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ABSTRACT. We study the linear dependence of disjoint unions of double points of an integral and non-degenerate
variety X C P". Such sets are called Terracini loci. Our main results are for Segre-Veronese embeddings and a few other
homogeneous spaces. To study the minimal number of such double points which are linearly dependent, it is useful to
study the minimal degree curves contained in X. We give an example (the Segre embedding of P! x P!) in which these
curves are not sufficient to describe these Terracini loci.
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1. Introduction

Let X C P" be an integral and non-degenerate variety defined over an algebraically closed field K. Set
n := dim X. Let X,¢, denote the set of all smooth points of X. For any p € X, let (2p, X') denote
the closed subscheme of X with (Z, x)? as its ideal sheaf. The scheme (2p, X) is zero-dimensional,
deg(2p, X) = dim X +1 and (2p, X)ea = {p}. For any finite set S C X,eq set (25, X) := Upes(2p, X)
and 0(25, X) := h'(P", Z(35,.x)(1)). For any positive integer « let S(X,cg, 2) denote the set of all finite
subsets of X,¢; with cardinality =. The Terracini locus T} (X, z) is the set of all S € S(Xeg, ) such that
hO(I(ZS’X)(ID > 0 and hl(I(2S7X)(1)) > 0.

Fix a finite set S C X,¢,. The set S define the following function
tx,5: Xreg \ S — N

by the formula tx s(u) := 6(2(S U {u}), X) for all u € X, \ S. The sets t;&s(:t), x € N, form the
first Terracini stratification of the embedding of the pair (X, .S) in P". By the semicontinuity theorem for
cohomology each stratum of this stratification is locally closed in X.

For any p € X, let T, X C IP" denote the Zariski tangent space of X at p. A tangent vector or an
arrow of X, is a connected zero-dimensional scheme v C X, such that deg(v) = 2. Let v C X,
be an arrow. Since v is connected and zero-dimensional, v,¢q is a point of X,.,. Any arrow with p as its
reduction is contained in 7, X and 7, X is spanned by all arrows with p as its reduction. This is equivalent
to say that ((2p, X)) = T, X for all p € X, where ( ) denotes the linear span.

Motivations. Before going on with the content of this paper, we present several reasons to study tangent
spaces and arrows. The first motivation came from a key lemma due to Terracini which uses unions of
tangent spaces to general points to compute the dimensions of the secant varieties of X ([1, Corollary
1.10]). To compute the dimension of the linear span of finite unions of tangent spaces to X,¢, an efficient
way 1s to use arrows. This was observed and popularized by K. E. Chandler ([9, 10, 11]) who called dots
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our arrows. See [3, 13] for the use of arrows for a tangent space computation and hence an improvement
of [18]. Recently, inspired by Terracini’s lemma there was a study of the Terracini locus T1 (X, z)
([4, 5]). The main motivation came from the observation that it is easy to compute tangent spaces using a
computer and that these computations help to check the identifiability of a tensor 7' (resp. a homogeneous
polynomial f), i.e. that T" (resp. f) is in a unique way the sum of a minimum number of rank 1 tensors
(resp. powers of linear forms). For the identifiability problem, see [5, 23] and references therein.

Our set-up (Questions and Conjectures) are only for homogeneous varieties, but we hope that it is
clear how to use them for many other embedded varieties. The book [21] by J. L. Landsberg concerning
tensors has several chapters related to the geometry of homogeneous varieties and use of representation
theory for questions related to the tensor rank. See [8] for a paper concerned (in the setting of secant
varieties) to certain homogeneous varieties (the cominuscule varieties such as Grassmannians). See [22]
for the use of projective geometry to get a new proof of the classification of complex simple Lie algebras.

We propose the study of the following key objects.

Key objects. Let p(X)” be the maximal integer such that all zero-dimensional schemes Z C X,ez Of
degree at most p(X )" are linearly independent. Let p,,(X) denote the maximal integer ¢ such that any
union of ¢ arrows of X, is linearly independent. Let IL(.X') denote the set of all S C X, such that
#S = py(X) + 1 and there is a union Z C X of #S arrows with Z,.q = S and Z linearly dependent.
Let £(X') denote the set of all schemes Z C X, which are linearly dependent and unions of p,,(X) + 1
arrows. For any integer > 0 and any open subset U C X, let A(U, z) denote the set of all unions of
x disjoint arrows whose reduction is contained in U. Set A(U) := U,~0A(U).

Since any degree 2 zero-dimensional subscheme of a projective space spans a line, p(X)"” > 2. For any
integer ¢ > 0 a union of ¢ arrows has at most degree 2¢ and it has degree 2¢ if and only if the reduction
of these arrows is formed by ¢ distinct points. Thus p,,(X) > [p(X)”/2]. In the definition of p,, (X ) we
obtain the same integer if we prescribe that the arrows of X, are disjoint (Lemma 2.7). In the definition
of L(X) we get the same set if we add the condition that the arrows are disjoint (Lemma 2.7).

We see (Remark 2.1) that arrows allow one to control the Terracini loci. Arrows also define the fol-
lowing stratification (called the second Terracini stratification of the pair (X, Z)) induced by the second
Terracini function, which we now define. Fix x € Nand Z € A(X,eq, x). Set S := Z;q. The second
Terracini function

ux,z : -A<Xreg \ S) — N

of the pair (X, 7) is the function defined by the formula v +— h'(Zz.,(1)) — h}(Zz(1)). Note that
0 <uxz(v) <2forallv € A(Xye \ S). Note that uy z(v) < 1 for all v if (Z) is a hyperplane and
ux,z(v) = 0forall vif (Z) = P". Assume dim(Z) < r — 2. In characteristic 0, one has uy z(v) =
2 for a general v. In positive characteristic this is not always true, unless X is not a strange variety
([2, 6, 15, 16, 24]). The main justification for the study of the Terracini loci is given by Terracini’s
lemma ([1, Corollary 1.10]), which relates the dimension of the linear span of general unions of tangent
spaces to the dimension of secant varieties of X. The statement of [1, Corollary 1.10] explains the main
difference between characteristic zero and positive characteristic.
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Question 1.1. Assume char(K) = 0 and that X C P is a homogeneous projective manifold with
respect to an affine algebraic group embedded by the complete linear system of a homogeneous line
bundle. Assume dim X > 1. Let d be the minimal degree of a smooth curve on X. Is p,,(X) = [d/2] ?

Each minimal degree d curve 7' C X should be embedded as a rational normal curve in its embedding.

Remark 1.2. Question 1.1 has an affirmative answer if X C P" contains a line, because any degree 3
subscheme of a line is linearly dependent. Since X is a homogeneous variety embedded by a homo-
geneous complete linear system, it is ruled by lines if it contains a line. For instance this is the case
for the Segre varieties and the Grassmannians embedded by their Pliicker embedding. The case of the
Grassmannians with other linearly normal embeddings is covered by Proposition 3.3 and Remark 3.4.

In Theorem 1.3 and 1.5 we show that the answer to Question 1.1 is yes for the Segre-Veronese embed-
dings of any multiprojective space. Part (i1) of Theorem 1.5 shows that natural extensions of Question
1.1 may fail.

Theorem 1.3. Fix positive integers k, n;and d;, 1 <1 < k. SetY :=P" x .- - xXP". Letvy, g4, Y —
Pr,r=—-1+ Hle (”i:_di), denote the Segre-Veronese embedding of Y with multidegree (dy, . . ., dy).
Set X :==vg, 4, (Y), 6 :=mini<;<p djand E = {i € {1,...,k} | d; = d}. Then

(i) pw(X) = [0/2] and § is the minimal degree of a curve T'C X.

(ii) Each curve T'C X with deg(T) = ¢ is embedded as a rational normal curve in the §-dimensional
linear subspace (T') and there is i € E and a curve L C'Y such that T = vy, . 4, (L), m;(L) is a
point forall j € {1,... k} \ {i} and 7;(L) is a line.

.....

(iii) p(X)" =6 + 1.

(iv) IL(X) contains the set S(T, [(6 +2)/2]), T a minimal degree curve, and the set L(X) contains the
unions Z C X of [(d + 2)/2)] disjoint arrows such that deg(Z N'T) > § + 2 for some T.

(v) Assume § even. Then for every Z € L(X) there is a unique degree § curve T" C X such that
Z CT.

(vi) Assume § > 3 and 0 odd. Then for every Z € L(X) there is a unique degree § curve T' C X such
that deg(Z NT) > 6+ 2 and Zyeq CT.

Remark 1.4. Take X as in Theorem 1.3. All degree ¢ curves 7' C X are easily described (Remark
4.1) and each such 7 is a rational normal curve of (T') = P°. Fix any such T and Z € L(X). If
disevendeg(Z NT) > d+2ifand only if Z C T. If § is odd deg(Z N'T) > § + 2 if and only if
deg(ZNT) > deg(Z)—1. Since each connected component of Z has degree 2, deg(ZNT') > deg(Z)—1
implies Z,eq C T. Thus (under the assumptions of (v) and (vi)), for each S € LL(X) there is a unique
L C Y suchthat S C vy, 1of Y.

..........

The following theorem and Example 4.2 show that part (vi) of Theorem 1.3 is not always true for
0=1.
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.....

Assume that Y is the minimal multiprojective space containing Z.

(i) Assume #E = 1, say E = {i}. For each W € L(X), there is a line L C X containing Wiyeq. If
k > 2, then deg(W N L) > 3.

(ii) Assume #FE > 2. Fix Z € L(X). Call « the minimal degree of a curve C C X containing the
scheme Z. Either o« = 1 ora =2, k =2, ny = ny = dy = dy = 1 and the unique curve D C X with
minimal degree containing W is a conic.

In part (i1) of Theorem 1.5 we allow locally Cohen-Macaulay 1-dimensional schemes and reducible
curve, i.e. we allow reducible curves and curves with multiple components (but no embedded compo-
nent). The exceptional case in part (ii) occurs and when o = 2 both reducible conics and smooth conics
occur (for different W’s) as seen in Example 4.2. Thus in part (i1) of Theorem 1.5 it is essential to al-
low reducible curves in the definition of the integer «v. This exceptional case shows that sometimes in
Question 1.1 not all elements of IL(.X') are contained in minimal degree curves.

2. Preliminaries

We need to use the following well-known concept of residual scheme. Let W be an integral projective
variety and D an effective Cartier divisor of . For any closed subscheme A of W (resp. of D) let
Za C Ow (resp. Zap € Op) denote its ideal sheaf. Let Z C W be a zero-dimensional scheme. Let
/N D denote the scheme-theoretic intersection of Z and D), i.e. the closed subscheme of W withZ,+7p
as its ideal sheaf. The scheme Z N D is the closed subscheme of D with as its ideal sheaf the image of 7,
by surjection Oy — Op. The residual scheme Resp(Z) of Z with respect to D is the closed subscheme
of X with Zyy : Zp as its ideal sheaf. Since Resp(Z) C Z, Resp(Z) is a zero-dimensional scheme. We
have deg(Z) = deg(Resp(Z)) + deg(Z N A) and for each line bundle £ on W there is an exact sequence

0 = TResp(2) @ L(=D) =Lz @ L — Iprzp @ Lip — 0 (D
For any Z and £ we will say that (1) is the residual exact sequence of D.

Let U C P" be a zero-dimensional scheme. The linear space (U) is the intersection of all hyperplanes
H D U with the convention (U) = P if there is no such hyperplane. Note that dim(U) = deg(U) — 1 —
hY(PT, Iy (1)).

Remark 2.1. For any p € X, the linear space 7,X is spanned by dim X arrows with {p} as their
reduction. Thus for any finite set S C X,eq, S # 0, the linear space ((25, X)) = (UpesT,X) is the
linear subspace of P" spanned by all arrows with as reduction one of the points of .S.

Remark 2.2. The set A(X,c,) is a smooth and irreducible quasi-projective variety and dim A(X,ey) =
2n — 1, where n := dim X. For any positive integers x the set A(X,g, z) is a quasi-projective smooth
and irreducible variety of dimension zn(n — 1).

Remark 2.3. Fix p, ¢ € X,¢g such that p # ¢. By Remark 2.1 §(2{p, ¢}, X) > 0 if and only if there are
arrows v, w C Xyeg such that vyeq = {p}, wreq = {¢} and dim(v U w) < 2.

Remark 2.4. Since Ox(1) is very ample, tx p is the constant function ¢y g(u) = dim X + 1 for all
u € X,ce. Remark 2.1 gives the existence of a set S C X, such that tx g is not a constant function if
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there is an integral curve 7" C X such that T N X # 0 and dim(7) < |(r +1)/(dim X + 1)] — 1.
Easy examples show that the existence of 7" is not a necessary condition (Example 2.5 and Lemma 2.8).

Example 2.5. Take dim X = 1. In this case no proper subspace of P" contains a subcurve of X,
because X is assumed to be non-degenerate. Take » = 3. There are some X such that there are arrows
v, w C Xyeg such that vyeq # Wreq and dim(v U w) < 2. Indeed, this occurs quite often, since it is
sufficient to take X such that there is p € X With T, X N (Xiee \ {p}) # 0. Take for instance a general
canonically embedded curve of genus 4 and degree 6. In this example there are only finitely many such
points p. When dim X = 1 an arrow is uniquely determined by its reduction. In this example there are
only finitely many p’s doing the job. Of course, for 7 = 2 and X not a smooth conic we may take as p a
general p € X,.,. We will see (part (iv) of Lemma 2.8) that this is true (for some curves) for r > 2 only
in positive characteristic.

Lemma 2.6. Let V1, ...,V be non-empty linear subspaces of P". Assume that V1, ..., Vs are linearly
dependent. Then there are o; € V;, 1 < i < s, such that {01, ...,0s} is linearly dependent.

Proof. Since V1, ..., V; are linearly dependent, s > 2. Using induction on s we reduce to the case in
which Vi, ..., V,_; are linearly independent. Since Vi, ..., Vj are linearly dependent, (V,U---UV,_1)N
Vs Z0.Fixqe (ViU---UV, 1) NV, Take o; € V;, 1 <i < s—1,suchthatq € ({o1,...,0s_1}). Set
05 = (. ]

Lemma 2.7. Let X C P" be an integral and non-degenerate variety.
(a) Every Z € L(X) has degree 2p,,(X) + 2.

(b) pu(X) + 1 is the minimal integer x such that there is S € S(X,eg, x) with the property that the
linear spaces T, X, p € S, are linearly dependent.

Proof. Part (a) means that each Z € L£(X) is the union of p,,(X) disjoint arrows. Both parts are obvious
if n = 1. Thus we may assume n > 1. We first prove part (b). Let s be the minimal integer such that
that there is S € S(X,cg, 5) With the property that the linear spaces 7, X, p € S, are linearly dependent.
Since every arrow with p € X, as its reduction is contained in 7, X, s < p,,(X) + 1. By Lemma 2.6
there are o, € T, X, p € S, such that Upcs{0,} is linearly dependent. If o, # p let v, be the arrow with
p as its reduction and with ({p, 0, }) as its linear span. If 0, = p let v, be an arbitrary arrow with p as its
reduction. Since Upegv, is linearly dependent, we get s > p,,(X) + 1 concluding the proof of part (b).

Take Z € L(X). Part (b) implies that # Z,cq > pw(X) + 1. Thus Z is the union of p,,(X) + 1 disjoint
arrows. L

For any linear subspace V' C P" let £y : P"\ V — P"*~1, s := dim V, denote the linear projection
from V. For any integral X C P" such that X ¢ V let X}y C P"~*~! denote the closure of £/ (X\ X NV)
in Pr—s—1,

Lemma 2.8. Let X C " be an integral and non-degenerate variety. Fix S € S(X,eg, x) and a general
A € S(Xieg, x). Setn := dim X, m := dim((25, X)) and p := dim((2A4, X)).

(i) m < pu.
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(ii) Assume r > pu+n+1(resp. r > m+n+1). Then: tx s(u) > §(25, X) (resp. tx s(u) > 6(25, X))
forallu € Xyeg \ S (resp. all u € Xyeg \ A) if and only if this is true for a general u € Xieg.

(iii) Assume r > m+n+ 1. tx g(u) > 6(25, X) (resp. tx s(u) > §(25, X) for a general u € X,ep) if
and only if T, X N ((25, X)) # 0 (resp. T,X N ((2S, X)) # 0 for a general u € X,eg).

(iv) Assume r > m + n + 1 and char(K) = 0. tx s(u) > 6(25, X) for a general u € X,g if and only
dim Xy < n, where V := ((25, X)).

Proof. Parts (1) and (i1) follow from the semicontinuity theorem for cohomology. Part (iii) follows from
the definition of the Terracini function tx ¢ and of the defect 6(2(——), X '), while part (iv) follows from
the definition of ¢y, and Xy, the assumption that X is non-degenerate and the fact that in characteristic
zero the dimension of the image of a rational map f with as its domain an irreducible variety is the
generic rank of the differential of f. L]

Remark 2.9. Let X C P” be an integral non-degenerate variety and C' C X an integral curve. Set
z := dim(C'). Every zero-dimensional scheme Z C C such that deg(Z) > m + 2 is linear dependent.

Remark 2.10. Assume char(K) = 0. By [12] for any non-degenerate X C P" and any positive integer
x dim(Z) = min{r, 2z — 1} for a general Z € A(X,eg, ). Thus ux z(u) = min{2,r + 1 — 2z} for a
general Z € A(X.g, v) and a general © € A(Xieg \ Zrea). Theorem 1.5 gives the function ux ,, when X
1s a Segre variety and v is any any arrows v C X.

Remark 2.11. A theorem of Luiss says that there is a unique smooth strange curve (if we exclude the
lines): a smooth plane conic in characteristic 2 (see [14, IV.3.9] or [20, Proposition 3]).

3. Veronese embeddings

Before proving Theorem 1.3 we prove the case & = 1 of it, i.e. the case of a Veronese embedding
of a projective space, to prove our result on the Grassmannians (Remark 3.4) and to start the proof of
Theorem 1.3 by induction on k.

Remark 3.1. Fix positive integers n and d. Let vy : P — P", r = —1 + (n:d), denote the order d

Veronese embedding of P". Let A C P" be a zero-dimensional scheme such that deg(A) < d + 2 and
vq(A) is linearly dependent. Then deg(A) = d + 2 and there is a line L C P" such that A C L ([7,
Lemma 34]).

n+d
n

Proposition 3.2. Fix positive integers n and d. Let vy : P* — P", r = —1 + ( ), denote the order d

Veronese embedding of P". Set X := vy (P").

(i) d is the minimal degree of an integral curve T C X and all such curves are of the form vy(L) for
some line L C P,

(ii) pw(X) = [d/2] and for each S € L(X) there is a unique line L C P"™ such that S C vq(L).

(iii) Assume either n = 1 or d even. Then Z € L(X) if and only if deg(Z) = d + 2 and there is a
line L C P" such that 7 C vy(L).

(iv) Assume n > 1 and d odd and take any Z € L(X). Then there is a unique line L C P" such that
d+2 < deg(ZNyy(L)) <d+3=deg(2).
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Proof. First assume n = 1. In this case deg(X) = d and X contains no proper projective subcurve.
Hence in this case for each zero-dimensional scheme Z C X there is a unique line L, C P (just L = P*)
with Z C vg(L). Thus in this case some of the assertions are trivially true. In this case r = d and
hence each zero-dimensional scheme Z C X with deg(Z) > d + 2 is linearly dependent. For each zero-
dimensional scheme A C P!, h} (P!, Z4(d)) > 0 if and only if deg(A) > d + 2. Thus p(X)" = d + 1.
Thus p,,(X) > [d/2]. Remark 2.9 gives p,,(X) < [d/2].

From now on we assume n > 1. For each integral curve 7' C X, D := u;l(T) 1s an integral curve,
T = vy(D) and deg(T) = ddeg(D). Thus the description of minimal degree curves is obvious. Taking
vq(L) with L a line we also get p(X)” < d+ 1 and p,,(X)"” < [d/2]. Take a zero-dimensional scheme
Z C X such that z := deg(Z) < 2d + 1 and dim(Z) < z — 2, where ( ) denote the linear span. Set
A= v;1(Z). Since dim(Z) < z — 2, h}(P", Z4(d)) > 0. Since z < 2d + 1, there is a line L C P such
that deg(Z N L) > d + 2 ([7, Lemma 34]), concluding the proof of (iii) and (iv). H

The next result shows that Proposition 3.2 is useful for Veronese embeddings of subvarieties of a
projective space.

Proposition 3.3. Let Y C P™ be an integral and non-degenerate variety. Let vy : P — PN, N =

-1+ (mjd), be the order d Veronese embedding of P™. Set X := v4(Y) and P" := (X).

(a) If there is a line L C P™ such that either L C'Y and L N Yieg # 0 or deg(L N Yieg) > d + 2,
then p(X)" = d + 1, while p(X)" > d + 2 if there is no such line.

(b) pu(X) > [d/2] if there is no line L C P™ containing at least [d/2] points of Yreg.

Proof. For any curve T" C P™, deg(vy(T)) = ddeg(T). Thus each curve C' C v4(IP™) has degree
divisible by d, d is the minimal degree of a curve contained in v4(IP"*) and all minimal degree curves
of v4(IP™) are rational normal curves in their linear span (here we use that for each line L C P™ the
restriction map H%(Opm (d)) — H°(Op(d)) is surjective). Parts (a) and (b) follows from the inequalities
p(X)" > p(vg(P™))" and py,(X) > puw(vg(P™)) and parts (iii) and (iv) of Proposition 3.2. O

Remark 3.4. Take as Y in Proposition 3.3 a Grassmannian G(a, b) with its Pliicker embedding. Since
Oc(a,p)(1) generates Pic(G(a, b)) and G(a, b) contains lines, Proposition 3.3 computes p(.X)" and p,,(X)
for each linearly normal embedding X of a Grassmannian.

4. Proofs of Theorems 1.3 and 1.5

SetY = P™" x ... x P, Letm; : Y — P™ denote the projection onto the ¢-th factor of Y. For
i =1,...,klet g (resp. ;) be the multi-index (ay,...,a;) € N¥ such that a; = 1 and a; = 0 for all
J # 1 (resp. a; = 0 and a; = 1 for all j # ¢). For any integral curve D C Y we define the multidegree
(ay,...,ax) € N¥ of D in the following way. If m;(D) is a point set a; := 0. If 7;(D) is a curve set
a; = deg(m;p) deg(m;(D)), with the convention deg(7;(D)) = 1if n; = 1. Since D # (), a; > 0 for at
least one index <.

Remark 4.1. Let D C Y be an integral curve of multidegree (aq,...,ax). As in Theorem 1.3 set
0 := min{ds,...,d;} and let £ be the set of all ¢ € {1,...,k} such that d; = J. Note that vg, 4, (D)
has degree a1d; + - - - + agdy. Thus deg(vy,.. 4, (D)) > 0 and equality holds if and only if there is
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i € Esuchthata; = land a; = Oforall j € {1,...,k} \ {i}. Fixi € E. All irreducible curves with
multidegree ¢; are obtained in the following way. For all j € {1,... k} \ {i} fixo; € P". If n; = 1
let f; : P! — P" be an isomorphism. If n; > 1, then f; : P! — P" be an embedding with f;(P!) a
line. Let f : P! — Y be the only morphism such that 7, o f = fj, forall h € {1,...,k}. Since f; is
an embedding, f is an embedding. Thus f(P!) = PL. The curve f(IP') has multidegree £; and all curves
with multidegree ¢; are obtained in this way for some choice of the points o; € P"/, j # 1, and, if n; > 1,
a line of P,

Let D C Y be any curve such that deg(vyg, . q,(D)) = 6. Note that the description just given shows
that h'(D,Zp(by,...,b;)) = 0 forall (by,...,by) € N*. Thus vy, 4, (D) is a degree ¢ rational normal
curve in its linear span.

Example 4.2. Take Y = P! x P! and d; = dy = 1. Since r = 3 in this case, h}(Y,Zz(1)) > 0 for a
degree 4 zero-dimensional scheme if and only if 14 1(Z) is contained in a plane. If deg(H N Z) < 2 for
all multiprojective spaces Y/ C Y, then Z is as in one of the two cases:

(a) Fix (01,09) € P' x P! and set L := 7, '(01) and R := 7, '(03). Take @ € L\ L N R and
be R\ RN L. Let v C L be the only arrow with v,,q4 = {a} and let w C R be the only arrow with
Wred — {b}

(b) Take an irreducible D € |Oy (1, 1)|. Since v ;(D) is a smooth conic, D is smooth. Take a,b € D
such that a # b and take as v (resp. w) the only degree two connected zero-dimensional subscheme of D
with {a} (resp. {b}) as its reduction.

To prove that all cases are as in (a) or (b) note that (since h°(Oy(1,1)) = 4 and h'(Y,Z7(1,1)) > O by
assumption) |Zz(1,1)| # 0. Take T' € |Zz(1,1)]|. If T is irreducible, then Z is as in case (b) with D = T..
Assume T reducible, say T' = Hy U Hy. If deg(Z N H;) > 3 for some 4, then we take H; as the linee with
deg(H; N Z) > 3. If deg(Z N Hy) < 2 and deg(Z N Hs) < 2, then deg(Z N Hy) = deg(Z N Hy) = 2,
Z N HyN Hy=(and Z is as in case (a).

Lemma 4.3. Take the assumptions of Theorem 1.3. Then p(X)" =6 + 1.

Proof. By Proposition 3.2 the lemma is true if £ = 1. Thus we may assume £ > 1. Hence dimY > 1
and we may use induction on the integer dimY. Since X contains a degree J curve (Remark 4.1),
p(X)" < 0 4+ 1 (Remark 2.9). Since Ox(1) is very ample, p(X)” > 2. Thus the lemma is true if
0 = 1. Thus we may assume J > 2 and that the lemma is true for all Segre-Veronese embeddings of any
multiprojective space with dimension < dim Y and with curves of degree < §. Assume y := p(X)” < ¢
and take a zero-dimension scheme Z C X such that deg(Z) = y + 1 and dim(Z) < y — 2, i.e. such that
assume d; = 0. Fix H € |Oy(e1)] such that AN H # (). The residual scheme Resy(A) is contained in
A, deg(A) = deg(AN H) + deg(Resy(Z)). Since H is a multiprojective space and dim H < dim Y,
the lemma is true for /. Consider the residual exact sequence of H:

0 %IRQSH(A)(dl -1, dg, - ,dk) — IA(dl, ds, ... ,dk) —
Toanan(di, ... ,dp) —0 (2)

The embedding v, 4, m induces the Segre-Veronese embedding of I with multidegree (ds, ..., dx)
(case n; = 1) or multidegree (dy,...,d;) (case ny > 1). Since d; > ¢ for all i and deg(H N A) <
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deg(A) < 6 + 1, hY(H,Zang m(dy,...,d;)) = 0 by the two inductive assumptions. Thus (2) gives
W (Y, Zresy(4)(0 — 1,da, ..., dg)) > 0. Since d; > ¢ for all i and deg(Resy(A)) = deg(A) — deg(AN
H) < deg(A) — 1 < 4, the inductive assumption gives h!(Y, TResy(4)(0 — 1,da, ..., dy)) = 0, a contra-
diction. O

Lemma 4.4. Take the assumptions of Theorem 1.3. Let Z C X be a zero-dimensional scheme such that
deg(Z) = § + 2 and h'(Z7(1)) > 0. Then there is a unique degree § curve T C X such that Z C T.

Proof. The uniqueness of 1" is obvious, because the description of Remark 4.1 shows that if two minimal
degree curves meet, then their scheme-theoretic intersection has degree 1. The existence of 7" is proved
minimal multiprojective space containing Z. First assume 6 = 1. In this case deg(Z) = 3 and (7) is a
line, L. Since any Segre variety is scheme-theoretically cut out by quadrics, L C X. Thus L proves the
lemma in this case. Hence we may assume > 2 and use induction on J.

The case £ = 1 is Remark 3.1. Now assume £ > 1. By the minimality of ¥ we need to find a
contradiction. Set Ay := A. Take H; € |Oy(e1)| such that e; := deg(Ay N H;) is maximal and set
Ay := Resp, (Ap). Assume defined the zero-dimensional schemes A;, the non-negative integers e; and
H; € |Oy(e;)|foralli < jforsomej € {1,...,d;—1}. Wetakeany H;; € |Oy(e1)|suchthate; ; :=
deg(A; N Hj, 1) is maximal and set A;,; := Resg,,, (A;). Note that deg(A;) = deg(Aj;1) +ej41. The
maximality of all integers e; gives that the sequence {e; }1<;<4, is non-increasing and that if A; # (), then
e;+1 > 0. Forall: = 1,...,d; there is the following exact sequence (the residual exact sequence of H;):

O_>IAi<d1—i,d2,...,dk> —>IAi71(d1—Z‘—|—1,d2,...,dk) —

IAi_lﬂHi,Hi (dl - /L + 17 d27 o 7dk) — O (3)
(a) In this step we assume the existence of some i € {1,...,d;} suchthat h'(H;, Za, ,npg, m,(d1—i+
1,dy,...,dy)) > 0and we call g the first such an integer :. By Lemma 4.3 applied to the multiprojective

space Hy, e, > 2+ min{d; — g + 1,0}. Since the sequence {e;}i<;<q4, is non-increasing, we get
d+2 > 29+ gmin{dy — g+ 1,6} + deg(A,). Since 6 < dy, we get g = 1, dy = 0 and A; = 0,
contradicting the assumption that Y is the minimal multiprojective space containing A.

(b) Assume h'(H, Za,np, . (di—i+1,ds, ..., dy))=0foralli=1,..., dy. Since h!(Z4(dy,. .., d}))
> 0, using all exact sequences (3) for i = 1,...,d; we get hl(IAdl(O,dg, ...,d)) > 0. Since
Oy (0,ds, ..., dy) is globally generated, deg(Ay, ) > 2. Hence ey > - -+ > e4, > 0, Since deg( A1) +e1+
------ +eq, =042, wegetd; =9, e; = 1 foralli and deg(Ag,) = 2. Since h'(Za, (0,dy, ..., dy)) >0
and deg(Ag,) = 2, m1(Ayg,) is a single point, as a scheme. The maximality of the integer e; gives e; > 2,
a contradiction. O

Lemma 4.5. Assume k > 2. Let B C Y be a zero-dimensional scheme such that deg(B) < 3 and
hY(Z5(0,dy, ..., d;)) > 0. Then either there is a scheme U C B such that deg(U) = 2 and m(U)
is scheme-theoretically a point or deg(B) = 3 and there is i € {2,...,k} such that d; = 1, 7;(B) is
(scheme-theoretically) a point and for each j € {2,...,k} \ {i}, m;p is an embedding and 7;(B) is
contained in a line.

Proof. Set Y, := HiZZ P" and let 1 : Y — Y} denote the projection onto the last £ — 1 factors of
Y. The first possibility occurs if and only if 7 5 is not an embedding. Thus we may assume that 75
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is an embedding. Thus h'(Zp(0,dy, ... ,dr)) = h'(Y1,Z, () v1(d2, ..., dk)). Apply Remark 4.1 and
Lemmas 4.3 and 4.4 to V7. [

Proof of Theorem 1.5. Set S := Z..q. Lemma 2.7 gives #S = 2 and deg(Z) = 4. If k = 1, then
#E = 1, X = P and part (i) of the theorem just say that any two points of a projective space are
collinear. From now on we assume k > 2.

(a) Assume k£ > #FE. Permuting if necessary the factors of Y we may assume d; > 2. Thus there
are H, M € |Oy(ex)| such that S C H U M, with, say, deg(Z N H) > deg(Z N M). Since Y is the
minimal multiprojective space containing 7, deg(Z N H) < 3. Thus 2 < deg(Z N H) < 3. In both cases
deg(Resy(Z)) < 2. Since Oy (dy,...,dg_1,dr — 1) is very ample and deg(Resy(Z)) < 2, we have
W (Y, Zesy(z)(dr, - - - di—1, dp — 1)) = 0. Since h' (Y, Zy (dy, . . ., di,)) > 0, the residual exact sequence
of H gives h'(H,Zznny u(dy,...,dg)) > 0. Since the line bundle Oy (dy, ..., dg_1,dy) is very ample,
we get deg(H N Z) = 3.

Since h'(H,Zznp u(dy, ..., dx)) > 0, V4, a,(Z) spans a line. This line corresponds to some i € F
and an integral curve with multidegree ¢; containing Z N H.

(b) Assume #E = k. Thus d; = 1 for all 7, i.e. X is a Segre variety with k factors.

Assume for the moment the existence of i € {1,...,k}, such that #m;(S) = 1. Thus there is H' €
|Zs(e;)|- Since H' is a multiprojective space and Y is the minimal multiprojective space containing Z,
deg(Z N H') < 3. Since S C H', we have deg(Z N H') > 2. As in step (a) we get deg(Z N H') = 3
and that Z N H’ is contained in an integral curve 7' C Y with multidegree ;. Since 7" has multidegree
€i, ™7 is injective. Thus S Sl T, a contradiction.

Thus #m;(S) = 2 for all i. Write S = {a,b} and Z = v U w with v,,q = {a} and wyeq = {b}.
Assume for the moment the existence of i € {1,...,k} such that Tz 1s not an embedding. Since
#m;(S) = 2, there is one of the connected components of Z, say v, such that deg(m;(v)) = 1 and there
is H € |Oy(g;)| such that H N Z = v. Since Oy (1, ..., 1) is very ample, h* (Y, Z,(1,...,1)) = 0. Since
(Y, Zz(1,...,1)) > 0, the residual exact sequence of Y gives h!(Y,Z,(&;)) > 0. Since Oy;(1,...,1)
is very ample, we get deg(n;(w)) = 1, i.e. deg(m,(w)) = 1 for all h # i. Exchanging the role of w and
v we see that (Y, Z) is as in case (a) of Example 4.2 and in particular Y = P! x P!,

Assume that each 7; 7 is an embedding. Thus there are H € |Oy(e1)| and M € |Oy (e2)| such that
HNZ ={a}and M N Z = {b} (scheme-theoretic intersections). Thus Resy(Z) = S.

Claim 1: £ = 2.

Proof of Claim 1: Assume k& > 3. Since deg(Z N (H U M)) = 2 and Oy(1,...,1) is very ample,
h(Y, Tzmum (1, ..., 1)) = 0. Thus the residual exact sequence of HUM gives hY(Y,Zs(0,0,1,...,1))
> 0. Since 3 is injective and #S5 = 2, h!(Y, Zg(e3)) = 0. Thus h'(Y,Z5(0,0,1,...,1)) = 0, a con-
tradiction.

By Claim 1 Y = P™ x P2,

Claim 2: n; = ny = 1.
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Proof of Claim 2: Assume for instance n; > 2. Thus there is H € |Oy (£1)| containing S. Since
S C H, H is a multiprojective space and Y is the minimal multiprojective space containing 7, 2 <
deg(ZNH) < 3.

First assume deg(Z N H) = 2,i.e. S = Z N H. Thus S = Resy(Z). Since Op(1,1) is very ample,
hY(H,Zynzu(1,1)) = 0. The residual exact sequence (1) of H gives h!(Y,Zg(0,1)) > 0, contradicting
the injectivity of myg.

Now assume deg(Z N H) = 3 and hence deg(Resy(Z)) = 1. Since Oy (0, 1) is globally gener-
ate and deg(Resy(Z)) = 1, h'(Zresp(2)(0,1)) = 0. The residual exact sequence (1) of H gives
hY(H,Zznm u(1,1)) > 0. Since deg(Z N H) = 3 and v 1(Z) is linearly dependent, 11 1(Z) spans a
line, L. Since X is scheme-theoretically cut-out by quadrics, L. C X. Thus L is a minimal degree
subcurve of X. By Remark 4.1 there is ¢ € {1,2} such that 7;(L) is a point. Thus 7;(Z N H) is a point.
Since S C Z N H, #m;(S) = 1, a contradiction.

By Claims 1 and 2 the pair (Y, Z) is as in case (b) of Example 4.2 and in particular Y = P! x P!,
The uniqueness of the degree o containing Z is obvious for o = 1, because two different lines intersects
at at most one point. For o = 2 when (' is a smooth conic the uniqueness follows because in this case
Oy(1,1) - Oy(1,1) = 2 (intersection number). The proofs in the last part of Example 4.2 show the
uniqueness for reducible conics. ]

Proof of Theorem 1.3: Remark 4.1 shows that ¢ is the minimal degree of a subcurve of X and describes
all subcurves of degree d, proving (ii) and the second assertion of (i). Lemma 4.3 gives p(X)” = 6 + 1.
Part (iv) follows from the equality p(X)"” = § + 1 and Remark 4.1.

Since p(X)" = 6 + 1, pu(X) > [§/2]. Since X contains degree ¢ curves (Remark 4.1), p,(X) <
[0/2] (Remark 2.9). Thus p,(X) = [§/2] and taking ¢ € E, any curve L C Y with multidegree ¢;
and any set S C vg, . q, (L) with #£S = [§/2] we get an element of L(X). Taking unions Z of arrows
contained in v, 4, (L) and (if § is odd) unions of arrows Z with deg(Z) —deg(ZNL) = 1, we also get
elements of £(X) (Remark 4.1 of Proposition 3.2). If § is even, then Lemma 4.4 proves part (v). Thus to
prove the last unproved part of the theorem, i.e. part (vi), we may assume § > 3 and ) odd. We use the
set-up of the proof of Lemma 4.4 with zero-dimensional schemes A;, divisors H; € |Oy(e1)|, integers
e; and the residual exact sequence (3). The only difference is that now Ay := A has degree o + 3. Since
the theorem is true in the case £ = 1, we may assume dim Y > 1 and that the theorem is true for all
lower-dimensional projective space. Thus we may assume that Y is the minimal multiprojective space
containing A.

(a) In this step we assume the existence of some i € {1,...,d;} such that h'(H;, Za, ,nm,.m,(dy —
i+ 1,dy,...,dr)) > 0 and we call g the first such an integer 7. Since dim H; < dimY’, the inductive
assumption gives e, > 2 + min{d; — g + 1, ¢} and if equality holds v4, _g41,4,,.. 4, (Ag—1) is contained
in a minimal degree curve of vy, _411.4,...4,(H;). Since the sequence {e;} is non-increasing, we get
d+3 > 29+ gmin{d; — g+ 1,6} + deg(Ay). Since 1l < g < djandd; > ¢ > 3, wegetg = 1,
dy = ¢ and deg(A,) < 1. Since A ¢ H, by assumption, deg(A;) = 1. Thus deg(H; N A) = § + 2.
Since h'(Hy, Zanm, 1, (di, ..., dy)) > 0, Lemma 4.4 gives d; = J and the existence of a degree § curve
T C v, 4,(Hi) C Xsuchthatdeg(ZNT) =6+ 2.
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(b) Assume h' (H, Za,np, 1, (di—i+1,ds, ..., d))=0foralli=1,...,d;. Since h' (Z4(dy,. .., d))
> 0, using all exact sequences (3) for i = 1,...,d; we get hl(IAdl(O,dg, ...,d)) > 0. Since
Oy (0,ds, . .., dy) is globally generated, deg(Ay,) > 2. Hence e; > - -+ > e4, > 0. We have

e1 4 + eq, +deg(Ay,) =9 + 3. 4)

(bl) Assume deg(Ag,) = 2. Since h'(Zy, (0,ds, ..., dy)) > 0, m1(Ag,) is a single point (scheme-
theoretically) (Lemma 4.5). The maximality of the integer ey, gives e;, > 2. Since d; > 4 and the
sequence {e; } is non-increasing, (4) gives 26 + 2 > § + 3, a contradiction.

(b2) Now assume deg(Ay,) > 3. By 4) dy = 9, ¢, = 1 for all ¢ and deg(Ay,) = 3. Since
h'(Za,, (0,dy, ..., di)) > 0 and deg(Aq, ) = 3, Lemma 4.5 shows that either 14,4, 18 not an embedding
or deg(Ag, ) = 3 and there is i € {2,...,k} such that 7;(Ay,) is is a single point, as a scheme. In the
former case we get es > 2 by the maximality property of all e;, a contradiction. In the latter case we
make the construction of Lemma 4.4 using the i-th factor of Y instead of the first one and get e; > 3,

concluding again by (4) (note that we proved the impossibility of case (a) using any of the factors of
Y). ]
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