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1. Introduction

In this paper, we study the following elliptic system

— A gyt + [P = Ma() 2 + [ O 2), w0
—A, )v + [0]9® =20 = u(b (:1:)|v|r2(x)_2v + [u]2@)=2y), 2 € Q,

x u @ ax — x 11
|vu|p 28 = al@ )( 5)( )€ c(@)|ul 2ulv|), z € 0N, (1)
|Vl 28” = amr (@) o] @2 ufo@), T €00,

where QO C RV, N > 2 is a bounded domain with smooth boundary, n is the outer unit normal to 9}
and — A, u = —div(|Vu[P®)~2Vy) is called p(z)-Laplacian, A, i1 > 0, the functions p, ¢, 71, 72, by, ha,

a,b € C(Q)and ¢, o, B € C(99). In this paper, for any v € C(Q2) we denote

vt = ess supv(x), v- = ess inf v(z).
x€Q ze
Let us define for every z € Q, p*(z) = ]\][Vf’[()g), ¢ (z) = %, and for every z € 09, p}(z) = %

and ¢j(z) = %, when p(z) < N, g(x) < N.

Through the paper, we always assume that
(Ho) Vo € Q,1 < p(x) < hi(x) < r1(z) < p*(z) and
1<p <p"<hy <hf<r <rf.
(Hy) Vo € Q,1 < q(x) < hao(z) < ro(z) < ¢*(x) and
1<q <q"<hy <hy<ry <rj.
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(Hy) min{hi,hy} > max{p*,q*}.

(H3) Vo € 09,1 < a(z), f(x) such that o(z) + B(z) < p(z) < pj(z) and
a”+ 47 <at+pT<p <pt,

(Hy) Vo € 09, a(z) + B(x) < q(z) < ¢j(x) and
o+ B <at+pt<q <q,

(Hs) a(x),b(z),c(x) > 0,a(z) € LFE(Q),b(x) € LF2@(Q), c(z) € LB (00), k; € C(Q) (i =
1,2),ky  ky > 1, ks € C(0R2),ky = ess inafﬂkg(x) > 1 and there are s;(z)(i = 1
re

that s1(x), s2(x) € L™(2) and Vz € Q,p(x) < s1(z) < p*(z),q(z) < so(z) < ¢*(x) and
sa(x). s5(z) € L¥(00), Var € 9 p(x) < sa(x) < ph(x),q(x) < sa(x) < () where

—~
8
~—
—~
-~
I
IS
w

H~
~—
2]
c
(@)

=

1 r1(zx) B
he T a@)

1 ?“2(3?) .
b)) s

1 a(z)  Blz)
B(@) T ss@) | sa@)

There have been many authors used the Nehari manifold and fibering maps to solve semilinear and
quasilinear problems (see [2, 3, 4, 5, 6, 13, 20]). Wu in [21] proved that, there exists Cy > 0 such
that if the parameter \, p satisfy 0 < |)\|2%q + |u|% < (Y, then problem (1.1) for p = 2,r(z) =
ra(r) =a,f(z) =Fand1 <7 < 2 < a+ B < 2% has at least two solutions (ug, vy ) and (ug, vy )
such that uF > 0,v5 > 0in Q and uf # 0,05 # 0. By the fibering method, Drabek and Pohozaev
[6], Bozhkov and Mitidieri [4] studied respectively the existence of multiple solution to a p-Laplacian
single equation and (p, ¢)-Laplacian system. In [5] Brown and Zhang used the relationship between the
Nehari manifold and fibering maps to show how existence and nonexistence results of positive solutions
of the equation are linked to properties of the Nehari manifold. In [2] Afrouzi and Rasouli for the case
p(z) = p,r(x) = r,a(xr) = a,p(x) = [ discussed the existence and multiplicity results of nontrivial
nonnegative solutions for the system. In [16] Mashiyev, Ogras, Yucedag and Avci studied the multiplicity
of positive solutions for the following elliptic equation

—Apyu = Aa(z)|u| @2y + b(z)[u/"@=2 inQ
u(z) =0 on Of)

where 2 C RY is a bounded domain with smooth boundary in R, p,q,h € C 1(Q) such that 1 <

a(z) < plz) < h(z) < ()" (x) = 5N > pla).p*(x) = 00 if N < p(),1 < p = ess

inf,cop(z) <esssup,cqp(x) <oo,l1 <q <qgt<p <pt<h <h",A>0€ Randa,be C()
are non-negative weight functions with compact support in 2.

In this paper, we have generalized the articles of Afrouzi-Rasouli [2] and Mashiyev, Ogras, Yucedag
and Avci [16], to the p(x)-Laplacian by using the Nehari manifold under the similar conditions. We shall
discuss the multiplicity of positive solutions for the problem (1.1) and prove the existence of at least two
positive solutions.
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If we consider all above-mentioned papers the use of the Nehari manifold for the system (1.1) makes
our study very interesting.

This paper is divided into three parts. In the second part we introduce some basic properties of the
variable exponent Sobolev spaces lep(’”)(Q), where 0 C RY is a domain, section 3 gives main results
and proofs.

2. Preliminaries

In order to deal with p(z)-Laplacian problem, we need some theories on spaces LP(*)(Q), Wr(#)(Q)
and properties of p(z)-Laplacian which we will use later (see [10]). If Q@ C RY is an open bounded
domain, write

L2(Q) = {p€L™(Q):essinf plx) > 1},

S(Q) = {uluis a measurable real-valued function on Q}

For any p € L (£2), we denote the variable exponent Lebesgue space by

LPP(Q) = {u e S(Q)] / lu[P@dx < 0o}
Q

We can introduce the norm on LP®)(Q) by

|| p(z) = Inf{A > O|/| Ddx < 1},

and (LP®)(€2), |.|()) becomes a Banach space, we call it variable exponent Lebesgue space.

Proposition 2.1. (See [10]). The space (LP*) (1), ||p(z)) is a separable, reflexive (if 1 < p~ < p™ < 00
) and uniformly convex Banach space, and its conjugate space is V(@) (Q), where ﬁ + zﬁ = 1. For
any u € LP@(Q) and v € LV 9)(Q), we have

|/ﬁwﬂ< +—»wphw@

Proposition 2.2. (See [9]). If iy + oty + 7y = L, then for any u € LP®(Q),0 € LI")(Q) and
w € L"@)(Q),

1
|/wwmwi =+ = Dlualolan o < Slulololyelwho

Proposition 2.3. (See [10]). Set

pwwa/wW%m, Vu € 1P (Q),
Q
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then,

() [uly) < 1= 15> 1) & p(u) < 1(= 1;> 1);
.. - + - +
(i) fulpy > 1= ful?,) < plu) < Jul?, s [ulyy < 1= full, = p(u) = Jull7,
(iil) |u|p@) = 0 < p(u) = 0; [ulp@) — 00 & p(u) — oo.
Proposition 2.4. (See [10]). If u,u, € Lp(w)(Q), n = 1,2, ..., then the following statements are equiva-
lent to each other:
(1) limn%oo |un — u|p(x) = O;
(2) limy, o0 p(u, —u) = 0;

(3) up — win measure in S and lim,,_, o p(u,) = p(u).

Define the variable exponent Sobolev space 17 1P(®) (Q) by
WPO(Q) = {u € LAV(Q) | |[Vu| € LPD(Q)},
and the norm
[ullp@) = [Ulp@) + [Vulp@), — Yue WHE(Q),

makes WW1P(*)(Q) a separable and reflexive Banach space. The space WO1 P (‘r)(Q) is denoted by the
closure of C§°(Q) in WP(#)(Q). WO1 (@) (Q) is a separable and reflexive Banach space. In this paper we
will use the equivalent norm on TW1'P(#)(Q);

p(z)
lully@) = inf{A > 0| /IVuI +|“| de < 1},

Proposition 2.5. (See [9]).If we define I (u) = [, [Vu(2)[P@+|u(x)[P@dx, then for u,u, € W@ (Q):

(1) Nullyoy < 1= 1> 1) & I(a) < 1(= 1;> 1
- +
2) lullpy > 1, then lull?ry < 1(u) < [l
+ —
(3) Nl < 1, then Py < I(u) < lull
(4) l[urllp@) = 0(= 00) & I(u) = 0(— o0).
Proposition 2.6. (See [8]). If s(x) € C(Q), 1 < p(x) < s(z) < p*(z) and
essinf,.qp (xz) —s(x)) >0,
for all x € ), then the embedding W) (Q) < L*®)(Q) is compact and continuous.
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Define the variable exponent Lebesgue space by

LP@(99) = {ulu : 9Q — R is a measurable and/ luP®do, < 400}
o9

with the norm
ulsiiomy = > 0] [ 152, < 13,
o0
where do, is the measure on the boundary. Then, LP(*)(99) is a Banach space and Proposition 2.3 is

satisfied for p(u) = [,, [u[P@dz, Yu € LP®)(9Q).
Proposition 2.7. (See [13]).

(i) If ¢ € C(Q) and q(x) < p(z) for any & € Q, then the imbedding from W'P@)(Q) — LI@)(Q) is

compact and continuous;

(ii) If ¢ € C(Q) and q(x) < po(z) for any x € Q, then the imbedding from W'P(®)(Q) «— L) (9Q)
is compact and continuous.

Proposition 2.8. (See [9]). If |u|?®) € Ls@/a@)(Q), where s(z),q(z) € LY(Q),q(z) < s(x), then
q

u € L*@)(Q) and there is a number g € [q~, q*] such that ||U|q(z)|s(a¢)/q(m) = (Juls@)?.

In what follows, TV will denote the Cartesian product of two Sobolev spaces TW12(#)(Q) and TW14(*) (),
ie., W = W@ (Q) x Wha@)(Q). Let us choose on W the norm ||.|| defined by

[, )| = maxgfullp, [[vlq},

where |||, is the norm of W@ () and ||. |, is the norm of W14 (().

3. Main results

Definition 3.1. We say that (u,v) € W is a weak solution of problem (1.1) if for all ({,7) € W we have

/ |Vul|P@ 2 VuVeds + / |uP® =2y da
Q Q

= )\</a($)|u|r1(1‘)—2u€d$+/|u|h1(1‘)—2u€d$> —|—/(Ozic(:t)|u|a(x)_2u|v|ﬁ(x)fdx,
a\x
Q

Q 29)

and

/|Vv|q<x)_2Vv.V77da?+/|U|q(x)_2vnda:
QO QO

= b(z)|v]2@ 2y dx—i—/ o|h2@)=2y dx) —l—/&c 2)|[v]P@ =2y |u|*@nd.
u(!()l v [l )+ | S
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It is clear that problem (1.1) has a variational structure. Let J, , : W — R be the corresponding energy
functional of problem (1.1) defined by

wo) = [ vul® 4y + [ L
D) = [ (V) i+ [

Q Q

1 1
ri(z) hi(z)
alx)|u + U dx

/
o [l [ i)
(z)

(|Vv|q(fv) + |U|q(x)>dl‘

Let

!
kS
=
I
—

(IVuP® + [ulP™)da + /<|W|q<f> + [0]1@))dz

Q
Qlu,v) = /\(/a( ul"@ dx+/|u|h1(x)dx> +u(/b(x)|v|r2(“")dx—l—/|v|h2(“")d:ﬁ>,
Q Q Q Q
R(u,v) = c(z)|u|*@|v] P @ dg

o))
o)

It is well known that the weak solution of problem (1.1) is of the critical points of the energy functional
Jyu- Let I be the energy functional associated with an elliptic problem on a Banach space X. If I is
bounded below and / has a minimizer on X, then this minimizer is a critical point of /. So it is a solution
of the corresponding elliptic problem. However, the energy functional .J) , is not bounded below on the
whole space IV, but is bounded on an appropriate subset, and a minimizer on this set (if it exists) gives
rise to solution to (1.1). A good candidate for an appropriate subset of 1/ is the Nehari manifold.

Then we introduce the following notation: for any functional f : W' — R we denote by f’(u, v)(h, h2)
the Gateaux derivative of f at (u,v) € W in the direction of (hy, hy) € W, and

FO(u,v)hy = f'(u+ ehy, )| —o, f@ (u,v)hy = f'(u,0 + 5hs)l5.
Consider the Nehari minimization problem for A, i > 0,
ag(A, p) = inf{Jy ,(u,v) : (u,v) € My ,}

where My, = {(u,v) € W\{(0,0)} : (J} ,(u,v),(u,v)) = (J} ,(w,v)u, ]} (u,v)v) = 0}. Itis
clear that all critical points of J , must lie on M) , which is known as the Nehari manifold and local
minimizers on M) , are usually critical points of J) ,. Thus (u,v) € M) , if and only if

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 6



Dopw,0) 2= (T (,0), (0, 0)) = / (VP + [P da + / (V]2 + [o]@)da
Q

az)|u® da + / |u|h1(x)d:p>

Q

R
,u(Q/b ) || d$+/|v|h2(”3)dw>

/c(a: || @ o) dz = 0. (3.1)
o9

Then for (u,v) € M) ,, we have

(Do(w,0); (uw0)) - = /}wwﬂVM“”+¢M“®ﬁm%i/q@ﬂﬂvm“”+4m“”ﬁm

Q
Tz(x)b |T2 dﬂ?+/h2 |h2
Q

(/9]

Now, we split M) , into three parts:

M/QL = {(u,v) € My, : <I/\u(u v), (u,v)) > 0},

My, = {(u;v) € My« (I}, (u,), (u,v)) =0},

My, = {(u,v) € My pu: (I, (w,0), (w,0) < 0}

Theorem 3.2. Suppose that (ug, vo) is a local maximum or minimum for Jy , on M) .. If (ug, vo) & M 0
then (ug,vo) is a critical point of Jy .

Proof. The proof of theorem 3.2 can be obtained directly from the following lemmas. ]

Lemma 3.3. There exists 6 > 0 such that for 0 < X\ + p < 0, we have Mg,u = 0.

Proof. Suppose otherwise, then for

max{r} 3 }—min{p~™,q"}
(win{p~, g} — ot — §9) [(minfhy, by} — max{p*,qt )] wr e
(max{ry,ry } —at — B8H)Cy| Cs(min{hy,hy} —a= — ) ’

5:

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |7



where Cy, Cy are positive constants and specified later, there exists (A, p) with 0 < A + p < 6 such that
My , # 0. Then for (u,v) € M} , we have

and

(I} . (u,v), (u,v)) = /p(g;)(|vu|p(a:) + |U|p(‘r))d$+/q(m)(|vv|q(‘r) + [0]"®)da

Q Q

/\(/a(x)rl(a:)|u|rl(x)dx+/ () |u|m e da:)
Q Q

u< [oem@l=d+ [ h2<x>|v|h2<w>dx)
Q

Q

/ (o) + B(x))e(@)]ul™®]o] @ de

o0

> min{p,q} [ J0vur e+ [ oo + |v|q<$>>dx]
Q

Q
max{rf,r;}l)\(/a(a:)|u|”($)da?+/|u|h1($)daz>
Q

Q

,u(/b(x)|v|r2(x)dx+/|v|h2(‘r)d:p>]
Q Q

(at + 8 / () [u] @ oD d

o0

(min{p_, ¢ }—a— B+> P(u,v) + (a+ + B — max{r{, r?}) Q(u,v), (3.2)

(1, (w,0), (u,0)) :/p(w)(lvulp(“”)+Iulp(@)dw/q(x)(|vu|q<w>+|U|Q<l‘>)d;p
Q

Q
/\(/a(x)rl(a:)|u|rl(x)dx+/ L(2)]u|m e da:)
Q Q
ol [l + [ ra(o)pl
Q

Q

/ (o) + B(x))e@)ul*®]o] @ de

o0

< max{p 7| [Vl + r@)is + / (Vo2 + |v|q<$>>dx]

Y}

min{hl_,hz_}:)(/ )l /|u|h1 d:z:)

Q
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+ u(/b(a:)|v|r2(“")da:+/|v|h2(w)daz>]
QO QO

- (a7 +87) [ el@)lul e

o0

_ <max{p+, ¢*} — min{h7, h;}) P(u,

By Propositions 2.1, 2.2, 2.6, 2.7 and 2.8 we have

v) + (min{rl_, ry } —

Qo) = A( [ atwlul! / " s

Q

IA
>

IA
>
IS
2
&

+
[\
=

u( (e (V]sa(a) + 101

r Ty
ACH )T + HCll(u, )
max 7‘+ ’I"Jr
(A + 1) Cs|l (, w) rtriors

VARVAN

and

R(u,v) = /c(az)|u|0‘($)|v|ﬁ($)d:ﬂ

oN
< 3ot |1l [l
a(z)
< 3|C(x)|k3(x)(|u|ss(w)) (|U|s4(:r))6

< CyllulFllollg
at+pT
< Gsll(w,v)| :

By using (3.4), (3.5) in (3.2) and (3.3) we get

sl(z) + |u|p )
r1(@)

q
o+ I )

v@) ([l sy @)™ + [lull}

)
)

||<u,v>||z[ (min{p~,q"} — a* — §*)

(A + p)Cy(max{ry,ry } —at — 81)

and

(w0l < [

(min{ry, 75 } — max{p*t,q*})
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1
Cs(min{ry,ry } —a~ — 7) ] min{p— g~ }—at—pT

a — ﬁ_> R(u,v).  (3.3)

(3.4)

(3.5)
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This implies A + 2 > ¢ which is a contradiction. Thus we can conclude that there exists 6 > 0 such that
for 0 < A+ p < 8, we have My, = 0. O

Lemma 3.4. The energy functional J) , is coercive and bounded below on M) ,,.

Proof. If (u,v) € M), and ||(u,v)| > 1. Without loss of generality, we may assume ||u||p(z), ||v||q(x) >
1, we have
Ip(u,v) = /L(|Vu|p(“") + |u|p(1’)>dx 4+ / L(|Vu|q“) + |U|q(x)>dx
’ J p(x) J q(z)

! U T ! w|"®) dg
e+ [ d)

/ !
— ([ bl 1 [ el
) 2() J 2()

_ - - a(x)],,|8()
o) +ﬂ($)c(az)|u| ||\ dx

1 . N 1 ) )
_/(|Vu|P( ) |u|p( ))dx + q_+/(|VU|Q( ) 4 |v|‘I( ))daz
Q

—_

Vv

a(z)|u) " dx + / |u|h1(‘r)d:1:>

Q
(Q/ Q
. ﬂ(/b(x)wz(x)dx+/|v|h2<l‘>dx>
h2
Q Q
o .
+

1
v p p
(max{p+ 7w )[/ Vel + Julr)de
Q
+ / |Vv|q(m)+|v|q(“"))dx1

Q
1
_ a(2) |, |8() 4
<a + 8- min{hl,h2}>/c(x)|u| v ’
o2

1 -
min{p~,¢" }
o]~ i) 1)
)Canm,v)na**ﬁ*.

Vv

1
(a‘ + 4~ min{h],h;}

Since p~, ¢~ > (a4 1) so, Jy u(u,v) — oo as ||(u, v)|| — oo. This implies .J) ,(u, v) is coercive and
bounded below on M) . 1

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 10



By Lemma 3.3, for 0 < A + p < ¢, we can write M), , = M;ru U M, , and define

ay (A, )= inf  Jyu(u,v).

ozar()\,u) = inf  Jy,(u,v)
(u,v)eEMy ,

(uﬂ))eM)tM

Lemma 3.5. If 0 < A + p < 9, then for all (u,v) € M/\u’ Iy pu(u,v) <O0.

Proof. Let (u,v) € My . We have

max{p+,q+}( J0vur s + [ (oo + |v|q<x>>da:)
Q Q

—min{hl,hz}l/\<9/rl@ﬁ(ﬂ:)hﬁ“ﬂﬂ:—i—g/ﬁuhl(z)daz>

e )

—(a™ + 5_)/c(a:)|u|a(x)|v|5(x)da: > 0. (3.6)
B
By definition of J) ,(u,v) we can write
I p(u,v) < ! / IVulP® 4 |uP@)dg
AT \min{p,g} ot + B+
Q
+ /(|W|q<w> + |v|q(“"))dx]
Q
! /a )| / " @) dy
at + pfF max{rl ,T
Q Q
+ M</b($)|ﬂ|r2(m)d$ + / |v|h2(m)d:p>1 : (3.7)
Q QO
Now, if we multiply (3.1) by — (o~ + 57) and add with (3.6), we get
(3.8)

max{p”, ¢} —a” -~
Qu,v) < min{hy,hy } —a= — - P(u,v)
and applying (3.8) in (3.7), it follows
loﬁ + 8" —min{p~,¢"}  max{p" ¢} —a — 6‘] Pl o)
min{p~, ¢~ Hat +5T)  max{r{,ry}(a" + B7) ’
N l(min{p, ¢} —a* = ) (max{r{,ry } —min{p~, q})] Plu,v) < 0.

Ip(u,v) <

max{r{,r3 H(at + ) min{p~, ¢~}

Thus af (A, 1) = inf  Jy,(u,v) <O.
(u,v)GM;r’#

Lemma 3.6. If 0 < A\ + i < 0, there exists a minimizer of Jy ,(u,v) on M;r#

Page |11
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Proof. Since J) , 1s bounded below on M) , and so on M ;r - Then, there exists a minimizing sequence
{(w},v)} € My, such that

lim Jy (', of) = inf  Jyu(u,v) =of (A, u) <0.

n—00 (u,v)GM;'#

Since Jy ,, is coercive, {(u;},v;")} is bounded below in . Thus, we may assume that, without loss of

generality, (u},v;) — (ud,v) in W. Hence v} — ug in WHP@(Q) vt — vf in WH4®)(Q) and by

the compact embeddings we have

u —ug in LM@(Q), LM@(Q), [A@H@)(Q),
v =g in L2@(Q), L=@(Q), Lo@+H@(Q),

This implies
Quy,vy) = Qug,vg)  asn — oo,
R(u, vl — R(ud,vg) as n — 0o.

Now, we shall prove u,” — ug in WP@(Q), vt — v in WH4@)(Q). Suppose otherwise, then either
oy < lmmint ity or ol < lmin

Using the fact that (J} ,(u;, vy ), (u;, v,y )) = 0 and (3.5) we can write the followings

1 1
lim Ty (ut oF) > _ lim P(u,. v,
Ro0 (Ut V) (max{p*, ¢t} min{h], h2}> Ao (ttn; vn)

1 1
- - 1 R ny Vn ),
(a+6 mm{hl,hz}>n5§o (ttn; 0n)

ag (A p) = inf  Jy ,(u,v)

(U,v)eMj,u
1 1 -
> - +, -+ ||min{p~,q" }
<maX{p+,q+} min{rl,r2}> [[(ug , )l

1 1 +.8+
+ (et 48
Uy , U )
(O'/_ B_ IIliD{T’;,T;}) ||( 0 O)”

since min{p, ¢~} > a* + 4%, for || (ug, o) || > 1, we have

af (A, u) = inf  Jy,(u,v) > 0.

(u,v)EM;:#

So that is a contradiction. Hence

u — ud in WHPE(Q),
vf — vl in WH@(Q),
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This implies

+ ot ooy
Ip(un,vn) = hulug,vg) = inf  Jy,u(u,v) as n — oo.
u,vGM;CH
Thus, (ug , vy ) is a minimizer for Jy , on M, O
> (Y Y A A

Lemma 3.7. If 0 < A\ + p < 0, then for all (u,v) € M,

e I, v) > 0.

Proof. Let (u,v) € M (€2). We have

min{p‘,q_}(/(Wwp(“") + IU|p(I))dl‘+/(|qu(I) + |v|"(’“’))dw>

Q

(. 1) A Q/ o) ul" / |§|’“ )
—f—u(ﬂ/b(m)wm(“")da:—l—ﬂfv|h2(“")dar>]

—(a™ + B_)/c(a:)|u|o‘(x)|v|6(x)da: < 0. (3.9)

(/9]

By definition of J) ,(u, v) and (3.1), we have

1 1
Taulu,v) > (max{p+,q+} B min{hf,hQ}) Plu,v)
1 1
— (a— = — min{hf,hQ}) R(u,v). (3.10)

Now, if we multiply (3.1) by — max{r;", 75 } and add with (3.9), we get

(max{ry",ry } —min{p~,q"})
R(u,v) < P S W P(u,v), (3.11)

and applying (3.11) in (3.10), it follows

Iy pu(u, v)

min{hy, hy } — max{p™, ¢*}
( min{hy, hy } max{p*, ¢t} ) Plu,v)
max{r;,r3 } —min{p~, ¢} w. v
+ < min{hy, hy Ha= 4+ 57) ) Ple)
(min{hy, hy } —max{p™,¢"})(a™ + 8~ + max{p*,¢"})
- min{hy, hy } max{p*, ¢t} (a= + )

P(u,v) > 0.

Theorem 3.8. If 0 < X\ + p < 9, there exists a minimizer of J , on M, ,
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Proof. Since J) , is bounded below on M), and so on M, , then there exists a minimizing sequence{(u, , v, )

M, Py such that
lim Jy ,(u,,v,) = inf  Jy,(u,v) = oy (A p).
n—0o0 (uw,w)eMy ,

Since J), , is coercive, {(u,,, v, )} is bounded below in WW. Thus, we may assume that, without loss of
generality, (u;,,v;) — (ug,v, ) in W. Hence u;, — uy in WHP@(Q) v — vy in WH4®)(Q) and by
the compact embeddings we have

— gy in LM@(Q), LM@(Q), [4@+EE) Q)
— vy in L@(Q), L2@(Q), Le@H@)(Q),

Q(uy,,v,) = Qug,vy)  asn — oo,
R(u, ,v,) = R(uy , vy ) as n — 00.

n?’

Moreover, if (uy,v,) € My ,, then there is a constant ¢ > 0 such that (tu,,tv,) € My, and
Iapu(ug vy ) > Iy pu(tug , tuy ). Indeed, since

I (u,0) = / p()(|Vul! + [ul"®)dz + / 4(@) (IV0[7@) 4 [0]1)da

Q Q
— a(z)ri(x)|u]™"""dx L) ] @) dy
A( <><>||<>d+9/h<>||<>d)
— v x o(2)|v]2®) dx
u< b)) o2 +Q/h<>|| <>d)

- / (o) + B(x))e@)]ul™® o] @ e

o0

then,

Iy u(tug  tog ) =

—

)19t P2 + e P + [ o)Vt 1)+ fro 17 d
Q

Q
- )\(/a )|tug [ dx+/h1(x)|tua|h1(x)dx>
Q Q
— u(/b z)|tvy |T2(‘r)da?—|—/h2(3:)|tvo|h2(‘”)daz>
Q Q

— [+ s@etling "

o

< el pax gt} [ J0vu + g
9]
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+ (v + |va|q<f>>dx]
9]

- thlhl)\</ x)ug | /|u0 |l da:)
Q
— thgh;u(/b(xﬂvﬂ”(m)dx—f—/|U0_|h2(“")d:17>
Q

Q

T (0 1 ) / () ug [*@ vy |P@da
o0
(tmax{p+,q+} max{p+’ q+} _ gmin{hyhy ) min{hy, hz}) P(ug,vy)

(tmin{h;,hg} min{h7, hy} — (0" + 5)) R(ug,vy)

2 (£ maxfp* g} — 7D mindh by }) g )0

IN

IN -+

_|_

min{hy ,hy : ol o L (- - — )|+t
Cr (Y minghi by} — 2 (@7 4+ 7)) (g o) |2

By (Hy) it follows I (ty, , tv, ) < 0. Hence by the definition of M, (tug,tvy) € M, .

Now, we shall prove u;, — ug in WP@(Q) v, — vy in WH4@)(Q). Suppose otherwise, then either

g llp < Y inf ey [, or e [l < limnf o |,
We have
tmax{er,qJ“} tmin{hl_,hz_} e T+B
Dou(tug tvg) < ———P(ug,vg) — —————— N —_— 0, V0
aul(tug tog) < min{p—,q} (ug,vp) max{rf,r}}Qmo Uy ) — at + 6+ R(uq,vg)
gmax{p*,g"} goin{hy by} o BT
< 1 P(u, v, ) — ————— U ) — —————— LU
ng{)lo mm{p .q } (urmvn) max{rf,r;}Q(u"’vn) a+ + 6+ (urmvn)
< r}ggo Iap(tu,  tu,) < nhj& Doty ,v,) = inf  Jy u(u,v) = ay (A, p).

(uw)eMy ,

This implies that Jy ,(tu, ,tvy ) < inf  J) ,(u,v) = ay (A, ), which is a contradiction. Hence
(u,v)EM;M

u, — ug in WHPE(Q),
v, — vy in WH@(Q),
This implies

Doty v,) = Iaplug,vg) = inf Ty u(u,v) as n — oo.
(u,v)eMy ,

Thus, (ug , vy ) is a minimizer for J, , on M, . O
Corollary 3.9. By Theorems 3.2 and 3.8 we conclude that there exists (ug , vy ) € My wand (ug,vy) €
Mj , such that Ip(ud,vg) = inf N Iapu(u,v) and Jy ,(uy, vy ) =  inf JA,#(u v). Moreover,

uv)eMy (uw)eMy

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 15



since Jy ,(us, vy) = Iy u(|uF|, [vT]) and (Jus], |vi]) € ]\4/\jE we may assume (ui,vy) > 0. By Theo-

rem 3.2, (uﬁ voi) are critical points of Jy ,, on W and hence are weak solutions. Finally, by the Harnack

inequality due to [21, 23], we obtain that (uoi, voi) are positive solutions of (1.1).

Remark 3.10. Our ideas can also be applied to the following elliptic system

(

— Ayt + U2y = A<a(x)|u|h<w>2u + |u|h1<fv>2u> + G @) [ul @ 2uju @) in 0

— Ay + [0|1@) 2y = u(b(a:)|v|r2(z)_2v + |U|q<z)_2v> + %c(m)wm(z)_zvmﬁm in ()
[ u(r) =v(x) =0 on 02

where p, q, 11,72, a, 3, a, b and c are as before. The results presented here have analogous statements for
the latter problem. The proofs of the multiplicity results are similar to the ones performed for problem
(1.1), so we leave the details to the reader.
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