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1. Introduction

Many nonlinear problems arising from applications in most domains of natural sciences and physics
are formulated as fixed point equation having the form

x = Ax +Bx, x ∈ M (1.1)

where M is a closed convex set (a ball of radius r in practice), of a functional Banach space. Especially,
many nonlinear integral equations are written in that form, see [5, 9, 10, 11, 12].

In 1958, Krasnoselskii established the first and the most famous fixed-point principal solving Equation
(1.1), see [14]. His result states that if A is a contraction, B(M) is relatively compact and M is left
invariant by the operators sum A+ B, then Equation (1.1) admits a solution in M .

Since then, the existence of fixed points for the sum of two operators has attracted tremendous interest
and many forms and improvements of Krasnoselskii’s fixed point theorem, have been established in the
literature by modifying the above assumptions; see, for example, [1, 2, 3, 4, 5, 6, 9, 10, 11, 15, 17, 18,
19, 21]. Often, the application of the obtained results is guaranteed.

The main goal of this work is to adapt the Krasnoselskii’s fixed point principal to the case of ordered
Banach spaces. More precisely, we consider in this article, the case of ordered Banach spaces where the
order is generated by a minihedral and normal cone. In such a structure, the absolute value of a vector
has a sense and this offers the possibility to give a new sense to the concept of contraction, see Condition
3 in Theorem 3.2.

The paper is organized as follows: in Section 2 we recall some definitions and basic facts related to
cones, positive operator and elementary spectral theory, which will be needed for the proof of the main
result of this article. In Section 3, we present an adapted version of Krasnoselskii’s fixed theorem to
the case of ordered Banach spaces and the corresponding alternative. The last section is devoted for the
study of existence of solutions to a nonlinear integral equation posed on the whole real line.
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2. Abstract background

The main goal of this section is to recall some basic facts on cones, ordered Banach spaces and the
elementary spectral theory. We recall also the classical Schauder’s fixed theorem and the corresponding
alternative, commonly know as Schaefer’s fixed point theorem. All are needed for the statement of the
main theorem of this work and its proof. Let X be a real Banach space endowed with a norm ‖·‖.

Definition 2.1. A closed convex nonempty subset C of X is said to be a cone in E if (tC) ⊂ C for all
t ≥ 0 and C ∩ (−C) = {0X} .

It is well known that a cone C induces a partial order in the Banach space X. We write for all x, y ∈
X : x �C y (or y �C x) if y − x ∈ C and x ≺C y (or y 
C x) if y − x ∈ C � {0X}. Thus, the vectors
lying in C � {0X} are said to be positive.

Definition 2.2. Let Ω be a nonempty set in X. Then

a) u ∈ X is said to be an upper bound of Ω if v � u for all v ∈ Ω;

b) u ∈ X is said to be a lower bound of Ω if v � u for all v ∈ Ω;

c) u ∈ X is said to be the least upper bound of Ω and we write u = supΩ, if u is an upper bound of Ω
and v � w for all v ∈ Ω implies u � w;

d) u ∈ E is said to be the greatest lower bound of Ω and we write u = inf Ω, if u is a lower bound of Ω
and v � w for all v ∈ Ω implies u � w.

Definition 2.3. Let C be a cone in X . Then

a) C is normal if there is a positive constant nC such that for all u, v ∈ E, 0E �C u �C v implies
‖u‖ ≤ nC ‖v‖;

b) C is minihedral if sup (x, y) exists for all x, y ∈ X .

Remark 2.4. Notice that if a cone C is minihedral then inf (x, y) exists for all x, y ∈ X . Moreover, we
have inf(x, y) = − sup(−x,−y).

Remark 2.5. It is well known that if C is a minihedral cone inducing the order �C on X, then (X,�C)

is a Riesz space or a Banach lattice in the sence given in [16]..

Definition 2.6. Let C be a minihedral cone in X inducing the order �C on X. For x ∈ X, we define the
positive part, the negative part and the absolute value of the vector x respectively by

x+ = sup(x, 0), x− = sup(−x, 0) and |x| = x+ + x−.

Proposition 2.7. ([16]) Let C be a minihedral cone in E inducing the order �C on E. Then the absolute
value define then a self-mapping on E and it has the following properties:

i) |x| �C 0X for all x ∈ X,

ii) |x| = 0X ⇒ x = 0X ,

iii) |tx| = |t| |x| for all x ∈ X and t ∈ R,
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iv) |x+ y| �C |x|+ |y| for all x, y ∈ X,

v) ||x| − |y|| �C |x− y| for all x, y ∈ X.

Proposition 2.8. Let C be a minihedral cone in X , then the following assertions are equivalents.

i) The mapping |·| : X → C is continuous.

ii) The mapping |·| : X → C is continuous at 0X .

iii) There exists η > 0 such that ‖|u|‖ ≤ η ‖u‖ for all u ∈ X.

Proof. The equivalence between i) and ii) is due to the inequality in v) of Proposition 2.7. It is easy to
see that iii) implies ii) and , hence let us prove that ii) implies iii). Let ε0 > 0, there is δ0 > 0 such that
for all u ∈ X , ‖u‖ ≤ δ0 implies ‖|u|‖ ≤ ε0. Therefore, for all u ∈ X with u �= 0X , we have

δ0
‖u‖ ‖|u|‖ =

∥∥∥∥∣∣∣∣ δ0u‖u‖
∣∣∣∣∥∥∥∥ ≤ ε0,

leading to

‖|u|‖ ≤ η ‖u‖ for all u ∈ X

with η = ε0/δ0.

Remark 2.9. It follows from Proposition 2.8 that the mapping |·| : X → C is continuous if and only if
sup‖u‖=1 ‖|u|‖ < ∞.

Definition 2.10. Let C be a cone in X. A mapping L ∈ L (X) is said to be positive, if L (C) ⊂ C.

Throughout, LC (X) will denote the subset in L (X) of all positive mapping relatively to the cone C .

For detailled presentations on cones and positivity we refer the reader to [8] and [13]. The reader will
observe that the definition of the minihedrality given here is that of [8]. In [13], a cone C is said to be
minihedral if sup(x, y) exists for all pair (x, y) ∈ X2 having an upper bounded. To ensure the existence
of sup(x, y) for all x, y ∈ X when such is the definition of the minihedrality, one may assume that the
cone C is generating (i.e. X = C − C). Indeed, for all x, y ∈ X there exist x1, x2, y1, y2 ∈ C such that
x = x1 − x2 and y = y1 − y2. Therefore, we have x �C x1 + y1 and y �C x1 + y1.

In all this work, we use the following notations: for L ∈ L (X), CV (L) denotes the set of all charac-
teristic values of L. The spectral radius of L, is defined to be

r(L) =

{
inf

{
|μ|−1

: μ ∈ CV (L)
}
, if CV (L) �= ∅,

0, if CV (L) = ∅
and we have by the Gelfand formula

r(L) = lim
n→∞ ‖Ln‖1/n .

For μ /∈ CV (L) , R (μ, L) = (I − μL)−1 is the resolvent mapping associated with L and we have for
all μ ∈ R with |μ| < 1/r(L),

R (μ, L) = (I − μL)−1 =

∞∑
n=0

μnLn. (2.1)
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Notice that if C is a cone in X we have from (2.1) that R (μ, L) ∈ LC (X) for all L ∈ LC (E) and all
μ ∈ (0, 1/r(L)) .

A detailled presentation on the elementary spectral theory is found in Yoshida’s book [23].

We end this section by the following two classical fixed point theorems.

Theorem 2.11 (Schauder 1930 [20]). Let M be a closed convex nonempty subset of X and let S : M →
M be a compact mapping. Then S has a fixed point.

Theorem 2.12 (Scheafer 1955 [20]). Let S : X → X be a completely continuous mapping. Then either

1. S has a fixed point, or

2. the set {x ∈ X : x = λS(x) λ ∈ (0, 1)} is unbounded.

3. A variant of Krasnoselskii’s fixed point Theorem

In all this section, we let E be a real Banach space, K be a cone in E and we set for L ∈ LK (E) ,

λ−
L,K =

{
inf Λ−

L,K, if Λ−
L,K �= ∅,

+∞, if Λ−
L,K = ∅,

where

Λ−
L,K = {λ > 0 : ∃u 
K 0E such that λLu �K u} .

We begin this section by the following technical Lemma.

Lemma 3.1. For all L ∈ LK (E), λ−
L,K ≥ 1/r(L).

Proof. The cases where Λ−
L,K = ∅ or r(L) = 0 are obvious, so let us prove the lemma in the case

where Λ−
L,K �= ∅ and r(L) > 0. Let λ ∈ Λ−

L,K , u 
K 0E such that λLu �K u. By the contrary,
suppose that λ > 1/r(L) and set v = − (I − λL) (u) . Since λ > 1/r(L), (I − λL) is invertible and
(I − λL)−1 =

∑
n∈N

λnLn. Thus, we have the contradiction

0E ≺K u = (I − λL)−1 (v) = −
∑
n∈N

λnLn (v) �K 0E .

The lemma is proved.

The following theorem is the main result of this paper. It provides a variant of Krasnoselskii’s theorem
in the ordered Banach space E.

Theorem 3.2. Assume that the cone K is normal and minihedral and the mapping |·| : E → K is
continuous. If Ω is a closed convex nonempty subset of E and the mappings S, T : E → E are such that

1. Su + Tv ∈ Ω for all u, v ∈ Ω,

2. S is compact and
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3. there is L in LK (E) and c ≥ 0 such that cr (L) < 1 and

|Tu− Tv| �K cL (|u− v|) for all u, v ∈ E.

Then S + T has a fixed point in Ω.

Proof. Let nK be the constant of normality of K and η = sup‖u‖=1 ‖|u|‖.

The proof is divided into three steps.

Step 1. In this step, we prove that for all v ∈ E the equation

u = Tu+ v (3.1)

admits a unique solution in E.

The case c = 0 is obvious, so we suppose that c > 0.

Uniqueness. If u1 and u2 are two solutions to (3.1), then w = |u1 − u2| 
K 0E and satisfies

w = |u1 − u2| = |Tu1 − Tu2| �K cL (|u1 − u2|) = cLw.

Hence, c ∈ Λ−
L,K �= ∅ and r(LF ) > 0. Indeed, we have by induction

Lnw �K
1

cn
w,

and then the normality of the cone K leads to

‖Ln‖ ‖w‖ ≥ ‖Lnw‖ = ‖Lnw‖ ≥ 1

nKcn
‖w‖ .

From which we see that

r(L) = lim
n→+∞

n
√

‖Ln‖ ≥ 1

c
> 0.

Therefore, this together with Lemma 3.1 lead to the contradiction

λ−
L,K > 1/r (L) > c ≥ inf {λ ≥ 0 : ∃u 
K 0E such that λLu �K u} = λ−

L,K.

The uniqueness is proved.

Existence. Let u0 ∈ E and consider the sequence (un) defined by un = Tun−1 + v. We have then for
all n ≥ 1,

|un+1 − un| = |T (un)− T (un−1)| �K cL(|un − un−1|).
Since the operator L is increasing, we obtain

|un+1 − un| �K cnLn (w) ,

where w = |u1 − u0|
Therefore, if m,n are two integers with m > n ≥ 1, then

|um − un| �K |um − um−1|+ |um−1 − um−2|+ ... + |un+1 − un|
�K cm−1Lm−1w + cm−2Lm−2w + ... + cnLnw.
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Thus, the normality of the cone K leads to

||um − un|| ≤ nK

(
cm−1||Lm−1w||+ cm−2||Lm−2w||+ ... + cn||Lnw||)

= nK (Sm−1 − Sn−1) ,

where Sn =
∑k=n

k=0 c
k||Lkw||.

Since w 
 0E , we obtain

lim
n→+∞

n
√

||cnLnw|| = lim
n→+∞

n
√

||cnLnw|| ≤ c lim
n→+∞

n
√

‖w‖ n
√

||Ln|| = cr(L) < 1,

that is (Sn) converges and

lim
n→+∞ ||um − un|| ≤ lim

n→+∞ ||Sm−1 − Sn−1|| = 0.

Therefore, the sequence (un)n is a Cauchy sequence and the completeness of E leads to limn→+∞ un =

u ∈ E. Finally, since the mapping |·| is continuous and L ∈ L(E), the inequality in Condition 3 of
Theorem 3.2 makes of T a continuous mapping. Passing to the limit in un+1 = Tun + v, we obtain
u = Tu+ v.

Step 2. We have proved in the above step that (I − T )
−1 exists. So, the purpose of this step, is to prove

that (I − T )
−1 is continuous. To this aim, let u, v ∈ E and set x = (I − A)

−1
u, y = (I − A)

−1
v. We

have

|u− v| = |(I − T )x− (I − T ) y|
= |(x− y)− (Tx− Ty)|
�K |x− y| − |Tx− Ty|
�K |x− y| − cL (|x− y|)
= (I − cL) (|x− y|)
= (I − cL)

(∣∣∣(I − T )−1
u− (I − T )−1

v
∣∣∣) ,

leading to∣∣∣(I − T )
−1

u− (I − A)
−1

v
∣∣∣ �K (I − cL)

−1
(|u− v|) . (3.2)

Taking in account the normality of the cone K and the continuity of the mapping |·|, we obtain from
(3.2) ∥∥∥(I − T )−1

u− (I − T )−1
v
∥∥∥ ≤ nK

∥∥∥∣∣∣(I − T )−1
u− (I − A)−1

v
∣∣∣∥∥∥

≤ n2
K

∥∥∥(I − cL)
−1

(|u− v|)
∥∥∥

≤ n2
K

∥∥∥(I − cL)−1
∥∥∥ ‖|u− v|‖

≤ n2
Kη

∥∥∥(I − cL)
−1
∥∥∥ ‖u− v‖ .

Hence the continuity of (I − T )−1 is proved.

Step 3. In this last step, we prove that the mapping S + T has a fixed point in Ω. To this aim, consider
the mapping Φ = (I − T )−1

S : Ω → E and notice that Φ is compact. Let v ∈ Φ (Ω), there exists u ∈ Ω
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such that v = Φ(u) = (I − T )−1
S (u) . In an other manner, we have v = S(u) + T (v) and Condition 1

leads to v ∈ Ω. Thus, Theorem 2.11 guarantees existence of a fixed point x ∈ Ω for the mapping Φ and
clearly, x = Sx+ Tx. This ends the proof.

Remark 3.3. Theorem 3.2 holds true if replace Condition 1 by that of Burton, see [5],

x = Bx + Ay, y ∈ M =⇒ x ∈ M.

Remark 3.4. A mapping T : E −→ E satisfying Condition 3 of Theorem 3.2 is not necessarely a
contraction, as an example we quote the mapping T : C ([0, 1]) −→ C ([0, 1]) defined by

Tu(x) =
7π2

4

1∫
0

J(x, s)
√

1 + |u(s)|ds

where for x, s ∈ [0, 1]

J(x, s) =

{
x(1− s), if x ≤ s

s(1− x), if s ≤ x.

We have

|Tu (x)− Tv (x)| ≤ 7π2

8
L (|u− v|) (x) ,

where Lu(x) =
∫ 1

0 J(x, s)u(s)ds and r(L) =
1

π2
.

The corresponding alternative to Theorem 3.2 consists in the following result.

Theorem 3.5. Assume that the cone K is normal and minihedral and let S, T : E → E be two mappings
such that S is completely continuous and T satisfies condition 3 in Theorem 3.2. Then either

1. S + T has a fixed point, or

2. the set
{
x ∈ E : x = λT

(
x
λ

)
+ λS(x) λ ∈ (0, 1)

}
is unbounded.

Proof. Noticing that x ∈ E is a fixed point of S+T if and only if x is a fixed point of (I − T )
−1

S, we see
that Theorem 3.5 follows from a direct application of Schaefer’s theorem for the mapping (I − T )

−1
S.

4. Existence of solution for an integral equation

We are concerned in this section by existence of solutions in BC (R) to the integral equation

u(x) =

+∞∫
−∞

G1(x, s)f1(s, u(s))ds +

+∞∫
−∞

G2(x, s)f2(s, u(s))ds, (4.1)

where BC (R) denotes the set of all continuous bounded reel functions defined on R and for i = 1, 2,

Gi, fi : R
2 → R are continuous functions. Throughout, we let φ : R → R

+ be a continuous function
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and we let for i = 1, 2, ρi be a nonnegative constant with ρ2 ≤ 1 and αi, βi, γi : R → R
+ be measurable

functions such that{ ∫ +∞
−∞ φ (s) γ2 (s) ds < ∞ and for i = 1, 2,∫ +∞
−∞ αi (s) γi (s) ds < ∞,

∫ +∞
−∞ βi (s) γi (s) ds < ∞,

(4.2)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

|G1(x, s)−G1 (y, s)| ≤ γ1 (t) |x− y| for all s, x, y ∈ R,∫ +∞
−∞ |G1(0, s)|α1(s)ds < ∞,

∫ +∞
−∞ |G1(0, s)| β1(s)ds < ∞,

lim|x|→∞
∫ +∞
−∞ |G1(x, s)|α1(s)ds = lim|x|→∞

∫ +∞
−∞ |G1(x, s)| β1(s)ds = 0,

0 ≤ G2(x, t) ≤ γ2 (t) for all x, t ∈ R,
G2 (t, s)φ(s) > 0 for all t, s ∈ [ξ, η] ⊂ R.

(4.3)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
|f1(s, u)| ≤ α1 (s) + β1 (s) |u|ρ1 for all s, u ∈ R,

|f2(s, u)| ≤ γ (s) + δ(s) |u|ρ2 for all s, u ∈ R and
|f2(s, u)− f2(s, v)| ≤ cφ(s) |u− v| for all s, u, v ∈ R,

with c ≥ 0.

(4.4)

Let K denote the cone of nonnegative functions in BC(R). Clearly, the cone K is normal with constant
1 and K is minihedral where for u ∈ BC(R)

u+(x) = max(u(x), 0), u−(x) = max(−u(x), 0) and |u| (x) = u+(x) + u−(x).

Lemma 4.1. Assume that Hypotheses (4.2) and (4.3) hold and let for u ∈ BC(R), Lu(x) =
∫ +∞
−∞

G2(x, s)φ (s)u(s)ds. Then L is a linear operator belonging to LK (BC (R)) with r(L) > 0.

Proof. For all R > 0 and u ∈ BC(R) with ‖u‖∞ ≤ R, we obtain from Hypotheses (4.2) and (4.3) the
following estimates.

|Lu (x)| ≤
+∞∫

−∞
G2(x, s)φ(s) |u(s)| ds ≤

⎛⎝ +∞∫
−∞

γ2(s)φ(s)ds

⎞⎠ ‖u‖∞ < ∞, (4.5)

|Lu (x)− Lu (y)| ≤
⎛⎝ +∞∫
−∞

|G2(x, s)−G2(y, s)|φ(s)ds
⎞⎠ ‖u‖∞ . (4.6)

Estimate (4.11) show that Lu(x) is defined for all x ∈ R and since G2 is continuous and G2(x, s) ≤
γ2(s) for all x, s ∈ R, Estimates (4.11) and (4.6) combined with Lebesgue’s dominated convergence
theorem, lead to Lu ∈ C (R) . Because that (4.5) provide a uniform bound, we conclude that Lu ∈
BC (R) and L ∈ L (BC (R)). Clearly L ∈ LK (BC (R)), let us prove that r(L) > 0.

Let u0 : R → [0,+∞) be the function defined by

u0 (t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

0, if t ∈ (−∞, ξ]
4

η−ξ (t− ξ) , if t ∈
[
ξ, 3ξ+η

4

]
1, if t ∈

[
3ξ+η
4

, ξ+3η
4

]
4

η−ξ (η − t) , if t ∈
[
ξ+3η
4 , η

]
0, if t ∈ [η,+∞) ,

G0 = min {G2(t, s)φ (s) : t, s ∈ [ξ, η]} ,
θ0 =

∫ η

ξ u0 (s) ds =
3(η−ξ)G0

4 .
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We have

Lu0 (x) ≥ 0 = θ0u0 (x) for x ∈ (−∞, ξ] ∪ [η,+∞) and
Lu0 (x) ≥

∫ η

ξ G2(x, s)φ (s)u0 (x) ds ≥ θ0 ≥ θ0u0 (x) for x ∈ [ξ, η] .

Leading to (θ0)
−1

Lu0 ≥ u0, then we conclude by Lemma 3.1 that r(L) ≥ θ0 > 0. The proof is complete.

The statement of the main result of this section needs to introduce the following notations:

Γ11 = supx∈R
∫ +∞
−∞ |G1(x, s)|α1 (s) ds, Γ12 = supx∈R

∫ +∞
−∞ |G1(x, s)| β1 (s) ds,

Γ21 = supx∈R
∫ +∞
−∞ G2(x, s)α2 (s) ds, Γ22 = supx∈R

∫ +∞
−∞ G2(x, s)β2 (s) ds.

Theorem 4.2. Assume that Hypotheses (4.2)-(4.4) hold,{
cr(L) < 1 and there exists R̃ > 0 such that

Γ11 + Γ21 + Γ12

(
R̃
)ρ1

+ Γ22

(
R̃
)ρ2 ≤ R̃.

Then the integral equation admit a solution in the ball B(0, R̃) of BC(R).

Proof. Set for all u ∈ BC(R),

T1u (x) =
∫ +∞
−∞ G1(x, s)f1(s, u(s))ds,

T2u(x) =
∫ +∞
−∞ G2(x, s)f2(s, u(s))ds.

For all R > 0 and u ∈ BC(R) with ‖u‖∞ ≤ R, we obtain from Hypotheses (4.2)-(4.4) the following
estimates.

|T1u (x)| ≤
∫ +∞
−∞ |G1(x, s)| |f1(s, u(s))| ds

≤ ∫ +∞
−∞ |G1(x, s)|α1(s)ds+Rρ1

∫ +∞
−∞ |G1(x, s)| β1(s)ds

≤ |x|
(∫ +∞

−∞ γ1(s)α1(s)ds+Rρ1
∫ +∞
−∞ γ1(s)β1(s)ds

)
+
∫ +∞
−∞ |G1(0, s)|α1(s)ds+Rρ1

∫ +∞
−∞ |G1(0, s)| β1(s)ds < ∞.

(4.7)

|T1u (x)− T1u (y)| ≤
∫ +∞
−∞ |G1(x, s)−G1(y, s)| |f1(s, u(s))| ds

≤ ∫ +∞
−∞ γ1(s) |f1(s, u(s))| ds |x− y|

≤
(∫ +∞

−∞ γ1(s)α1(s)ds+Rρ1
∫ +∞
−∞ γ1(s)β1(s)ds

)
|x− y|

(4.8)

lim
|x|→∞

|T1u(x)| ≤ lim
|x|→∞

+∞∫
−∞

|G1(x, s)|α1(s)ds+Rρ1 lim
|x|→∞

+∞∫
−∞

|G1(x, s)| β1(s)ds = 0 (4.9)

|T2u (x)| ≤
∫ +∞
−∞ G2(x, s) |f2(s, u(s))| ds

≤ ∫ +∞
−∞ γ2(s)α2(s)ds+Rρ2

∫ +∞
−∞ γ2(s)β2(s)ds < ∞ (4.10)

|T2u (x)− T2u (y)| ≤
∫ +∞
−∞ |G2(x, s)−G2(y, s)| |f2(s, u(s))| ds

≤ ∫ +∞
−∞ |G2(x, s)−G2(y, s)|α2(s)ds+Rρ2

∫ +∞
−∞ |G2(x, s)−G2(y, s)| β2(s)ds,

(4.11)

Estimates (4.7) and (4.10) show respectively that for all u ∈ BC (R) and x ∈ R, T1u(x) and T2u(x)

are defined. From Estimates (4.8) and (4.9), we see that T1u ∈ BC (R) and since G2 is continuous and
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G2(x, s) ≤ γ2(s) for all x, s ∈ R, Estimate (4.11) combined with Lebesgue’s dominated convergence
theorem, leads to T2u ∈ C (R) . Because that (4.10) provide a uniform bound, we conclude that T2u ∈
BC (R). Therefore, we have proved that T1 and T2 define self mappings on BC (R) .

Now, for u, v ∈ BC(R), we have

|T2u(x)− T2v(x)| ≤
∫ +∞
−∞ G2(x, s) |f2(s, u(s))− f2(s, v(s))| ds

≤ c
∫ +∞
−∞ G2(x, s)φ(s) |u(s)− v(s)| ds

= cL |u− v| (x) .
Thus, Condition 3 in Theorem 3.2 is satisfied.

In order to demonstrate that T1 is continuous, let (un) be a sequence in BC (R) converging to u and
suppose (un) ⊂ B (0, R0) for some R0 > 0. Let ε > 0. Since

|T1un (x)− T1u (x)| ≤ 2

+∞∫
−∞

|G1(x, s)|α1(s)ds+ 2Rρ1
0

+∞∫
−∞

|G1(x, s)| β1(s)ds

and

lim
|x|→∞

⎛⎝ +∞∫
−∞

|G1(x, s)|α1(s)ds+ 2Rρ1
0

+∞∫
−∞

|G1(x, s)| β1(s)ds
⎞⎠ = 0,

there is A > 0 such that

sup
|x|≥A

|T1un (x)− T1u (x)| ≤ ε.

Then, for all x ∈ [−A,A] we have

|T1un (x)− T1u (x)| ≤ A
∫ +∞
−∞ γ1(s) |f1(s, un(s))− f1(s, u(s))| ds

+
∫ +∞
−∞ G1(0, s) |f1(s, un(s))− f1(s, u(s))| ds

and because that

|f1(s, un(s))− f1(s, u(s))| → 0 as n → ∞ for all s ∈ R,

|f1(s, un(s))− f1(s, u(s))| ≤ 2α1(s) + 2Rρ1
0 β1(s),∫ +∞

−∞ γ1(s)α1(s)ds < ∞,
∫ +∞
−∞ γ1(s)β1(s)ds < ∞,∫ +∞

−∞ |G1(0, s)|α1(s)ds < ∞, and
∫ +∞
−∞ |G1(0, s)| β1(s)ds < ∞,

we conclude by Lebesgue’s dominated convergence theorem that

sup
|x|≤A

|T1un (x)− T1u (x)| ≤ ε for n large.

Therefore, we have proved that

lim
n→∞ ‖T1un − T1u‖∞ = lim

n→∞

(
sup
x∈R

|T1un (x)− T1u (x)|
)

= 0

and T1 is continuous.

Estimates (4.8) and (4.9) show respectively that for all R > 0, T1(B(0, R)) is locally equicontinuous
and T1(B(0, R)) is equiconvergent at ±∞.
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Being equiconvergent, there exists A > 0 such that

sup‖u‖∞≤R ‖T1u‖∞ = sup‖u‖∞≤R

(
sup|x|≤A |T1u(x)|

)
≤ A

∫ +∞
−∞ γ1(s) (α1(s) +Rρ1β1(s)) ds+

∫ +∞
−∞ |G1(0, s)| (α1(s) +Rρ1β1(s)) ds,

proving that T1(B(0, R)) is bounded.

Thus, Corduneanu’s compactness criterion ([7], p. 62) guarantees that T1(B(0, R)) is relatively com-
pact in C0 (R) , then in BC (R) , proving that T1 is completely continuous.

At the end, it is easy to see that (T1 + T2)
(
B(0, R̃)

)
⊂ B(0, R̃) and we conclude by Theorem 3.2,

that Equation (4.1) admits a solution in the ball B(0, R̃) of BC (R) .

Comments and open questions.

1) If S = 0, we deduce from Theorem 3.2 and its proof (see Step 1) the following corollary which
provides a variant of Banach contraction principle in ordered Banach spaces:

Corollary 4.3. Assume that the cone K is normal and minihedral and let Ω be a closed convex nonempty
subset of E. If

|Tu− Tv| �K cL (|u− v|) for all u, v ∈ E,

where L ∈ LK (E) with r (L) > 0 and c ∈ [0, 1/r (L)), then T has a unique fixed point in Ω.

From Browder’s fixed point theorem for nonexpansive mappings arise the following question: does
Corollary 4.3 hold if cr(L) = 1 and E is uniformly convex ?

2) From Theorem 2.1 in [22] arise the following question: does Theorem 3.2 hold true if the Condition
2 is replaced by S(Ω) is relatively weakly compact ?

3) It is interesting to consider the case where the mapping T lies in L(E), as it is done in [2, 3, 9, 10].

4) Since there are many results in the literature considering the case of nonlinear contraction, it seems
to be interesting to investigate the case where the operator L is nonlinear.

Acknowledgement. The author is thankful to the anonymous referee for his deep and careful reading
of the manuscript and for all his comments and suggestions, which led to a substantial improvement of
the original manuscript.
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