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ABSTRACT. This article concerns the discrete-time problem of the damped Schrédinger equation in a bounded domain
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1. Introduction

Let © be a bounded domain of RY, d > 1, with smooth boundary 0f2.

It is well known that the Schrodinger equation

0 — A =0, t 40, z€Q,
Vpe =0, (D
Y(0,7) = Yo(x), v € Q,

preserves the L? and H'-norms i.e. the conservation of both the mass and energy.

| 2=l Yo 2@y, | VO lzz@pe=Il Vbo [l (r2())a - (2)

In order to obtain the LQ(Q)—norm decay of solutions, we add to the Schrodinger equation a dissipation
term. The goal here is the stabilization problem for Schrodinger equation and it consists of acting on
equation (1) by a damping term ensuring the exponential decay of L*(Q2)-norm of solutions as t goes to
infinity [12, 2]. More precisely, the following damped Schrodinger equation is considered:

i0) — A +ia(z)yy =0, t #£0, x € Q,
¢|BQ =0, (3)
¢(0;$) = '¢O(x>7 r €

Where a(x) is a smooth non-negative function (a € C5°(€2)).

For any initial data 1)y € L?*(2) problem (3) has a unique solution ¥ (t,z) € C (R, L*(Q)) [12].
Moreover, Liu [10] proved that the exact controllability/stabilizability of the damped wave equation
implies the exact controllability/stabilizability of the damped Schrodinger equation (see Theorem 5.1.
and Theorem 5.2. in [10]). Besides, Bardos et al. [6] showed, under the Geometric Control Condition
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(GCC)!, the exact controllability/stabilizability of the damped wave equation. Therefore, by using the
previous results of [10] and [6], we obtain the following stabilization result.

Theorem 1.1. Let a € C3°(R2) a positive function and w = {a(x) > 0} verifies the GCC. Then, there
exist positive constants v and C' such that

1) 2@< Ce™ || o ll2@),  VE>0, 4)
for every solution 1 of (3) with initial data 1y € L*(9).

Remark 1.2. 1. Contrary to the finite speed of the waves, the Schrodinger equation has an infinite
speed of propagation. Therefore, we can weaken the GCC condition used for the wave equation in
the following way [2]: Every ray of geometric optics enters the region where the damping term is
effective.

2. The previous exponential decay property (4) was also proved by E. Machtyngier and E. Zuazua
under the Lions Condition [12].

For 7 € {Re 7 < 0} the resolvent associated to problem (3) is
R(7) := (=it — A +ia)™", (5)

and for all f € L*(Q), R(7)f is the unique solution of the following system

—iT — A +ia)v = f, in (),
Voo, ©
It is easy to see that
+00
R(r)io = i / e (t)dt, )

0

with ¢ (t) solution of (3). It is also clear that the relation (7) defines a bounded operator from L?((2)
to L*(£2), holomorphic on {Re 7 < 0}. Since the domain Q is bounded then the injection D(A) =
Hy () N H*(Q) — L*(Q) is compact. Hence, R(7), a compact operator from L?*(Q) to L*(f2), is
meromorphic in C and has no poles in the imaginary axis.

By applying the result of Gearhart 1978, Priiss 1984 and Greiner 1985 [14] (Theorem 1.11 and Theo-
rem 1.18 in Chapter V [8]), we have the equivalence between the exponential decay property (4) and the
following resolvent property.

Proposition 1.3. Under the assumptions of Theorem 1.1. There exist positive constants \y and C' such
that for e T < \g we have

| R(7) |20 — 2@ < C. (8)

1. Every ray of geometric optics enters the region where the damping term is effective in a uniform time.
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Let us recall that in the case of exterior trapping domain, the internal stabilization problem for
Schrodinger equation was considered by Aloui and Khenissi in [2]. Moreover, under the exterior ge-
ometric control condition on the set w = {a(x) > 0}, the authors proved in Theorem 1 in [2] the
following resolvent estimate: There exist positive constants ¢, « and (3 such that for any 7 € {7 €
C/Retm <o;|SmT| >3}

| XRea(T)X [|22(0)—12()< ¢,  Where x € C°(RY), )

where R, (7) is the outgoing resovent, that is to say that R.,(7)f = (—i7 — A 4 ia)~' f is the unique
finite energy solution of the following system

(—iT — A +da)v = f, in Q,
Vg = 0, (10)
v outgoing.

Notice that the case of bounded domains can be treated by the same method as in [2] with a micro-
local analysis. Therefore, the resolvent estimate (8) remains true under GCC. This Geometric Control
Condition is, essentially, a necessary and sufficient condition for the stabilizability of wave equations.
However, due to infinite speed of propagation, this notion of "geometric control” is not completely natural
in the context of the stabilizability of Schrodinger equation. In this context, Aloui ef al. [4] proved the
exponential decay property for Schrodinger equation with a strong damping term "ia(m)(—A)%a(aE)w'
without the GCC. More precisely the following equation was considered:

0 — A +ia(z)(—A)za(z)y = f, t >0, z € Q,
Y =0, x € 09, (11)
¢<07$) = ¢O(I>7 U 92

Moreover, the authors proved the C'*°-smoothing effect.

Problem (11) has been introduced by Aloui [1] in order to prove the following weak Kato Smoothing-
effect:

1 g2 ey, @) < C o g, @)

where 0 < € < T < oo and v solution of (11), thus he deduced the C'°*°-smoothing effect.

This result has been improved by Aloui et al. [3], the authors proved the Kato smoothing effect under
GCC (Remarks 1.3. in [3]):

| % Ml z20,7), 517200) < C |l %o [l 220 -

Note that in our case, the damping term "ia(z )" is not sufficient to have the smoothing effect and we
will illustrate, by numerical simulations, this result in this paper.

The main objective of this paper is to study the discrete-time problem and the numerical analysis
of the damped Schrodinger equation (3). The rest of the paper is organized as follows: In section 2,
We consider the Crank-Nicolson method for time discretization and we prove the well-posedness of
the scheme. Then, after the construction of the semi-discrete resolvent associated to the discrete-time
scheme, we have proved the exponential stability. The idea and proofs are based on appropriate estimate
of the semi-discrete resolvent and the Z-Transformation. Finally, in section 3, we complete the space
discretization by the finite-difference method and we present some numerical experiments.
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2. Stabilizability: Exponential stability of the discrete-time scheme

Throughout section 2 the dimension of the space is arbitrary i.e. we consider a bounded domain Q C R?
with d > 1. For the discretization in time ¢ of the damped Schrodinger equation (3), we consider the
Crank-Nicolson method, and we obtain the following discrete-time scheme:

T A (Lﬂ;ﬂbn) + ia(z) (7¢n+12+1/’n) =0, neN,

At

Pl =0, neN, (12)

Y

Where we use the following notations:

1. ¢, : n-th time step determined as: tp = 0, ¢, =n A, n € N, A;> 0 1is the time step.
2. ¥"(.) : approximation of (¢, .).

Proposition 2.1. The discrete-time scheme (12) verifies the following properties:

1. The scheme (12) is well posed in L*(12).
2. The scheme (12) is stable, and for all ° € L*(Q) we have:

Vn e N, || 9" [l2@)<Il ¥° 2 - (13)
3. The scheme (12) is convergent.

4. If a = 0 then the discrete-time scheme without damping term is a conservative scheme and we
have:

vneN, || ¢" M 2=l ¥" 200 - (14)

Proof. We write the scheme (12) in the following form:

2i 2
(2L~ A tia)y™ = F,, where F), = (== + A — ia)y".
At At

As indicated in the Introduction, R(7) = (—i7 — A +4a) ' is the resolvent of problem (3) holomorphic
2 2

on {fe 7 < 0}. Besides, we have §Re(—A—) =5 < 0 so by using proposition 1.3 we get: R(_A_> =

t t t
0
(A—Z — A +4a) ! is bounded. Hence,
t

2

Ay

Denote by A = —A + ia, A is defined from D(A) to L*(Q) where D(A) = HJ(Q) N H*(Q). We start

by proving the well-posedness of scheme (12) in D(A) then we conclude the well posedness in L*({2)

by density. Let 1/° € D(A), So we have

{ Y = R(=2)F,, neN,
Y € D(A).

wnJrl — R(— )Fn

(15)

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |76



Now, we prove by recurrence that the scheme (12) has a solution )" € D(A). Suppose that )" € D(A)
then F,, € L*(Q), and according to the fact that the resolvent R(7) is defined for {Re 7 < 0} as an
operator from L*(Q2) to D(A), then equation (15) has unique solution /"' € D(A). Therefore, we
conclude the well-posedness of scheme (12) in L?(Q2) by density.

Taking into account that C3°(€2) is dense in L*(f2), in this proof it is sufficient to show that the stability
estimate (13) holds for all ¢° € C5°(Q), therefore we conclude proposition 2.1 by density. Denote by
| . ||2 the norm in L?(€2).

Let n € N* and k& € N, we multiply (12) by (¢)5+1 + ¢*) and integrate over {2, we get:

/ l djk—HA @ij <M) +ia(x) <M) ] (m)daj = 0.
t
Q

Which yields to:

(R = 4P T - )+ L ) I
t
Q

1
+ 2 Va@ @+ 9) J3=0
and since
PRHYE — YRR = ph gk — gt tyf = 2iQm (Y 1gR),
then it follows that:

(R B 0 1 20 [ SR ) + 5 1 TR ) I
t

Q
+ 5 | Val@) (@ + %) 3= 0

Considering the imaginary part of the last equation, we get:

1

il P =1 13) + 5 || Va(z) (@ + %) 3= 0. (16)
Then

1

A—t(H P = YR |13) = —= || Valz) (@ +9h) [3< 0.
Thus,

" e = | w* [2< 0.
Hence,

n—1

D™ =l 9* ) < 0

k=0
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Which implies that for all n in N*,

1™ 2<Il ¢° [l2,
which achieves the proof of (13).

Thanks to the fact that the Crank-Nicolson time discretization scheme is a consistant scheme for the
linear Schrodinger equation. Therefore, by using the Lax-Richtmyer Equivalence Theorem (Theorem 1
in [16]), consistency and stability imply the convergence of scheme 12.

When a = 0, the Crank-Nicolson scheme verifies the mass conservation law: In fact, by equality (16)
from this proof, we obtain: Vn € N, || ¢" " || 2= ¥" || r2(0) - O
The main result of this paper is to prove the following exponential stability of the discrete-time damped

Schrodinger equation.

Theorem 2.2. Let us suppose that w = {a(x) > 0} verifies the GCC. Then, there exist positive constants
¢, 7y such that

vne N, [ 9" o< ce™™ |90 |2, (17)

where " denotes the solution of (12).

2.1. Proof of Theorem 2.2

The proof of Theorems 2.2 is based on appropriate semi-discrete resolvent estimate. We first define the
semi-discrete resolvent associated to discrete-time scheme (12), therefore we use the Z-transformation
which is the discrete analogue of the Laplace-transformation.

We consider a bounded function ¢ : R — L?*(Q). The Laplace transform of 1) is

+oo
L(¥)(1) = / Y(t)el"dt, T = A +io € C. (18)
0
And the Z-transformation of {¢)"™} is (Definition 3.1 in Appendix):
+oo
Z{Yp™} = Z Y"z"™ 2z € C, |z| > r, ris the radius of convergence. (19)
m=0

To obtain a quadrature approach of the Laplace transform (18) we take a particular case of Z-transform
with z = e ™27, )" = 1)(t,,) and multiply the series (19) by A;:

QZ\(T) AY Z Y™ emAtT, Te€C, T=XN+10. (20)
meN

The condition A < 0 is sufficient for the convergence of the series (20). In fact We know that the sequence
{Y"™ }nen is bounded, then there exists a positive constant C' such that

| ™™ || 2= ™ |l r2() €™ < O™ m e N,

MmAt\

Moreover, the geometric series Z e converges if and only if [e*}| < 1i.e X < 0.

m>0
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. ~. 2 L
In our particular case, 1) is A—-peI‘IOdlC with respect to o (the imaginary part of 7), then we shall take
t

[—Al, AL] as the fundamental domain of o. Therefore, we define the Z-transform of {¢"™} as follows:
t D¢
Z{™} = d(r) =0, Y ™™, 7= A +io, with A < Oand o € [, ], 1)

meN At At

Let z = e 27, remark that Z{y)"™™! £ ¢™} = (2 £ 1)@ — 2 A 4 and apply Z-Transform (21) on
scheme (12), we obtain

Ai((z )G a0 — %A((z F )G = 2 a0 + %a(m)((z PPz ) =0, (22)

t

Therefore,
2i(z—1) a) b= —— (9540 _ - N0
(At(z 1) A—I—za>w—z 1(2zw—|—At( A—I—za)d)). (23)

Now we use the following Remark.

Remark 2.3. Knowing that (2 is a bounded domain and (—A + ia) ! is a compact operator from L?({2)
to L*(Q), therefore the eigenfunctions {(;}; form a Riesz basis for L?(€2) [17] and the spectrum is
formed by discrete eigenvalues {vy } . The eigenfunction ¢y, is defined by

{ (—Ap +ia)pr = vkpr, x € S, 24)

o =0, x € 09,
with v, being the eigenvalue associated to .
Let /° € D(A) with D(A) := H}(Q) N H*(Q) being the domain of the operator A := —A + ia.

Taking into account that D(A) is dense in L?(Q2), in the rest of this paper it is sufficient to prove some
results in D(A) hence we conclude by density in L*(€).

Remark 2.3 implies that the initial data ©)° can be written as a linear combination of the basis {y }1.
There exist 3, € C such that

0= Brpr < o0, 25)
K

and
—AY° +iay® =Y Br(—A+ia)pr = ) Bk < oo, (26)
k k

Hence, Substituting z = ¢~ **” in equality (23) yields to:

2i(1 — e 57) 2\ ~ 2 A,
(S - Aia) § = e 5 bhes + T b

Therefore we obtain

O(7) = Ry, (7) ( & > Brpr + o Z%ﬁk@k) , 27)
K k

14 ebt™ 14 b7
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where

Ruo(r) = (=i 0, (r) = A+ ia) !, with a (7) = —— ¢ ) o8)
= (i« — 1a with = .
2T LOp T ; s \T Ay (L4 e 780)
Finally, we conclude the following definition.
Definition 2.4. The semi-discrete resolvent associated to the Crank-Nicolson scheme (12) is:
2(1 — e T4
Ra, (1) = (—iap, (7) — A +ia)™t, with a, (1) = (1—e ) (29)

A (1+e )

To prove Theorem 2.2 we will use in particular Proposition 2.5 and Corollary 2.6 below.

Proposition 2.5. Let us suppose that w = {a(x) > 0} verifies the GCC. Then, there exists n > 0 such
that for all A< 1, there exist positive constants Xy and C' such that for |Re 7| < Ao and p € L*(Q) we
have

| Ba, (7)o llezey< el @ 2 - (30)

Proof. Knowing that 7 = X\ + ¢0, we remark that:
RAt (T) = R(aAt)7

where R is the resolvent of the damped Schrodinger equation defined by (5) and R, is the semi-discrete
resolvent of the Crank-Nicolson scheme defined by (29).

By using proposition 1.3 we have, under GCC on the set w = {a(x) > 0}, there exist positive constants
Ao and C' such that for |Re a,| < Ao and ¢ € L*(Q)

| R(aa,)e le2)< C | @ [|z2(0) - (31)
Calculating the limit of a», (7) when A, tends to 0, we find

lim au,(7) =T (32)

Ae—0

By using the above limit, we can conclude Proposition 2.5 by identification from proposition 1.3. In fact,
by using (32) we obtain

Alj,gno Re(ap, (1)) =Re(1) = A and Aligo Sm(au, (7)) = Sm(1) = 0.
Then we get (when A;— 0 and (X, o) # (0,0))

Re(an, (1)) ~ A and Sm(ap, (7)) ~ 0.
Hence, there exist positive constants c, co, 77 such that for all A,< 7,

1|\ < |Re(an, (1))] < co| A

Therefore, by identification using proposition 1.3 i.e. using all its hypotheses and conditions, we con-
clude Proposition2.5. [

Corollary 2.6. Under the assumptions of Proposition 2.5. There exists a positive constant c such that
1 (7) e < e 140 rae), (33)

where 1 (7) is the Z-transform of {"} and " denotes the solution of Crank-Nicolson scheme(12).
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Proof. Taking into account that D(A) = Hj(Q) N H*() is dense in L*(1), it is sufficient to prove (33)
for initial data in D(A). From equation (27) we have

~ 9 A
(1) = Ra,(7) <1+6Aﬂ zk:ﬂk:@k e zk; Vk:ﬁk%%) )
and since,

) 21 Ay . L0
A{EO TG oo Zk: Brer + T Zk: VkBrpr = 1 zk: Brpr = 17, i.e.

21 Ay .0
1 ooir ; Brer + 1L eber ; Uk Brpr e .

Thus, there exist positive constants c;, co, 1) such that for all A;< 7,

C1|WO| < < Cz|wo|,

21 At
15 ooir Z Brepr + T eber Z Vi Bk
k k

therefore, from Proposition 2.5 and under the same assumptions, there exists C;, C5 > 0 such that

2i At
R, (7) (HW > Bror + T oo > Vkﬂk:@k)
k K

L2(Q)
P I =y A < Colly1
SO oar LY %Pk Pk < O L2(Q)s
k k L2(Q)
which achieves the proof of Corollary 2.6. ]
Now we tackle the proof of Theorem 2.2.
We denote by || . |2 the norm in L?(2). By defining the inverse Z-transformation (Theorem 3.3 in

Appendix) we have:

o = 272 {p")) = QLM 74 206" de, meN.
C

—TA¢

By changing the variable z = e , T = A + 10, and since we integrate on a circle around the origin

7T :
then o0 € [-—, —], and we obtain
JAVRRVAY

)\o-i-iAlt
—_ A o~
WL = 27;7: / ¢(T) eiTtndT, (34)
)\O*iAlt

where {ZJ\(T) is the Z-transform of {¢)"}. 7 = Ao + 4o, hence

— A ' o~ .
Y = —Qiﬁte*AOt" / W(T) e g, (35)

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 81



By using estimate (33) of Corollary 2.6, under the same assumptions we have:

|1 (7) o< e[| 4° 2 -

Then, by using (35) and under the assumptions of Proposition 2.5, we get ¢ > 0 such that

u

At

Ay _ _
0 o= e [ |00 fa do = ce M | 0.

u

At

Which implies the exponential stability (17).

3. Numerical simulations

In the numerical level, we will discuss some experiments that illustrate the results and the theory of
this work. Therefore, we consider the dimension of the space is one and 2 =] — L, L[, L > 0. The spatial
discretization will be, for simplicity, the finite-difference method. The full discretized Crank-Nicolson
Finite-difference scheme is designated by CNFD and is given as follows:

vty

n+l_ _n 7}+1 n
P A i () =0, 1< <~ 1, nEN,
ot =yntl =0, neN, (36)
Y 1<j<J -1
Here we define:
1. z; : j-th net point on (—L, L) determined as: 9 = —L, z; = z;_1 +h, 1 <j < J—-1,2; =

2L
L, D = 2L dimension of the domain, h = VA is the space step, J is the number of space steps.
2. 9;(.) : approximation of ¢(., z;) and 1)} : approximation of ¥ (¢,, z;).

3. a; = a(v;) and a" = {a;}.

The discrete operator Ay, is the classical second-order finite-difference approximation of 6%:

bin — 25 + i
Ay = ST (37)
We associate the matrix [Ay] € M ;_1(C) to the discrete operator Aj. Consequently, the finite-difference

spacial discretization leads to the following linear algebraic equation:

Antl n+l,h _ bn) c N,
{ y W n (38)
Where
Antl i[[d] _ l[A ] + i[ah] and b = (L[[d] + l[A | — i[ah])d}n,h (39)
e 2= g vy 272 ’
o “
a2

, [Id] is the identity matrix in M ;_{(C), and [a"] =

with g = | 2

¢9_1 aj—1
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If we use another type of time discretization as the Implicit-Euler method. One can utilize the mass
conservation law of the linear Schrodinger equation to compare the two schemes. The Implicit Euler
scheme with a finite-difference approximation is designated by IEFD. In the first experiment, We use a
time step equal to A,= 10~ for a final computational time 7" = 4 and we consider a = 0. Figures 1a and
1b show the evolution of the L?-norm for these two schemes CNFD and IEFD. Figure 1a illustrates the
mass conservation law of the CNFD scheme as we have checked in (14) in Proposition 2.1. In contrast,
Figure 1b shows that this property is not satisfied by IEFD scheme. Which implies the reason of our
choice of Crank-Nicolson method.

27229956

27229955

27229954

2.7229958556054

2.7229958556053

2 2722995
o 05 1 15 2 25 3 35 4 [

(a) Evolution of the L?-norm (b) Evolution of the L?-norm
for CNFD for IEFD

Figure 1. Evolution of the L?-norm for CNFD and IEFD.

Finally, in the numerical simulations, we consider the Crank-Nicolson Finite-Difference (CNFD) scheme
(36) combined with GMRES method to solve the linear algebraic equation (38). We use a time step equal
to A;= 1072 for a final computational time 7' = 2 (T := N§;, N > 0). The finite-difference discretiza-
tion scheme considers .J = 27 points for the computational domain Q =] — 40, 40],

Figure 2 displays the exponential stability (Theorem 2.2). Here we consider a non-zero damping
function a(x), we choose it as a large Gaussian. Besides, we choose a smooth initial data vy as a Gaussian
function. The damping function a(z) and the initial data 1)y are drawn in Figure 2a. Now, we can show

N
1% e g

140 l2
obtaining a graph of line: y = pt + d, with p < 0, which is delineated by Figure 2b. In fact, by using

Theorem 2.2, we have positive constants 7, ¢ such that, YN € N*, || ¥V ||z2< ce™ ™ || 4° || 12, thus
I Iz

(KC P
solution obtained by the CNFD scheme when ¢ € (0, 2) which demonstrates the dissipation effect of the

damping term.

numerically the exponential decay of the L?-norm of the discrete solution by plotting In(

applying the function In(.) we get In( ) < In(¢) — ~vty. Figure 2c shows the evolution of the

Figures 3 and 4 aim to consider the damped Schrodinger equation with a non-smooth initial data.
Therefore we choose 1y = x.,, w C {2 is a characteristic function. We also choose the damping function
a(x) as a Gaussian function in Figure 3, and as a stronger Gaussian in Figure 4. The damping function
a(x) covers all the singularities in order to eliminate the edge effects of the non-smooth initial data.
Figures 3a and 4a show the non-smooth initial data 1)y and the damping function a(z). We report in
Figures 3b, 3c, 3d,4b and 4c the moduli of the numerical solution at different times until 7" = 2 for the
time step A,= 1073, We end the analysis by showing the evolution of the solution when ¢ € (0,2) (see
Figures 3e and 4d).
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(a) Initial data g and Damping (b) Exponential stability. (c) Evolution of the numerical solution when
function a(z) t € (0,2).

Figure 2. The exponential stability and the the dissipation effect.
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Figure 3. Evolution of the numerical solution respectively at T= 0.5, 1, 2 and ¢ € [0, 2].

Figures 3 and 4 show that there is a propagation of singularities of solution and the solution remains
singular. Which illustrate that the damping term "ia(x)" is not sufficient to have the smoothing effect.

Moreover, Figure 4 demonstrates that, by using a stronger damping function a(z), the dissipation is
faster.

Figures 3 and 4 showed that the damped Schrodinger equation does not verify the smoothing effect,
which leaves open the question of whether it is possible to find a way to obtain the smoothing effect.
There are many ideas and isues related to the smoothing of the Schrodinger equation. For example, many
authors use the method of regularization by adding to the equation a strong dissipative term. In particular,
as mentioned in the Introduction, we cite the work of Aloui [1] in which he introduced the Schrodinger
equation with fractional regularization term "z’a(az)(—A)%a(m)zb" (11). In this context, the objective
of our work in [13] is to prove the smoothing effect of the discrete-time scheme for the regularized
Schrodinger equation (11). Therefore in [13], we have showed theoretically and numerically the smooth-
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ing effect of the discrete-time regularized Schrodinger equation. Moreover, in order to compare the case
with damping term "ia(x)y" and the case with fractional regularization term "z'a(a:)(—A)%a(x) " we
cite some numerical results from [13] in Figure 5 in which the singularities disappear and the solution is
smooth which is not the case in Figures 3 and 4. This comparison also illustrates that the damping term

"ia(x)y" is not sufficient to have the smoothing effect.

/ \ Initial data
7\ |2 = —pampng nctena

Wave amplitude

(a) Non-smooth initial data and
a(z) is a stronger Gaussian

(llalloo= 2).

Wave amplitude

1 20 3 4

(d) Evolution of the solution

(c) Initial data and the solu-
when ¢t € (0,2)

(b) Initial data and the solu-
tionatT =1

tionat7T = 0.5
Figure 4. Evolution of the numerical solution respectively at T= 0.5, 1 and ¢ € [0, 2].
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(b) %y and numerical solu-
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(d) Evolution of the numeri-
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tionat T = 2.

Figure 5. Smoothing effect of the regularized Schrodinger equation.
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Moreover, we suggest to recall the idea of using a useful numerical schemes, whereby optimal order
convergence is obtained under data of low regularity. For homogeneous parabolic PDE there are many
contributions on convergence treating cases of non-smooth data, we refer to [11], [15]. In addition, for
non-homogeneous parabolic PDE, We refer to the work of Khalig and Wade [9] in which the authors
used the smoothing Crank-Nicolson scheme (a Crank-Nicolson scheme modified by some backward
Euler steps).

Appendix : Z-Transformation

One main tool of this work is the Z-transformation ([7] and Appendix B: Z-transformation in [5])
which is the discrete analogue of the Laplace-transformation. In this work we use it to construct the
discrete-time resolvent and to prove the exponential stability of the semi-discrete problem.

Definition 3.1. (Z-Transform [7], [5]) The formal connection between a sequence and a complex func-
tion given by the correspondence

+o0
Z{up} = u(z) :== Zunz_”, z € C, |z| > Ry. (40)
n=0

is called Z-transformation. The function %(z) is called Z-transformation of the sequence {u,},n =
0,1,... and R; > 0 denotes the radius of convergence.

The discrete analogue of the Differentiation Theorem for the Laplace transformation is the shifting
theorem:

Theorem 3.2. (Shifting Theorem [7]) If the sequence {u,} is exponentially bounded, i.e. there exist
M > 0 and vy such that

lun| < M e™™, n=0,1,..,

then the Z-transformation u(z) is given by the Laurent series (40) and for the shifted sequence {v,,} with
Up = Upt1 holds

Z{up1} = 2u(z) — zug

The initial values enter into the transformation of the shifted sequence. As a useful consequence of the
shifting theorem we have:

Z{upi1 T upt = (z £ Du(z) — zug

Finally, we present the inverse Z-transformation:

Theorem 3.3. (Inverse Z-transformation [7]). If {u,} is an exponentially bounded sequence and u(z)
the corresponding Z-transformation then the inverse Z-transformation is given by

1
u, = Z Hu(z)} = 5 ?{ﬂ(z)znldz, n=0,1,..,
C

where C' denotes a circle around the origin with sufficiently large radius.
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