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1. Introduction

Weighted inequalities appeared almost simultaneously with the birth of singular integrals that stimu-
lated their development. In particular, a natural question is the characterization of positive functions w for
which a singular integral maps LP(wdp) to itself. A famous example of a singular integral is the Bergman
projection, whose boundedness problem, solved elsewhere by Békolle and Bonami, is historically linked
to the duality problem for Bergman spaces.

The inner product and the norm in CV are (z,w) = 27 + - -+ + z2yWx and |z]| = 1/(2,2). We let
dpg(z) = ¢4(1 — |2|?)%du(z) where ¢ > —1 and p be the Lebesgue (volume) measure on the unit ball
B={z€CN:|z|] <1} of CN¥ = R?N, and ¢, is the normalized constant, that is 1,(B) = 1. Take
(cq = %). When N = 1, B is the unit disc D. For a > —1, it is a well-known result of Békolle
and Bonami that the Bergman projection 7, defined by

x
B

is bounded on LP(wdy,) if and only if the weight w belongs to the so-called Békolle - Bonami class [3].
The Bergman projection can be extended to all a less than or equal to —1. Therefore a natural question
is whether the Békolle - Bonami result can be generalized. In this paper we work with more general
operators than the extended Bergman projection, and more generally we characterize weights for which
we have the boundedness between two weighted Lebesgue classes on the unit ball of CV.

We set LP := LP(dp,), the Lebesgue space on B relative to y1, with 1 < p < +o00. Let H(B) denote
the space of holomorphic functions in the unit ball B. For ¢ > —1, a function f € H(B) belongs to the
weighted Bergman space Al whenever f € LP(dp,). The norm |[| f[| 4» is simply the L} norm of f.
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Besov spaces extend weighted Bergman spaces to all g. To define them, we first take a radial differential
operator D! of order ¢ for any s,¢ € R defined on H(B). Let f € H(B) be given by its convergent

homogeneous expansion f = E fr in which fj is a homogeneous polynomial in z1, . .., z)y of degree

k=0
k. We define, for s,t € R

o0

t
D=3 s g = Y M D
where
() = WHbale if g > —(N 4 1),
K - ﬁ if CLS—(N‘i‘l)

Consider the linear transformation 7 defined for f € H(B) by

I f(2) = (1= [2[*)' Df ().
We say that a function f € H(B) belongs to the Besov space B whenever Ilf € L7 for some s,t
satisfying
g+pt>—-1 ifl1<p<oo
t>0 if p=o0.
It is well known [9] that the LP-norm, ||T{f||z», of any one of the functions I is an equivalent norm for

|fll gz, the norm of f in BY. When g > —1 we have A} = Bl. The space Bg is a Hilbert space with
reproducing kernel K, (see [9] or [2, Theorem 1.9] or [16]) defined by

(

— (N +1+q); .
W = Z%(z,w)k, if g>—(N+1)
KQ<Z7w) = 9 lgo l{j‘
WFi(L 11— (N4 q)i(zw) = Y (zw), if ¢ < —(N+1),
\ k=0 I_N_Q>k

where o F; € H(D) is the Gauss hypergeometric function and (u), is the Pochhammer symbol defined
by (u), = (F“(’L)” ) with T' the gamma function. Namely, for a number s satisfying ¢ + 1 < p(s + 1), if ¢
satisfies ¢ + pt > —1 then for f € B? (see [9, Theorem 1.2])

(PsoI)f =

where

/sz w)(1 = o) du(w),

is the extended Bergman projection (s may be smaller than or equal to —1).

For a,b,s,t € R the operators that we are interested in are defined by (reproducing) Bergman-Besov
kernels. For f € LP(dyu,) we define

T9,f() = Tusf(z /sz w)(1— ) dpy ),
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SII(2) = Sunf(z) = / Kz [ ()| (1 = |02y (u0),

B
Piof(z) = Pof(z)=(1- |Z|2)t/Ks+t(sz)f(w)(1_ [w]?)*~dpg (w).
B

Throughout the paper b > —1 and s > —1 because we want our operator to be well defined (see for
example Lemma 5.1). Note that

Poif(2) = (1= [2]) Torss f (2) (1.1)
and
Tupf(2) = (1= |2*)" " Poavf(2). (1.2)

Our main motivation comes from the operators P, and P, 414 Which are the Bergman projection
and Berezin transform respectively, where P;LN i1asf (2) = (1 = |2)! SsyN414s,5f (2). The operators
P, Ty p and S, 5 are important in the study of function-theoretic operator theory, see for example [17]
when ¢ = —N — 1.

The boundedness of the operators Ti , Was already studied by Kaptanoglu and Ureyen [10] in the cases
where the operators T;b act from L to LE withge R, 1 <p, P <o00,Q > —1.

Theorem 1.1. [10, Theorem 1.2] Let a,b,q,QQ € R, 1 < p < P < oo, and assume () > —1 when
P < 00. Then, the following three conditions are equivalent.

1. Top: P — LE;

2. Sup: LP— LE;

3. (a) %<1—|—bana’a§b+l+]]\i+Q—1+];+qf0r1<p§P<oo;

(b) % <l-+banda <b+ 1+JI\£+Q — H]X’Lq for 1 =p < P < oo, but at least one inequality

must be strict;

(c) %<1+banda<b+l+§vf@—1+]Z+qf0r1<p§P:oo.

This result is useful for our work, especially for the case p = P and ¢ = @), to investigate the case
where these operators P, ; and T,; are bounded from Lé to Lévoo. Here the weak Lebesgue space,
Lé’oo, is the space of measurable functions f for which there exists A > 0 such that for all A > 0,
Mig{z € B :|f(2)] > A} < A. Our main result in this direction is the following.

Theorem 1.2. In the case ¢ = s, s +2t > —1 and s +t > —1 with s > —1 the operators P;; are

bounded from Lé to Lévoo and not from Lé to Lé.

In this paper we are mainly interested on the weighted estimates for the operators 7, or Ps; from
LP(wdpiy) to LP(wdpig). Here and throughout the paper w is a locally integrable positive function called
a weight. It follows from (1.1) and (1.2) that it will be enough to study weighted estimates for one
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of these two operators since the (LP(wdy,), LP(wdpg)) inequality for the family 7, ; is equivalent to
the (LP(wdpy), LP(wdpg+pt)) inequality for the family P, and conversely. In the special case of the
Bergman projection T, , Békolle [3] obtained the characterisation of the weights w in terms of the
Békolle -Bonami condition.

Let d be the pseudo-distance in B defined by

R

ﬂ%mz{ﬂd—uﬂ+1—v——ﬂ suweB

|z] + |w| z=0o0rw=0.

Definition 1.3 (Békolle - Bonami class). Let a > —1. Let w be a weight on B. We say that wdp,
belongs to (B}), 1 < p < oo, if there is a constant B, (w) such that for every ball B (with respect to the
pseudo-distance d) of B that intersects the boundary of B, we have

p—1

1 1 "
!w@mwd M@%!WPQMM@> < By(w).

1
fta(B)

Fora > —1, let

Tof(2) = a,Of(Z> = / (1— <Zf€;))N+1+adua(I>

B

be the Bergman projection. Békolle showed in [3] that
Theorem 1.4. Let w be a weight on B. The operator T,,, a > —1, is well defined and continuous on
LP(wdp,), 1 < p < oo, if and only if wdp, € (By).

The results we obtain depend upon the values of s + ¢, ¢ and ). In the case s +¢ < — (N + 1) we have

the following two main results.

Theorem 1.5. In the case s +t < —(N + 1), there are no weights w such that Py, is well defined and
continuous from LP(wdji,) to LP(wdpq) for Q < q.

Theorem 1.6. Let w be a weight on B. In the case s +t < —(N + 1), if Q > q, then P, is well defined
and continuous from LP(wdji,) to LP(wdpq) if and only if

p—1
[e@nom) | | [ F dun) ] <.
B B
Moreover
p—1
1Pl = { [ (i) | | [ 6D Pl (@
B B

In order to give our necessary condition for the boundedness of 77, , when a > —(1 4+ N) we introduce
a Békolle -Bonami type class of weights denoted by (Bgvb’q’Q).
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Definition 1.7. Let w be a weight on B. For ) < g and a > —1, we say that w € (Bgvb’q’Q) b> —-1)if

p—1

o (5 [wtna(a) ) [ 22 [P o o) ] <o

B:BNOB+£o p2(B) p12(B)
B B

where the supremum is taken over the pseudo-balls B.

For Q < ganda > —N — 1, we say thatw € (B4>%) (b > —1) if

p—1
Nb(B) /Jb(B) =1
L W /W(Z)dﬂcz(z) W (w(2)) P T dpgip (b-g)(2) < 00
B B
where the supremum is taken over the pseudo-balls B with radius Rp.
For Q > gand a > —1, we say that w € (B24?) (b > —1) if
p—1

Mb—l—% (B)
sup _
B:BNOB+w M3(3>

Mb+% (B)

B/ (o) | |~

[ T o) <0

where the supremum is taken over the pseudo-balls B.
For ) > gand a > —N — 1, we say that w € (Bg’b’q’Q) b> —-1)if

p—1

Mb—l—@(B) / ( )d ( ) Myt Q=g (B) /( ( )) 1 d ( )
Sup I wlz z R wlz p—1 o > < 00
B:BNOB#D RJZB(N +lta) J He RJZB(N“M) J Heq-+p' (b—q)

where the supremum is taken over the pseudo-balls B with radius Rp.

A necessary condition for the boundedness of P;; when —1 > s+t > —(1 + N) is the following.

Theorem 1.8. In the case both —(N +1) < s+t < —land s +t+ % < —1 hold, and in the case
both s +1 > —1 and () < q hold, there are no weights w such that Py, is well defined and continuous
from LP(wdy,) to LP(wdjig).

For the remaining cases, we introduce another Békolle -Bonami type class of weights, (Kg’t’q’Q), in
order to give our necessary condition for the boundedness of P when s +¢ > —(1 + N).

Definition 1.9. Let w be a weight on B. For s + ¢ + % > —land -1 > s+t > —N — 1, we say that
we (K3H9) (s > —1)if

Q—q Q-4 p—1
Ry Ry’ =
B:BSF%I?B#Q WB w(z)dpqgpe(2) WB (W(2)) 7T dptgp (s—q) (2) < 00

where the supremum is taken over the pseudo-balls B with radius Rp.
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For Q > qand s+t > —1, we say thatw € (K3"%9) (s > —1) if

Q=g Q=g p—1
o = /w(z)d“ (2) s /(w<z))P_‘11du (2) < o0
B:BroBAo \ Hstt(DB) J Q-+t fhsqit(B) J q+p'(s—q)

where the supremum is taken over the pseudo-balls B with radius Rp.

A necessary condition for the boundedness of P;; when s +¢ > —(1 + N) is the following.

Theorem 1.10. In the case both s + t + % > —land —1 > s+t > —N — 1 hold, and in the case
both s +t > —1 and Q) > q hold, if Ps; is well defined and continuous from LP(wdp,) to LP(wdpg),
then w € (K3'49).

We introduce a maximal and a fractional maximal operator that will be used to establish a good lambda
inequality in order to give sufficient conditions for the boundedness of ;.
Ifa > —1 we set

/uwwmm

B(¢,R)

1) 1
mapf(2) = sup _—
ceB,R>1—|cl:2eB(C,R) Ma(B(C, R))

more generally if a > —1 — N we set
1
b= sw s [ p)ldme).

CeB,R>1—|¢|:2z€ B(¢,R)
B(¢,R)

Before giving our good lambda inequality, we introduce here (Df;t’q’Q) a Békolle-Bonami type class of
weights.

Definition 1.11. Let w be a weight on B. For s + ¢ + % > —land -1 > s+t > —N — 1, we say that
w € (DghrQ) (s > —1) if

p—1
: (2)d1g (=) 1 (w(2))7d o) <
P /
B;BS%%;A@ ng+1+s+t+Q;q ) W2 )apQ+pt\Z RgJFHHH% ) w(z Hatp' (s—q) (2 o0

where the supremum is taken over the pseudo-balls B with radius Rp.
For Q > qgand s+t > —1, we say that w € (D5"%9) (s > —1) if

p—1
1

sup | —————¢ / w(2)dpqpt(2)
B:BNIB#£ ﬁ‘s+t+%<B)B o

——Jjg/wmﬁwwwma <

Q—q
P v+ 2 A

where the supremum is taken over the pseudo-balls B with radius Rp. In each case we denote by
D3:43:9(w) the expression in the left hand side.

Remark 1.12. Constants and standard weights (w(z) = (1 — |2]?)") are in (D;’t’q’Q). We also have
(Dgtea) C (DsteQ) C (K399). For Q = q we have (K314%) = (D5"4:Q),
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Here is our good lambda inequality.

Theorem 1.13. Suppose that 1 < p < oo. Let w € (Df;t’q’Q) where both s + t + % > —1 and
—1>s+4+t>—N —1hold, or both s+t > —1 and ) > q hold. There are two positive constants C
and [ such that for all ~ sufficiently small, A\ > 0 and for all positive locally integrable functions f, if
—-N—-1< s—l—tana’s—l—t—l—% > —1, then

Wd/vLQ—i-pt({Z €B: Ss—i-msf('z) > 2)‘7m;+t,sf<z) < ’7)‘}) <
CD;’t’q’Q(w)yﬁwduQert({z €B: Ssrrsf(z) > A}). (1.3)

To show that (D;’t’q’Q) is sufficient for the boundedness of F;; when s + ¢ > —1, we introduce the
following maximal and fractional maximal operator. If s +¢ > —1 we set

Os,tf(z) = (1 - |Z|2)tms+t,sf(z);
more generally if s +¢ > —1 — N we set
0L f(2) = (L= |2 'mipy  f(2).

The following theorem shows together with the good lambda inequality that (Df;t’q’Q) 1s sufficient for
the boundedness of P; ; from LP(wdp,) to LP(wdpg) when —N —1 < s+tand s+ ¢+ % > —1.

Theorem 1.14. For =N =1 < s+ and s + 1 + % > —1, ifwdpy € (Dy49), there is a constant
Cs tp.q.0 > 0such that for all f € LP(wdpy,),

/(wa(Z))pw(Z)d/wq(Z) < C&Lp,q,Q/ |f (2)[Pw(2)dpy(2).

B

Then for the case s +¢ > —1 and ¢ = () we have
Corollary 1.15. Let w be a weight on B. Then for s +1t > —1,s > —1 the following assertions are
equivalent.

1. Py is well defined and continuous from LP(wdy,) to LP(wdp,);

2. Tsyy s is well defined and continuous from LP(wdyiy) to LP(wdfigpt);

3. Ssit,s is well defined and continuous from LP(wdjiy) to LP (wdptgypt);

4. we (K3heQ),

Rahm, the third and the fourth authors settled in [11] the particular case of the operators Ps; for
s+t >—1,s > —1,Q = q = s. To this aim, they used dyadic methods that have been initiated by

Aleman, Pott and Reguera in the unit disk [1]. It might be interesting to see if the dyadic methods used
in those papers extend to the situation studied in this paper.

The outline of the paper is as follows. In Section 2 we briefly give requisite background information.
We prove Theorem 1.2 in Section 3. From Section 4 on, we look at weighted estimates; there we show
Theorem 1.5 and Theorem 1.6. The proof of Theorem 1.8, Theorem 1.10, Theorem 1.14 are in Section
5. The proof of Theorem 1.13 is in Section 6. Corollary 1.15 appears in Section 7.
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2. Main tools

2.1. Complex Analysis Tools

Throughout this paper d is the pseudo-distance in B defined by

d(z,w){ el =l + |1 = (g )| zweB

|z| + |w] z=0o0rw=0.

Throughout this paper K will be a constant such that
d(z,y) < K(d(z,2) + d(z,y)) 2.1

for all z, y and z in B. We will consider pseudo-balls in B, B(z, ), as points w of B such that d(z, w) < r
and we say that B(z, ) touches the boundary of B if » > 1—|z|. When B(z, r) is such thatr > k(1—|z|)
for some absolute value k < 1, we say that B(z,r) almost touches the boundary of B.

One can find the following two results in [3, 15].

Lemma 2.1. For each = € B and ro, 0 < rg < 1, if we set 2° = (14,0, - - ,0), then we have

1|1 = ziro| > 3d(z, 2°);
2. |21 — 1ol < d(z,2%);

3. |z = 2% < d(z,2%;

N
4. Z |21]? < 2d(z, 2°).

k=2
Proposition 2.2. There is a constant Cy > 0 so that for all z,w,wy € B with d(z,wy) > Crd(w,wq) we
have
1
[z, wo) = (2, w)] < 5[1 = {2, wo).
Then

1
|1 - <Z7w>| > §|1 - <Z7w0>|'

We recall that dyi,(2) = ¢, (1 —|z|*)?du(z) where ¢ > —1 and y be the Lebesgue (volume) measure on
the unitball B = {z € CV : |2| < 1} of C¥ = R?", and ¢, is the normalized constant, that is /z,(B) = 1.
When ¢ < —1, we simply write dpu,(z) = (1 — |z|?)9du(z). We then obtain the following result that will
be heavily used throughout the paper. This extends to all ¢ the result given in [3].

Lemma 2.3. Foreachw € B, 0 < |[w|=r<1land0 < R <2
tig(B(w, R)) ~ RN max(R, 1 —r)]%if ¢ > —1.
Then for ¢ > —1, (B, d, j14) is a homogeneous space in the sense of [5].

1w
2

However, if B(w, R) is away from the boundary (R < ), the equivalence remains true if ¢ < —1,

e

pg(B(w, R)) =~ RVH(1 — |wl)".
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Proof. Assume g < —1. Since z € B(w, R), we have |w| — |z| < R. Hence 1 — |z| < 1 — |w| 4+ R and
1 —|w| <1—|z|+ R. Since R < L ,we have 1 — |w| < 2(1 — |z]) so that

1 3
SO —fw) 1|2 S 1wl + R < 50— ). (2.2)

Hence, for all R € (0, 1_TM), we have

/ (1 |2))tdpu(z) = RV (1 — ).
B(w,R)

We recall the following well-known estimates in [12].

Proposition 2.4. Let

— [w]?)?

|1 —(z,w) |1+N+cd“(w)

ford > —1and c € R. We have, when |z| — 17,

(i) I ~1ifc<d;
(ii) Iwﬁlogﬁ ifc=d

(iii) I ~ (1 —|z>)~ (D jfe > d

The following results can be found in [9] and [10] respectively.

Theorem 2.5. Let ¢ € R. Lett,s € R such that q + 2t > —1. Equipped with the following equivalent

scalar product

A9 = [ 1T o)
B

2 . . . . .
B is a Hilbert space with reproducing kernel given by

( @]
N+1+4+q)k )
W = Z%(z,w)k, if ¢>—(N+1)
KQ<Z7w) = lgo l{j‘
oF1(1,1;1 — (N +q); (z,w)) = Zm<z,w>k, if g<—(N+1).
k=0

Lemma 2.6.

1. Forq < —(N + 1), each |K,(z,w)| is bounded above as z,w vary in B.

2. Foreachq e R,

(a) |K,(z,w)| is bounded below by a positive constant as z,w vary in B. In particular, K,(z, w)

is zero free in B x B.
(b) there is a py < 1 such that for |z| < py and all w € B, we have RK,(z,w) > 1.
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2.2. Harmonic Analysis Tools

The following result can be found in [5] and will be helpful in the proof of Theorem 3.1.

Theorem 2.7 ([S]). Let (X,d, ) be a homogeneous space and let K(x,y) be a function such that
K(x,.):y — K(z,y) € L*(X). Suppose the operator T defined by

/ny duly),

satisfies the following two conditions

1. there is a constant C so that ||T f||2 < Cy

2. there are two constants Cy and Cs5 so that for all y, 1o we have

/ |K(x,y) — K(x,yo)|du(z) < C3 (Hérmander Condition).
d(x,y0)>C2d(y,yo)

Then for all p, 1 < p < 2, there is a constant A, depending only on C;,v = 1,2,3, so that for all
f € L*NLP we have | T f|, < Al fll, if p> 1, and VA > 0

pl{e € X < [Tf(@)] > A < 4,121

One can find the following result in [7].

Theorem 2.8 (Marcinkiewicz Interpolation Theorem). Let py, p1 be so that 1 < pg < p1 < oc0. Let T
be a sublinear operator defined from LP° + LP* to the space of measurable functions. Assume that T' is
simultaneously of weak type (po, po) with operator norm Ay, ,, and of weak type (p1, p1) with operator
norm Ay, ,,. Then for every 0 < t < 1, T is of (strong) type (pt, p:) where

1 t 1—t
— =4 .
Pt Po P1
Moreover, if py < oo, then ||T |, < Ap,p,|| flp, with
1
A :le(Aggpo . Agipl ]pt.
o Pt—po  PL—Di
If p1 = 00, we can take
1
APo Pr
A =9 lpt Po,Po ] ]
o Pt — Do

The fractional maximal function is defined as follows

M, f(z) = sup 1—v /|f Jdv(w), v €]0,1).

When v = 0 it is the Hardy-Littlewood maximal operator. The following result will be used in Section 5
in the study of our maximal and fractional maximal function. One can find their proof in [6] or in [13].
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Theorem 2.9. Let X be a homogeneous space, 0 < v < 1,1 < p < r < oo and a pair of weights (u,v),
then the following are equivalent.

(i) There exists a constant C7 > 0 so that

r

/[wa(x)]rv(x)dV(fB) <G /|f($)|pU(x)dV(x)
X X
forany f € LP(X, udv);

8=

(ii) There exists a constant Cy > 0 such that

3
D=

[ttt )@ @) | <6 | [ @ant)

B B
forany ball B C X.

We will also make use of the following class, in Section 5, in the study of our maximal and fractional
maximal function and to establish the good lambda inequality.

Definition 2.10. A measure wdji, is in the (A4,, o) (1 < p < 0o) class if there is a constant C(w) so that
for all pseudo-balls B := B((, R) we have

p—1
1

o) | | 5 [P e | <G

B B

1
1o (B)

Definition 2.11. A measure wdy,is a Muckenhoupt weight or is in the (A, ) class if there exist d, 3
with 0 < §, 8 < 1, so that for all pseudo-balls B of B and for all measurable subset £ of B we have

pa(E) < 0pa(B) = wdpa(E) < fwdpa(B).

We give now two properties of Muckenhoupt weight that we will need later (see [8]).

Lemma 2.12. If 0 € (A, @) then there are two positive constants A and [y so that for all balls B and
a measurable subset E/ of B we have

[ ot)inate) < 4 (d““w))ﬁo [ oo

dpia(B)

Theorem 2.13. The Hardy-Littlewood maximal operator is bounded on LP(wdy,),1 < p < oo, if and
only ifwdp, € (Ap, a).

The following known lemma [14, Lemma 2-Chapter IV] will be used in Section 6.

Lemma 2.14. Let (X, A, 1) a measure space. Let [ and g be two positive measurable functions so that
forallt >0

p{r € X2 f(2) >t g(x) < ct}) <ap({z € X : f(x) > bt}),

where a,b and c are positive constants such that a < bP (1 < p < 00). Then

p ¢ p
171 < ———llgll
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We will use the following lemma in Section 5 to show Lemma 5.1. One can find it in [3, 15].
Lemma 2.15. For a > —1 — N, there are two constants C1,Cy (Cy > 0) so that, for z,w,wy € B with
|1 — (z,wo)| > C1d(w,wy), we have

1 B 1 <C d(w, w)
(1 — (z,w))N+l+e (1 — (z,wp))Nt1+e| = 2|1 — (2, wo)|N+at2’

3. Weak Type L' Inequality for P,; and 7, .

In this section, we will prove Theorem 1.2 that we first recall here.

Theorem 3.1. In the case ¢ = s, s +2t > —1 and s +t > —1 with s > —1 the operators P;; are
bounded from Lé to Lévoo and not from Lé to Lé.

Proof. The kernel of P ; is Hy (2, w) = = <§1’L;>|)Z ]@j —+7- We are going to proceed in three steps.
Step 1: Show that H,(z,.) € L2,Vz € B.

Indeed, we have

2 —[=1)*
/|H8t Z w d:uq |1 _ Z w |2 (N+1+s+t) d/’Lq( )

S (1 _(|Z|_>2|(ZJ\|7+)1+s+t) /(1 = o) dpu(w)
B

where in the second inequality, the member of the right hand side is finite because ¢ = s > —1.
Step 2: Show that P, is bounded from L to L2.

We have to show the boundedness of 7T ; from Lg to Lg 1o;- By Kaptanoglu and Ureyen, for a = s+,
b=s,p= P =2and ) = q + 2t (this is the reason g + 2t > —1 is needed), this holds.

Step 3: Show that there are two constants C; and C5 so that Vw, wy € B we have

/ |Hs (2, w) — Hs (2, wo)|dpg(2) < Co.
d(z,wo)>C1d(w,wo)

This was already done in [3] (see the proof of [3, Proposition 1] choose a = ¢+t + 1).

Because of Step 1, Step 2 and Step 3 we have by using Theorem 2.7 that the operators P ; are bounded
from L; to L;>. Observe that P, is bounded from L/ to L if and only if T}, is bounded from L, to
L. ;; and by Theorem 1.1, Ty,  is not bounded from L to Lé . because ¢ = s. O

Remark 3.2. In the case a > —(N + 1), the operators T;{ , are bounded from Lé to L;’OO if we have the
following two conditions

1)a<b
i) —1<qg<hb.
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The case a = b = ¢ > —1 is due to Békolle in [3]. The remaining cases are obtained by using Theorem
1.1.

Remark 3.3. In the special case b = g, Ta‘ib is self adjoint and bounded from L# to itself for 1 < p < oo,
Indeed, let f € LE and g € Lg/. Then

(Towf 9) 1z = //Ka(z,w)f(w)(l— [wl*)* ™ dpig (w)g(2)(1 = |2[) dp(2)

=/?wxr4MWw/kum@m@a—vmwmaa—mmwmm

=/f wai

= <f, (Tap)*9) 2

where
(T3,) g(w) = (1 - |w|2)bq/Ka(w,Z)g(2)(1 — |2*)%du(=).

Observe that when b = ¢, (T,)* = T, and since T}/, is bounded from L% to L) when 1 < p < 2, then
TY, = (ij) is bounded from L' to L? with 2 < p/ < cc.

Remark 3.4. By Remark 3.2 we have that T;{ , is of weak type (1, 1) and let A; ; be the operator norm.
By Theorem 1.1 we have that Ti , is of strong type (2,2) and let A, > be the operator norm. Applying
Theorem 2.8 leads us, with a better estimation of the operator norm

A1,1 B A%Q
b p—1 2-—p

to a new way to have the boundedness of 77, from LEto LY when 1 < p < 2. In the special case b = ¢
we have the boundedness from L7 to LI when 1 < p < oo because in this case T, is self adjoint.

1
P

Anp =2

)

4. Weighted estimates: Preliminary necessary conditions and the case where s +¢ < —N — 1

In this section we will give a proof of our criterion for the weights that provide boundedness of P ;
when s +t < —N — 1) (respectively 7, , when a < —N — 1). We start first with some general necessary
conditions.

4.1. Preliminary Necessary Conditions

Lemma 4.1. Let w be a weight. For q,(Q) € R, if P, is well defined and continuous from LP(wdji,) to
LP(wdpg), then w must be in L' (dpgpt)-

© 2022 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |21



Proof. Let f(w) = (1 — [w]*)"*xp(o,r) (w) where B(0, R) is the Euclidean ball. Then

Pouf(w) = (1 — |w]?) / Koo(w, 2)(1 = |22 "x0.m (2) (1 — |212) dp(z)
B

— (1 P / Kov(w, 2)du(2)

B(0,R)

— (1 - uP) / Ko o(zw)dp(2)
B(0,R)

(1 - |w|2)th+t(O7 w):u<B<07 R))

— (1 [wP)'u(B(0, R)).

Since P is well defined and continuous from LP(wdp,) to LP(wdpg).

/ IPof(2)P(2)dpg(z) < oo,

so that
/w d:uQert < 00,
B
then
/W(2>d/~LQ+pt(z) < 00,
B
and w € L' (dpgpt)- O

Lemma 4.2. Let w be a weight and q,Q) € R. If T, ;, is well defined and continuous from LP(wdji,) to
LP(wdpig), then Wit € LN gt (p—q))-

Proof. Assume that Ty, ;, is well defined, that is for any 2 € B

Sunf(z /|K 2 w)||f () dpap(w) <

and continuous from L (wdy,) to LP(wdpg). We want to show that Wit € [ (dptgp(p'—1)(v—q)), in Other
words we want to show w™' € L (wdjty s pr1)(s—q))- Assume that w™" is not in L¥ (wdpty s pr—1)(6—q))»
then by the Riesz representation theorem there exists a positive function i in LP(wd g1 p(p—1)(6—q)) SO
that

<haw_1>w7q+p(p’—1)(b—Q) = 00

This means that

OOZ/h(z)d“qw(p’—l)(b—q)(z)
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h(z)(1 = [z PP D Ddpy(2)

h(z)(1 — |z|2)[p(p’fl)fl}(bfq)dlub(z)

h(z)(1 — |2 0D gy, (2).

|
B B B

Since h € LP(wdfigspp—1)(—q)), then g € LP(wdy,), where g(z) = h(z)(1— |2)2)@' D=9 v e B.
So

Tuag(0) = [ )1 = 2P 10 D) = o,
B
contradicting the fact that 77, ; is well defined and continuous from LP(wdy,) to LP(wdpg). ]

Proposition 4.3. In the case s+t < —1 and () < q, or in the case s+t+ % < —1, for any pseudo-ball
B that touches the boundary, there are no weights w so that, both conditions w € L*(B,dug,t) and

wiT € LY(B, dhigsp (s—q)) hold at the same time.

Proof. Let s+t < —1, () < q and B be a pseudo-ball that touches the boundary. Then

oo = /d/~b5+t(z)

(1= J2") " du(z)

U:J\ UUL W\U:J

(1= |25 dp(z)

q+tpt

= [ wr(2)(1 = 2w (2)(1 - |2?) Fdu(z)
< /w )P () /@viwu—vmﬁ““wma
B
< /w )@ () /wfﬂdﬂ—VW““HWMd
B B

so that necessarily w & L'(dpgpt) or Wit ¢ LY (dptgrp(s—q))-

Lets+1t+ % < —1, and B be a pseudo-ball that touches the boundary. Then

oo=/d,us+t+%(z)

=l/k1—-u|>“f+Q du(z)

B
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s—2449Q
(1= [=*) "5 dp(z)

U:Ji UU\

Q+pt 1

(2)(1 = |27 w3 (2)(1 = |2*)" Fdu(2)

S

W

Sl
~

IA

< | [e@- 1P | [ur e e ddue)

B

so that necessarily w & L'(dpgpt) or Wit ¢ LY (dptgrp(s—q))-

4.2. The case wheres +t < —N — 1

Here we are going to characterize the boundedness of the operators P;; from LP(wdj,) to LP(wdpg),
where w is a weightand s +¢ < —N — 1.

Theorem 4.4. In the case s +t < —(N + 1), there are no weights w such that Py, is well defined and
continuous from LP(wdji,) to LP(wdpuq) for Q < q.

Proof. This is due to Proposition 4.3, Lemma 4.1 and Lemma 4.2. ]

Theorem 4.5. In the case s +t < —(N + 1), if Q > q, then P, is well defined and continuous from
LP(wdpy) to LP(wdpg) if and only if

p—1
[e@nom) | | [ dun) ] <.
B B
Moreover;
p—1
1Pl = { [ whnguna) | | [ 6D ditgyig @
B B
Proof. Assume that
p—1
[e@nom) | | [ )| <o
B B
We have
p
/ Paf@Pal2)digl2) § [ (1= R / @) | w()dno(2)
B
p

L

/mwwm>w@me@
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p

= [wenamte) / F)dns(z) |

B

where the first inequality is due to the fact that K, is bounded when s + ¢ < — (N + 1). We also have

p p

/ FOlus) | = / FON@E) T @) (1 — 2 dpy ()
B

: /|f(Z)I%(Z)duq(Z) /((W(2>)71) (1= PP Ddpg(2)

B

D=

~|

Then P ; is well defined and continuous from L”(wdp,) to LP(wdug) when

p—1

[e@nom) | | [ dun)] <.

B B

Now assume that P;; is well defined and continuous from LP(wd,) to LP(wdpug). Let py be as in
Lemma 2.6, then for positive functions f we have

b

/ Py f (2)Peo(2) gz / / Kova(z, ) f(w)dpis(w)| w(2)dpigp(2)

/ / RE (2, 0) f (0)dpa ()P (2)dpigapn (2)

|2]<po
p

0 / fw)dps(w / W(2)dpQ+pi(2)-

|2|<po

By continuity of P ; there exists a constant C ; , , o > 0 such that
/ |Psef(2)[Pw(2)dng(2) < Cstpa / |f(2)FPwlz)dug(2),
B B

forall f € LP(wdp,). Hence,

p
1
3| [ @) / FENE) | < Connaa [P
z|<po B
for all positive f € LP(wdpy,). Let f(z) = (w(z))7! 1(1 — 22169z e B. Then f € LP(wdp,)

by Lemma 4.2. Replacing this choice of f in the last inequality we obtain

p—1

/W(Z)dumpt(z) / @) gy (2) | < 2Carpag < 00

z|<po B
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Then

p—1
/(w(z))ﬁduqﬂ?/(sq)(z) < 00.
B
Using Lemma 4.1, we get
p—1
[e@nom) | | [ o)) <o

B B

5. Weighted estimates: The case wherea > —N —lands+¢ > —N —1

Here we are going to start the study of the boundedness of the operators 7, , and P ; from LP(wdy1,)
to LP(wdpg) in the case @ > —(N + 1) and s + ¢ > —(NN + 1) respectively.

5.1. Necessary Conditions

To obtain our necessary conditions, we are going to use the following lemma. This is an extension to
the analogue lemma in [3].

Lemma 5.1. Let By = B(wg, R) be a pseudo-ball of sufficiently small radius R touching the boundary
of B. There is a pseudo-ball By with the same radius touching the boundary of B, sufficiently far from
By, but such that d( By, B2) ~ R, for which for all non negative functions f with support in B; we have
ifa>—-1—N

1
|Ta,bf(z>| 2 Ca,bm/f(w)dub(w)a

i

forall z € Bj, 1 # j,14,j = 1,2. In particular, if a > —1 then

Tusf () = Coprs /f e

forall z € Bj, i # j, i,j = 1,2. The constant C,, does not depend of B;, B; or f.

Proof. Let wy be the center of B;. If R is sufficiently small, we take B; such that for all z in B; and for
all w in B;, we have d(z,wq) > Cid(w,wq) where C is as in Lemma 2.15. Let f be a non negative
function with support in B; and let z € B;, we have

1
Tupf(2) = 0= (z.wo)) NHM/JC )dpip(w)

Z

1 1
+/ l(l — (z,w))NFt1Ha (1 — (z,wy))N+1+e

B;

f(w)dps(w).
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Then

Tl ()] > =i | J(wdite)

1 1
- / ‘ <1 - <va>)N+1+a B (1 — <Z,w0>)N+1+a f(lU)d,ub(w)

B;

By Lemma 2.15 and Proposition 2.2 we have

1 B 1
(= o)V (L= (2w * o

so that

Topf(2)| > %| y ;O>|N+1+a/f(w)dub(w).

1 1
2 |1 _ <Z, wo>|N+a+1’

<

Since our pseudo-balls touch the boundary and since d(B;, B;) ~ R, we have
1 — (z,wo)| < R.

Hence

—_

1uf () 2 g s | Flw)din(u).

B;

By Lemma 2.3 and [15, Lemma 2.8], if « > —1 and because B; touches the boundary we have p,(B;) ~
RN*1+a 5o that

—_

|Ta bf(

w)dpip(w

l\D

We are now ready to prove Theorem 1.9.

Theorem 5.2. If T}, ;, is well defined and continuous from LP(wdj,) to LP(wdpug) for Q < q then if
a > —1 we have

p—1

pn(B) / p(B) / =1
su w(z)duo(z w(z))r1d 1b—a) (2 < 00.
pseudo—balls %:Bﬁ@[ﬁ%#@ M%(B) ( ) MQ( ) ME(B) J ( ( )) Hg+p' (b CI)( )
More generally if a > —(N + 1), then
p—1
fy(B) / py(B) / L
su ———— [ w(2)dug(z ——— [ (w(z))P1d (h—a) (2 < 00,
pseudo—balls %:Bﬁ@[ﬁ%?’é@ R%NJFIJFG) J ( ) MQ( ) R%N+1+a) J ( ( )> Hatp/ (b q)( )

where Rp is the radius of B.
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Proof. Assume that ¢ > —(NN + 1) and Ty, ;, is well defined and continuous from LP(wdj1,) to LP(wdig)
for () < q. Then there exists a constant C,  ,, ;0 > 0 such that

/ T ()Pw(2)dio(2) < Cappa / () P2 dpg (2).

Let f be a positive function with support in B; (we take B;, B; as in Lemma 5.1). By Lemma 5.1, we
then have in the case a > —1

p

cr, B/ ﬁ (B/ Fw)dpp(w) | w(2)dig(z) < Canpac B/ () Pw()dy(2),

hence

1 p
(B, (B/ J(w)dpp(w) B/ w(2)dpg(2) | < Chynao B/ |f(2)[Pw(2)dpag(2) 5.1)

J

S C(/z,b7p7q7Q |f(Z)|pCL)<Z)d/,LQ<Z)
B;

Choosing f = %X B, 1n the last inequality we get

15 (B;)
B' < C/ a
w( J) = “’b’p’q’Q,ng(B)

7

w(Bi),

where w(By) = /w(z)duQ(z), k = i,j. As B; and B; touch the boundary of B and have the same

By,
radius, by Lemma 2.3 we have

h(Bi)  ph(B))
my(Bi) oy (By)

‘We then have

1k (B;)
w(B) S (/z/ w(Bl)
J ,0,0,¢,Q ,ng(Bj)

Interchanging B; and B; (See Lemma 5.1) we get

15 (B;)

¢ ’(Bl) < C” —_—( 7(B‘)7
T /,LZ (BZ) J
SO that

MQ(B'L)(U(BZ) < Cg,b,p,q,Qw(Bj)
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which together with (5.1) leads to

)dpip(w (B/ 2)duq(z) | < Coypao / | f(2)Pw(z)dpg(2).
B;

Then choosing f(z) = wr= 1 )1 — |2 xB:(2) (f € LP(wdp,) by Lemma 4.2) in that last
inequality we obtaln

p—1

w(B;) / ws(B;) / 1 .
d p_ld 7(h_ < .
25 ) M) || ey [T eye0(@) | = Clag
B; B;
When —1 — N < a < —1 it is sufficient to replace 11,(B;) by RN in the proof. n

Theorem 5.3. If T}, ;, is well defined and continuous from LP(wdj,) to LP(wdpg) for Q > q then if
a > —1 we have
p—1

Py 9= (B) Hy 9= (B) .
B:Bsr%]%#@ W/W(Z)dll@(z) W/(W(z))p‘ldﬂqup’(b—q)(Z) < 00.

B B
where the supremum is taken over the pseudo-balls B.

More generally if a > —(N + 1), then

p—1
“b+%(3)/ (2)diio(2) Mb+%(3) /( ( ))__1d )
su _ z R S w(z2))r=1 v < 00
BBroR£o RAN*I+a) J He RV ) Hq+p' (b-q)

where the supremum is taken over the pseudo-balls B with radius Rp.

Proof. The proof is similar to the proof of Theorem 5.2, except that we choose the first testing function
tobe f(2) = (1— |2%) 7 xs,(2). O

Theorem 5.4. In the case —(N + 1) < s+t < —1land Q < q, or in the case s +t + % < —1, there
are no weights w such that P ; is well defined and continuous from LP(wdy,) to LP(wdpg).

Proof. This is due to Proposition 4.3, Lemma 4.1 and Lemma 4.2. O]

Theorem 5.5. In the case —(N + 1) < s+t < —1, with s +t + % > —1if Py is well defined and
continuous from LP(wdp,) to LP(wdpg) then

Q—q Q-4 p—1
Ry Ry’ =
B;B?@%;é@ WB w(z)dpqgpe(2) WB (W(2)) 7T dptgp (s—q)(2) < 00

where the supremum is taken over the pseudo-balls B with radius Rp.

Proof. Assume that —1 > s+t > —(N + 1), with s + ¢ + % > —1 and P, is well defined and
continuous from LP(wdi,) to LP(wdfig). Then there exists a constant C ¢, , o > 0 such that

/ Py f (2)P(2)di0(2) < Carpa / () P2 dpg(2).
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Let f be a positive function with support in B; (we take B;, B; of radius R as in Lemma 5.1). By Lemma
5.1, we then have

p

1
C&/m (B/f(w)dus(w) w(2)dpqpt(2) < Cs,t,pg/|f(z>|pw(z)duq(z)7
B; f B;

hence
1 /
R(N)<B/ fdnw) | | [w@dioum() | <€l / FEP(En(z). 52
i B;

Choosing f(z) = (1 — |z|2)%+txgi(z) in the last inequality we get, because N + s +t > —1,
q

RO [w@dngum() < [ wl@)dgunlo)

Bj Bi

Interchanging B; and B; (See Lemma 5.1) we get

RO [ wldigun(2) § [ w@digun(z)

B; B;

which together with (5.2) lead to

RQ q
(VT (B/ f(w)dps(w / 2)duQip(2) | < Clipao / ()P (z)dpg(2).

B;
Then choosing f(z) = wi- 1 (2)(1 — |2 D60y (2) (f € LP(wdp,) by Lemma 4.2) in that last
inequality, we obtaln
—q —q p_l
RQT RQT —L "
RNF1+s+t w(z)dpgpe(2) RN+ITs+t (w(2)) 7= dpigp(s—q)(2) < Cytpa.0-
B-L' Bi

In the same way we have

Theorem 5.6. If P, is well defined and continuous from LP(wdp,) to LP(wdug) for Q@ > q, then if
s+t > —1 we have

Q=g Q—q p—1
Ry / Ry’ / 1
su w(z)d z w(z)7=1d o (2 < 00
pseudo—balls %:Bﬂ@ﬂ%;&@ Ms+t(B) ( ) MQ—i—pt( ) MS-H(B) Z ( ( )> ’LLq+p( Q)( )

where Rp is the radius of B.
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Proof. The proof is similar to the proof of Theorem 5.5, we choose the first testing function to be f(z) =
Q—q

(L= 1*)7 "xa, O

Theorem 5.7. In the case s+t > —1 there are no weights w such that P ; is well defined and continuous

from LP(wdyiy) to LP(wdpg) for Q < q.

Proof. We are going to proceed in two steps.

Step 1: Show that in the case s + ¢ > —1, if P, is well defined and continuous from L”(wdj,) to
LP(wdpg), for QQ < ¢, then we have

p—1

/vLs-l—tl(B) /<w(z>)ﬁduq+P’(SQ)(z> < o0.

@/
sup w(z)d z
pseudo—balls B:BNOB#Y Ms—i-t(B) 7 ( ) MQ—H?L‘( )

Assume that s +¢ > —1 and Ps; is well defined and continuous from L”(wdp,) to LP(wdpg) for
() < q. There exists a constant Cs ; ,, , o > 0 such that

/ | Ps i f(2)[Pw(2)duq(2) < Csipaq / 1f(2)Pw(2)dpy(2), [ € LP(wdp,).
B B

Let f be a positive function with support in B; (we take B;, B; as in Lemma 5.1). By Lemma 5.1, we
then have

1 /
m (B/ flw)dps(w) /W(Z)d#Qﬂ?t(z) = Citpa

B;

2)Pw(z)dpg(z)  (5.3)

/ ()P
B;

<Clio / () Pa(2)dpg ).
B;

Choosing f(z) = (1 — |z|*)'x5, (2) in the last inequality we get

o) < [ wldngun(z)

Bj Bi
Interchanging B; and B; (see Lemma 5.1) we get

[w@nomtz) < [w@dngum (o)

B; B;
which together with (5.3) lead to

(B/ () (B/ Eigun(z) | < Cupaa [ EPLE)du2)

B;
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Then choosing f(z) = (wp_*ll( N(1 = [2[)P DDy p (2) (f € LP(wdp,) by Lemma 4.2) in that last
inequality we obtain

p—1
1 1 .
w(z)d z /wz p—1( sy (2 C;”
— g [ @) | | s [ (@) .
B B
Step 2: Show that
p—1
5 ] “ [ @) P g o)
sup CL) w(z))r—1 s—a) (2 = 0.
pseudo—balls B: BNOB#2 /vLert /VLQert /LSH(B) Fq+p'(s—q)
B B
Let
p—1
I 1 /()d (2) . /(())_ld (2)
- wiz)a z wlz))r-1 /(s—a) | 2
ps+t(B) J Q+pt 1ore(B) ) Ha+p'(s—q)

Let B be a pseudo-ball that touches the boundary and Rp its radius. By Holder’s inequality we have

posiB) = [ a2

(1= |2 dpu(z)

I
B— T — B — @

(1= |2 e dp(z)

q+p 1

T (2)(1 = |2*)wdp(z)

D=

W

(2)(1 = |2*)

D=
~l

IA

/ w(z)(1— )P dp(2) / WP ()L — |22 Ddp(2)

B

Note that for = € B we have 1 — |z| < 2Rp. Then

W i(B) < / w()(1— [2)r7du(z) / W)L — BT Ddp(2)
- / w(z)(1 = [2)1 QP gy ) / WP ()L — 22T Ddp(2)
< (2Rp)19 / w(z)(1 = 222 Pdu(2) / W)L — 22T Ddp(2)

B B
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Hence

1
(QRB)Q_Q

:uert
B

=11.

Taking the sup over smaller radii, we get sup /] = oo

5.2. The Associated Maximal and Fractional Maximal Functions

We introduce for b > —1 and s > —1 the following maximal functions. If a > —1 we set

1
masfG) = s e [ p(w)ldi(w)
CeB,R>1—|(|:z€ B(C,R) a(B(¢, R))
B(¢,R)

more generally if a > —1 — N we set

o (2) sup = [ lwldm)

a = —a b .
& CeB,R>1—|C|:2€ B((,R) RN*LF
B(¢,R)
If a > —1 we set
1
M,,f(z) = su / w)|dpy(w
o) = swp s [ 17wl
and more generally if a > —1 — N we set
1
Miuf(2) = swp o [ 15@)dimtw)
' B
If s+¢>—1weset
1
Ouaf(2) = (A= |2 sup [ 1rwldnw),
t CeB,R>1—|(|:2€B((,R) ps+(B(¢, R))
B((,R)
more generally if s +¢ > —1 — N we set
1
()= (=P s e [ )i w),
! CEB,R>1—|C|:2€B(C,R) RN“’LS”B(C o

Let finally define the following fractional maximal function

M) = sup / F()ldmw), € (0,1).

Note that for a < b we get by Lemma 2.3 M, ~ M, withy =1 — %ﬂi‘;
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) B/w(Z)(l = [2) @ dpu(2) /wﬁ(Z)(l — |2 Ddp(z)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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For all k € (0, 1), we define the operator of regularisation R?

RZf(“”):m / F(O)dunl©), 5.11)

where By (z) = {w € B : d(z,w) < k(1 — |z])}.
We will need the following lemmas to show Theorem 1.14 (see [3]).

Lemma 5.8. Let k € (0,3). If 2 € By(2), then z € By/(2'), where k' = {£.

Proof. We have

2] = |2]] < d(z, 2) < k(1 = |z2]).
Therefore 1 — |z| < (1 — [2]), so that d(z, 2') < k(1 — |2|) < £-(1 —|2)). ]
Lemma 5.9. If B := B(x, R) touches the boundary then if we take B' = B(x, K(1 + 2k1)R), then for
allw € B, By, (w) C B’ (See (2.1) for the definition of K).

Proof. Letw € B and z € By, (w). We have

d(x, z) K(d(z,w)+ d(w, z))
K (R+ k(1 —|w|))

K (R+ki1(2R)) = K(1 + 2k1)R.

IAINAIA

[
The next three lemmas are generalizations of their analogues in [3] to the maximal functions m;, , and

O ;. For the sake of completeness and for the reader convenience, we include their proofs.

Lemma 5.10. For all k € (0,1), there is a constant C}, such that for all positive locally integrable
function f we have if a > —1

Mapf < Camap(RLS),

and more generally ifa > —1 — N

m;,bf < Ckm&,b(RZf>-

Proof. We have to show that for all z and all pseudo-balls B containing z which touch the boundary of
B, there is a pseudo-ball B’ containing z, which touches the boundary of B so that

1
<
W) < Oz [ | s [ 7O | dif).
B Bk( )
By Lemma 5.8, x5, (u)(C) > XB,,(¢)(w), where ki = k:+1 If B=B(z,R) (R >1- |z|), by Lemma

5.9, for B' = B(z, K(1 4 2k;1)R), we have Vw € B, By, (w) C B’. Note that

(B, (€)) =~ pp(Br(w)) when w € By, (€). (5.12)
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i (Br(w))
B B | By (w)
1
~ [ = / X2 (Odpan(C) | dpay(a0)
B’ L B
1
> | | B/ F(OX B, 0 ()i () | dpay(aw)

:B/ B/ mXBh@)(w)dub(w) F(Qdm(C).

Using (5.12), we get

1
B/ R f (w)dpn(w) 2 B/ BT / Vo (@)dpn(w) | F(Cdun(0)
- / FOdpun(C).

Since i, 1s a homogeneous measure we have

1
fa(B)
B

F(w)dp(w) < / RY f (w)dn(w).

B/

,Ua(B/)

For m,, , itis sufficient to observe that B and B’ have equivalent radii. N

The following lemma appears as a corollary of the preceding one by observing that
Osf(2) = (1= [2[*)'mspesf(2)
and
O f(2) = (L= |2)'mipy  f(2).

Lemma 5.11. For all k € (0,1), there is a constant C}, such that for all positive locally integrable
functions f we have if s +1 > —1

Os,tf S CkOs,t(Rlsgf)a
and more generally if s+t > -1 — N

O f < CrO(RLS).

One can find the following lemma in [3] but for b = Q).
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Lemma 5.12. For all k € (0, ) there are two constants C' and k' < 1 depending only on k,b,Q, N
such that for all f, g € Ll(d,ub) f>0,g>0

/f )RYg(2)]dpo(z SC/ 2)]dus(2),
B
where
b,0Q B 1
Rt f () = Mb(Bk;f(z»B[ | J(Qdnal0) O

Proof. By Lemma 5.8, x, (- (w) < XB,,(w)(2), Where k' = ﬁ Because of (5.12) there is a constant C
such that

1 C
B ) = Gy e

We want to form the quantity f(2)[R.g(z)] on the left while controlling it on the right in order to use
Fubini’s theorem to bring out the quantity g(z) [RZ’,Q f(2)]. Then, for w € By(z)

1 C
mXBk(Z) (w)g(w) < mXB’“'(w) (2)g(w).

We form R?g(z) on the left

1 C
/mXBk(z)(w)g(w)dﬂb<w)§ / mXBk,(w)(Z)g(w)dlub(w),

By (2) Bi(2)
by a multiplication by f(z) we have

1

f(2)Rlg(z) < Cf(2) / m?@k,(w)

By(2)

(2)g(w)dpp(w).

After integration, we obtain
b 1
[ 1R < [ | [ —txn w@a(wf Gto) | duot).
B B Bk(z)

Recall that (z € Band w € By(z)) = (2 € Bp/(w) and w € B), hence using Fubini’s theorem

/ FRL(dua(=) < € [ glw / (2 ()ita(2) | dinw)
B By (w

hence

/ F(2)Reg(2)dpg(z) < © / g(w) m / F(2)dpg(2) | dun(w).

B By (w)
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then

/f(2>[Rk9( Ndpqg(2) < C/Q(Z)[RZ’/Qf(Z)]dub(z>-
0

The following result will be used in the proof of Theorem 1.14. This extends Lemma 9 in [3]. We give
a proof for the reader convenience.

Lemma 5.13. Let k € (0,1). There are two constants ¢, C' depending only on a,b, N, k such that for all
positive locally integrable functions g if a > —1

cMapg < RZ(m%bg) < Cmapg,
and more generally ifa > —1 — N

Cmiubg < RZ(m;bg) < Cm;bg

Proof. Tt is sufficient to show that there are two constants 0 < ¢ < C such that Vw € By(z)

cMapg(2) < mapg(w) < Cmapg(2).
We are going to show the two inequalities. More precisely we are going to show that there are two
constants 0 < ¢ < C' such that, for each pseudo-ball B containing z and touching the boundary, there is
a pseudo-ball B’ containing w and touching the boundary so that

| Mb |dﬂb

and show for each pseudo-ball B containing z touching the boundary, there is a pseudo-ball B’ containing
w touching the boundary so that

| Mb |dﬂb

In each case, by Lemma 5.9, it is sufficient if B = B(x, R) to take B’ = B(x, K(1 4+ 2kK)R). For the
result with m], , it is sufficient to notice that B and B’ have equivalent radii. N

In the same way as Lemma 5.13, since Oy, f(2) := (1 — |2[*)'myyrsf(2) and O}, f(2) = (1 —
|2?)'m/, ., ,f (2), we obtain the following result.

Lemma 5.14. Let k € (0,1). There are two constants ¢, C depending only on s,t, N, k such that for all
locally integrable function g if s +t > —1

0519 < Ry(Os49) < COyg,
and more generally if s+t > -1 — N
CO;,tg < RZ(O;,tg) < CO;,tg

Now we give a useful characterization of elements in (Bg’b’q’Q), see Definition 1.7.
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Lemma 5.15. For a > —1land QQ > q, w € (Bg’b’q’Q) (b > —1) if and only if there is a constant
Cappq.0 > 0 such that

p

“”Q; /f Ji2) | [ (o) < Canpac /f (2)d2)

B

More generally ifa > —1 — N and () > q, w € (Bg’bﬂ’Q) (b > —1) if and only if there is a constant
Cabpqo > 0 such that

p
My Q—q
o / 1) | [ @l2)nolz) < Cunnag / PNl 2),
B

for all positive f € LP(wdpu,) and all pseudo-balls B of radius R that touch the boundary.

Proof. Assume w € (B3"49). Let 0 < f € LP(wdp,) and B be a pseudo-ball of radius R such that
R >1—|z|. Then

p

[ me) | -

IA

Hence

and because w € Bgvb’q’Q, there is a constant Cy 3 5, 4,0 > 0 such that

ﬁ‘b+Q a (
B /f d,ub ( < C’ab;mq7 /f d/qu )

For the general case it is sufficient to replace p,(B) with RN 1+a,
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If we assume that there is a constant Cy, 4 0 > 0 such that

p

Hpt Q=g o
R2(N+1ta) /f Jdpn(z w(B )<Cabqu/f (2)dpq(2),

for all positive f € LP (wduq) and all pseudo-balls B of radius R such that R > 1 — |z| it is sufficient to
take £(2) = (1 — [22)0 D007 (2)yp () to getw € (Bub4Q), X

Remark 5.16. The result remains true even if B almost touches the boundary.

In the same way, for (D3%<) (see Definition 1.11), we have the following lemma.

Lemma 5.17. For Q > qand s +t > —1, w € (Df;t’q’Q) (s > —1) if and only if there is a constant
Cs.t.p.q.0 > 0 such that

p

1
M/f(z>dus(z> / (2 )dUQ+pt< ) < Cstp.a.Q /f )duq( ),

B B
for all positive f € LP(wdy,) and all pseudo-balls B that touch the boundary.

For s+t + % >—land -1 >s+t>—-1—-—N,we (Dg’t’q’Q) (s > —1) if and only if there is a
constant Cy 1, o 0 > 0 such that

p

: P
mf}/ﬂz)dus(z) / (2)dpgpt(2) < Csipao /f (2)dpg(2),

B

for all positive f € LP(wdp,) and all pseudo-balls B that touch the boundary.
Remark 5.18. The result remains true even if B almost touches the boundary.

Corollary 5.19. For C; > 1, if w € D;’t’q’Q then there exists a constant Co > 0 such that for any
pseudo-ball B := B(y, r) which touches or almost touches the boundary, we have

/ (O dpigun(Q) < Co / () dpigrp(0).

B(yaclr) B(yar)

Proposition 5.20. Let X be an homogeneous space. Let w be a weight in X. For —N — 1 < a < b,
Q >qandk € (0, %), assume that there exists a constant Cy > 0 such that

r

/ (M, (xpu' ) ()] v(z)dv(z) | < Cy / u' P (2)dv(z) (5.14)

B B
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for any pseudo-ball B C X, where v(z) = RZ’,Qw(z), u(z) = RZ’,Qw(z)(l — [2]?)P-tR=a = dy

p=randy =1— %ﬂig If w e (B;vb’q’Q), there is a constant Cyyp 00 > 0 such that for all
f e LP(wduy,),

[ tmast ) w(e)dnols / () P2 (2).

B

Proof. Let set

11 = [ (s () (2ol

B

Using in this order Lemma 5.10, Lemma 5.13, Holder’s inequality and Lemma 5.12 we have,

II1 < C’,f/(m&bRZf(z))pw(z)duQ(z)

B

<L [ [BimasBf ()] w()dnol2)

B

<covar / RY [(may RLF(2))7] w(2)dpo(2)

B

< CPAPC / (MapRYf(2))PRYPw(2)dps(2).
B

For a < b, assume that there exists a constant C'y > 0 such that

1

r

JL 6t @) | < | [u @dvte)
B B

for any ball B C X, where v(z) = R\Cw(2), u(z) = RiCw(z)(1 — |2[?)°

N+14a

,dv = duy p = r and
v =1— F7153 With ¢ to be determined. Then we have

[ Onas )P l2)dgl) < CLAC [ (masRLF ()Y R o))
B B
< CLAC [[(MypRLF ()Y RS ()
B
S CLAC [ R )P Rl dn2)
B
< CzApC//(RZf(z))p(l — |z|2)CRZ}Qw(z)dub(z),
B

where for the last inequality we used Theorem 2.9. Now let us control (R} f (z))pRZ’,Qw(z). We have

p

(RLf(2))PRECuo(z) = / F(O)dmy(C m w(C)dg(C)

By (2)
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1 1
|, [ 10w | | [ “(0dal0

1
N \mB : f(C)dpp(C) Mb(Bk’(Z)>B : w(Q)dpg(Q) |

where the second inequality is because k&’ > k, the third one is because p;( By (z)) = uy(Bg(2)). Then

(REf(2))PRyPw(z) <

12P(Byy (2)) My =0 (Br(2)) ’
Tt Bl | ) [ #0am@ | | [ wdio |
P By(z) By (2)
so that
(REFP R () 5 Cappaqmr e DD JREGEGINGE!
b

(Bk’(z))“iJr%(Bk/(Z))B ()

because of Lemma 5.15 since it is possible to dilate the pseudo-balls By so that they touch the boundary
and the fact that the measures dy, and djiy 1, (5—q) are homogeneous. By Lemma 2.3, since By/(z) =
B(z,k'(1 —|z|)) with 0 < k" < 1, we have

ng(Bk:'(Z)) o (1- |Z|2>2pa—2pb—b—(Q—q)—(N+1)
- S )
iy (B (2)Hy, oy (Bu(2))

Recall that we already have

/ (mapf(2))'w(z)dug(z) < CyAPC / (1= [z O (R f (2) Ry eo(2)dpra(2).

B B

Let us set

V= / (1= 220 (R £(2)) R (2)dptal2).

Hence, using the previous control of (R? f(z ))pRZ}Qw(z) and Fubini’s theorem, we have

V< / PO dig(C) | (1 — [2[P)e+bmart2m=2pb—b-Qra=1=N g ()
B \Bk’(z)
< / / N () (O (1 — [Py 0=2PC-0=b-Qa=1=N gy oy ) £2(0)ao ()l (C)
B B
< / / o) (2) (1 — |22y -2 0-0=b=Qra=1=N g oy ) 2(C)o(C) g (€)
B

\5
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s/ﬁb/xmwo@xr—m%c%“@C%qlewa POWC)dpg(C)
B B

< / (1 — [¢)e20-0~@=0) £2(¢)uo(C)djag ).
B

The proof is complete if we take

¢=2(b—a) +(Q - q).
U]

Remark 5.21. The result in Proposition 5.20 says that if we assume that the Sawyer type condition
(5.14) holds, then the necessary condition w € (Bgvbﬂ’Q) for the boundedness of 7}, from LP(wdju,)
to LP(wdug) is also sufficient by the good lambda inequality in Theorem 1.13. Since we do not know
ifw € (Bg’bﬂ’Q) implies the Sawyer type condition, we will provide in the sequel a testable sufficient
condition for the boundedness of 7, ; in this situation.

Lemma 5.22. Let k € (0,1). For s+t > —1,orfor —-N —1 < s+t < —1Wl'l‘h8—|—t—|—% > —1,if
Q—q

wE D;’t’q’Q, we have o(z) = R;}Qﬂ)tw(z)(l — 2P € (AP’SJFH%).
Proof. We have o(z) = Ry w(2)(1— 277 € (A, aa) if
p—1

v = [y aal) [ D as)] <Gw

= | —————= [ o(2)dp, ., o-a(z —————— [ o7 (2)dp,  ,, 0-a(z < COp(w).

Ns+t+u(B) A Ns+t+ﬂ(B) S g
P B p B
st Q=a

Note that o(z) ~ R;H P ’Q+ptw(z) since duy (B (2)) ~ (1 — |z|?)"+1+°, We consider two cases.

First case: B := B(y,r) withr < 1 — |y|.

In this case, since RZ}b f(z) is defined as in (5.13), Corollary 5.19 shows that there are two constants
0 < ¢ < C such that

CRTHITOI ) RIS ) < o )
for all x € B. We then have
“s+t+%(3) F‘s+t+%<B) !
“s+t+%(3) <F‘s+t+QP‘1<B)> o

~Y

Second case: B := B(y, ) touches the boundary.

Recall that our measures are homogeneous, and recall that if 2 € B and © € By/(z), then z €

By (z)and x € B := B(y,2k'Kr + Kr), where k" = lflk,. Let

1 Q—gq

I = — d 1— |z d —¢(2).

Vi- [ | =gy | “@dngunta) | (= 1B i aa()
B By (2)
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Then by Fubini’s theorem we have,

1
Vi- / T / (@) g (e) | diis(2)

By (2)

//us B (2 (x)dps(2)dpgpe(z)

BBk/Z

/

B/mXB(Z)XBk’(Z)(x)w(x)dﬂs(z)dﬂczmt(aﬁ)
1

B

S A B () "\ nx 2 )W T d s\Z d T
B B

S [w@hngun(a)
B/

So we have
5 _}_Q-a
VI:/Rk}thw(Z)(l_ |27 dﬂs+t+%(z) S/w(af)dMQert(:E). (5.15)

B J

Let us now control (R5% ™ w(2)(1 — 1212) 7" )17, We have

o

$,Q-+pt 2yt (1= o w(x (T
(RO o() 1= )5 = | 1= BB [ w@digunte)

12
—
=
=
O
_|_

=l
S

—

QU
=
V)
%
_|_

©
S

i B (%) B (2)
Setting
1 p'-1
VII = / w(x)dpgpr() d“s+t+%<x) ,
B/ (2) k(%)
we have, by Holder’s inequality
~- 1 p'—1
1 =1 2\s— 4+ 9tet
VII = w(@)dpq+pt(x) wr (z)w? (z)(1 — |z[7) > 7 du(z)
I B,/ (z) B (2)
_ 1 1 p' -1
< w()dptq-pt() w7 ) dfig sy (s—q) (T)
i B/ (2) B/ (2)
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|
_
S0

(@) dpqpi(z) W () dptgp (s-q) (7)
Bk’ k’(z)
Let us set
R L4 Q@-a\ 7T
VIII / Py (1= ) 1dﬂs+t+%<z)a
B

then we have

D=

-1

/
D

V[I[g/ / w(x)dpgpt () / W (2)dptgip(s—q)(T) w(z)(1 — |2
B k’( ) Bk’(z)

W (2)(1 — |22 P dp(z)

so that by Holder’s inequality and Fubini’s theorem, we have

Vs | [ @dgipie-o
B
1 >
T ] c@iom© ] | [ w@uom) ||« @digpn
B | \By(a) o ()
Finally, we obtain
VIIIT < / W (2)dpgsp(sg)(2)- (5.16)

B/
Where on the last but one inequality we used Fubini’s theorem (as in the control of VI) and the fact that
for x € Bk/(z) we have z € Bk//(x) and

/ () dpgam(€) / (O dpgip(C).

Bk//(l') Bk’(z)

This is a variant of Corollary 5.19 or simply the application of Lemma 5.17 for f({) = (1 — |¢ |2)t+%
1p,,(»(¢) with B := B(z, 2Kk (14 k")(1 —|2|)) 2 By(x) (Lemma 5.9) and the fact that our measures

are homogeneous. Since w € D#19Q we use (5.15) and (5.16) to conclude that o € (A Q). [
p D,s+t+

Theorem 5.23. In the case both () > q and s+t > —1 hold, and in the case both s+t + % > —1 and
—1>s+t>—N —1hold, ifw € Dy"%9 there is a constant Cy 4 > 0 such thatV f € LP(wdp,),

/(Os¢f(2))%(2)d/w@(2) < Cs,t,m,cg/ |[f(2)Pw(2)dpy(2).

B
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Proof. Using in this order Lemma 5.11, Lemma 5.14, Holder’s inequality and Lemma 5.12 we have

/(Os,tf(z))pw(Z)duQ(Z) = /(ms+t,sf(2))pw(Z)duQ+pt(2)

B B

< Cf [[mese B 1Pl diigrn (2

< CLAP [ IRimst B ()Pldhigin (2
< CLA7 [ Ril(mesn RSP drigrn (2

< CpArC / (Mg, RES (2)) R P eo(2)dpas (2).
B

- : o
By Lemma 5.22, RE9™w(2)(1 — [2)) 77 € A, 11+ 6-a. Using natural domination between our
’ P

maximal operator defined by equation 5.4 and equation 5.6, we have

/ (Ouef (2)PPw(2)dpiqlz) < CLAPC / (e RLF(2)P RS Phs(2)dpas (2)
B B

< CLAC [ (Moo RGP R o))
B

= cpare / (Mystoel(1 = [2P) R F ()P RES P w(2)dp(2).
B

Because in each case we have % > 0, using Theorem 2.13, we have that

(M 1— |2 'Ry f(2)])P RyC P w(2) dpss(2)

s+t+%,s+t[(

/ (Outf (2)Pl2)dpo(2) <

B
—t— Q—q

(M 1= |27 Ry f(2)])P R w(2)dps(2)

s+ s i4 94 [(

S [ (= [2P) P @R f () R w () dps (). (5.17)

W @2\/\ W

Now let us control IX = (R; f(2))PRE% ™" w(z). We have

P
( 1 1

IX = \us(Bk:(ZDBé) F(Q)dps(C) mB [z) W()dpg Q)
L 1
< e, ()f(C)dus(C) e [ | Qg en(C)
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s (B (2) 1
> diis d
) MW#T“%@G{;ﬂOu@) B{;MOMmMO
s (B (2)
§@mm2£HwM@)B£ﬁW@WMM@
S CutpalL = PP @00 [0 ),
By (2)

where for the last but one inequality we used Lemma 5.17. Hence using (5.17) and Fubini’s theorem we
have

ﬂ@ﬁ@%@%@@ﬁ/ /fmwmmmaa—m%IWma

B B \Bi(2)

s/ /&mmﬂaa—vm**wma POWCdpg(C)

S/FKM@@MQ

Here we used Lemma 5.8 with £ := (k’)’. The proof is complete. ]

6. Good lambda inequality and sufficient conditions

In this section we will establish the good lambda inequality that allow us to provide sufficient conditions
for the boundedness of our operators. We first need some preliminary results. The first result extends
to the maximal function my_, , the analogue result in [3]. For the sake of completeness, we include the
proof.

Proposition 6.1. Let 5 > 0 and s +t > —1 — N there is a constant A > 0 such that for all £ € B
R > 1 — |z9| and a positive locally integrable function f and for all z € B(zy, R) if s +t > —1, then

Rﬁ / d(Z() g)f]\giJrHHﬁ d/v%(&) S Ams—l—t,sf(Z)-

d(ZOag)ZR

More generally if —1 — N < s+t then

is / d(zo,g)fz\giﬂﬂw dps(8) < Am;—i—t,sf(Z)'

d(z0,§)>R

Proof. Recall that if s +¢ > —1, by Lemma 2.3, there is a constant @ > 0 such that for all £ € N, we
have f151¢(B(20, 2" R)) < a(2F1 R)N T+ 50 that setting

f(§)
X =R / d(gg,g)NHﬂdeus(é)

d(ZOag)ZR
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we have

+o0
1
X s Z Ok(N+1ts+i+8) RN+1+stt / f(€)dps(§)
+=0 d(z0,8)<2~+1R
+00 1
< goNtltstt o—k8 / (e
a ; ps+i(B(z0, 251 R)) (&)dps(€)
= B(Zo 2n+1R)
N+1+s+t kB a2 N+1+s+t
< a2 mg tsf Z 27 = WmSH sf( )
a2 N+1+s+t
We can take A = T to conclude. -

Proposition 6.2. Letw € (D;’t’q’Q), we set again o(z) = R,‘z’Qertw(z)(l— |z|2)_t_% withk € (0,1/2).
Set B = B(2',r) with 1 — |Z/| < crand L = {z EB:1—|z| < C{ﬁmr} where C}, > 0,
0 <~y <1 r>0andc>0are constants. Then if we set L' = {z €cB:1—-|z|< ZC(’)ymr} and
B = B(#,ar) with a = K(C}+ 1), there are two constants C1 and Cy > 0 independent of y such that
ifs—l—t—l—% > —1 then

s+t+ Q 441

Wd/vLQ—i-pt(L) < Clad/vbs+t+%(lj/) and /~L5+t+%(L> < Cay NI H +t+Q Q(B)' (6.1)

Proof. Letk; = 1+k:’ then for z € L and £ € By, (z) wehave z € B = B(2',r),1 — |z| < C’é’yNH{%er
and z € By (&) because k] = k. Then

d(2,€) < K(d(2,2) +d(z,€)) < K[r + k1(1 — |2|)] < K[r + le{ﬁmr] < (CH+1rK
because 0 < ky,v < 1. Then £ € B = B(2,ar) witha = K(C}, + 1). Moreover,

1— €] < 1— |2 +d(2,6) < (ki + 1)(1 — |2]) < 2CHy ™=y
because 0 < k1 < 1,sothaté € L/ = {z cB:1—|z|< 206’}/m7“}. Then we have

XL(2)XBy, () (&) < X1/ (§)xBy(e)(2)-

Remember that

Horrp@za (Br(€)) = 14y 00 (B (2)).

Hence,

wdpgpt(L) = /W(z)dﬂQ+pt(z>

B w(z) )
‘/ 1B (7)) / () | digim(2)

L By, (2)
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- XL XBkl (5)&)(2)
B 13/ / pes( B, (%)) awil2) | diisS)

S / / = uf%k é;))w(Z)duQﬂat(z) dpis(€)
B \B
i K/vbsx(g—lfg)) / w(2)dpqpi(2) (1—|5|2>7t7%d”8+t+%(5>

By ()

— F—

(Rr@™w(©) (= 1€ F iy 0 ()

L

/7Z>

EdIE

< ar. Then

Let us show the second inequality. Let z € B, then, d(7/,2) = ||| — |2|| + ‘1
%)

W < ar. Moreover, as 1—|2/| < crthen 1—|z| = 1—|2/|+]2'|—|z| < er+ar.

||2'|—]|z]| < arand ‘1

Then for z € L/, setting 3; = 2(]07mr and B = (c+a)r,we getl — |z] < (1,1 — |2| < B2
and ‘1 Al < g, Then, L' C {z € B : 1 — |z| < min(fy, 52), ‘1 _ )

[Tzl EdIE

< ar}. In spherical

coordinates we have, for s + ¢ + % > —1

Q—q Q=
Hoprraza (L) S (s 4t+——=+1) (1= )" pdp do(€)
1=p<min(f1,f2) 1 (i <ar
Q—q
< (s+t+ % +1) / (1—p)* 5" dp / do(€)
1—min(B1,82)<p<1 \1—5—"‘2\<ar
Q— . Q=g
S T’N[—(l o p)s—i—t—i— q+1]1 min(By,B) = T‘N(Hlln(ﬂhﬂz))S—HH— pQ—H.
Then,
Q—q _ st @94
pLertJrﬂ(L/) < TNﬂf—HH_ pot! S TNJFSHJ“%J“L}/ N T (6.2)
p

On the other hand, as 1 — |2/| < c¢r, we have by Lemma 2.3

Py a=a (B) ~ (ar)V ! (max(1 — Iz/|,ar))3“+Q— <y N+ 1tstt+21
p

O

We are now ready to prove our good lambda inequality (Theorem 1.13) that we recall here for the
reader convenience. It is used to show that Sy, f € LP(wdpqypt) Wwhen my,,  f € LP(wdpgpt)-

Theorem 6.3 (Good lambda inequality). Letw € (D;’tquQ) (1 < p < +00) inthe case both s—l—t—l—% >
—land —1 > s+t > —N —1 hold, or both s+t > —1 and () > q hold. There are two positive constants
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C' and B such that for all ~y sufficiently small, X\ > 0 and for all positive locally integrable functions f,
we have

Wd/vLQ—i-pt({Z €eB: Ss—i-msf(z) > 2)‘7m;+t,sf(z) < ’7)‘}) <
CD;’t’q’Q(w)yﬁwduQert({z €B: Ssisf(2) > A}). (6.3)

Proof. Let A > 0,0 < 7 < 1 and f a positive locally integrable function. Let F\ = {z € B :
Ss+t.sf(2) > A}. By the Whitney decomposition Lemma (see [8]), there are a positive integer .J, 6 > 1
and a sequence of pseudo-balls { B;}52 |, with B; = B(z;,7;), such that

® E)\:GB]‘;

j=1
e every point of £ is at most in .J balls 5;;

o the balls B; = B(z;, ;) touch the complement of ) in B.

To obtain (6.3), it is then sufficient to show that

wiQipt({z € B : Seprsf (2) > 20, miy,  f(2) < 9A}) < ODY P (w)y wig p(B), (6.4)

where B = B(z',r) is a ball in the Whitney decomposition of £. From the third property of the Whitney
decomposition, there is zgp € B’ = B(2’,dr) such that Ssy;f(20) < M. Without loss of generality,
assume that there is {, € B such that m/,, . f(§o) < A Let B = B(zy, R) with R = max(1— |z, Cor)
where we choose Cy > max(c; K (1 + §),0) where ¢; is the constant C; in Lemma 2.15.

Weset fi = 15f and fo = 1B\§f, then f = f; + f> and we have

f
Ssti.sf2(2) < / ‘|1 _ <ZO7§>|>N+1+3+75

B\B

dyts (5)"'

1 1
/ ‘ |1 _ <z,§>|N+1+s+t B |1 _ <207§>|N+1+3+t f(g)d/vés(g)

B\B

So that, by Lemma 2.15 and Proposition 6.1, we finally have, for z € B

Sertsfa(2) < Ssyesf(20) + A/m;—i—t,sf(go) <A+ Ay

So, since

SS+t,Sf(Z) < Sert,sfl(Z) + Ss+t,sf2<z) < Sert,sfl(Z) + A + A/’)//\,

we have that Sg1; , f(2) > 2\ implies that S, 5 f1(2) > (1 — A’y)A. Therefore, to prove (6.4), it will be
enough to show that

wdpgip({z € B Seresfi(2) > WA}) < D5 (w)y wdugim(B), (6.5)

where b = 1 — A’y with an appropriate choice of 7. We are going to discuss according to the values of
the radius R = max(1 — |z, Cor) of B = B(2p, R). Let EY\ = {Ss4+sf1 > bA} N B.
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First case: Cor <1 — |z|.

Then, B = B(z,1 — |z|). Therefore forall z € Band & € B, |1 — (z,&)| > 1—|z| > C'(1 — |z)|),
so that for all z € B,

djis 1
Ss+t,sf1(2) = / 1 _f<(§7)£>/v|LN(El)+s+t < (C'(1 = |zo|)) N+1Fs+t /f@)d'“s(@'

B B

Then

SSJFtvSfl( ) <C"m s+t 5f(§0) < C//fy/\-

Hence, if we take 0 < v < yg = min(%, %) then it remains only to prove the following case.

Second case: 1 — |zy| < Cor.
Then B = B(zy, Cyr) and E, C L for L defined in Proposition 6.2. In fact, if z € E', then z € B and

§)dps(§)

DA < Ssrisfi(z |1 — (= 5 |N+ltstt = (1 — [z])N+1+s+ /f(ﬁ)dus(ﬁ)
B

(COT)N+1+S+L‘
= (1 _ |Z|)N+1+S+t s+t sf(éo)

(CoT)N+1+S+t
= (1 — [2])VHitstt

For o(z) = R,;Qﬂ?t (2)(1 — |2]*)7" 5, with & € € (0,3), by Lemma 5.22 we have o € (A
sothato € (A C(A

p,s+t+%>

because (A

oo,s+t+Q—) p,s+t+%) oo,s+t+%)-

Given the fact that L' is a measurable subset of B = B(%', ar), we have by Proposition 6.2 and Lemma
2.12

wd:uQert(L) < Cad/'Ls+t+__q<L/)

B Bo
N T odu, ., aq(B)
P yiresa (B)> S

s+t+Q 941 _

< Cxv NFTeT 500dus+t+q) . (B).

sHt+250 41

As E\isasubsetof L={z€ B:1—|z| < 067N+11+s+tr}, it follows that for f = 52—

have

o We

wipqp(E3) < CvPodp,,, o-a(B). (6.6)

~

One shows by Fubini’s theorem that adusﬂur%(é) < Cwdpiqypi( B) with B = B(Z', (2k + 1)arK).
And by Corollary 5.19 we get wduQ+pt(§) < CD;’t’q’Q(w)wduQ+pt(B). Then

wdpg+pt(EY) = wdpgpi({z € B : Ssirsf1(2) > bA}) < CD;’t’q’Q(WWﬁWdMth(B)-
This ends the proof. ]
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The following results appear as consequences of Theorem 6.3 and Lemma 2.14.

Theorem 6.4. Letp > 1. ForQ > gand s+t > —1,ifw € D;’;’t’q’Q there is a constant C; 4 o > 0 such
that

/ (Sysrsf(2)Pdtigun() < Crine / (Mt f (2)Plpigepn (2).

B B

Proof. 1t is enough to apply Lemma 2.14 to S,y f and myyef witht = 2X\, ¢ = 3, b = % and

a= C’D;’t’q’Q(w)fyﬁ. We just need to take v small enough so that a < bP. ]

Theorem 6.5. Letp > 1. For s +t + % >—land —N —1<s+t<—1,ifw € D;’t’q’Q there is a
constant C1 4 o > 0 such that

/ (Sertnf ()P digep() < Corn / (1o (2)Pdiape(2):

B B

7. Final remark and open question

This part is simply a direct application of the two preceding sections and Remark 1.12. Therefore for
1 < p < +o00 we have the following two corollaries.

Corollary 7.1. Let w be a weight on B. Then for s +t > —1 and q = Q, the following assertions are
equivalent.

1. Py, is well defined and continuous from LP(wdp,) to LP(wdp,);
2. Tyt s is well defined and continuous from LP(wdp,) to LP(wdpigpt);
3. Ssits is well defined and continuous from LP(wdp,) to LP (wdpigipt);

4. we (Kphaa),

Proof. By Remark 1.12, we have that (K3%%7) = (D3%%9) so that by Theorem 6.4, since
(1 — [2)*)!Ss4tsf(2) = Psif(2) and O f(2) = (1 — |2]?)'msie5f(2) and Theorem 5.23, we have
(4) implies (1). L]

Corollary 7.2. Let w be a weight on B. In the case both s + 1 + % >—land —1>s+t>—-N—-1
hold, and in the case both s +t > —1 and () > q hold, if w € (D;’t’q’Q) then Py, is well defined and
continuous from LP(wdp,) to LP(wdpg), so that Sy s is well defined and continuous from LP (wdy,) to

LP(wdpipt)-

In Theorem 5.5 and in Theorem 5.6 we show that being in (K]ﬁ’t’q’Q) 1s a necessary condition for the
continuity of P, ; from L”(wdj,) to LP(wdg), while in Corollary 7.2, we have that being in D;t’q’Q is
a sufficient one. When Q) = ¢, we find out that (K>"94) = (Ds"94), so that we have a necessary and
sufficient condition. But when () > ¢ we have (D;’t’q’Q) C (K;’t’q’Q). It is an open question to find in
this case a necessary and sufficient condition for the boundedness of P ; from L”(wdpy,) to LP(wdpg).
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