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ABSTRACT. A general nonlinear model describing the evolution of size-structured populations influenced by coagulation
and vertical effects is presented. The nonlinear population dynamics occur in a multi-region setting in which the transfer,
coagulation, and vital rates of an individual depend on a vector describing conditions in the environment. The model
for these dynamics consists of a system of two-dimensional nonlinear-nonlocal hyperbolic partial differential equations
coupled with a system of one-dimensional nonlocal differential equations parametrized by a vertical location coordinate
z describing the environmental time-dynamics. A finite difference approximation approach is employed to study the well-
posedness of the model and convergence of the scheme to the unique weak solution is established. Several examples are
presented to illustrate the generality of the model and to motivate applications.
KEYWORDS. multi-region model, coagulation, vertical effects, difference approximations, convergence.

1. Introduction

Size-structured population models are encountered in many settings including spatial ecology, micro-
biology, as well as chemical and environmental engineering [17, 21, 26, 30, 31, 32, 40, 41]. The fate of
a biological population of individuals often depends non-linearly upon many factors including resource
competition which in turn affects the vital rates of individuals (e.g., growth, reproduction, and mortality).
The population dynamics may also depend on other complex factors such as coagulation (e.g. floccula-
tion of aggregates in microbial populations or school formation in fish) and fragmentation or breakage.
Dispersal of individuals between spatial locations can also play a role in determining the fate of a given
population particularly in natural environments (e.g., patch selection on a landscape, or vertical sinking
and longitudinal drift of suspended particles due to currents).

For particular examples, the size-specific effects of physical coagulation (or aggregation) and biological
cell growth have been suggested as important mechanisms shaping phytoplankton dynamics [25, 27, 37].
However size-structured models which account for coagulation have mostly been limited to a single re-
gion [4, 5, 6, 8]. Natural systems (e.g., lakes and oceans) feature hydrodynamic currents which introduce
heterogeneity in the nutrient and temperature fields affecting phytoplankton growth. Eco-hydrodynamic
system models can adequately account for spatialization effects via coupling between the hydrodynam-
ics and ecological network models [19, 22]. But these typically do not resolve key microbiological
processes such as growth and coagulation of individual phytoplankton particles [36, 42]. This limitation
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is generally a consequence of the computational expense involved with resolving widely varying scales
in time and space and a lack of size-specific field data on the populations [11, 23]. Faugeras and Maury
present an explicit coupling of continuously structured population dynamics with a large-scale hydro-
dynamic system model to solve a parameter estimation problem involving skipjack tuna in the Indian
Ocean [17]. Additional research is needed in the development of size-structured models capable of re-
solving important biological processes such as size-specific effects (e.g., growth and coagulation) as well
as spatio-temporal dynamics (e.g., particle drift due to ocean currents or wind-driven seed dispersal).

From an analytical perspective, Ackleh and Ferdinand analyzed a size-structured model for a phyto-
plankton population with coagulation to simulate the effects of light shading on the population dynam-
ics [2]. The model tracks the phytoplankton density at different depths in the water column and accounts
for the effects of light extinction (hence the decline of photosynthesis) at greater depths. Therein, the
existence-uniqueness of solutions to the quasilinear initial-boundary value problem was established via
the method of finite differences. Ferdinand extended this work by considering vertical environmental
effects in [20] and also demonstrated existence and uniqueness of weak solutions using the finite differ-
ence approach. The phytoplankton coagulation model coupled with a more general environment without
vertical effects was analyzed in [7] and well-posedness was again established using the finite difference
method. This work also featured a least-squares parameter estimation problem which was solved using
the SIGMA tank experimental dataset. In [35], existence and uniqueness of a phytoplankton aggregation
model which includes fragmentation was established using semigroup techniques in the absence of an
explicit environmental coupling. Faugeras and Maury analyzed a generic multi-region model for an age-
size structured fish population and established the existence and uniqueness of a positive weak solution
using fixed point arguments [18].

In this paper we consider a general model inclusive of the nonlinear size-structured coagulation mod-
els analyzed in [2, 7, 20] in a multi-region setting. This general model will also take into account
spatialization by allowing for transport of individuals in the population across multiple regions. The
inclusion of these effects give rise to a highly nonlinear nonlocal system of partial differential equations
(PDE’s) describing the evolution of the population densities in each region coupled with a system of
nonlocal parametrized differential equations which describe the environmental time-dynamics at various
locations. This nonlinear PDE system notably features parameters which depend on vertically-varying
nonlocal factors. It is well known that solutions of systems of scalar conservation laws may become
discontinuous so we seek weak solutions in the space of bounded variation BV functions. Our goal is
to establish existence and uniqueness of weak solutions of the general nonlinear model using a finite
difference approach as in [2, 7]. In particular, we develop a semi-implicit finite difference approximation
for the model, establish a priori estimates for this approximation and apply a standard compactness argu-
ment used in conservation laws [39] to show the convergence of the approximation to the unique weak
solution. This approach also provides a convergent and stable numerical scheme to simulate the model
dynamics.

This paper is organized as follows: we introduce the model in Section 2 and in Section 3 we introduce
the notation and assumptions used in the forthcoming analysis. In Sections 4 and 5 we establish a series
of technical lemmas which establish important stability properties of the finite difference scheme. In
Section 6 we show using a standard compactness argument that the finite difference approximations
converge to the unique weak solution of the model. Finally, motivating applications and numerical
experiments are furnished in Section 7 and topics for future research are discussed in Section 8.
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2. The Model

Consider a network of sub-regions consisting of size-structured populations in which vertical effects
may be present. Individuals can be transported between the regions based on various factors in a general
way. Examples may include fish or phytoplankton aggregates being passively transported by water cur-
rents, seeds being carried by the wind, or populations migrating to find resources. Motivated by existing
models of phytoplankton aggregate populations and other types of biological systems which prominently
feature aggregation and sinking effects, the model also features a coagulation process. We also take into
account spatial variability along a vertical coordinate direction. From hereinafter we take xmax, zmax and
T as fixed positive real numbers. The following model describes the coupled system p = 1, . . . , n ∈ N

and � = 1, . . . ,m ∈ N:

(up)t + (gpup)x + (wpup)z + μpup = SB
p

+
∑n

i=1Qp,iui −
∑n

i=1Qi,pup +Ap(up), (t, x, z) ∈ (0, T ]× (0, xmax]× (0, zmax]

(gpup)

∣∣∣∣
x=0

= Fp(t, z, �Y ) +
∑n

i=1

∫ xmax

0 βp,i(t, x, z, �φ, �Y )ui(t, x, z)dx

(wpup)

∣∣∣∣
z=0

= αp(t, x, �Φ), up(0, x, z) = u0p(x, z)

(Yp,�)t =
∑n

i=1Qp,i,�Yi,� −
∑n

i=1Qi,p,�Yp,� + fp,� − hp,�Yp,�, Yp,�(0, z) = Y 0
p,�(z).

(2.1)

Here up = up(t, x, z) is the population density of particle aggregates in region p having size x at
a location z from a fixed reference at time t. For example, such a datum can be taken as the sur-
face of the ocean or a lake in the particular case of phytoplankton dynamics. The individual growth
rate, gp = gp(t, x, z, �φ, �Y ) depends on the size of the individual, distance from the datum, time, and
the effects of biological competition �φ and the environment �Y occurring in the various regions. For
example, �Y may track the evolution of nutrients, zooplankton, or the population dynamics of other
species affecting the food web. The term wp = wp(t, x, z, �φ, �Y ) is the settling velocity of an aggre-
gate which also varies depending on size, vertical location, time, competition, and the environment.
Similarly, the term μp = μp(t, x, z, �φ, �Y ) represents the individual aggregate mortality rate. The term
SB
p = SB

p (t, x, z,
�φ, �Y ) represents the addition of aggregates from an external (exogenous) source, and

the term Qi,p = Qi,p(t, x, z, �φ, �Y ) measures the endogenous transfer rate of aggregates from region p into
region i at location z from the datum. The coagulation functional Ap = Ap(up) assumes the following
form:

Ap(up) = 1
2

∫ x

0 ηp(t, x− s, s, z, �φ, �Y )up(t, x− s, z)up(t, s, z)ds

− ∫ xmax

0 ηp(t, x, s, z, �φ, �Y )up(t, x, z)up(t, s, z)ds,

where the function ηp is the rate at which an aggregate of volume x inside of region p adheres to an
aggregate of volume s when they coalesce at location z. The first term in Ap(up) depicts the rate of
formation of particles due to binary collisions of smaller sized particles whose combined volumes add
up to x. The second term describes the rate at which such collisions cause these particles to be lost from
the same interval. The parameter xmax represents the volume of the largest sized particle in the study.
The vector �φ = (φ1, . . . , φn)

T, where T denotes the transpose of a vector, represents a weight of the
population where the weighted population at time t and location z in region p is given by:

φp(t, z) =
∫ z

0

∫ xmax

0
θp(x, ζ)up(t, x, ζ)dxdζ, p = 1, . . . , n.

For convenience of notation we define the total weighted average in region p at time t as Φp(t) ≡
φp(t, zmax) with weight θp.
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The nonlocal boundary condition at x = 0 includes the function Fp(t, z, �Y ) representing inflow of size
zero individuals entering into region p from an external source. The boundary condition also includes the
effects of reproduction which are modeled by the second term where βp,i is the birth rate of particles from
region i into region p for all i, p = 1, . . . , n. The term αp(t, x, �Φ) represents the influx of individuals of
size x at time t at the datum, and the function u0(x, z) is the initial population density.

The dynamics of the environment �Y are assumed to vary with time t and vertical location z. We
also assume that the settling velocities of the �Y variables are negligible. As such the environment is
modeled with a system of nonlocal parametrized differential equations where Yp,� = Yp,�(t, z) is the
environmental variable � in region p at time t and location z for � = 1, . . . ,m and p = 1, . . . , n. The
term Qi,p,� = Qi,p,�(t, z, �σ, �Y ) measures the endogenous transfer rate of the environmental variable �

from region p into region i at vertical location z and the sums reflect the combined effects of endogenous
transfer. The terms fp,� = fp,�(t, z, �σ, �Y ) and hp,� = hp,�(t, z, �σ, �Y ) represent source and mortality terms
respectively. The components of the functional �σ are given by

σp,�(t, z) =
∫ z

0

∫ xmax

0
γp,�(x, ζ)up(t, x, ζ)dxdζ,

where γp,� is a weight function. The term σp,� represents weighted averages of the total population with
respect to the weight γp,� in compartment p for environmental variable � at time t and location z. This
term may be used to represent, e.g., the effects of biological competition on resource consumption where
the time-varying resources are represented by components of �Y .

It is worth pointing out that the model parameters depend on the total environment (�Y =

[[Y1,1, . . . , Y1,m]
T, . . . , [Yn,1, . . . , Yn,m]

T]) and overall measures of competition factors (�φ = [φ1, . . . , φn]
T,

�Φ = [Φ1, . . . ,Φn]
T). This flexibility is motivated by the potential need for dynamic adjustment of forcing

conditions (e.g., dilution/flow rates, seeding frequency) in various applications.

3. Assumptions and Notation

The space of continuous functions over Ω ⊂ R
d, d ∈ N is denoted by C(Ω). The symbol C1(Ω) is

used to denote the space of continuously differentiable functions on Ω, and we use BV (Ω) to denote
the space of functions with bounded total variation on Ω. The function h : Ω → R is said to be locally
Lipschitz continuous if for every x ∈ Ω there exists a neighborhood U of x such that h restricted to U

is Lipschitz. The symbol Liploc(Ω) denotes the space of locally Lipschitz continuous functions on Ω and
Lip(Ω) denotes the space of Lipschitz continuous functions on Ω. Throughout the paper we will use
the shorthand notation Lh�

to represent the Lipschitz constant for a Lipchitz continuous function h�. We
omit the index � when denoting the maximal Lipschitz constant for a given function over all indices, i.e.,
Lγ ≡ max{Lγ1 , · · · , Lγm}.

Let c0, c1, be sufficiently large positive constants. Denote by R
d
+ the positive cone of Rd, d ∈ N and let

D = [0, T ]× [0, xmax]× [0, xmax]× [0, zmax]×R
n(m+1)
+ , D1 ≡ [0, T ]× [0, xmax]× [0, zmax]×R

n(m+1)
+ ,

D2 = [0, T ] × [0, xmax] × R
n(m+1)
+ , D3 = [0, T ] × [0, zmax] × R

n(m+1)
+ , D4 = [0, T ] × [0, zmax] × R

nm
+ ,

|�φ|1 =
n∑

p=1

|φp|, and |�Y |∞ =
n∑

p=1

m∑
�=1

max
z∈[0,zmax]

|Yp,�|. Throughout the discussion we impose the following

conditions on our model parameters in (2.1), for each � = 1, 2, . . . ,m and i, p = 1, . . . , n.
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(B1) The functions gp, wp ∈ C1(D1) are nonnegative, and (gp)x, (gp)z, (wp)x, (wp)z ∈ Lip
loc
(D1). More-

over, there exist constants ζ1, ζ2 > 0 such that gp(t, 0, z, �φ, �Y ) ≥ ζ1 > 0, wp(t, x, 0, �φ, �Y ) ≥ ζ2 > 0.

(B2) Qi,p, μp, S
B
p ∈ Lip

loc
(D1) are nonnegative. Furthermore, Qi,p ≤ c0 and for each t ≥ 0, SB

p ≤
c1 + c1|�φ|1 + c1|�Y |∞

(B3) Qi,p,�, fp,�, hp,� ∈ Liploc(D3) are nonnegative, Qi,p,� ≤ c0, and for each t ≥ 0 we have fp,�, hp,� ≤
c1 + c1|�σ|1 + c1|�Y |∞.

(B4) βi,p ∈ Liploc(D1) is nonnegative and βi,p ≤ c0.

(B5) Fp ∈ Lip
loc
(D4) and αp ∈ Lip

loc
(D2) are nonnegative, Fp ≤ c1 + c1|�Y |∞, and αp ≤ c0.

(B6) The weight functions θp, γp,� ∈ Lip(R2) are nonnegative and θp + γp,� ≤ c0.

(B7) u0p, and Y 0
p,� are nonnegative, u0p ∈ BV ([0, xmax]× [0, zmax]), and Y 0

p,� ∈ Lip[0, zmax].

(B8) ηp ∈ Lip
loc
(D), is symmetric, i.e., ηp(t, x, s, z, �φ, �Y ) = ηp(t, s, x, z, �φ, �Y ), nonnegative, and

ηp(t, x, s, z, �φ, �Y ) ≤ c0. Furthermore, ηp(t, x, s, z, �φ, �Y ) = 0 if x+s > xmax and ηp(t, x, 0, z, �φ, �Y )

= 0.

We define the strip over which the variables up and Yp,� are defined

Dx ≡ [0, T ]× [0, xmax]× [0, zmax], Dz ≡ [0, T ]× [0, zmax],

for all p = 1, . . . , n, and � = 1 . . . ,m and next define a weak solution for (2.1).

Definition 3.1. An n(m + 1)-tuple (�u, �Y ) ∈ Πn
p=1L

∞(Dx) × Πm
�=1Π

n
p=1L

∞(Dz) is called a weak solu-
tion to problem (2.1) if for every positive integer p = 1, . . . , n, and for each t ∈ (0, T ], up(t, ·, ·) ∈
BV ([0, xmax]× [0, zmax]), and also satisfies

∫ zmax

0

∫ xmax

0
(ρp(t, x, z)up(t, x, z)− ρp(0, x, z)up(0, x, z))dxdz −

∫ t

0

∫ zmax

0

∫ xmax

0
∂ρp
∂t

updxdzdt

+
∫ t

0

∫ zmax

0 ρp(t, xmax, z)gp(t, xmax, z, �φ, �Y )up(t, xmax, z)dzdt

− ∫ t

0

∫ zmax

0 (ρpFp + ρp
∑n

i=1

∫ xmax

0 βp,iuidx)dzdt−
∫ t

0

∫ zmax

0

∫ xmax

0
∂ρp
∂x gpupdxdzdt

+
∫ t

0

∫ xmax

0 (ρp(t, x, zmax)wp(t, x, zmax)up(t, x, zmax)− ρp(t, x, 0)αp(t, x, �Φ))dxdt

− ∫ t

0

∫ zmax

0

∫ xmax

0
∂ρp
∂z wpupdxdzdt+

∫ t

0

∫ zmax

0

∫ xmax

0 ρpμpupdxdzdt

+
∫ t

0

∫ zmax

0

∫ xmax

0 ρp
∑n

i=1Qi,pupdxdzdt

= 1
2

∫ t

0

∫ zmax

0

∫ xmax

0

∫ x

0
ρp(t, x, z)ηp(t, x− s, s, z, �φ, �Y )up(t, x− s, z)up(t, s, z)dsdxdzdt

− ∫ t

0

∫ zmax

0

∫ xmax

0 ρpup(t, x, z)
∫ xmax

0 ηp(t, x, s, z, �φ, �Y )up(t, s, z)dydxdzdt

+
∫ t

0

∫ zmax

0

∫ xmax

0 ρpS
B
p dxdzdt+

∫ t

0

∫ zmax

0

∫ xmax

0 ρp
∑n

i=1Qp,iuidxdzdt,

for every test function ρp ∈ C1((0, T ) × (0, xmax) × (0, zmax)) and for each z ∈ (0, zmax] Yp,�(·, z) ∈
C[0, T ] and also satisfies

Yp,�(t, z) = Yp,�(0, z) +
∑n

i=1

∫ t

0 Qp,i,�(s, z, �σ, �Y )Yi,�(s, z)ds−
∑n

i=1

∫ t

0 Qi,p,�(s, z, �σ, �Y )Yp,�(s, z)ds

+
∫ t

0

[
fp,�(s, z, �σ, �Y )− hp,�(s, z, �σ, �Y )Yp,�(s, z)

]
ds,

for all p = 1, 2, . . . , n and � = 1, 2, . . . ,m.
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4. Finite Difference Approximations

Suppose that the intervals [0, T ], [0, xmax] and [0, zmax] are divided into L, N and R subintervals,
respectively. The following notation will be used throughout this paper: Δt = T/L, Δx = xmax/N

and Δz = zmax/R denote the time and spatial mesh sizes respectively. The mesh points are given by:
tk = kΔt, k = 0, 1, 2, . . . , L, xj = jΔx, j = 0, 1, 2, . . . , N and zl = lΔz, l = 0, 1, 2, . . . , R. For
convenience of notation we apply equal mesh sizes within a given region p and a uniform time step. The
proof of convergence can be established in a similar manner using a more general non-uniform mesh.
We denote by ukp,j,l, Y

k
p,�,l, φ

k
p,l, and σk

p,�,l, the finite difference approximations of up(t
k, xj , zl), Yp,�(t

k, zl),
φp(t

k, zl), and σp,�(t
k, zl) respectively. The values of the model parameters evaluated at the mesh points

are given below for all i, p = 1, . . . , n, j, s = 0, . . . , N , l = 0, . . . , R, k = 0, . . . , L, and � = 1, . . . ,m,

βk
p,i,j,l = βp,i(t

k, xj , zl, �φ
k, �Y k), gkp,j,l = gp(t

k, xj, zl, �φ
k, �Y k), μk

p,j,l = μp(t
k, xj , zl, �φ

k, �Y k),

SB,k
p,j,l = SB

p (t
k, xj , zl, �φ

k, �Y k), F k
p,l = Fp(t

k, zl, �Y
k), Qk

p,i,j,l = Qp,i(t
k, xj , zl, �φ

k, �Y k),

fk
p,�,l = fp,�(t

k, zl, �σ
k, �Y k), hk

p,�,l = hp,�(t
k, zl, �σ

k, �Y k), ηkp,j,s,l = ηp(t
k, xj, xs, zl, �φ

k, �Y k),

θp,j,l = θp(xj, zl), w
k
p,j,l = wp(xj, zl, t

k, �Y k), γp,�,j,l = γp,�(xj , zl), Qk
p,i,l = Qp,i(t

k, zl, �σ
k, �Y k),

φk
p,l =

∑l
q=1

∑N
j=1 θp,j,qu

k
p,j,qΔxΔz, σk

p,�,l =
∑l

q=1

∑N
j=1 γp,�,j,qu

k
p,j,qΔxΔz, αk

p,j = αp(t
k, xj, �Φ

k)

and Φk
p = φk

p,R. We will use the following notation and define the �1, �∞, norms and the TV (total

variation) seminorm of the grid functions ukp,j,l and �Y k by

‖ukp‖1 =
∑R

l=1

∑N
j=1

∣∣∣ukp,j,l
∣∣∣ΔxΔz, ‖�uk‖1 =

∑n
p=1 ‖ukp‖1, ‖ukp‖∞ = max0≤j≤N ;0≤l≤R

∣∣∣ukp,j,l
∣∣∣ ,

‖�uk‖∞ =
∑n

p=1 ‖ukp‖∞, ‖Y k
p,�‖∞ = max0≤l≤R |Y k

p,�,l|, ‖�Y k‖∞ =
∑n

p=1

∑m
�=1 ‖Y k

p,�‖∞
TVx(u

k
p) =

∑R
l=1

∑N−1
j=0

∣∣∣ukp,j+1,l − ukp,j,l

∣∣∣Δz, TVz(u
k
p) =

∑N
j=1

∑R−1
l=0

∣∣∣uk+1
p,j,l+1 − uk+1

p,j,l

∣∣∣Δx

TV (ukp) = TVx(u
k
p) + TVz(u

k
p), TVx(�u

k) =
∑n

p=1 TVx(u
k
p), TVz(�u

k) =
∑n

p=1 TVz(u
k
p),

TV (�uk) = TVx(�u
k) + TVz(�u

k) =
∑n

p=1 TV (ukp)

for k = 0, 1, . . . , L and p, i = 1, 2, . . . , n. We omit the subscripts when denoting the uniform upper
bound over all the regions, i.e., ‖η‖∞ = max

p=1,...,n
‖ηp‖∞. We also adopt a first-order nonstandard finite

difference scheme valid for all p = 1, . . . , n, � = 1, . . . ,m, j = 1, . . . , N, l = 1, . . . , R:
uk+1
p,j,l−uk

p,j,l

Δt +
gkp,j,lu

k+1
p,j,l−gkp,j−1,lu

k+1
p,j−1,l

Δx +
wk

p,j,lu
k+1
p,j,l−wk

p,j,l−1u
k+1
p,j,l−1

Δz

+μk
p,j,lu

k+1
p,j,l +

∑n
i=1Q

k
i,p,j,lu

k+1
p,j,l + uk+1

p,j,l

∑N
q=1 η

k
p,q,j,lu

k
p,q,lΔx

= 1
2

∑j−1
s=1 η

k
p,j−s,s,lu

k
p,j−s,lu

k+1
p,s,lΔx+ SB,k

p,j,l +
∑n

i=1Q
k
p,i,j,lu

k
i,j,l

gkp,0,lu
k+1
p,0,l = F k

p,l +
∑n

i=1

∑N
j=1 β

k
p,i,j,lu

k
i,j,lΔx, wk

p,j,0u
k+1
p,j,0 = αk

p,j, u
0
p,j,l = u0p(xj, zl)

Y k+1
p,�,l −Y k

p,�,l

Δt =
∑n

i=1Qk
p,i,�,lY

k
i,�,l −

∑n
i=1Qk

i,p,�,lY
k+1
p,�,l + fk

p,�,l − hk
p,�,lY

k+1
p,�,l , Y

0
p,�,l = Y 0

p,�(zl).

(4.1)

First observe that the first equation in (4.1) has a unique nonnegative algebraic solution and this result
satisfies a biological requirement. To establish this, for convenience of notation let

I
k+1
p,j,l =

Δt
2

∑j−1
s=1 η

k
p,j−s,s,lu

k
p,j−s,lu

k+1
p,s,lΔx+ΔtSB,k

p,j,l +Δt
∑n

i=1Q
k
p,i,j,lu

k
i,j,l,

and

Jkp,j,l = Δt
∑n

i=1Q
k
i,p,j,l +Δt

∑N
q=1 η

k
p,q,j,lu

k
p,q,lΔx +Δtμk

p,j,l.

noting that both I
k+1
p,j,l and J

k
p,j,l are nonnegative assuming that the initial and boundary conditions are

nonnegative. Next multiplying the first row of (4.1) by Δt and rewriting the equation we obtain

uk+1
p,j,l =

uk
p,j,l+

Δt
Δxg

k
p,j−1,lu

k+1
p,j−1,l+

Δt
Δzw

k
p,j,l−1u

k+1
p,j,l−1+I

k+1
p,j,l

1+Δt
Δxg

k
p,j,l+

Δt
Δzw

k
p,j,l+Jkp,j,l

. (4.2)
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All terms on the right hand side of (4.2) are nonnegative by the nonnegativity assumption (B8) on the
initial data u0. Furthermore, the solution to (4.2) is obtained first by applying the surface and reproductive
boundary conditions respectively and then applying a left-to-right substitution process proceeding in a
downward manner. From assumption (B3), and (B8), the algebraic solution to the system of differential
equations given by the third equation in (4.1) is also nonnegative since this equation can be rewritten as

Y k+1
p,�,l =

Y k
p,�,l+fk

p,�,lΔt+
∑n

i=1 Qk
p,i,�,lY

k
i,�,lΔt

1+
∑n

i=1 Qk
i,p,�,lΔt+hk

p,�,lΔt
, (4.3)

and the condition Y 0
p,� ≡ Yp,�(0) ≥ 0 immediately establishes Y k+1

p,�,l ≥ 0 for all k = 0, . . . , L − 1 by
assumption (B3). This establishes nonnegativity of the numerical scheme (4.1).

5. Estimates for the Finite Difference Approximations

We begin with the following lemma, the proof of which is similar to that of Lemma 4.1 in [7].

Lemma 5.1. Assume that ukp,j,l is nonnegative. Then for any N ≥ 1 we have the following:

1
2

∑N
j=1

∑j−1
s=1 η

k
p,j−s,s,lu

k
p,j−s,lu

k+1
p,s,l −

∑N
j=1 u

k+1
p,j,l

∑N
q=1 η

k
p,q,j,lu

k
p,q,l = −1

2

∑N
j=1 u

k+1
p,j,l

∑N
q=1 η

k
p,q,j,lu

k
p,q,l.

Next we establish an �1 bound on the numerical approximations.

Lemma 5.2. The scheme is bounded in �1, i.e., there exists a constant B1 such that for all l = 0, . . . , R

‖�uk+1‖1 + ‖�Y k+1‖∞ ≤ B1

Proof. See appendix.

Observe that by nonnegativity of the scheme and Lemma 5.2 we have for l = 1, . . . , R,

φk+1
p,l ≤ φk+1

p,R =
∑R

q=1

∑N
j=1 θp,j,qu

k+1
p,j,qΔxΔz ≤ ‖θ‖∞‖�uk+1‖1 ≤ c0B1 ≤ B1,1,

and similarly σp,� ≤ B1,1 for some sufficiently large constant B1,1. The boundedness of SB
p , fp,�, hp,�,

and Fp (by B1,1 without loss of generality) also follow directly from the bounds on the functional terms,
the fact that �Y k is bounded (by Lemma 5.2), and assumptions (B2), (B3), and (B6). Thus, using (B1)-
(B8), we obtain a uniform upper bound B1,1 on the parameters gp, wp, μp over the compact set [0, T ] ×
[0, xmax]× [0, zmax]×Πn

s=1[0, B1,1]×Πnm
s=1[0, B1] and their first partial derivatives. We also note that the

first partial derivatives of ηp, βi,p are also bounded over a compact set and for convenience we denote this
bound by B1,1 as well. The existence of the bound B1,1 also establishes that for any sufficiently small
δ1, δ2 > 0 there exists a constant λ such that

max
p=1,...,n

{
sup

(x,z,t,�φ,�Y )∈D

{
μp(t, x, z, �φ, �Y ) +

∣∣∣∣∣
gp(t, x + δ1, z, �φ, �Y )− gp(t, x, z, �φ, �Y )

δ1

∣∣∣∣∣
+

∣∣∣∣∣
wp(t, x, z + δ2, �φ, �Y )− wp(t, x, z, �φ, �Y )

δ2

∣∣∣∣∣
}}

≤ λ.

(5.1)

The preceding estimate (5.1) is necessary to establish the following �∞ bound on the approximations.
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Lemma 5.3. The scheme is bounded in �∞, i.e., there exists a constant B2 such that if Δt satisfies
max{0.5c0B1, λ}Δt < 1,

‖�uk+1‖∞ ≤ B2.

Proof. See appendix.

Lemma 5.4. There exist positive constants B3,i, i = 1, . . . , 8, such that the following are satisfied:

(5.4.1) For all p = 1, . . . , n; j = 1, . . . , N ; l = 1, . . . , R; and k = 0, . . . , L− 1,

∑n
p=1 |φk

p,l − φk
p,l−1| ≤ B3,1Δz,

∑n
p=1

∑m
�=1 |σk

p,�,l − σk
p,�,l−1| ≤ B3,1Δz,∑n

p=1

∑m
�=1 |Y k

p,�,l − Y k
p,�,l−1| ≤ B3,1Δz.

(5.4.2) For all p = 1, . . . , n; j, s = 1, . . . , N ; l = 1, . . . , R; and k = 0, . . . , L− 1,

|F k
p,l − F k

p,l−1| ≤ B3,2Δz, |μk
p,j,l − μk

p,j,l−1| ≤ B3,2Δz, |SB,k
p,j,l − SB,k

p,j,l−1| ≤ B3,2Δz∣∣∣Qk
p,i,j,l −Qk

p,i,j,l−1

∣∣∣ ≤ B3,2Δz,
∣∣∣ηkp,j,s,l − ηkp,j,s,l−1

∣∣∣ ≤ B3,2Δz,∣∣∣gkp,j,l − gkp,j,l−1

∣∣∣ ≤ B3,2Δz,
∣∣∣βk

p,i,j,l − βk
p,i,j,l−1

∣∣∣ ≤ B3,2Δz.

(5.4.3) For all p = 1, . . . , n; j = 0, . . . , N − 1; l = 1, . . . , R; and k = 0, . . . , L− 1,

∣∣αk
p,j+1 − αk

p,j

∣∣ ≤ B3,3Δx,
∣∣∣gkp,j+1,l − gkp,j,l

∣∣∣ ≤ B3,3Δx,
∣∣∣βk

p,i,j+1,l − gkp,i,j,l

∣∣∣ ≤ B3,3Δx

|μk
p,j+1,l − μk

p,j,l| ≤ B3,3Δx, |SB,k
p,j+1,l − SB,k

p,j,l| ≤ B3,3Δx∣∣∣Qk
p,i,j+1,l −Qk

p,i,j,l

∣∣∣ ≤ B3,3Δx,
∣∣∣ηkp,j+1,s,l − ηkp,j,s,l

∣∣∣ ≤ B3,3Δx.

(5.4.4) For all p = 1, . . . , n; j = 1, . . . , N ; l = 1, . . . , R; and k = 0, . . . , L− 1,

∣∣∣(gkp,j,l − gkp,j−1,l)− (gkp,j,l−1 − gkp,j−1,l−1)
∣∣∣ ≤ B3,4ΔxΔz.

(5.4.5) For all p = 1, . . . , n; j = 1, . . . , N ; l = 1, . . . , R; and k = 0, . . . , L− 1,

∣∣∣(wk
p,j,l − wk

p,j−1,l)− (wk
p,j,l−1 − wk

p,j−1,l−1)
∣∣∣ ≤ B3,5ΔxΔz.

(5.4.6) For all i, p = 1, . . . , n; j = 1, . . . , N ; l = 0, . . . , R; and k = 0, . . . , L− 1,

∑n
p=1

∣∣∣φk+1
p,l − φk

p,l

∣∣∣ ≤ B3,6Δt,
∑n

p=1

∑m
�=1

∣∣∣σk+1
p,�,l − σk

p,�,l

∣∣∣ ≤ B3,6Δt,∑n
p=1

∑m
�=1

∣∣∣Qk+1
i,p,�,l −Qk

i,p,�,l

∣∣∣ ≤ B3,6Δt,
∑n

p=1

∑m
�=1

∣∣∣Y k+1
p,�,l − Y k

p,�,l

∣∣∣ ≤ B3,6Δt.

(5.4.7) For all j, s = 1, . . . , N ; l = 1, . . . , R; i, p = 1, . . . , n; � = 1, . . . ,m; and k = 0, . . . , L− 1,

∣∣∣gk+1
p,j,l − gkp,j,l

∣∣∣ ≤ B3,7Δt,
∣∣∣Qk+1

p,i,j,l −Qk
p,i,j,l

∣∣∣ ≤ B3,7Δt,
∣∣∣μk+1

p,j,l − μk
p,j,l

∣∣∣ ≤ B3,7Δt,∣∣∣ηk+1
p,j,s,l − ηkp,j,s,l

∣∣∣ ≤ B3,7Δt,
∣∣∣βk+1

p,i,j,l − βk
p,i,j,l

∣∣∣ ≤ B3,7Δt,
∣∣∣F k+1

p,l − F k
p,l

∣∣∣ ≤ B3,7Δt,∣∣∣SB,k+1
p,j,l − SB,k

p,j,l

∣∣∣ ≤ B3,7Δt,
∣∣αk+1

p,j − αk
p,j

∣∣ ≤ B3,7Δt.
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(5.4.8) For all p = 1, . . . , n and k = 0, . . . , L− 1,
∑R−1

l=1
Δt
Δx

|uk+1
p,0,l+1 − uk+1

p,0,l|gkp,0,lΔx ≤ B3,8(1 + TVz(�u
k))Δt,∑N−1

j=1
Δt
Δz |uk+1

p,j+1,0 − uk+1
p,j,0|wk

p,j,0Δz ≤ B3,8Δt,∑R
l=1(1− B3,2Δt+ Δt

Δx
gkp,0,l)|uk+1

p,1,l − uk+1
p,0,l|Δz ≤ ∑R

l=1 |ukp,1,l − ukp,0,l|Δz

+B3,8(1 + TVx(�u
k) + TVz(�u

k))Δt,∑N
j=1(1− B3,3Δt + Δt

Δzw
k
p,j,0)|uk+1

p,j,1 − uk+1
p,j,0|Δx ≤ ∑N

j=1 |ukp,j,1 − ukp,j,0|Δx+ B3,8Δt.

Proof. See appendix.

Towards establishing the next Lemma let B5,1, B5,2 be constants satisfying

B5,1 ≥ max{0.5‖η‖∞B2B1xmaxzmax + 0.5B3B1xmaxzmax

+B3xmaxzmax + (n + 4)B3B1 +B2
1B3, 0.5‖η‖∞B2xmax, ‖Q‖∞, B3}

B5,2 ≥ 2max{1.5B3B2B1xmax +B3xmaxzmax

+(n + 2)B3B1 + 2B1, 1.5B2‖η‖∞xmax, ‖Q‖∞, B3}.
Lemma 5.5. If Δt satisfies (2B5,1 + B5,2 + B3,2 + B3,3 + B3,8 + λ)Δt < 1, there exists a constant B5

such that for every nonnegative integer k,

TV (�uk+1) ≤ B5 (5.2)

Proof. See appendix.

We now show that the approximations ukp,j,l satisfy a Lipschitz condition in t and that the approximations
Y k
p,�,l satisfy a Lipschitz conditions in t and z.

Lemma 5.6. There exists an B6 > 0, independent of Δx,Δt, and Δz such that

∑n
p=1

∑R
l=1

∑N
j=1

∣∣∣ur
p,j,l−uq

p,j,l

Δt

∣∣∣ΔxΔz ≤ B6|r − q|,∑n
p=1

∑m
�=1

∣∣∣Y r
p,�,l−Y q

p,�,l

Δt

∣∣∣ ≤ B6|r − q|, ∑n
p=1

∑m
�=1

∣∣∣Y k
p,�,r−Y k

p,�,q

Δz

∣∣∣ ≤ B6|r − q|

Proof. See appendix.

Next we have the following lemma which guarantees the continuous dependence of the solutions
{
�uk

}
and

{
�Y k

}
to the coupled system (2.1) with respect to the initial conditions �u0, �Y 0.

Lemma 5.7. Assume that C6,1Δt < 1 where C6,1 = max{c0, 1.5c0B2xmax}. Let
{
�uk

}
,
{
�̂uk

}
,
{
�Y k

}
and{ �̂

Y k
}

, k = 0, . . . , L− 1, be the solutions of (2.1) corresponding to the initial conditions �u0, �̂u0, �Y 0, and
�̂
Y 0, respectively. Then there exists a constant C† > 0 such that

∑n
p=1 ‖uk+1

p − ûk+1
p ‖1 +maxl=0,...,R

∑n
p=1

∑m
�=1 |Y k+1

p,�,l − Ŷ k+1
p,�,l |

≤
(

1+C†Δt
1−C6,1Δt

)(∑n
p=1 ‖ukp − ûkp‖1 +maxl=0,...,R

∑n
p=1

∑m
�=1 |Y k

p,�,l − Ŷ k
p,�,l|

)
.

Proof. See appendix.
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6. Existence and Uniqueness of Weak Solutions

Following [39] (Chapter 16, Pgs. 275-279) we define two families of functions {Up,Δt,Δx,Δz(t, x, z)}
for (t, x, z) ∈ Dx and {Yp,�,Δt,Δz(t, z)} for (t, z) ∈ Dz by extending the approximations ukp,j,l to step
functions and Y k

p,�,l in (4.1) to piecewise linear functions in t as follows:

Up,Δt,Δx,Δz (t, x, z) = ukp,j,l for (t, x, z) ∈ [tk−1, tk)× [xj−1, xj)× [zl−1, zl) ,

Yp,�,Δt,Δz(t, z) = Y k−1
p,�,l +

Y k
p,�,l−Y k−1

p,�,l

Δt (t− tk−1), for t ∈ [tk−1, tk)× [zl−1, zl) ,
(6.1)

for all k = 1, 2, . . . , L, j = 1, . . . , N, l = 1, . . . , R. Then, utilizing the a-priori estimates established
in the previous section and applying standard compactness arguments (see [15, 39]), one can show the
following:

Theorem 6.1. For p = 1, . . . , n, and � = 1, . . . ,m, there exists a subsequence {Up,Δti,Δxi,Δzi} ⊂
{Up,Δt,Δx,Δz} which converges to a function of bounded total variation up ∈ L∞(Dx), and a subsequence{Yp,�,Δtj,Δzj

} ⊂ {Yp,�,Δt,Δz

}
which converges to a function Yp,� ∈ ∞(Dz) in the sense that for all t > 0,

∫ zmax

0

∫ xmax

0
|Up,Δti,Δxi,Δzi(t, x, z)− up(t, x, z)|dxdz → 0,∫ T

0

∫ zmax

0

∫ xmax

0 |Up,Δxi,Δzi,Δti(t, x, z)− up(t, x, z)|dxdzdt → 0,

and

supt∈[0,T ],z∈[0,zmax] |Yp,�,Δtj,Δzj(t, z)− Yp,�(t, z)| → 0,

as i, j → ∞.

The next theorem proves that the limit functions constitute a weak solution of (2.1). The proof of this
result uses similar arguments as in [7, 39].

Theorem 6.2. The limit functions �u and �Y constructed by the finite difference scheme in Theorem (6.1)
define a weak solution of the model (2.1) and satisfy

‖up‖L∞([0,T ]×[0,xmax]×[0,zmax]) ≤ B1,

‖Yp,�‖L∞([0,T ]×[0,zmax]) ≤ B2,
(6.2)

for each t ∈ [0, T ], for all p = 1, . . . , n, � = 1, . . . ,m.

Now, using an approach similar to [9, 10], which relies on a continuous dependence estimate similar
to the one in Lemma 5.7, we can establish the following result which shows that the weak solution in
Theorem 6.1 and 6.2 is unique. Hence, we can lift the sub-sequential convergence of the finite difference
scheme in Theorem 6.1 to convergence along the whole sequence to the unique weak solution.

Theorem 6.3. Suppose �u, �Y and �̂u, �̂Y are weak solutions of (2.1) corresponding to the initial conditions

�u0,�Y 0 and �̂u0, �̂Y 0
p respectively. Then there exists a constant B7 such that for any t > 0,

n∑
p=1

‖up(t, ·, ·)− ûp(t, ·, ·)‖1 +
n∑

p=1

m∑
�=1

∥∥∥Yp,�(t, ·)− Ŷp,�(t, ·)
∥∥∥
∞

≤ B7

( n∑
p=1

‖up(0, ·, ·)− ûp(0, ·, ·)‖1 +
n∑

p=1

m∑
�=1

∥∥∥Yp,�(0, ·)− Ŷp,�(0, ·)
∥∥∥
∞

)
.

(6.3)
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7. Applications

In this section we will present special cases of the general model that are of interest as well as some
numerical simulations.

7.1. Coupled system of N size-structured populations

The nonlinear model developed in [3] describes the dynamics of a coupled system featuring N size-
structured populations. The subpopulations compete for common resources and may represent different
physiological groups of the same species. The model is described by the following system:

(ui)t + (gi(x, P )ui)x +mi(x, P )ui = 0 (t, x) ∈ (0, T ]× (0, xmax],

gi(t, 0)ui(t, 0) = Ci(t) +
∑n

j=1

∫ xmax

0 γi,jβ
j(x, P )uj(t, x)dx t ∈ (0, T ]

ui(0, x) = u0i (x) x ∈ [0, xmax]

(7.1)

where ui(t, x) (i = 1, . . . , n) represents the population density of individuals belonging to the i-th sub-
population of size x at time t and

P (t) =
∑n

j=1

∫ xmax

0
θ̂j(x)uj(t, x)dx

The vital rate terms gi and mi are the individual growth and mortality rates, and βj is the fecundity
rate of an individual in subpopulation j having size x at population level P . The term γi,j measures the
probability that an individual in subpopulation j will reproduce an individual in subpopulation i. The
term Ci = Ci(t) is the inflow rate of the i-th subpopulation of smallest size individuals from external
sources. In addition to analyzing competition effects between different ecotypes in very general set-
tings, (7.1) could represent, e.g., the dynamics of competing species of size-structured phytoplankton in
a well-mixed environment with abundant resources where coagulation effects are not considered. The
model parameters and variables are related to the general model (2.1) in the following manner:

βi,j = γi,jβ
j, wi = 0, μi = mi, ηi = 0, Fi = Ci

αp = 0, θi = θ̂i, φi =
∫ xmax

0 θ̂i(x)ui(t, x)dx.

Here we note that the effects of the environment �Y are not considered and Fi = Fi(t).

7.2. Size-structured phytoplankton/nutrient dynamics: the single region case

The model developed in [20] is used to investigate the dynamics of a phytoplankton cell population
under the influence of coagulation and size-specific competition for nutrients. The model is described by
the following system:

∂u
∂t

+ (g(x, P (t, z), N(t, z))u)x + w(x)uz = A(u)

g(0, P,N)u(t, 0, z) =
∫ xmax

0 β(x, P,N)u(t, x, z)dx

u(t, x, 0) = α(t, x), u(0, x, z) = u0(x, z)
∂N
∂t = F(z, P,N), N(0, z) = N0(z).

(7.2)

where

A(u) = 1
2

∫ x

0 η(x− s, s, z)u(t, x− s, z)u(t, s, z)ds

−u(t, x, z)
∫ xmax

0 η(x, s, z)u(t, s, z)ds,
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and

P (t, z) =
∫ z

0

∫ xmax

0
xu(t, x, ζ)dxdζ,

where u = u(t, x, z) represents the density of phytoplankton aggregates of volume x present at time t and
depth z below the surface layer. The parameter g(x, P,N) is the rate at which an aggregate of volume x

grows to the next larger size while β(x, P,N) is the reproduction rate of a size x aggregate or the rate at
which single cells of phytoplankton break off aggregates having size x during cell division. The function
w(x) represents the fall velocity of an aggregate of volume x and α(t, x) is the density of aggregates of
size x at time t in the surface layer. The function u0 is the initial condition denoting aggregate density
at time t = 0. In the term A(u) described above, η(x, y, z) is the coagulation kernel which is the rate at
which an aggregate of size x joins with an aggregate of size y upon colliding together at depth z. The
first term in A(u) describes the formation of aggregates in the size interval [x, x + dx) owing to these
collisions in the ocean while the second term describes the loss of aggregates from this size interval to
larger size intervals. The variables and parameters are related to the general model as follows:

n = 1, u1 = u, g1 = g, μ1 = 0, A1 = A,

F1 = 0, β1,1 = β, α1 = α, θ1 = x, φ1 = P,

m = 1, Y1 = N, f1 = F , η1 = η, σ1,1 = P.

7.3. Numerical examples

Here, we develop test problems to demonstrate the order of convergence of the numerical method and
to provide simple illustrations of the type of dynamics which can be analyzed with the model.

7.3.1. Order of convergence of the numerical method

The first trial was conducted to demonstrate the order of convergence of the numerical scheme. The
model domain was taken as xmax = 1, zmax = 1, and T = 0.5 with two regions (p = 1, 2). For the
sake of simplicity we assume that ηp = βp = 0 for the convergence trial and take the growth and settling
rates as fixed constants gp = wp = 1 (p = 1, 2). The mortality rates are given by μ1 = 0, μ2 = 2

and the flow rates are given by Q2,1 = 1 and Q1,2 = 0. The environment effects �Y and endogenous
sources SB

p (p = 1, 2) were neglected for this example. For convenience we set Fp = exp (t− z) and
αp = exp (t− x) for the zero size and depth boundaries respectively (p = 1, 2). The initial conditions
were given by up(x, z) = exp (−x− z). The preceding choice of rate parameters, forcing terms, and
initial conditions give rise to the following variant of (2.1):

(u1)t + (u1)x + (u1)z = −Q2,1u1, (t, x, z) ∈ (0, 0.5]× (0, 1]× (0, 1]

(u2)t + (u2)x + (u2)z + 2u2 = Q2,1u1, (t, x, z) ∈ (0, 0.5]× (0, 1]× (0, 1]

(gpup)(t, 0, z) = exp (t− z) (wpup)(t, x, 0) = exp (t− x), p = 1, 2.

(7.3)

One can easily verify that up(t, x, z) = exp(t− x− z) (p = 1, 2) solves (7.3). We analyzed convergence
of the method (4.1) by using the scheme to numerically solve (7.3) and comparing the simulation results
against the exact solution. The �1 errors and order of convergence are defined in the following manner:

EΔx,Δz
1 =

∑2
p=1

∑N1

j=1

∑N2

l=1 |up(tL, xj, zl)− uLp,j,l|ΔxΔz; O�1 = log2

(
EΔx,Δz

1

E
Δx/2,Δz/2
1

)
.
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We used Δx = 1/N,Δz = 1/R and Δt = Δx/16 to compute solutions at various resolutions N = R =

2, 4, 8, 16, 32, 64, 128 and L = 16, 32, 64, 128, 256, 512, 1024 respectively, and the errors were analyzed
at T = 0.5. Table 1 suggests that the numerical method achieves first order convergence.

Tableau 1. Numerical convergence summary: �1 errors and order of convergence.

N1 N2 N1 ×N2 L EΔx,Δz
1 O�1

2 2 4 16 0.0785604 -
4 4 16 32 0.0481935 0.7049625
8 8 64 64 0.0269130 0.8405362

16 16 256 128 0.0144168 0.9005564
32 32 1,024 256 0.0076038 0.9229449
64 64 4,096 512 0.0039073 0.9605650

128 128 16,384 1,024 0.0019806 0.9802040

7.3.2. An example from limnology and oceanography

This final trial was performed to demonstrate utility of the model and numerical method in a practical
setting. To do this we perform simulations to investigate the role played by physical mechanisms on
key phenomena observed in the study of phytoplankton populations in lakes and oceans. We focus here
on the vertical distribution of the biomass in a hypothetical phytoplankton population subject to water
currents. It is well known that natural phytoplankon populations exhibit chlorophyll maximums below
the free surface (termed deep chlorophyll maximums - DCM’s), and these maximums correlate positively
with biomass levels [28]. The vertical position of these peaks is also attributed to gradients in light
availability and nutrients - both of which depend generally on ambient concentrations of phytoplankton.
The topic of DCM’s is a very rich area of research and questions about the variability of the DCM are a
central aspect of these studies [16].

In this exercise we analyze how DCM’s may respond to physical mechanisms. The effects we analyze
here are vertical velocity/flow profiles acting in tandem with particle sinking effects. For this simple
example we presume that the effects of vertical advection and turbulent vertical diffusion are negligi-
ble. We also assume a homogeneous environment with abundant resources so as to isolate the effects.
We apply the model (2.1) to a situation involving the evolution of a size-structured population density
up(t, x, y, z) moving through four (4) spatial regions (p = 1, . . . , 4) subject to the physical effects of
coagulation and sinking. An example of such a situation occurs in the case of suspended phytoplankton
particles in a stratified hydrodynamic system (e.g., low-gradient river, lake or ocean). We take the con-
vention that positive flow occurs in the direction of increasing p, i.e., Qp > 0 implies that the flow Qp

carries particle aggregates into region p + 1 and although the model (2.1) allows bi-directional flow, to
simplify the forthcoming analysis we assume flow only occurs in one direction. The population density
starts from an initial concentration in the first region u01 which is distributed uniformly across all size
classes x and depths z. For convenience, the model domain was taken as xmax = 1, zmax = 1000,
and T = 1. Although we do not specify exact units in this simple example, typical units for x and z

in real-world phytoplankton systems are mm3 and meters respectively with T typically on the order of
days [7].
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Figure 1. Plots of the population density in each compartment 1 through 4 ([C-1] through [C-4]) at (a)
the start t = 0.0, (b) middle t = 0.5, and (c) end t = 1.0 for p0 = 2.0. In this case N1 = N2 = L = 32.
Note also that u01(x, z) = 1, and u0p(x, z) = 0 for p = 2, 3, 4 in (a).

Figure 2. Vertical profiles of the transfer rates Q2(z), total population, and biomass for various values of
the transfer exponent p0 = 0.1, 0.5, 1.0, 2.0 in (C-2) at time t = 1.0.

For the exercise we consider a single phytoplankton species for the sake of simplicity but the analysis
can be naturally extended to the multi-species case. The flow rate Qp between compartments decreases
with depth and is constant in time given by

Qp = 2.0
(
zmax−z
zmax

)p0
,

where we note that particles are allowed to freely exit the fourth compartment. The exponent p0 plays the
role of determining the rate of decay of the vertical flow profile with larger values of p0 leading to higher
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advection rates (e.g., velocities) in the upper water layers. This may happen e.g., as a result of wind
forcing on the ocean’s surface or river currents encountering frictional resistance at the river bottom.
Values of p0 > 0 correspond with more rapid decay of the velocity current while values of p0 < 0 lead to
a more uniform velocity distribution with a sharp decline near the bottom layer. The individual growth
rate follows a von-Bertalanffy type model and is given by

gp(x) = gmax(xmax − x),

where gmax = 1 for each region. The sinking wp and reproduction rate βp of individuals is assumed to
increase linearly with body size:

wp(x) = wmaxx, βp = βmaxx,

where wmax = 25.0, βmax = 0.4, Fp = 0, and assume that the effects of the environment �Y are
negligible. The mortality rate is taken as a constant μp = 0.1. The coagulation rate is assumed to be the
same across each compartment and is taken to be proportional to the size of the colliding particles:

ηp(x, s) = ηmax(p)sx,

for x+ s < xmax and ηp(x, s) = 0 for x+ s ≥ xmax . The source term SB
p = 0 for each of the trials.

The total population sampled at depth z is taken as Pp(z) =
1

∫
0
updx and the sampled biomass at depth z

is given by Bp(z) =
1

∫
0
xupdx for regions p = 1, . . . , 4. In phytoplankton studies these population metrics

are often directly correlated with important field measurements such as chlorophyll-a.

For the trials we varied the exponent for p0 = 0.1, 0.5, 1.0, 2.0 while holding all other parameters
the same for each trial. We also kept a constant mesh ratio of Δx = Δz = Δt. The results indicate
that flow concentration in the uppermost layers p0 < 1 combined with particle settling has the effect
of concentrating mass well below the water surface (Figures 1 and 2). As pointed out in [33], it is well
known that local maxima on the total population or biomass profiles are correlated with light and nutrient
availability. Since these factors were not taken into account in the trials the results suggest that purely
physical factors such as settling of particles combined with non-uniform surface currents could also
play a meaningful role in the formation of DCM’s. The interaction of various effects in fully-resolved
phytoplankton models gives rise to interesting phenomena both from purely biological and mathematical
standpoints [24]. Our trials suggest that the model is capable of replicating natural patterns and provides
a reasonable tool for future applications.

8. Conclusions

We have established the well-posedness of a general model featuring coagulation and vertical effects
in a multi-region setting. The model considered here is mathematically general and can be adapted to
investigate particle coagulation problems in a wide variety of biological and engineering contexts (e.g.,
cloud physics [38]). Using Taylor approximations one can also show that the transfer terms in (2.1)
approximate an advection-diffusion process as the regions become arbitrarily small. We also point out
here that the nonlinear model does not include fragmentation effects such as those extensively analyzed
by Banasiak and Lamb in microparticle contexts [1, 12, 13, 14]. Additionally, fragmentation/coagulation
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models have also been applied to study schooling behavior of fish (e.g., [34]), and the multi-region
context is a natural setting to study these type of problems. Considering the preceding examples, the
incorporation of explicit advection and diffusion and the treatment of fragmentation processes would
make the model more realistic from a physical standpoint. A first-order scheme was applied in this
paper so another notable enhancement would be the development of high-resolution numerical schemes
for (2.1) which would also make the model more suitable for applications (e.g., [29]). Future efforts
should also focus on size-specific field data collection and assimilation which are absolutely critical in
the development of realistic sub-models of the various microbiological processes determining the fate of
individuals.
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9. Appendix: Proof of lemmas

Proof of Lemma 5.2. Applying Lemma 5.1 and an approach similar to that one taken in the �1 proof in [7]
we obtain,

‖uk+1
p ‖1 ≤ ‖ukp‖1 + (c1xmaxzmax + c1‖θ‖∞‖�uk‖1 + c1xmaxzmax‖�Y k‖∞)Δt

+‖Q‖∞‖�uk‖1Δt+ (c1zmax + c1zmax‖�Y k‖∞ + ‖β‖∞‖�uk‖1)Δt+ c0xmaxΔt.
(9.1)

Next by (4.3), assumption (B3) and non-negativity of the numerical scheme we have

|Y k+1
p,�,l | = Y k+1

p,�,l ≤ Y k
p,�,l + fk

p,�,lΔt +
∑n

i=1Qk
p,i,�,lY

k
i,�,lΔt

≤ Y k
p,�,l + (c1 + c1c0‖�uk‖1 + c1‖�Y k‖∞)Δt+ ‖Q‖∞‖�Y k‖∞Δt

≤ ‖�Y k‖∞ + (c1 + c1c0‖�uk‖1 + c1‖�Y k‖∞)Δt+ ‖Q‖∞‖�Y k‖∞Δt

≤ (1 + (c1 + ‖Q‖∞)Δt)‖�Y k‖∞ + c1c0‖�uk‖1Δt,

and from the preceding inequality and assumption (B3) we get

‖�Y k+1‖∞ ≤ (1 + (c1 + c0)mnΔt)‖�Y k‖∞ + c1c0mn‖�uk‖1Δt. (9.2)

Summing (9.1) over p = 1, . . . , n and adding this result to (9.2) we arrive at

‖�uk+1‖1 + ‖�Y k+1‖∞ ≤ (1 + C1,1Δt)‖�uk‖1 + (1 + C1,2Δt)‖�Y k‖∞ + C1,3Δt, (9.3)

for suitably large positive constants C1,1, C1,2 and C1,3. The final result can be established from (9.3) by
induction and elementary calculations. �
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Proof of Lemma 5.3. Define

uk+1
p,j0,l0

= maxj=0,...,N ;l=0,...,R

(
uk+1
p,j,l

)
= ‖uk+1

p ‖∞.

If j0 = 0 or l0 = 0 substituting the boundary conditions at the corner and the free surface respectively,
and appealing to assumptions (B1), (B4), (B5), and Lemma 5.2,

∑n
p=1 ‖uk+1

p ‖∞ ≤ nmax

{
(1+B1)max{c1,‖β‖∞}

ζ1
, ‖α‖∞ζ2

}

≤ nmax

{
(1+B1)max{c1,c0}

ζ1
, c0ζ2

}
= B2,1.

Otherwise, fix j0 ≥ 1 and l0 ≥ 1. Using the fact uk+1
p,j0,l0

− uk+1
p,j0−1,l0

≥ 0, and uk+1
p,j0,l0

− uk+1
p,j0,l0−1 ≥ 0 and

invoking nonnegativity of the scheme and vital rate parameters we have

(1 + Δt

(
μk
p,j0,l0

+
gkp,j0,l0−gkp,j0−1,l0

Δx +
wk

p,j0,l0
−wk

p,j0,l0−1

Δz

)
)uk+1

p,j0,l0

≤ ukp,j0,l0 +
Δt
2

∑j0−1
s=1 ηkp,j0−s,s,l0

ukp,j0−s,l0
uk+1
p,s,l0

Δx+ΔtSB,k
p,j0,l0

+Δt
∑n

i=1Q
k
p,i,j0,l0

uki,j0,l0.
(9.4)

Applying (5.1) we obtain

(1− λΔt) ‖uk+1
p ‖∞ ≤ ‖ukp‖∞ + Δt

2
‖η‖∞‖ukp‖1‖uk+1

p ‖∞ +Δt‖SB,k
p ‖∞ +Δt‖Q‖∞

∑n
p=1 ‖ukp‖∞.

Setting C∞ = max{0.5c0B1, λ}, noting that 1− C∞Δt > 0, and summing from p = 1, . . . , n we arrive
at

∑n
p=1 ‖uk+1

p ‖∞ ≤
(

1+c0Δt
1−C∞Δt

)∑n
p=1 ‖ukp‖∞ + nB1,1Δt

1−C∞Δt .

The final result follows from induction and assumption (B7). �

Proof of Lemma 5.4. The first two estimates in (5.4.1) follow directly from the methods used in [7] so
we omit the details. Towards proving the third estimate in (5.4.1) from the scheme, and assumption (B3)
we obtain

|Y k+1
p,�,l − Y k+1

p,�,l−1| ≤ (1 + Δt(
∑n

i=1Qk
i,p,�,l−1 + hk

p,�,l−1))|Y k+1
p,�,l − Y k+1

p,�,l−1|
≤ |Y k

p,�,l − Y k
p,�,l−1|+Δtc0

∑n
i=1 |Y k

i,�,l − Y k
i,�,l−1|

+2B2LQ
∑n

i=1(Δz +
∑n

p=1

∑m
�=1 |σk

p,�,l − σk
p,�,l−1|+

∑n
p=1 |Y k

p,�,l − Y k
p,�,l−1|)Δt

+ΔtLf (Δz +
∑n

p=1

∑m
�=1 |σk

p,�,l − σk
p,�,l−1|+

∑n
p=1 |Y k

p,�,l − Y k
p,�,l−1|)Δt

+ΔtB2Lh(Δz +
∑n

p=1

∑m
�=1 |σk

p,�,l − σk
p,�,l−1|+

∑n
p=1 |Y k

p,�,l − Y k
p,�,l−1|)Δt.

Let B3,1 = nm(2nB2LQ + Lf + B2Lh + c0)(1 + B3) and applying the second estimate in (5.4.1) and
summing over p = 1, . . . , n we obtain the following recurrence relationship:

∑n
p=1

∑m
�=1 |Y k+1

p,�,l − Y k+1
p,�,l−1| ≤ (1 +B3,1Δt)

∑n
p=1

∑m
�=1 |Y k

p,�,l − Y k
p,�,l−1|+B3,1ΔzΔt.

Applying elementary calculations and induction on k we have the following
∑n

p=1

∑m
�=1 |Y k+1

p,�,l − Y k+1
p,�,l−1| ≤ eB3,1T (

∑n
p=1

∑m
�=1 |Y 0

p,�,l − Y 0
p,�,l−1|+B3,1TΔz) ≤ B3,1,1Δz.

where the last step follows from the Lipschitz condition on the initial condition (B7) with B3,1,1 =

exp (B3,1T )(nmLY 0 +B3,1T ). This proves estimate (5.4.1).

We omit the details for the constants B3,2, . . . , B3,7, since the results follow directly from the Lipschitz
assumptions on the model parameters, estimate (5.4.1), Lemma 5.2, and the arguments presented in
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Lemma 5.3 in [10]. Towards proving the estimates in (5.4.8) first observe that by 4.1, for any j =

1, . . . , N and l = 1, . . . , R

(uk+1
p,j,l − ukp,j,l) = Δt

2

∑j−1
s=1 η

k
p,j−s,s,lu

k
p,j−s,lu

k+1
p,s,lΔx +ΔtSB,k

p,j,l +Δt
∑n

i=1Q
k
p,i,j,lu

k
i,j,l

−Δt
Δx((g

k
p,j,l − gkp,j−1,l)u

k+1
p,j,l + (uk+1

p,j,l − uk+1
p,j−1,l)g

k
p,j−1,l)

−Δt
Δz ((w

k
p,j,l − wk

p,j,l−1)u
k+1
p,j,l + (uk+1

p,j,l − uk+1
p,j,l−1)w

k
p,j,l−1)

−Δtμk
p,j,lu

k+1
p,j,l −Δt

∑n
i=1Q

k
i,p,j,lu

k+1
p,j,l −Δtuk+1

p,j,l

∑N
q=1 η

k
p,q,j,lu

k
p,q,lΔx.

(9.5)

For the first estimate in (5.4.8) applying the boundary condition, the triangle inequality and preceding
estimates we have

gkp,0,l|uk+1
p,0,l+1 − uk+1

p,0,l| ≤ B3,2Δz +B2B3,2Δz +B3,2

∑n
i=1

∑N
j=1 u

k
i,j,l+1ΔxΔz

+c0
∑n

i=1

∑N
j=1 |uki,j,l+1 − uki,j,l|Δx,

(9.6)

and thus
∑R−1

l=1
Δt
Δx

|uk+1
p,0,l+1 − uk+1

p,0,l|gkp,0,lΔx ≤ B3,8Δt(1 + TVz(�u
k)).

where B3,8 ≥ max{c0, B3,2zmax + B2B3,2zmax + B3,2B1}. This establishes the first estimate in (5.4.8).
For the second estimate note that for all j = 0, . . . , N − 1 we have

(uk+1
p,j+1,0 − uk+1

p,j,0)w
k
p,j,0 = (αk

p,j+1 − αk
p,j)− (wk

p,j+1,0 − wk
p,j,0)u

k+1
p,j+1,0.

and by estimate (5.4.3) we have

Δt
Δz |uk+1

p,j+1,0 − uk+1
p,j,0|wk

p,j,0Δz ≤ |αk
p,j+1 − αk

p,j|Δt + |wk
p,j+1,0 − wk

p,j,0|uk+1
p,j+1,0Δt

≤ B3,3(1 +B2)ΔxΔt.

Summing over j = 1, . . . , N and enlarging B3,8 as necessary we obtain the second estimate:
∑N

j=1
Δt
Δz

|uk+1
p,j+1,0 − uk+1

p,j,0|wk
p,j,0Δz ≤ B3,3(1 +B2)xmaxΔt ≤ B3,8Δt.

Towards proving the third estimate in (5.4.8) we have

(uk+1
p,1,l − uk+1

p,0,l) = (uk+1
p,1,l − ukp,1,l) + (ukp,1,l − ukp,0,l) + (ukp,0,l − uk+1

p,0,l)

= (A1) + (A2) + (A3).
(9.7)

Applying (9.5) to expand (A1) in 9.7, applying the triangle inequality, and (9.6), multiplying by Δz and
summing over l = 1, . . . , R we get

∑R
l=1(1 +

Δt
Δx

gkp,0,l)|uk+1
p,1,l − uk+1

p,0,l|Δz +Δtwk
p,1,R|uk+1

p,1,R − uk+1
p,0,R| −Δt|uk+1

p,0,0 − uk+1
p,1,0|wk

p,1,0

≤ Δt
2
c0B2B1 +Δt(B1,1 + nc0B2 +B3,3B2 +B3,2B2)zmax

+ΔtB1,1

ζ1
(B3,2zmax +B2B3,2zmax +B3,2B1zmax + c0TVx(�u

k))

+ΔtB3,2

∑R
l=1 |uk+1

p,0,l−1 − uk+1
p,1,l−1|Δz +ΔtB1,1B2zmax +Δtnc0B2zmax

+Δtnc0B2B1 +
∑R

l=1 |ukp,1,l − ukp,0,l|Δz +
∑R

l=1 |ukp,0,l − uk+1
p,0,l|Δz,

(9.8)

thereby establishing existence of a suitably large constant B3,8,2 such that
∑R

l=1(1 +
Δt
Δxg

k
p,0,l)|uk+1

p,1,l − uk+1
p,0,l|Δz ≤ B3,8,2(1 + xmax + TVx(�u

k))Δt

+ΔtB3,2

∑R
l=1 |uk+1

p,0,l − uk+1
p,1,l|Δz +

∑R
l=1 |ukp,1,l − ukp,0,l|Δz +

∑R
l=1 |ukp,0,l − uk+1

p,0,l|Δz.
(9.9)
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where we used the estimate |uk+1
p,1,0 − uk+1

p,0,0|wk
p,1,0 ≤ (Lα + LwB2)Δx. Expanding (A3), applying the

scheme (4.1), the triangle inequality, and Lemma 5.3, estimates (5.4.6) and (5.4.7) we have

|uk+1
p,0,l − ukp,0,l| = | 1

gkp,0,l
(F k

p,l − F k−1
p,l )− 1

gkp,0,l
(gkp,0,l − gk−1

p,0,l)u
k
p,0,l

+ 1
gkp,0,l

∑n
i=1

∑N
j=1(β

k
p,i,j,l − βk−1

p,i,j,l)u
k
i,j,lΔx + 1

gkp,0,l

∑n
i=1

∑N
j=1(u

k
i,j,l − uk−1

i,j,l )β
k−1
p,i,j,lΔx|

≤ 1
ζ1
B3,7Δt+ 1

ζ1
B3,6B2Δt+ B3,7B2Δt

ζ1
nxmax

+c0
ζ1
nxmax

(
1.5c0B

2
2xmax + B1,1 + 2nc0B2 +B3,3B2 +B3,2B2 +B1,1B2

)
Δt

+
∑n

i=1

∑N
j=1

Δt
Δx

|uki,j,l − uki,j−1,l|B1,1Δx+
∑n

i=1

∑N
j=1

Δt
Δz

|uki,j,l − uki,j,l−1|B1,1Δx

≤ B3,8,3(Δt+
∑n

i=1

∑N
j=1

Δt
Δx |uki,j,l − uki,j−1,l|Δx+

∑n
i=1

∑N
j=1

Δt
Δz |uki,j,l − uki,j,l−1|Δx).

(9.10)

where B3,8,3 ≥ max{B3,7+B3,6B2+B3,7B2nxmax+c0nxmax(1.5c0B
2
2xmax+B1,1+2nc0B2+B3,3B2+

B3,2B2 +B1,1B2), B1,1}/ζ1. Multiplying by Δz and summing over l = 1, . . . , R we have,∑R
l=1 |uk+1

p,0,l − ukp,0,l|Δz ≤ B3,8,3(zmax + TVx(�u
k) + TVz(�u

k))Δt. (9.11)

Combining the preceding estimate with (9.9) we get∑R
l=1(1− B3,2Δt+ Δt

Δxg
k
p,0,l)|uk+1

p,1,l − uk+1
p,0,l|Δz ≤ B3,8,2(1 + xmax + TVx(�u

k))Δt

+
∑R

l=1 |ukp,1,l − ukp,0,l|Δz +B3,8,3(zmax + TVx(�u
k) + TVz(�u

k))Δt

≤ B3,8(1 + TVx(�u
k) + TVz(�u

k))Δt+
∑R

l=1 |ukp,1,l − ukp,0,l|Δz,

(9.12)

where B3,8 is enlarged as necessary so that B3,8 ≥ 2max{B3,8,2, B3,8,3}(xmax + zmax).

Towards proving the last estimate in (5.4.8) we have

(uk+1
p,j,1 − uk+1

p,j−1,1) = (uk+1
p,j,1 − uk+1

p,j,0) + (uk+1
p,j,0 − uk+1

p,j−1,0) + (uk+1
p,j−1,0 − uk+1

p,j−1,1) (9.13)

and

(uk+1
p,j,1 − uk+1

p,j,0) = (uk+1
p,j,1 − ukp,j,1) + (ukp,j,1 − ukp,j,0) + (ukp,j,0 − uk+1

p,j,0). (9.14)

By (9.5) and (9.13), adding and subtracting terms we have

(uk+1
p,j,1 − ukp,j,1) = Δt

2

∑j−1
s=1 η

k
p,j−s,s,1u

k
p,j−s,1u

k+1
p,s,1Δx+ΔtSB,k

p,j,1 +Δt
∑n

i=1Q
k
p,i,j,1u

k
i,j,1

−Δt
Δx((g

k
p,j,1 − gkp,j−1,1)u

k+1
p,j−1,1 + (uk+1

p,j,1 − uk+1
p,j,0)g

k
p,j,1)

−Δt
Δx(u

k+1
p,j,0 − uk+1

p,j−1,0)g
k
p,j,1 − Δt

Δx(u
k+1
p,j−1,0 − uk+1

p,j−1,1)(g
k
p,j,1 − gkp,j−1,1)

−Δt
Δx(u

k+1
p,j−1,0 − uk+1

p,j−1,1)g
k
p,j−1,1 − Δt

Δz ((w
k
p,j,1 − wk

p,j,0)u
k+1
p,j,1 + (uk+1

p,j,1 − uk+1
p,j,0)w

k
p,j,0)

−Δtμk
p,j,1u

k+1
p,j,1 −Δt

∑n
i=1Q

k
i,p,j,1u

k+1
p,j,1 −Δtuk+1

p,j,1

∑N
q=1 η

k
p,q,j,1u

k
p,q,1Δx.

(9.15)

Applying the preceding expansion and the triangle inequality to (9.14), then multiplying by Δx and
summing over j = 1, . . . , N we obtain∑N

j=1(1 +
Δt
Δzw

k
p,j,0)|uk+1

p,j,1 − uk+1
p,j,0|Δx ≤ 1.5c0B

2
2x

2
maxΔt

+B3,3

ζ2
(1 +B2)xmaxΔt+ΔtB3,3

∑N
j=1 |uk+1

p,j−1,0 − uk+1
p,j−1,1|Δx

+(B1,1 + nc0B2 + B3,3B2 +B3,2B2 +B1,1B2 + nc0B2)xmaxΔt

+Δt
Δx |uk+1

p,0,0 − uk+1
p,0,1|gkp,0,1Δx+

∑N
j=1 |ukp,j,1 − ukp,j,0|Δx +

∑N
j=1 |ukp,j,0 − uk+1

p,j,0|Δx.

(9.16)

Note that gkp,0,0u
k+1
p,0,0 = gkp,0,0(α

k
p/w

k
p,0,0) and applying the triangle inequality we obtain the following

estimate

|uk+1
p,0,0 − uk+1

p,0,1|gkp,0,1 ≤ |gkp,0,1 − gkp,0,0|uk+1
p,0,0 + gkp,0,1u

k+1
p,0,1 + gkp,0,0

αk
p,0

wk
p,0,0

≤ B2Δz +B1,1B2 +
c0B1,1

ζ2
.
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Applying the preceding result and estimate (5.4.7) to (9.16) and enlarging B3,8 as necessary we obtain
the final result. �

Proof of Lemma 5.5. From (4.1), the triangle inequality, and assumptions (B1), (B2), and (B8) and
Lemma 5.4, for all j = 1, . . . , N − 1 l = 1, . . . , R − 1 we get

(1− λΔt+ Δt
Δxg

k
p,j,l +

Δt
Δzw

k
p,j,l)|uk+1

p,j+1,l − uk+1
p,j,l| − Δt

Δx |uk+1
p,j,l − uk+1

p,j−1,l|gkp,j−1,l

−Δt
Δz |uk+1

p,j+1,l−1 − uk+1
p,j,l−1|wk

p,j,l−1 ≤ |ukp,j+1,l − ukp,j,l|+ Δt
2 ‖η‖∞B2B1Δx+ Δt

2 B3B1Δx

+Δt
2 ‖η‖∞B2

∑j−1
s=1 |ukp,j+1−s,l − ukp,j−s,l|Δx+B3ΔxΔt+ΔtB3

∑n
i=1 u

k
i,j+1,lΔx

+Δt‖Q‖∞
∑n

i=1 |uki,j+1,l − uki,j,l|+ 2B3u
k+1
p,j+1,lΔxΔt+B3u

k+1
p,j,lΔxΔt

+nB3u
k+1
p,j,lΔxΔt +ΔtB1B3u

k+1
p,j,lΔx+ Δt

ΔzB3|uk+1
p,j+1,l − uk+1

p,j+1,l−1|Δx

(9.17)

Multiplying inequality (9.17) by Δz and summing over j = 1, . . . , N − 1 and l = 1, . . . , R

∑N−1
j=1

∑R
l=1(1− λΔt+ Δt

Δx
gkp,j,l +

Δt
Δz

wk
p,j,l)|uk+1

p,j+1,l − uk+1
p,j,l|Δz

−∑N−1
j=1

∑R
l=1

Δt
Δx |uk+1
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p,j−1,l|gkp,j−1,lΔz −∑N−1

j=1

∑R
l=1

Δt
Δz |uk+1

p,j+1,l−1 − uk+1
p,j,l−1|wk

p,j,l−1Δz

= (1− λΔt)
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j=1

∑R
l=1 |uk+1

p,j+1,l − uk+1
p,j,l|Δz +

∑R
l=1

Δt
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−∑R
l=1

Δt
Δx |uk+1
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p,0,l|gkp,0,lΔz +

∑N−1
j=1

Δt
Δz |uk+1

p,j+1,R − uk+1
p,j,R|wk

p,j,RΔz −∑N−1
j=1

Δt
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p,j+1,0

−uk+1
p,j,0|wk

p,j,0Δz ≤ (1 + B5,1Δt)
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j=1

∑R
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+ΔtB5,1

∑n
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∑R
l=1 |uki,j+1,l − uki,j,l|Δz +ΔtB5,1

∑N−1
j=1

∑R
l=1 |uk+1

p,j+1,l − uk+1
p,j+1,l−1|Δx

where B5,1 ≥ max{0.5‖η‖∞B2B1xmaxzmax + 0.5B3B1xmaxzmax + B3xmaxzmax + (n + 4)B3B1 +

B2
1B3, 0.5‖η‖∞B2xmax, ‖Q‖∞, B3}. By assumption (B1) and Lemma 5.4,

(1− λΔt)
∑N−1

j=1

∑R
l=1 |uk+1

p,j+1,l − uk+1
p,j,l|Δz ≤ (1 +B5,1Δt)

∑N−1
j=1

∑R
l=1 |ukp,j+1,l − ukp,j,l|Δz

+ΔtB5,1

∑n
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∑N−1
j=1

∑R
l=1 |uki,j+1,l − uki,j,l|Δz +ΔtB5,1

∑N−1
j=1

∑R
l=1 |uk+1

p,j+1,l − uk+1
p,j+1,l−1|Δx

+
∑N−1

j=1
Δt
Δz |uk+1

p,j+1,0 − uk+1
p,j,0|wk

p,j,0Δz +
∑R

l=1
Δt
Δx |uk+1

p,1,l − uk+1
p,0,l|gkp,0,lΔz

≤ (1 +B5,1Δt)
∑N−1

j=1

∑R
l=1 |ukp,j+1,l − ukp,j,l|Δz +ΔtB5,1

∑n
i=1

∑N−1
j=1

∑R
l=1 |uki,j+1,l − uki,j,l|Δz

+ΔtB5,1TVz(u
k+1
p ) + B3,8Δt +

∑R
l=1

Δt
Δx |uk+1

p,1,l − uk+1
p,0,l|gkp,0,lΔz.

Combining the preceding result with estimate (5.4.8) from Lemma 5.4 we arrive at

(1− B5,1,1Δt)TVx(u
k+1
p ) ≤ (1 + B5,1Δt)TVx(u

k
p) + Δt(B5,1 +B3,8)TVx(�u

k)

+ΔtB5,1TVz(u
k+1
p ) +B3,8(2 + TVz(�u

k))Δt,
(9.18)

where B5,1,1 = max{λ,B3,2}. Similarly applying the triangle inequality to (4.1), assumptions (B1),
(B2), and (B8) and Lemma 5.4 then summing over j = 1, . . . , N and l = 1, . . . , R− 1,

∑N
j=1

∑R−1
l=1 (1− λΔt+ Δt

Δxg
k
p,j,l +

Δt
Δzw

k
p,j,l)|uk+1
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p,j,l|Δx

−∑N
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Δt
Δx |uk+1
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Δt
Δz |uk+1
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p,j,l−1|wk

p,j,l−1Δx

≤ ∑N
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l=1 |ukp,j,l+1 − ukp,j,l|Δx+ Δt

2 B3B2B1xmax

+Δt
2 ‖η‖∞B2xmax
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∑N
s=1(|ukp,s,l+1 − ukp,s,l|+ |uk+1

p,s,l+1 − uk+1
p,s,l|)Δx

+B3xmaxzmaxΔt +ΔtB3B1 +Δt‖Q‖∞
∑n

i=1

∑N
j=1

∑R−1
l=1 |uki,j,l+1 − uki,j,l|Δx

+ΔtB3B1 +ΔtB3

∑N
j=1

∑R−1
l=1 |uk+1

p,j,l+1 − uk+1
p,j−1,l+1|Δz

+2B1Δt+ nB3B1Δt+ΔtB2(B3B1 + ‖η‖∞xmax

∑N
j=1

∑R−1
l=1 |ukp,j,l+1 − ukp,j,l|Δx)

© 2021 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 92



Simplifying and applying (B1) we have

(1− λΔt)
∑N

j=1

∑R−1
l=1 |uk+1

p,j,l+1 − uk+1
p,j,l|Δx

≤ (1 + ΔtB5,2)
∑N

j=1

∑R−1
l=1 |ukp,j,l+1 − ukp,j,l|Δx +ΔtB5,2

∑n
i=1

∑N
j=1

∑R−1
l=1 |uki,j,l+1 − uki,j,l|Δx

+ΔtB5,2

∑R−1
l=1

∑N
j=1 |uk+1

p,j,l+1 − uk+1
p,j,l|Δx+ΔtB5,2
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∑R−1
l=1 |uk+1

p,j,l+1 − uk+1
p,j−1,l+1|Δz

+
∑R−1

l=1
Δt
Δx |uk+1

p,0,l+1 − uk+1
p,0,l|gkp,0,lΔx+

∑N
j=1

Δt
Δz |uk+1

p,j,1 − uk+1
p,j,0|wk

p,j,0Δx+B5,2Δt

where the last step follows from the fact that B5,2 ≥ 2max{1.5B3B2B1xmax + B3xmaxzmax + (n +

2)B3B1 + 2B1, 1.5B2‖η‖∞xmax, ‖Q‖∞, B3}. Applying the previous Lemma 5.4 we arrive at

(1−B5,1,2Δt)TVz(u
k+1
p ) ≤ (1 + 2B5,2Δt)TVz(u

k
p) + ΔtB5,2TVx(u

k+1
p )

+max{B5,2, B3,8}(1 + TVz(�u
k+1))Δt +B5,2Δt

(9.19)

where B5,1,2 = max{λ,B3,3}. Combining (9.18) and (9.19),

(1− CTV1Δt)(TVx(u
k+1
p ) + TVz(u

k+1
p ))

≤ (1 + CTV2Δt)(TVx(u
k
p) + TVz(u

k
p)) + CTV3(TVx(u

k+1
p ) + TVz(u

k+1
p ))Δt

+CTV4(TVx(�u
k) + TVz(�u

k))Δt+ CTV5(TVz(�u
k+1))Δt+ CTV6Δt,

where CTV1 = max{B5,1,1, B5,1,2}, CTV2 = 2B5,2 + B5,1, CTV3 = B5,1 + B5,2, CTV4 = B3,8 + B5,1,
CTV5 = B3,8 +B5,2 and CTV6 = 3B3,8 + 2B5,1. Summing over p = 1, . . . , n we get

(1−ΔtC5)(TVx(�u
k+1) + TVz(�u

k+1)) ≤ (1 + ΔtC6)(TVz(�u
k) + TVx(�u

k)) + C6Δt. (9.20)

where C5 = CTV1 +CTV3 +CTV5 and C6 = max{CTV2 +CTV4, nCTV5 , nCTV6}. The constant B5 can be
obtained from (9.20) via induction, elementary calculations, and assumption (B7). This completes the
proof. �

Proof of Lemma 5.6. Multiplying the first row in the numerical scheme 4.1 by ΔxΔz we obtain
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p,j,l − uk+1
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i,p,j,lu

k+1
p,j,lΔxΔz − uk+1

p,j,l

∑N
m=1 η

k
p,m,j,lu

k
p,m,lΔxΔxΔz

+1
2

∑j
s=1 η

k
p,j−s,s,lu

k
p,j−s,lu

k+1
p,s,lΔxΔxΔz + SB,k

p,j,lΔxΔz +
∑n

i=1Q
k
p,i,j,lu

k
i,j,lΔxΔz

Applying the triangle inequality, summing over p = 1, . . . , n, l = 1, . . . , R, j = 1, . . . , N , and applying
Lemma 5.4,

∑n
p=1

∑R
l=1

∑N
j=1

∣∣∣∣u
k+1
p,j,l−uk

p,j,l

Δt

∣∣∣∣ΔxΔz ≤ (2B3 +B1,1 + 1.5c0B2xmax + 2nc0)B1

+B1,1B5 +B1,1xmaxzmax ≤ L̄
(9.21)

and thus

∑n
p=1

∑R
l=1

∑N
j=1

∣∣∣ur
p,j,l−uq

p,j,l

Δt

∣∣∣ΔxΔz ≤ ∑n
p=1

∑R
l=1

∑N
j=1

∑r−1
k=q

∣∣∣∣u
k+1
p,j,l−uk

p,j,l

Δt

∣∣∣∣ΔxΔz ≤ B6|r − q|.

Similarly, using the estimates in (5.4.1) and (5.4.6) and similar arguments as above we obtain the Lips-
chitz condition for Y k

p,�,l in z and t. �
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Proof of Lemma 5.7. First define vkp,j,l = ukp,j,l − ûkp,j,l, for l = 1, . . . , R, j = 1, . . . , N and Gk
l =

n∑
p=1

|φk
p,l − φ̂k

p,l|+
n∑

p=1

m∑
�=1

|Y k
p,�,l − Ŷ k

p,�,l| for all l = 0, . . . , R, and observe that vkp,j,l satisfies

(1 + gkp,j,l
Δt
Δx + wk

p,j,l
Δt
Δz )|vk+1

p,j,l | − Δt
Δxg

k
p,j−1,l|vk+1

p,j−1,l| − Δt
Δzw

k
p,j,l−1|vk+1

p,j,l−1|
≤ |vkp,j,l|+ Δt

2 (c0B2

∑j−1
s=1 |vk+1

p,s,l|Δx+B2

∑j−1
s=1(c0|vkp,j−s,l|+ LηG

k
lk0
B2)Δx)

+ΔtLSBGk
lk0
+Δtc0

∑n
i=1 |vki,j,l|+ΔtLQG

k
lk0

∑n
i=1 û

k
i,j,l

+ΔtLgxG
k
lk0
ûk+1
p,j,l +

Δt
ΔxLgG

k
lk0
|ûk+1

p,j,l − ûk+1
p,j−1,l|+ΔtLwzG

k
lk0
ûk+1
p,j,l +

Δt
ΔzLwG

k
lk0
|ûk+1

p,j,l − ûk+1
p,j,l−1|

+ΔtLμG
k
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p,j,l +ΔtLQG

k
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∑n
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k+1
p,j,l +ΔtB2

∑N
q=1(c0|vkp,q,l|+ LηG

k
lk0
B2)Δx,

(9.22)

where lk0 is the maximal index such that Gk
lk0
= max

l=0,...,R
(

n∑
p=1

|φk
p,l− φ̂k

p,l|)+ max
l=0,...,R

(
n∑

p=1

m∑
�=1

|Y k
p,�,l− Ŷ k

p,�,l|).

For ease of notation we hereinafter denote Gk
lk0

= Gk. Multiplying by ΔxΔz and summing over j =

1, . . . , N, l = 1, . . . , R we have∑R
l=1

∑N
j=1 |vk+1

p,j,l |ΔxΔz + Δt
Δx

∑R
l=1(g

k
p,N,l|vk+1

p,N,l| − gkp,0,l|vk+1
p,0,l|)ΔxΔz
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Δz

∑N
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k
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p,j,0|vk+1

p,j,0|)ΔzΔx
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2x

2
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∑R
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∑N
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k.

(9.23)

where C6,1 = max{c0, 1.5c0B2xmax} and C6,2 = LSBxmaxzmax + LQB1 + LgxB1 + LgB5 + LwzB1 +

LwB5 + LμB1 + LQnB1 + 1.5B2
2Lηx

2
maxzmax. Thus

∑R
l=1

∑N
j=1 |vk+1

p,j,l |ΔxΔz ≤ (1 + ΔtC6,1)
∑R

l=1

∑N
j=1 |vkp,j,l|ΔxΔz +ΔtC6,1

∑R
l=1

∑N
j=1 |vk+1

p,j,l |ΔxΔz

+ΔtC6,1

∑n
i=1

∑R
l=1

∑N
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l=1 g
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(9.24)

Note also that

Δt
∑R

l=1 g
k
p,0,l|vk+1

p,0,l|Δz ≤ (B2Lgzmax + LFzmax +B1Lβ)G
kΔt+ c0‖�vk‖1Δt

and

Δt
∑N

j=1w
k
p,j,0|vk+1

p,j,0|Δx ≤ (B2LwG
k + Lα

∑n
p=1 |Φk

p − Φ̂k
p|)xmaxΔt

and combining the preceding expansions with (9.24) and summing over p = 1, . . . , n we have

‖�vk+1‖1 ≤ (1 + Δt((n+ 1)C6,1 + nc0))‖�vk‖1 +ΔtC6,1‖�vk+1‖1
+Δt(C6,2 +B2Lgzmax + LF zmax + B1Lβ +B2Lwxmax)G
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k + C6,5

∑n
p=1 |Φk
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p|Δt.

(9.25)
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where C6,3 ≥ ((n + 1)C6,1 + nc0), C6,4 ≥ C6,2 + B2Lgzmax + LFzmax + B1Lβ + B2Lwxmax and
C6,5 ≥ Lαxmax. Next observe that for all l = 0, . . . , R,

∑n
p=1

∑m
�=1 |Y k+1

p,�,l − Ŷ k+1
p,�,l | ≤

∑n
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p,�,l|)Δt

≤ (1 + C6,6Δt)
∑n

p=1

∑m
�=1 |Y k

p,�,l − Ŷ k
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p,�,l|Δt.

(9.26)

where the constants satisfy C6,6 ≥ nc0 + 2nLQB2 + Lf + B2Lh and C6,7 ≥ 2nLQB2 + Lf + B2Lh.
Combining (9.25) and (9.26) we have

(1−ΔtC6,1)(‖�vk+1‖1 +maxl=0,1,...,R

∑n
p=1

∑m
�=1 |Y k+1
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p=1
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p,�,l|Δt.

(9.27)

where C6,8 = max{C6,3, C6,6}. By the triangle inequality and (B6), we obtain
n∑

p=1

|Φk
p − Φ̂k

p| ≤ c0‖�vk‖1,

Gk ≤ max
l=0,1,...,R
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�=1

|Y k
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p,�,l|+ c0‖�vk‖1 and that max
l=0,1,...,R
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p,�,l| ≤ mc0‖�vk‖1. As

a result, there exists a constant C† such that

‖�vk+1‖1 +maxl=0,1,...,R
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�=1 |Y k+1

p,�,l − Ŷ k+1
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∑m
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)
.

This completes the proof. �
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