 ≤ T for which e1(k0) = 1 and e1(k) = 0 for any
k ∈ [1, T ]Z \ {k0}. Thus, we deduce that e1 ∈ X. let u1 = re1, r > 0 and ‖e1‖ = 1. By [4, Remark 3.1]
and (A0) there exist constants a1, a2 > 0 such that F (k, u(k)) ≥ a1|u(k)|ν − a2 for all k ∈ [1, T ]. Thus

ϕ(u1) = (Φ− λΨ)(re1)

≤ m1

p−
T (‖re1‖p+ + 1)− λ

T+1∑
1

F (k, re1(k))

≤ m1

p−
T (rp

+‖e1(k0)‖p+ + 1)− λrνa1|e1(k0)|ν + λ(T + 1)a2.

Since ν > p+, there exists sufficiently large r > M > 0 so that ϕ(re1) < 0.Hence, max{ϕ(u0), ϕ(u1)} <

inf∂BM
ϕ(u). Then, Theorem 2.5 gives the critical point u∗. Therefore, u0 and u∗ are two critical points

of ϕ, which are two solutions of the problem (1.1).

We now present the following example to illustrate Theorem 3.1.

Example 3.3. Consider T = 3, M(t) = 2 + cos t, for t ∈ R
+, p(k) = 2

3k + 4 for k ∈ [0, 3]Z and

f(k, t) =

{
7t6, |t| > 1,

7t8, |t| ≤ 1

for all k ∈ [0, 3]Z. By the expression of f , we have

F (t) =

{
t7, |t| > 1,
7
9t

9 + 2
9 , |t| ≤ 1.

We observe that p+ = 6, p− = 4 and M satisfies the condition (M0) with m0 = 1. Also, M and f are

continuous functions and f(k, t) ≥ 0 for all t ∈ R. We have limξ→0
f(k,ξ)

ξp+−1
= limξ→0

7ξ8

ξ5 = 0 and letting

c = 7, q = 6 > 5 = p+ one has |f(x, t)| < c(1+ |t|6), for |t| ≤ 1. Since limξ→∞
ξf(k,ξ)
F (k,ξ) = 7, by choosing

T = 1 and ν = 7 > 6 = p+, we have 7F (k, t) ≤ tf(k, t), for |t| > 1. So we see that all conditions
(A1), (f0), (f1) are fulfilled, therefore, by applying Theorem 3.1, for every λ > 0 the problem{ −(2 + cos(ρ(u(k))))Δ(φp(k−1)(Δu(k − 1))) = λf(k, u(k)), k ∈ [1, 3]

u(0) = u(4) = 0,
(3.1)

has at least two solutions.

References

[1] A. Arosio, S. Panizzi, On the well-posedness of the Kirchhoff string, Trans. Am. Math. Soc., 348 (1996) 305-330.

[2] M. M. Cavalcanti, V. N. Cavalcanti, J. A. Soriano, Global existence and uniform decay rates for the Kirchhoff-Carrier
equation with nonlinear dissipation, Adv. Differ. Equ., 6 (2001) 701-730.

[3] X. Cai, J. Yu, Existence theorems for second-order discrete boundary value problems, J. Math. Anal. Appl., 320 (2006)
649-661.

[4] G. Caristi, S. Heidarkhani, A. Salari, S. A. Tersian, Multiple solutions for degenerate nonlocal problems, Appl. Math.
Lett., 84 (2018) 26-33.

© 2022 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 64



[5] O. Chakrone, EL. M. Hssini, M. Rahmani, O. Darhouche, Multiplicity results for a p-Laplacian discrete problems of
Kirchhoff type, Appl. Math. Comput., 276 (2016) 310-315.

[6] N.T. Chung, H. Q. Toan, Multiple solutions for a class of degenerate nonlocal problems involving sublinear nonlin-
earities, Matematiche (Catania), 69 (2014) 171-182.

[7] M. Galewski, G. Molica Bisci, R. Wieteska , Existence and multiplicity of solutions to discrete inclusions with the
p(k)-Laplacian problem, J. Differ. Equ. Appl., 21 (2015) 887-903.

[8] C. Gao, On the linear and nonlinear discrete boundary value problems, Appl. Math. Comput., 233 (2014) 62-71.

[9] M. Galewski, R. Wieteska, Existence and multiplicity of positive solutions for discrete anisotropic equations, Turk. J.
Math. 38 (2014) 297-310.

[10] J. R. Graef, S. Heidarkhani, L. Kong, A variational approach to a Kirchhoff-type problem involving two parameters,
Results Math., 63 (2013), 877-889.

[11] J. R. Graef, S. Heidarkhani, L. Kong, S. Moradi, Infinitely many solutions for anisotropic discrete boundary value
problems of Kirchhoff type, Inter. J. Differ. Equ., 15 (2020) 389-401.

[12] J. R. Graef, S. Heidarkhani, L. Kong, S. Moradi, On an anisotropic dicrete boundary value problem of Kirchhoff type,
J. Difference Equ. Appl., to appear

[13] S. Heidarkhani, G. A. Afrouzi, A. Salari, G. Caristi, Discret fourth-order boundary valu problems with four parame-
ters, Appl. Math. Comput., 346 (2019) 167-182.

[14] G. Kirchhoff, Mechanik, Teubner, leipzig, Germany, 1883.

[15] B. Kone, I. Nyanquini, S. Ouaro, Weak solutions to discrete nonlinear two-point boundary-value problems of Kirchhoff
type, Electronic J. Differ. Equ., 2015 (2015) 1-10.

[16] J. L. Lions, On some questions in boundary value problems of mathematical physical, In de la Penha, GM, Medeiros,
LAJ (eds.) Proceedings of International Symposium on ContinuumMechanics and Partial Differential Equations, Rio
dejanerro 1977. Math. Stud., 30 (1978) 284-346. North-Holland, Amsterdam.

[17] J. Mawhin, Some boundary value problems for Hartman-type perturbations of the ordinary vector p-Laplacian, Non-
linear Anal., 40 (2000) 497-503.
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