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ABSTRACT. In this paper, we consider the following inhomogeneous nonlinear Schrédinger equation (INLS)
i0pu + Au + plz)Plul/*u =0, (t,z) € R x R?

with b, > 0. First, we revisit the local well-posedness in H!(R?) for (INLS) of Guzman [Nonlinear Anal. Real World Appl.
37 (2017), 249-286] and give an improvement of this result in the two and three spatial dimensional cases. Second, we
study the decay of global solutions for the defocusing (INLS), i.e. u = —1 when 0 < oo < o* where o* = ‘;%22” ford > 3, and
a* = oo for d = 1,2 by assuming that the initial data belongs to the weighted L? space ¥ = {u € H'(R?) : |x|u € L?(R9)}.
Finally, we combine the local theory and the decaying property to show the scattering in X for the defocusing (INLS) in the
case o, < a < o, where o, = =22,
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1. Introduction

One of the most important equations in nonlinear optics is the nonlinear Schrodinger equation (NLS).
It models the propagation of intense laser beams in a homogeneous bulk medium with a Kerr nonlinearity.
It is well-known that NLS governed the beam propagation in a homogeneous bulk media cannot support
stable high-power propagation. It was suggested at the end of the last century that stable high-power
propagation can be obtained in plasma by sending a preliminary laser beam that creates a channel with
a reduced electron density, and thus reduces the nonlinear inside the channel (see e.g. [20,23]). In this

physical model, the beam propagation can be described by the inhomogeneous nonlinear Schrodinger
equation of the form

i+ Au+V(2)|u|*u =0, (t,r) € R x RY, (1.1)

where u is the electric field in laser and optics, a > 0 is the power of nonlinear interaction, and the
potential V' () is proportional to the electron density. In [31], Towers and Malomed observed by means
of variational approximation and direct simulations that for a certain type of nonlinear medium, (1.1)
gives rise to completely stable beams.

When the potential V' is constant, (1.1) becomes the standard nonlinear Schrédinger equation which
has been studied extensively in the past decades (see e.g. [4,29]).
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When the potential V' is a non-constant bounded function, Merle [27] showed the existence and nonex-
istence of minimal blow-up solutions to (1.1) with o = % and V) < V(z) < V3, where V; and V5 are
positive constants. Later, Raphaél and Szeftel [28] extended the work of Merle [27] and established
sufficient conditions for the existence, uniqueness, and charaterization of minimial blow-up solutions
to the equation. Fibich and Wang [15] and Liu and Wang [24] investigated the stability and instability
of solitary waves for (1.1) with & > 2 and V(z) = V/(ex), where ¢ > 0 is a small parameter and
V € CHRY) N L>*(RY).

When the potential V' is unbounded, the problem becomes more involved. The case V (z) = |z|°,b > 0
was studied in several works. Chen and Guo [7] and Chen [6] proved sharp criteria for the global
existence and blow-up. Zhu [36] studied the existence and dynamical properties of blow-up solutions.
When V behaves like |x|~° with b > 0, Bouard and Fukuizumi [2] studied the stability of standing waves
for (1.1) with a < =2, Fukuizumi and Ohta [16] established the instability of standing waves for (1.1)
with v > =22,

In this paper, we consider the following type of inhomogeneous nonlinear Schrodinger equations
{ i0pu 4+ Au + plz|Plu/*v = 0, (t,x) € R x RY,

(INLS)
u|t:0 = Uy,

where u : R xRY = C,up : RY = C, u =41, a > 0,andb > 0. Theterms 4 = 1 and pp = —1
correspond to the focusing and defocusing cases respectively. This equation plays an important role as a
limiting equation in the analysis of (1.1) with V (z) ~ |x|° as |2| — oo (see e.g. [17-19]).

Before reviewing known results for (INLS), we recall some facts for this equation. First, we note that
(INLS) is invariant under the scaling

ux(t, x) = /\QT_bu()\Qt, Az), A >0.

An easy computation shows

2-b_d
=\t 2

||u)\(0)||H“/(Rd) ||u0||H~/(Rd)-

Thus, the critical Sobolev exponent is given by

d 2-b
Y=o T T (1.2)
a
Moreover, (INLS) has the following conserved quantities:
M(u(t)) = Ju(t)l|72@ae) = M (uo), (1.3)
1
E(u(t)) = 5 Vu®)12@e — nG(t) = E(uo), (1.4)
where
1 —b
t = t at2 . 1
Glt) = o [ ol utt, ) (15)

The well-posedness for (INLS) in H'(R?) was firstly studied by Genoud and Stuart in [17, Appendix]
(see also [19]). The proof is based on the abstract theory developed by Cazenave [4] which does not

use Strichartz estimates. More precisely, the authors showed that the focusing (INLS) with 0 < b <
min{2, d} is well posed in H*(R%):
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* Jocally if 0 < a < a7,
* globally for any initial data if 0 < a < av,,

* globally for small initial data if o, < @ < ™.

Here oy and o* are defined by

4-2b

—~ 12 ifd >3

=222 %, o =g T2 D= (1.6)
d oo ifd=1,2.

In the case o = «, (L3-critical), Genoud in [18] showed that the focusing (INLS) with 0 < b <
min{2, d} is globally well-posed in H'(RY) assuming uy € H*(R?) and
[uollz2@ey < [[@llL2(®ay,

where () is the unique nonnegative, radially symmetric, decreasing solution of the ground state equation

AQ —Q+ [z[ QI T Q=0. (1.7)

Also, Combet and Genoud in [8] established the classification of minimal mass blow-up solutions for the
focusing L2-critical (INLS).

In the case o, < a < «*, Farah in [12] showed that the focusing (INLS) with 0 < b < min{2, d} is
globally well-posedness in H!(R?) assuming 1y € H'(R?) and

E(Uo)%M(uo)l_% < E(Q)%M(Q)l_% (1.8)

Py Py (1.9)

|
where () is the unique nonnegative, radlally symmetric, decreasing solution of the ground state equation
AQ - Q+z[|QI*Q =0. (1.10)

Afterwards, Farah and Guzman in [13, 14] proved that the above global solution is scattering under the
radial condition of the initial data. In [12], Farah also proved that if u, € X satisfies (1.8) and

1%

r i (1.11)

then the finite time blow-up in H* (Rd) must occur. This result was later extended to radial data by the
author in [9]. Note that the existence and uniqueness of nonnegative, radially symmetric, decreasing
solutions to (1.7) and (1.10) were proved by Toland [33] and Yanagida [35] (see also Genoud and Stuart
[17]). Their results hold under the assumption 0 < b < min{2,d} and 0 < a < o*.

Recently, Guzmén in [22] used Strichartz estimates and the contraction mapping argument to establish
the well-posedness for (INLS) in Sobolev spaces. More precisely, he showed (among other things) that:

«if0 < a < a,and 0 < b < min{2,d}, then (INLS) is locally well-posed in L?(R%). Thus, it is
globally well-posed in L?(R%) by mass conservation.
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cif0<a<a0<b < band max{0,7.} <y < min{%,l} where

4-—2b d d
42 ify < 4 ~ d ifd=1,2,3,
g=4 a2 TS g p=d 3] (1.12)
oo ify=4, 2 ifd >4,

then (INLS) is locally well-posedness in H7(R%).

eifa, <a <& 0<b<bandvy <~ < min {g, 1}, then (INLS) is globally well-posed in H7(R?)
for small initial data.

In particular, we have the following local well-posedness in the energy space for (INLS).

Theorem 1.1 ([22]). Letd > 2,0 < b < band 0 < a < o*, where

g'_ g lfd:2737
' 2 ifd > 4.

Then (INLS) is locally well-posed in H'(R?). Moreover, local solutions to (INLS) satisfy u € LV |

(=T, T*), WH(RY)) for any Schridinger admissible pair (p, q), where (=T, T*) is the maximal time
interval of existence.

Note that the result of Guzman [22] about the local well-posedness for (INLS) in H!(R?) is weaker
than the one of Genoud and Stuart [17]. More precisely, it does not treat the case d = 1, and there is a
restriction on the validity of b when d = 2 or 3. Although the result showed by Genoud and Stuart is
strong, but one does not know whether local solutions to (INLS) belong to LY ((—=T%, T*), W 4(R?)) for
any Schrodinger admissible pair (p, ¢). This property plays an important role in proving the scattering for
the defocusing (INLS). Our first result is the following local well-posedness in H'(R?) which improves

Guzman’s result on the range of b in the two and three spatial dimensions.
Theorem 1.2. Let

d>4, 0<b<2 0O0<a<a,

or
d=3, 0<b<l, O<a<a’,
or
3 6 — 4b
= 1<b< = —
d=3, sb<g, O<a<%—F
or

d=2, 0<b<l1l O<a<a”

Then (INLS) is locally well-posed in H'(R?). Moreover, local solutions to (INLS) satisfy u € LV |

(=T, T*), WH(R?)) for any Schridinger admissible pair (p, q), where (=T, T*) is the maximal time
interval of existence.

We will see in Section 3 that one can not expect a similar result as in Theorem 1.1 and Theorem 1.2
holds in the one dimensional case by using Strichartz estimates. Thus the local well-posedness in the
energy space for (INLS) of Genoud and Stuart is the best known result.
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Remark 1.1. The methods used to show the local well-posedness in H*(R?) in this paper and in [22] are
not applicable to treat the critical regularity. After the submission of this paper, the author learns that
there are recent papers [25,26] addressing the local well-posedness for (INLS) with critical regularities.
The proofs of these results are based on weighted Strichartz and Sobolev estimates.

The local well-posedness' of Genoud and Stuart in [17, 19] combines with the conservations of mass
and energy immediately give the global well-posedness in H'(R?) for the defocusing (INLS), i.e. 1 =
—1. To our knowledge, there are few results concerning long-time dynamics of the defocusing (INLS).
Let us introduce the following weighted space

Y= H' RN N L2RY, |z|2de) = {u € HY(RY) : |z|u € L*(RY)},
equipped with the norm
ulls = llull i gey + [J2u]l 22ra)-

Our next result concerns with the decay of global solutions to the defocusing (INLS) by assuming the
initial data in ..

Theorem 1.3. Let 0 < b < min{2,d}. Let ug € ¥ and u € C(R, H'(RY)) be the unique global solution
to the defocusing (INLS). Then the following properties hold:
1. If « € [, ), then for every

2<q< P ifd>3,
2<qg< o ifd=2, (1.13)
2<gq<o0 ifd=1,

there exists C' > 0 such that
()| pagray < CJt]~4E3), (1.14)
forallt € R\{0}.

2. If a € (0, o), then for every q given in (1.13), there exists C' > 0 such that

d(2b+da) (1 1

Ol zoqeey < O~ G0, (1.15)
forallt € R\{0}.
This result extends the well-known result of the classical (i.e. b = 0) nonlinear Schrédinger equation
(see e.g. [4, Theorem 7.3.1] and references cited therein).

We then use this decay and Strichartz estimates to show the scattering for global solutions to the
defocusing (INLS). Due to the singularity of |z|~?, the scattering result does not cover the same range
of exponents b and « as in Theorem 1.2. More precisely, we have the following:

1. The local well-posedness in H'(R?) of Genoud and Stuart is still valid for the defocusing case.
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Theorem 1.4. Let
d>4, 0<b<2, o <a<a,

or
5—2b
3

d=3, 0<b<1, <a<3—2Db,

or
d=2, 0<b<l, o <a<a’.

Let uy € X and u be the unique global solution to the defocusing (INLS). Then there exist unique
uojE € X such that
- —itA e
Jim e u(t) — o s = 0.
In this theorem, we only consider the case o € [a,, a*). A similar result in the case o € (0,a*) is

possible, but it is complicated due to the rate of decays in (1.15). We will give some comments about
this case in the end of Section 6.

The proof of Theorem 1.4 is based on a standard argument (see e.g. [4]) using decay estimates of
global solutions given in Theorem 1.3 and nonlinear estimates given in Lemmas 6.1, 6.2, 6.3. Due to the
appearance of the singular term |2|~°, we need more care in showing nonlinear estimates. We refer the
reader to Section 6 for more details.

Remark 1.2. After this paper was submitted to arXiv, there are several works studying the scattering in
the energy space for (INLS), for instance, [10], [3], [11], and [34].

This paper is organized as follows. In the next section, we introduce some notation and recall Strichartz
estimates for the linear Schrodinger equation. In Section 3, we prove the local well-posedness given in
Theorem 1.2. In Section 4, we derive the virial identity and show the pseudo-conformal conservation law
related to the defocusing (INLS). We will give the proof of Theorem 1.3 in Section 5. Finally, Section 6
is devoted to the scattering result of Theorem 1.4.

2. Preliminaries

In the sequel, the notation A < B denotes an estimate of the form A < C'B for some constant C' > 0.
The constant C' > (0 may change from line to line.

2.1. Nonlinearity
Let F'(z,2) := |z|™°f(2) with b > 0 and f(2) := |2z|*2. The complex derivatives of f are

a+2 oo
0.f(2) = T2LH1", Bf(2) = DIl

We have for z,w € C,

F(2) = flw) = / (900 + 6z — w)(z — w) + s (w + 0= — w)) (= — ) ) o
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Thus,
|F (2, 2) = F(z,w)| S 2] (12]* + |[w]*)|2 = w]. (2.1)
To deal with the singularity || ~°, we have the following remark.
Remark 2.1 ([22]). Let B = B(0,1) = {x € R? : |2| < 1} and B* = R\ B. Then
llel Nz <0, i >,
and

_ d
|| b||Lg(Bc) < oo, Iif 5 <b.

2.2. Strichartz estimates

Let [ C Rand p,q € [1, 00]. We define the mixed norm

lellzgee) = (/1( R Ju(t, a:)|qdaf)%dt)%

with a usual modification when either p or ¢ are infinity. When there is no risk of confusion, we may
write Ly L? instead of L} (1, L1). We also use L} , when p = ¢.

Definition 2.1. A pair (p, q) is said to be Schridinger admissible, for short (p,q) € S, if

2 d d
b, q € 270027 p7Q7d 7£ 2700727 - - =35
(p,q) € (2,007, (p,q,d) # ( ) PRI
We denote for any spacetime slab I x R,
||“||S(L2J) = (SSESHUHLf(I,Lg), ||U||S'(L2,I) = @%ESHUHL%”/(LL%/)' (2.2)

We next recall well-known Strichartz estimates for the linear Schrodinger equation. We refer the reader
to [4,29] for more details.

Proposition 2.1. Let u be a solution to the linear Schrodinger equation, namely
t
u(t) = ey —|—/ e U=IR P (s)ds,
0
for some data ug, F'. Then we have

lullszzry S llwollpz + [ Fllsr(z2,r)- (2.3)
3. Local existence

In this section, we give the proof of the local well-posedness given in Theorem 1.2. To prove this result,
we need the following lemmas which give some estimates of the nonlinearity.
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Lemma 3.1 ([22]). Letrd > 4and 0 <b<20rd=3and0 <b< 1. Let0 < a < o*and I = [0,T].
Then there exist 01,0y > 0 such that

] Plulvlls 2.y S (T + T%) [ Vull§ e pllvllsezz.n, (3.1)

IV (2"l *w) |5 22y S (T +T%) [Vl §s - (3.2)

The proof of this result is given in [22, Lemma 3.4]. For reader’s convenience and later use, we give
some details.
Proof of Lemma 3.1. We bound

2|l 20y < |2l Plu|*0lls ey + 2]l 0lls @2 ey =: A + As,
IV (2| Pl | s cre,ny < IV (2Pl || s pe ). + 1V (2] 1ul*u) || s/ (z2(5e),1) =t Bi + Bo.

On B5. By Holder inequality and Remark 2.1,

Ar < |27 lul®vll S Ml ™Ml syl ul“oll o

(1 qu(B)) (I,LYY)
S Nl g 10

)
S TVul[$ g gy 0l .

provided that (p1,q;) € S and

1 1 1 d 1 a 1 1 a 1 « «Q
_/:_+_7 _>b7 _:_+_ _/:—+_7 91:—__7
a1 7 U1 1 U1 ny q1 Y41 mi D1 mi: N
and
1 1 1
1<d, _— = — — =
1 @ d

Here the last condition ensures the Sobolev embedding W' (R?%) c L™ (R?). We see that condition
% > b implies

i:d—M+a>b or q1>M. (3.3)
Y1 Q1 d+a—0>
Let us choose
d(a+2)
" dvab " C

for some 0 < ¢ < 1 to be chosen later. By taking ¢ > 0 small enough, we see that ¢; < d implies
d > b+ 2 which is true since we are considering d > 4,0 < b < 2ord = 3,0 < b < 1. On the other
hand, using 0 < a < o* and choosing ¢ > 0 sufficiently small, we see that 2 < ¢; < d2—_‘12. It remains to
check ¢, > 0. This condition is equivalent to

16} oz_l o+ 2
mq b1 D1

>0 or p;>a—+?2.

Since (p1,q1) € S, the above inequality implies
d d 2 2

== < :
2 @1 pp oa+2
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A direct computation shows
dla+2)[4—2b— (d—2)a]+e(d+a—Db)(4—da+2)) >0

Since a € (0, a*), we see that 4 —2b — (d — 2)ar > 0. Thus, by taking € > 0 sufficiently small, the above
inequality holds true. Therefore, we have for a sufficiently small value of e,

Ay S TV ull§ e pllull sez - (3.4)
We next bound

By < |||z (Jul*@) s (z2(my.0) + 2] ul“ulls(z2(m).1) = Bur + Bia.
The term By is treated similarly as for A; by using the fractional chain rule. We obtain

B ST Va3 (3.5)
provided € > 0 is taken small enough. Using Remark 2.1, we estimate

< b—1 « < —b—1 a
Bia < lal ™ ulul e, gy S Mol gy llal®all
S Nullgm g penllull oy ooy

< T"1||w||g;ﬁ1m1)

provided that (p1,q;) € S and

1 1 1 d 1 a-+1 1 Q 1 a a
_/:_+_7 _>b+]—7 - = ) _/:_+_7 61:___7
q1 4! U1 84! U1 nq b mp D1 mir "
and
1 1 1
q1<d, _ = — = —.
ni q1 d
We see that
d dla+ 2 d 2
—=d—M+a+l>b+l or q1>M.
7 A d+oa—>b

The last condition is similar to (3.3). Thus, by choosing ¢; as above, we obtain for ¢ > 0 small enough,

Bis S T*|[Vull§(s . (3.6)

On B¢. Let us choose the following Schrodinger admissible pair
~ AHa+2) _d(a+2)
p2_(d—2)a  dta
Let ms, no be such that
1 « 1 1 « 1
—=—+— —=—+4— (3.7)
4 N2 G2 Py M2 P2

A direct computation shows

a o« a+2 (d—2)x
O = ———=1-— —
ma P2 P2 4
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Note that in our consideration, we always have (d — 2)a < 4. Moreover, it is easy to check that
1 1 1

ny g d
It allows us to use the Sobolev embedding 1W142(R%) ¢ L"2(R%). By Hélder inequality with (3.7),

Ay < |27l 2

S Ml Nz (e o]

(1,152 (Be) ~ L7 (L)
S Nullgma g proy 0l ez 222
0
S T2V ullZre g paoy 0]l 21 222
We thus get
Ay S T02||Vu||s L2.1) [vlls(ze,1)-
We now bound
By < H|x|7bv(|u|au)||S’(L2(BC),I) + |||$|7b71|u|au||5’(L2(BC),I) =: Bo1 + Bog.
The term Bo; is treated similarly by using the fractional chain rule, and we obtain
Boy S T™(|Vul§is . (3.8)

Finally, we estimate

< —b—1
. LqQ(BC)) S ] ||Ld Be)

<TVul 3 e

Bas < |||~ ul®ul| o

ull$one ooyl 1 1)

Note that ié = an—“ + %. This shows that
By S T™(|Vul§is .
Combining (3.4)—(3), we complete the proof. O

In the three dimensional case, we also have the following extension.

Lemma3.2. Letd = 3. Let 1 < b < 3 and 0 < o < &2 and I = [0,T). Then there exists 01,05 > 0

2b 1
such that
]~ a0l 522,y S (T + T%) | (V) ull§ ool sz (3.9)
IV (||l | g re.ny S (T +T%) || (V) ull§ize.p)- (3.10)

Proof. We use the notations Ay, Ay, B11, B12, Ba1 and Bys introduced in the proof of Lemma 3.1.
On B. By Holder inequality and Remark 2.1,

Ar < |27l o S Ml ™ gz o] o

(1,13 (B) (1.L5")
S ullgres g oy loll ez ey

ST V) ull g v

@)’
provided that (p1,q;) € S and
1 1 1 3 1 1 1 o 1 o o
_/:_+_7 _>b7 _:_+_ _/:_+_7 61:___7
a; SN Y] 7 U1 ny q P my p1 m M
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and
1 T
@ >3, ni€(q,00) or —=—, 7€(0,1).
nyq
Here the last condition ensures the Sobolev embedding W14 (R3?) C L™ (R?). We see that condition
% > b implies

3 _g 3@%an) o g s 2@ ten)
gl ¢ 3—10
Let us choose
32+ ar)
nETEoy e

for some 0 < € < 1 to be chosen later. Since 1 < b < 2,0 < a<4—2band 0 < 7 < 1, it is obvious
that ¢; > 3. Moreover, by taking ¢ > 0 small enough, we see that ¢; < 6. In order to make 6; > 0, we
need

« « a4+ 2 2 2
lh=———=1-— >0 or —< )
m; P Y241 y2al a+ 2
Since (p1, ¢q1) is Schrodinger admissible, it is equivalent to show
3 3 - 2
2 ¢ a+2

It is then equivalent to
3[8 —4b — 2bar — at(2 + 3a)] — €(3 — b)(2 + 3a) > 0.

Since 0 < € < 1, it is enough to show f(7) := 8 — 4b — 2bav — a7(2 + 3«) > 0. Note that f(0) > 0
provided 0 < o < 4_721’ and f(1) > 0 provided 0 < a < 4_721’. Thus, by choosing 7 closed to 0, we see
that f(7) > 0 for 0 < v < 2522, Therefore, we get

AL STV ull§ 2 p v llszz. ) (3.11)

provided €, 7 > 0 are taken small enough and

4—2b
b

The term By, is treated similarly as for A; by using the fractional chain rule. We obtain

1<b<2, 0O<ac<

By ST (V) ull§ 2.0 Vull sz, (3.12)

provided €, 7 > 0 is taken small enough and

4 —2b
b

1<b<2, O<a<
We next bound

By < |||$|_b_1|u|au||Lp'

—b—1 @
tl(I,Lill(B)) 5 |||$| ||L;1(B)|||u| uHLf/l

(I,Lz")
S el g g oy llll zosr ooy

0
5 T 1|| <v> u||%§_11(]’Lgl)7

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |48



provided that (p1,q;) € S and

1 1 1 3 1 a+1 1 o 1 Qa o
_/:_+_7 _>b+]—7 - = ) _/:_+_7 61:___7
q1 N U1 #a! U1 ny D1 mi1 P1 my D1
and
1 T
@ >3, ni€(q,00) or —=—, 7€(0,1).
ni qi1
We see that
3 3(1 1 3(1 1
— =3 (1+(a+ )T>>b—|—1 or q > (1+(a+ >T)
71 q1 2—-b

Let us choose

31+ (a+1)7)
2—b

q1 = + €,

for some 0 < € < 1 to be determined later. Since we are considering 1 < b < 2, by choosing 7 closed
to 0 and taking € > 0 small enough, we can check that 3 < ¢; < 6. It remains to show 6; > 0. As above,

we need = < —2, and it is equivalent to
1 a+2

P
3 3 2

< .
2 ¢ a+?2

It is in turn equivalent to
316 —4b+ (1 —2b) — (a+ 1)7(2+ 3a)] — (2 —b)(2 + 3a) > 0.

Since 0 < € < 1, it is enough to show ¢(7) := 6 — 40 + a(l — 2b) — (a + 1)7(2 + 3c) > 0. Note

that g(0) > 0 provided 0 < a < 2. Thus, by choosing 7 closed to 0, we see that g(7) > 0 for
I<a< gb_—_‘li’. Therefore,
Bio S T*|[(V) ull§{e 1y (3.13)

provided €, 7 > 0 are small enough and
- 6 — 4b
a< —.
20—1
On B¢. Let us choose the following Schrodinger admissible pair

4(a + 2) ~ 3(a+2)

a ©= 3+a

3
1§b<§, 0<

Let ms, no be such that

1 Qa 1 1 Qa 1

—=—+—, —=—+—. (3.14)
ds ng g2 Y% ma P2

A direct computation shows
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6—4b

Note that in our consideration 1 < b < %, 0<a< we always have o < 4. Moreover, it is easy to

20—1°
check that
1 1
ny g2 3

It allows us to use the Sobolev embedding W14 (R3) c L™ (R?). By Holder inequality with (3.14),
ul*ol[

N
6
< T%) (V)

Ax < |27 lul®vl

S el e ey

P2(1,L8 (Be)) ~ 2(1,L%)

2):
We thus get

Ay ST™IV) ull gz plloll seez - (3.15)
The term Bo; is treated similarly by using the fractional chain rule, and we obtain

By ST”|(V V) ullge,n I Vullsz, .- (3.16)
Finally, we estimate

Baa < | ™"~ ful*u] 17 S M=l sey

(1,12 (Be)) ~
ST (V) ul| 98

UH%?%LLZ?)||u||Lf2(I,L;2)

LY2(1,L32)"
This implies
By ST®|[ (V) ull3{f2.p): (3.17)
Collecting (3.11)—(3.17), we complete the proof. ]
Lemma3.3. Lerd =2. Let 0 < b < land 0 < a < oo and I = [0, T]. Then there exists 61,02 > 0 such
that
e~ lul®0lls 22,1y S (T +T%) (V) all§(e,p v llsezz, 1), (3.18)
IV (2|l W)l 2.y S (T +T2) (V) ull g (3.19)

Remark 3.1. In [22], Guzmdn proved this result with 01 = 05 under the assumption 0 < b < % Here we
extend itto 0 < b < 1.

Remark 3.2. By using Strichartz estimate, we can not obtain a similar result as in Lemma 3.1, Lemma
3.2 and Lemma 3.3 for the case d = 1. The reason for this is the singularity |z|~"~' on B. To bound this
term in a Lebesgue space L7 with 1 < v < 00, we need

d
—>b+1.
~
This implies that we need at least d > b + 1, which does not hold when d = 1.

Proof of Lemma 3.3. We continue to use the notations Ay, As, B11, B12, Bo1 and Bs, introduced in the
proof of Lemma 3.1.
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On B. By Holder inequality and Remark 2.1,

Ay < el ]|

-b a
tl(I,Lii(B)) S ] ||L;1(B)|||u| ”UHL?Q

(I,Lz")
Sl o 0l ez

S 1T ullgm g g 0l o2

=S Tel” (V) U||%;><>(1,L§)||U||L;>°(I,L§,),

provided that (p1,¢1) € S and

1 1 1 2 1 «Q 1 1 «
_/:_+_7 _>b7 _=_+_7 _/2_2617
9 M v M v onp 2 pp M
and
€ (2,00) LT € (0,1)
n o) o —=—, T )
1 5 n 27 3

The last condition allows us to use the Sobolev embedding W12(R?) c L™ (R?). The condition % >b
implies

3:1—3—047>b or 3<1—b—ozT.
ga! q1 q1
Note that since 0 < b < 1, by taking 7 > 0 small enough, we see that 1 — b — a7 > 0. Let us choose
2
"= 1—b—cw+€’

for some 0 < ¢ < 1 to be chosen later. It is obvious that 2 < ¢; < oo and 6; > 0. Therefore, we obtain
AL S TV ull§e pllvllseen. (3.20)
The term B is again treated similarly as for A; above using the fractional chain rule. We get
By ST (V) ullgcpz,n IVull sz, n- (3.21)
We continue to bound

Byp < |||3U|4’71|U|O‘U||Lp'1

N [ e P [ Y
t »HT

LM (I,Lgt)
Sl ooy ol o 2y
S V) U||%;"1(1,Lg)|| (V) ullpger )
S T91|| (V) U||%;><>(1,L§,)|| (V) U||L§°(1,Lg),
provided that (p1,¢1) € S and

1 1 1 2 1 a+1 1 16}
- =—+— —>b+1, —= , —,=—=91,
q1 N U1 4! U1 nq D1 mq
and
€ (2,00) LT € (0,1)
n o) or — = — T )
1 y n 27 9

The condition 721 > b+ 1 implies

2 2 2
—=2———(a+1)7>b+1 or —<1—-b—(a+1)T.
gt q1 q1
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Since 0 < b < 1, by choosing 7 closed to 0, we see that 1 — b — (o + 1)7 > 0. Let us choose

2
N —(ax Dy ©

for some 0 < € < 1 to be chosen later. It is obvious that 2 < ¢; < oo and 6; > 0. Thus, we obtain

By ST (V) ull$s - (3.22)

On B¢. Let us choose the following Schrodinger admissible pair

2(a + 2
p2=%, @ =a+2.

It is easy to see that é = O‘q—tl. By Holder’s inequality,

Ay < |27 lul*vl| o

S Ml Mz ey vl s

(I, Lq2(Bc)) ~ 2(1, Lq2
< ol g o ol
SVl g gy 0l 22 2

%
STE((V) u||%;;o(1,Lg)||"U||Lf2(1,L§2)7

where
1 1 2
- — & ) 62 - i — > O
Dy mo P2 mo a4+ 2
We thus get
Az S TNV ullgge, sz, (3:23)

By using the fractional chain rule and estimating as for A,, we get
By S T|1(V) ull§(2 1| Vullsize.- (3.24)
Finally, we bound

Byz < [l ™"~ ful*u] 17 S M= Ml ey

(1,12 (Be)) ~

«
ulall g,

S ||U||%¢2(1,ng)||U||Lf2u,ng)
S AV ullzma g pay lull e 7 po2y
N T92|| (V) U||%§O(J,Lg)||U||Lf2(1,Lg2)
%
S TRV ) ull oo 1,02y V) wll 227 32y

Where ms, 6 are as in term As. Thus, we obtain

By S T | {V) ull§72 1) (3.25)
Collecting (3.20)—(3.25), we complete the proof. O

We are now able to prove Theorem 1.2. From now on, we denote for any spacetime slab I x R,

ullsry == | (V) ullsez,ny = lJullse,n + [[Vullsre - (3.26)
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Proof of Theorem 1.2. We follow the standard argument (see e.g. [4, Chapter 4]). Let
X = {ue GL HY) NIV WE)V(p.q) € | lullsqry < M},
equipped with the distance

d(u,v) = ||[u — |52 1),

where I = [0,7] and 7', M > 0 to be chosen later. By the Duhamel formula, it suffices to prove that the
functional

t
O (u)(t) = ePuy + iu/ e =98 2 =t lu(s)|“u(s)ds
0
is a contraction on (X, d). By Strichartz estimates, we have
1@ ()l sy S luollmz + 12|~ lul®lls e, + IV (@]~ Jul*u) | 22,0,
1@(u) — D) sz S ] (Jul*u — |v]*v)|l s (22, 1.
Applying Lemmas 3.1, 3.2, 3.3, we get for some 61, 62 > 0,
le@)lls) S ol + (T% +T%) [lull 35,
[@(w) = @(@)lls(zn) S (T +T%) (Ilulge + o3 llu = vllszn-
This shows that for u, v € X, there exists C' > 0 independent of 7" and uq € H_ such that

1@ (u)] sy < Cllugll s + C (T + T%) Mo+,
d(®(u), ®(v)) < C (T + T%) M*d(u,v).

If we set M = 2C'||ug|| 2 and choose T" > 0 so that
1
C(T" +T")M* < -
( + ) — 27

then @ is a strict contraction on (X, d). The proof is complete. a

4. Pseudo-conformal conservation law

In this section, we firstly derive the virial identity and then use it to show the pseudo-conformal con-
servation law related to the defocusing (INLS). The proof is based on the standard technique (see e.g.
[4,29]). Given a smooth real valued function a, we define the virial potential by

Vi(t) = / a(@)|ult, 2)|2dz. “.1)
By a direct computation, we have the following result (see e.g. [30, Lemma 5.3] for the proof).
Lemma 4.1 ([30]). If u is a smooth-in-time and Schwartz-in-space solution to

i0wu + Au = N(u),

with N (u) satisfying Im (N (u)w) = 0, then we have
d

ava(t) =2 [ Va(z)-Im (u(t,z)Vu(t,z))d, 4.2)
Rd
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and

%Va(t) /A2 (2)|u(t, )| d$+4jkzl/0]2ka z) Re (Opu(t, x)0;u(t, x))dx s

+2 / Va(x) - {N(u),u},(t,x)dx

where {f, g}, := Re (fVg — gV f) is the momentum bracket.

Corollary 4.2. If u is a smooth-in-time and Schwartz-in-space solution to the defocusing (INLS), then
we have

5752V<) /A2 (z)|u(t, z)|*dx + 4 ;1/ z) Re (Opu(t, x)0;u(t, x))dx s

2c /Aa($)|x|b|u(t, x)|a+2dx — ai—ﬂ/va(@ . V(|$|7b)|u(t, $)|a+2dx.

+oz—i—2

Proof. Applying Lemma 4.1 with N (u) = F(x,u) = |z|~?|u|*u. Note that

(N (), u}y = - —

«

\V/ =b,, |a+2\
e )

V(|7 2.

We now have the following virial identity for the defocusing (INLS).

Proposition 4.3. Let ug € H'(RY) be such that |z|uy € L*(R?) and u the corresponding global solution
to the defocusing (INLS). Then |z|u € C(R, L*(R%)). Moreover, for any t € R,

d2
e || (t )||L2 = 16E(up) + 4(da + 2b — 4)G (1), (4.5)

where G is given in (1.5).

Proof. The first claim follows from the standard approximation argument, we omit the proof and refer
the reader to [4, Proposition 6.5.1] for more details. It remains to show (4.5). Applying Corollary 4.2
with a(x) = |z|?, we have

d? d?
77Va(t) = Zgllzu®)llz; = 8] Vu(®)z; + 4(da + 20)G(1)

= 16E(u(t)) + 4(da + 2b — 4)G(t).

The result follows by using the conservation of energy. ]

An application of the virial identity is the following “pseudo-conformal conservation law" for the
defocusing (INLS).

Lemma 4.4. Let uy € H'(R?) be such that |x|uy € L?>(R?) and u the corresponding global solution to
the defocusing (INLS). Then for any t € R,

t
|(x + 2z’tV)u(t)||i% + 812G(t) = ||xu0||%% +4(4 — 2b — da) / sG(s)ds. (4.6)
0
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Proof. Set

F(t) = |l(z + 2itV)u(t)||7, + 82G(t).
By (4.2), we see that

o+ 20e9)ul) 3 = llou(t) [y + 421 Va(o)ls — 4t [ 1 @lt,a)a - Vut.0)do

d
= leu(®lz; + 4 IVa@)5; -t el
Thus, the conservation of energy implies
d d
f(8) = llzu@llzz + 8 E(u(t)) — t=llzu(®)1z = leu(®)|; + 8¢ B(uo) — t—[lzu(t)ll7;.

Applying (4.5), we get

d2
dt?
Taking integration on (0, ¢), we obtain (4.6). O

d d
71(t) = Slau®)l2; + 1665 (o) — Zllau(®)2; — tosllwulZ; = 4(4 - 26 — da)iG().

Remark 4.1. This result extends the pseudo-conformal conservation law for the classical (i.e. b = 0)
nonlinear Schrodinger equation (see e.g. [4, Theorem 7.2.1]). Note that (4.6) is a real conservation law

_ 4-2b
only when o = ===,

Remark 4.2. It is easy to see that if t # 0, then

2 2

(x 4 2itV)u(t, z) = 2ite’ it V( —itie u(t, x)) (4.7)

and
- 2 2 il 2

(@ + 20tV )u(t)|[2, = 4t Hv( Tt @)‘ L
Therefore, if we set

v(t,x) :=e —itir u(t, ), (4.8)
then

I(z + 2@tV )u(t)||7; = 46 Vo()[7;,
and (4.6) becomes

t
8t2E(v(t)) = llzuol|7s + 4(4 — 2b — da) / sG(s)ds. (4.9)
0

Remark 4.3. Let F(x,u) = |x|~°|u|%u. It follows from (4.7) that
(z + 2itV)F(z,u)| = 2|t|‘v(ei%F<x,u))‘ — 2t||V F(z, )], (4.10)

where v is given in (4.8). Using the facts |v| = |u| and 2|t||Vv| = |(x + 2itV)u

[vllzg = [lwllze: 20t Volleg = [[(z + 2V )ul|Lg. (4.11)
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5. Decay of solutions

In this section, we will give the proof of the decaying property given in Theorem 1.3. We follows the
standard argument of Ginibre and Velo [21] (see also [4, Chapter 7]).

Proof of Theorem 1.3. We have from (4.9) that
1 t
SI2E(v(t)) = 82 (§||Vv(t)||%% + G(t)) — [|lzuo|2; + 4(4 — 2b — da) / sG(s)ds, (5.1)
0
for all t € R, where v is defined in (4.8).
If « € o, o), then (5.1) implies
4([Vo(t)ll7; < llzuolz,

forall ¢ € R. Hence, ||[Vo(t)||;2 < [¢)7! for ¢ € R\{0}. Using (4.11), Gagliardo-Nirenberg’s inequality
and the conservation of mass, we have

< a(3-1) a(3-%)
[u@)llzg = llo@llg S VeIl *llo( )||L2
11
< 1) ") ),
This proves the first claim.
We now assume a € (0, ay). Note that it suffices to show the decay for |t| > 1, the one for |t| < 1
follows by Holder’s inequality and the conservations of mass and energy. Let us consider only the case
t > 1, the case t < —1 is treated similarly. By taking ¢ = 1 in (5.1), we see that

8E(v(1)) = ||:Uuo||ig +4(4 —2b— doz)/o sG(s)ds.
Thus,
StPE(v(t)) = 8E(v(1)) + 4(4 — 2b — da) /t sG(s)ds.

This implies
4-2b—da ("1
g(t) :== *G(t) < E(v(1)) + T/ gg(s)ds.
1
Applying Gronwall’s inequality, we obtain

2b

gt) St T, hence G(t) <tz
By (5.1), we have

42b do

#2Vo(0) s S lloual g +4(4 — 20— de) [ 5 t
or "
IVo(t)llz ¢
By Gagliardo-Nirenberg’s inequality, the conservation of mass and (4.11), we obtain

11

d(i-1 1-d(i-1

lu®llzs = l(®) e S 905 D o) =)
_d@btde (11 _

<t (3 ‘1)||“0||Lg

This completes the proof. O
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6. Scattering in the weighted > space

In this section, we will give the proof of the scattering in the weighted space > given in Theorem 1.4.
To do this, we use the decay given in Theorem 1.3 to obtain global bounds on the solution. The scattering
property follows easily from the standard argument. We also give some comments in the case o € (0, o)
in the end of this section.

Let us introduce the following so-called Strauss exponent

2—d—2b+\/d®+12d + 4+ 4b(b — 2 — d)
2d ’
which is the positive root to the following quadratic equation

6.1)

ap =
do® 4+ (d — 2+ 2b)a +2b — 4 = 0.
Remark 6.1. It is easy to check that for 0 < b < min{2, d},

4 —2b
T

g <

Note that when b = 0, ay is the classical Strauss exponent introduced in [32] (see also [4,5]). Let us
start with the following lemmas providing some estimates on the nonlinearity.

Lemma 6.1. Lerd > 4, b € (0,2) and o € [o, o). Then there exist (p1,q1), (p2,q2) € S satisfying

200+ 2 > py,pe and q1,qo € (2, d2d2) such that

el ulla) S (el gy + Tl o) lulsnn, 62)
I el el S (g g, + elgms s ) 19ullswn, 63)
where my = 2 = z%'

Proof. Let us bound

2|~ lu|*ull s z2.ry < M~ ul®ullszemy.n + 2] ul®ulls r2me.n = Ar + As,
and

V(|2 ul®u) s 22, < V(™ [ul*w) s z2my,0) + V(2 ul®w)||sz2se).0) =2 By + Be,

where

By < ||z (lul®u) s (z2m).n) + a1 ul*ullsqz2p),0) =: Bi1 + Bia,

By < |||V (lul*u) s (z2(se),0) + 2|~ ul“ulls (12 (5e),1) =: Ba1 + Bao.

On B. By Holder’s inequality and Remark 2.1,

—b —b
A < [l lul“ull S M ez el ull oy

ML (m) (1L
< Nl oy el g 1
provided that (p1,¢1) € S and
1 1 1 d 1 a+1 1 Q 1
_/:_+_7 _>b7 - = ) _/:_+_
aqa M1 un 71 U1 a1 P mi1 1
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These conditions imply

! q1 my p1
Let us choose
dlo+ 2
q1 = % + €, (6.4)

for some 0 < € < 1 to be chosen later. Since we are considering d > 4,0 € (0,2) and « € [a,, a¥), itis
easy to check that ¢; € (2, %) provided that € > 0 is taken small enough. We thus get

A1 S ||u||%;”1(]7Lgl)||u||S(L2,I)- (6.5)
The term By, is treated similarly by using the fractional chain rule, and we have

B S lullgm g pan [[Vullsee2,p- (6.6)

We next bound

By < |||$|7b71|u|au||Lp'

—b—1 a

(I,LyY)
< el g o el 7 g

S ullgme g o IVull oy pany,s

provided
1 1 1 d 1 « 1 1 « 1
—=—+—, —>b+1l, —=—4+— —=—+—,
q1 N U1 #a! U1 q1 ny Y4 mi1 D1
and
1 1 1
q<d —=——-.
n q d

Here the last condition allows us to use the homogeneous Sobolev embedding T/ (RY) C L™(RY).
Note that by taking ¢ > 0 small enough, the condition ¢; < d implies &« < d — b — 2 which is true for
d > 4 and « € [a,, a*). We then have

d d(a+2) a 2

—=d - +1>0+1, —=1-——.
71 Q1 ma M

Therefore, by choosing ¢; as in (6.4), we obtain
Bia S Mullzm g o [IVullsez2,p. (6.7)
On B5¢. By Holder’s inequality and Remark 2.1,

—b
A <l ulull ) o e

< —b « ,
Y [ P I,
< Nullgmagy g il ey
provided that (p2, ¢2) € S and

1 1 1 d 1 a+1 1 o 1
=—+—, —<b —=" =y

QQ B Y2 Vg 72 V2 q2 p’g B mo P2
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These conditions imply

d d 2 2
—:d—M<b, & 2
Y2 q2 ma P2

Let us choose

_d(a+2)
q2 = d—b — €, (68)

for some 0 < € < 1 to be chosen later. By taking ¢ > 0 small enough, we see that ¢; € (2, E)' We
thus obtain

Ay S lullzma g poyllull seez, - (6.9)
Similarly, by using the fractional chain rule, we have
Ba S ||U||%?2(I,ng)||VU||S(L2,I)- (6.10)

We now estimate

< —b—1, | , , < —b—1 N «@ ,
B < o™ el g o S 1ol il e
S Nullgmar pooy lull 22 7, 272)
S Nl g |l 1
provided that (p2, ¢2) € S and
1 1 1 d 1 o 1 1 o 1 1 1 1
—=—+— —<b+l, —=—4— S=—+— @<d —=—--
& Y2 V2 2 V2 G2 N2 Py Mg P2 ng ¢ d
This is then equivalent to
d d 2 2
d_gdat?) ey 22
72 q2 m2 D2
Thus by choosing ¢ as in (6.8), we obtain
Baa S |[ullgma g pany Vullsizz. - 6.11)

Collecting (6.5), (6.9) and (6.6), (6.7), (6.10), (6.11), we obtain (6.2) and (6.3).
It remains to check that py, ps < 2a 4+ 2 where (p1, ¢1), (P2, q2) € S with ¢, g2 as in (6.4) and (6.8)
respectively. Note that ¢y, g, are almost similar up to +e¢. Let us denote (p, q) € S with

2
q:%—l—ae, a e {£1}.

> —1_ By a direct computation, it

We will check that for € > 0 small enough, p < 2a0 + 2 or % -

is equivalent to

d_d
2 q

dlda® + (d — 2+ 2b)a + 2b — 4] + ae(d — b)[d(a + 1) — 2] > 0.
Since a > =22 > q (see (6.1)), we see that da” + (d — 2 + 2b)a + 2b — 4 > 0. Therefore, the above

inequality holds true by taking € > 0 sufficiently small. L]
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Lemma 6.2. Let d = 3. Let

be(&%),<me[iézg3—2®.

Then there exist (p1,q1), (p2, q2) € S satisfying 2a + 2 > p1,py and q1,q2 € (3,6) such that

lal ™ lalullsr ey S (Iellgm g gy + Nl g ) ) lullsn, (6.12)
—b
IV (el =l w) a2,y S (||u||Lm,qu Nl o)) 1V ullsan, (6.13)
where mi = 11112 andmzzz%.

Proof. We firstly note that by using the same lines as in the proof of Lemma 6.1, the following estimates
lal ™l ullsr ey S (Il g gy + Nl g gy ) lullsen,
2l ™V (el w)llsrzzny S (1lgm g pay + NS g ) 1Vullseen (6.14)

still hold true for d = 3,b € (0,2) and « € [ov,, *). It remains to estimate |||z~ |u|*ul| g2, ). To do
this, we divide this term into two parts on 5B and on B¢ which are denoted by B, and Bss respectively.
By Holder’s inequality and Remark 2.1,

Biz < [l ulul] S Ml lul®ull o

Y (1,19 (B)) (I,L3")
S el g oy el s 1,z
S ullzm o pany 1 V) ull oy g Loy,

provided that (p1,q;) € S and

1 1 1 d 1 Q 1 1 o 1
—= 4+, —>b+1, —=—4—  —S=—+—
a1 AT gat (%1 g m Y4 my D1
and
1 T
@ >3, ni€(q,0) or —=— T1€(0,1).
ni q1

This implies that

d 3 1 2
_:3_M>b+17 &: S
N q1 ma b1
Le us choose
Sl +1+
¢ = % +e, 6.15)

for some 0 < € < 1 to be chosen later. Since o > 4=2 2b , it 1s obvious that ¢; > 3. Moreover, the condition

q1 < 6 implies a + 7 < 3 — 2b. Thus by choosmg 7 closed to 0, we need o < 3 — 2b. Combining with

oz>M we get

4 —2b 5
<a<3-—2b, O<b<1. (6.16)
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Thus, for b and « satisfying (6.16), we have
Bia S a2 1.y 1 9) ullsz2.,
Similarly, we estimate

Bay < |llal ™ ful*ull,

b1
P2(1,1% (Be)) S ™ e e |u|au||Lf/2(I,L52)

< lealma g g el s
< letlma g g (V) el s

provided that (p2, ¢2) € S and

1 1 1 d 1 «Q 1 1 « 1
—=—+—, —<b+l, —=—+4— —=—+—,
qs T2 U2 Y2 U2 P2 N2 Y2 ma P2
and
1 T
g2 >3, ng € (q,00) or —=—, 1€(0,1).
ng q2
We thus get
d 3 1 2
V2 q2 mo D2
Let us choose
3 1
q2 = (O[;—;T) — € (6.17)

for some 0 < € < 1 to be chosen later. It is easy to see that ¢ € (3,6) for 0 < b < %, 4_721’ <a<3-2b
and € > 0 small enough. We thus obtain

Baa S l[ullgme g paoy | (V) ullscz2,p)-
It remains to check py,p2 < 2a + 2 for (p1,q1), (2, g2) € S with 1 and g given in (6.15) and (6.17)
respectively. Let us denote (p, ¢) € S with
3(a+1+71)
T 2-%
The condition p < 2« + 2 is equivalent to
3 3 2 1

> .
2 q p a+l
A direct computation shows

3[3a% + 2ba + 2b — 3 + 7(3a + 1)] + ae(2 — b)(3a + 1) > 0.

+ae, a€{£1}.

By taking € > 0 small enough and 7 closed to 0, it is enough to have

302 + 2ba + 2b — 3 > 0.

It implies that o > 3%25’ Comparing with (6.16), we see that

4 —2b

<a<3-2, be (o,g).

The proof is complete. [

We also have the following result in the same spirit with Lemma 6.2 in the two dimensional case.
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Lemma 6.3. Let d = 2. Let b € (0,1) and « € [av., ). Then there exist (p1, 1), (p2, q2) € S satisfying

200+ 2 > p1,pe and q1, q2 € (2,00) such that

—b
el ullsiweny S (lelgm g pmy + lullgm g o ) lelsen,

IV el el sz gy S (Nellgm g gy + Vel g gy ) 1 (9) wlsqaen,

where mi = 01‘1112 and ms =

p2—2
Proof. We firstly note that the following estimates
—b
el ullswnn S (Halgm o + el e ) s,

—b
=9 (ul"w) 2.y (||u||Lm1,Lq1 +||u||Lm21Lq2)||Vu||s<L2,f>

(6.18)
(6.19)

(6.20)

still hold true for d = 2,b € (0,2) and « € [a, @*) by using the same lines as in the proof of Lemma 6.1.
It remains to estimate the term |||z ~"~!|u|“ug/(z2, ). Using the notations given in the proof of Lemma

6.1, we bound this term by B, + B2s. By Holder’s inequality and Remark 2.1,

Bia < [l ulul] S Ml ™M g Ml ull s o

LBy (I,L3")
S el g oy el g,z
S el gy V) wll 21 g )

provided that (p1,¢1) € S and

1 1 1 2 1 o 1
—=—+—, —>b+1 —=—+—
1 N U1 g4l U1 q1 ny
and
1 T
@ >2, ni€(q,00) or —=—, 7€(0,1).
ni qi1

These conditions imply that

2, Aoklen) @ 2
71 Q1 my n
Let us choose
20+ 1+7)
QIzl——Z)+E’

6.21)

for some 0 < € < 1 to be chosen later. It is obvious that ¢; € (2, 00) for any 7 € (0, 1). We thus obtain

Bia S l[ullgm g pany | (V) ull sz, p).
Similarly,

Baz < [l ™"~ ful*u] 2

S M= 12 eyl ul

(1,12 (Be)) ~ LP2(1,0%2)
S Nullgma g pooy lull 22 7, 272)

< lealmagy o (V) ll o o,
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provided that

1 1 1 2 1 a 1
—=—+—, —<b+1l —=—+4—
qs T2 U2 4! (% g2 N2
and
1 T
@ >2, ng € (q,00) or —=— T1€(0,1).
no q2

We learn from these conditions that

d 2 1 2
Y2 q mo D2
Let us choose
2 1
4 = mf—;ﬂ _e (6.22)

for some 0 < € < 1 small enough. By choosing ¢ > 0 sufficiently small, we have ¢, € (2, 00) for any
7€ (0,1). We get
By S lullgms o | (V) ullsizz..

To complete the proof, we need to check p1, py < 2a+2 with (p1, ¢1), (p2,g2) € S where ¢; and ¢, given
in (6.21) and (6.22) respectively. Let us denote (p, ¢) € S with

2 1
qzw—l—ae, a € {£1}.
1—-0
The condition p < 2« + 2 is equivalent to
2 2 1
l——-==-> :
qg p a+l

It is in turn equivalent to
2[a? +ba +b— 1+ 71a] + aca(l —b) > 0.
By taking ¢ > 0 small enough and 7 closed to 0, this condition holds true provided o> + bar + b — 1 > 0.

This implies « > 1 — b which is satisfied since « € [, a*). The proof is complete. ]

As a direct consequence of Lemmas 6.1, 6.2, 6.3, we have the following global H!-Strichartz bound of
solutions to the defocusing (INLS).

Proposition 6.4. Let
d>4, b€ (0,2), ac€a,a”),

or

)
—), a € [ay,3 — 2b),

d— b(
3, be (0.7

or
d=2, b€ (0,1), «ac€ a,a).

Let uy € ¥ and u be the global solution to the defocusing (INLS). Then v € LP(R, W14(R%)) for any
Schridinger admissible pair (p, q).
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Proof. We have from the Duhamel formula,
t
u(t) = ePug — z/ e =B 1| =P |u(s)|“u(s)ds. (6.23)
0

Let 0 < T < t. We apply Lemmas 6.1,6.2,6.3 with I = (T, ¢) and use the conservation of mass to get >
lullsary < Cle(@)laz + Cllla ™ lul*ullsizz,ny + CIV (2l Jul*w) sz,

< Clluolly + € (lullgms gy + s oy ) Nullsir

where (p;, q;) € S satisty p; < 2o+ 2,¢; € (2,2*) and m; = poﬁig for i = 1,2. Here 2* = dQsz ifd >3
and 2* = oo if d = 2. Note that the constant C' is independent of / and may change from line to line.
The norm [[ul|m, (1,10 Can be written as

z')
([ 1o

p;—2
?}zds / ||u qu ) pg .

By the decay of global solutions given in Theorem 1.3, we see that

ap;
P;—2

L%

< o 2a
p;—2
~Y S ¢ :

1 1 2
(sl S s*d(ﬂ‘z) =5 s Ju(s)

Since p; < 2a 4 2 or =5 > 1, by choosing 7" > 0 large enough,

P;—2
Py 1
/ lu(s)l1% ) <

We thus obtain

1
||u||S(I) <C+ 5”“”5‘([) or ||u||S(I) < 2C.

Letting ¢ — +00, we obtain ||ul|g((1+00)) < 2C. Similarly, one can prove that ||u|g((—00,—7)) < 2C.
Combining these two bounds and the local theory, we prove u € LP(R, W14(R?)) for any Schrodinger
admissible pair (p, q). O

Remark 6.2. Using this global H'-Strichartz bound, one can obtain easily (see the proof of Theorem 1.4
given below) the scattering in H' provided that uy € Y. But one does not know whether the scattering
states ui belong to X.

In order to show the scattering states uojE € ¥, we need to show the global L?2-Strichartz bound for the
weighted solutions (x + 2itV)u(t). To do this, we need the following estimates on the nonlinearity.

Lemma 6.5. /. Let
5 —2b
d=3, be(0,1), ac (T 3—2b)

Then there exist (p1,q1), (p2, g2) € S satisfying « + 1 > p1,pe and q1, g2 € (3,6) such that

—b—
et =l ulls iz S (Hellgm g gy + 0l g ) 109 wllsiae

2. See (3.26) for the definition of ||u||s(r
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2. Let
d=2, b€ (0,1), «ac€a,a).

Then there exist (p1,q1), (P2, q2) € S satisfying o + 1 > p1,py and q1, g2 € (2, 00) such that

—p—
]| 1|u|au||5’(L2,I) S (||U||%¢1(1,Lgl) + ||U||%¢2(17Lg,2)) [ (V) U||S(L2J)-

Proof. In the case d = 3, we use the same argument as in the proof of Lemma 6.2 with

~3(a+1+71) ~3(a+1+71)
a1 = 5_ b €& Q= 5_ b €
for some € > 0 small enough and 7 closed to 0. It remains to check a+1 > py, po where (p1, ¢1), (P2, q2) €

S. Let us denote (p, q) € S with
~3la+1+7)
2—0
The condition p < « + 1 is equivalent to
3. 3_2. 2
2 q p a+l
An easy computation shows

+ae, a€{£l1}.

3[3a% +2(b— 1)a +2b— 5+ 7(3a — 1)] + ae(2 — b)(3ac — 1) > 0.
By taking € and 7 small enough, it is enough to show

302 +2(b—1)a+2b—5> 0.

5-20  Comparing with the assumptions b € (O, %) and o € [4_721’,3 — 2b) of

This implies that o > 25

Lemma 6.2, we have

5—2b
b€<0,1>, aE(T,S—%).
The case d = 2 is treated similarly. As in the proof of Lemma 6.3, we choose
_2(04—1—14—7)+ _2a+l+T)
q1 = 1-b €, q2 = 1—b €,
for some €, 7 > 0 small enough. As above, let us denote (p, q) € S with
2 1
q= M—l—ae, a € {£1}.
1-0
The condition p < « + 1 is equivalent to
2 2 2
l——=-> .
qg p a+l

An easy computation shows
20 + (b—1a+b—2+7(a — 1)] + ae(1 — b)(a — 1) > 0.
By taking € and 7 small enough, it is enough to show
o+ (b—1Da+b—2>0.
This implies that & > 1 — b which is always satisfied for a € [ay, a*). The proof is complete. ]
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Proposition 6.6. Let d,b and o be as in Theorem 1.4. Let uy € X and u be the global solution to the
defocusing (INLS). Set

w(t) = (z + 21tV )u(t).
Then w € LP(R, L4(R?)) for every Schridinger admissible pair (p, q).

Proof. We firstly notice that x + 2itV commutes with ¢:0; + A. By Duhamel’s formula,
t
w(t) = e ruy — z/ =92 (1 4+ 2isV) (|| 7% u(s)|[*u(s))ds. (6.24)
0

Let v be as in (4.8). By (4.10), we have
(2 + 2t V) (Je| " |u|*u)| = 2t|V (|2 ol*0)l,  [o] = Jul,  2[t|[Vo] = Jw].

Case 1: d > 4. Strichartz estimates and Lemma 6.1 show that for any ¢ > 0 and I = (0, t),

lwllsczzn S lzuollzz + (@ + 2isV) (2| ™Jul*w)lls 22,1
—b
S llzuollzz + 112[s[V (]~ [o]* )l 57221y

Let 0 <7 <t. We bound
1211V (]~ o1 0) s 22,1y < 121519 (2] Jol0) 15z, 121V (2] 010|122,y = A+ B.

The term A is treated as follows. By Lemma 6.1 and keeping in mind that |v| = |ul, 2|s||Vv| = |w]|, we
bound

AS (Nl oy gy + Nl 1 o 1218 V0lsca

< (||u||%¢1((0,T),Lgl) o el o7y 2y ) Il ez,

for some (p;, q;) € S satisfy p; < 2a+ 2,¢; € (2,2%) and m; = pc_”fz for 7 = 1, 2. We next estimate

lellzpeom.coy = (1)) <0 =12

Here the time 7' > 0 is large but fixed and v € L*((0,7), H!) by the local theory. We also have
|lwls(z2,(0,r)) < oo which is proved in the Appendix. This shows the boundedness of A. For the term B,
we bound

B S (Il g gy + Il g o) ) 121510l sz )

S (||U||%;”1((T7t)7];gl) + ||U||%;”2((T,t),Lg2)) ||w||S(L2,I);

for some (p;, q;) € S satisfy p; < 2a+2,¢; € (2,2*) and m; = 1% for i = 1, 2. By the same argument
as in the proof of Proposition 6.4, we see that [[ul|}m; T is small for 7" > 0 large enough. Therefore,

1
w2,y <C+ §||w||S(L2,1) or |lw|s2n <2C.

Letting ¢ — 400, we prove that ||w||g(z2,(0,4+00)) < 2C. Similarly, one proves as well that ||w|| g(z2,(—c0,0))
< 2C. This shows w € LP(R, L4(R%)) for any Schrodinger admissible pair (p, q).
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Case 2: d = 2, 3. We bound

lwllseze.ny S lleuollzz + [[(x + 2isV) (2]~ u|*w)[|s 22,1y
—b
S llzuollzz + [121s[V (2 [v[*v)|[srz2,1)

—b —b—
< llwuoll gz + 121sll= 1~V (Jo*0) 5122,y + 1212~ ol *v]lsr(z2,n)

S llwuol|z2 + A+ B.

The term A is treated similarly as in Case 1 using (6.14), (6.20). It remains to bound the term B. By

Lemma 6.5,
1 1
B < (s ullgm g gy + sl ¥l g ) ) lllsion,

for some (p;,q;) € S satisfty p; < o+ 1,¢; € (2,2*) and m; =
Proposition 6.4 that ||u||s(z2 ;) < oo. Let us bound |||s |au||

(I,Lg)
into (0,7") and (7', t). By Sobolev embedding
1 1
|||5|au||L;”i((o7T)7Lgi) ST g 1), HY) < OO
We next write
L e mz
st el gy ) = | ()l ds) ™

By the decay of global solutions given in Theorem 1.3, we see that

u(s) womi(s=8) _ ome(BR) 2 s

«

|S quN| |

Since p; < v+ 1 or 20‘ =L > 1, by taking T' > 0 sufficiently large, we see that |||s |au||
small. This proves that the term B is bounded for some 7" > 0 large enough. Therefore,

1
lwlls2,n < C+ §||w||S(L2,I) or |lw|s2n <2C.

By letting ¢ tends to 400, we complete the proof.

(T, qu)

p—af 5 for i = 1,2. We learn from

for: = 1,2. To do so, we split |

1S

O

We are now able to prove Theorem 1.4. The proof follows by a standard argument (see e.g. [4] or

[29]).

Proof of Theorem 1.4. Let u be the global solution to the defocusing (INLS). By the time reserval

symmetry, we only consider the positive time. The Duhamel formula (6.23) implies

t
e tBu(t) = ug — z/ e BB 270 u(s) | u(s)ds.
0

Let 0 < t; <ty < co. By Strichartz estimates and Lemmas 6.1, 6.2, 6.3,

. . t2 )
He*mAu(tz) — e*’tlAu(tl)HH; = H/ €ZSA|$|b|U(3>|au(5)dS‘ "
t1
S Ml lul®ullsr 22, 01,02) + 1V (2]l @) 1722, 1.0)

S (el g gy + 1l 2 ) Tl 1y

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr

Page | 67



where (p;, q;) € S satisty p; < 2a+ 2,¢; € (2,2%) and m; = z% for i = 1, 2. By the same argument as
in Proposition 6.4 and the global bound ||u||g®r) < oo, we see that

(HuH%?l((tl,tz%L?) ™ ||u||%?2((t17t2)7Lg2)) ||U||S((t1,t2)) — 0,

as ti,ty — +oo. This shows that e"***u(t) is a Cauchy sequence in H'(R%) as ¢t — +oo. Therefore,

there exists u € H'(R?) such that e~ 2 u(t) — uf as t — +oo. Note that this convergence holds for
d,b and « as in Proposition 6.4. We now show that this scattering state ug belongs to X.. To do so, we
firstly observe that the operator = 4 2i¢V can be written as

x4 2tV = ePge A, (6.25)

Indeed, since = + 2itV commutes with i0; + A, we see that if u is a solution to the linear Schrodinger
equation, then so is (z + 2itV)u. Thus, if we set u(t) = ¢/*“ ¢, then

(z 4 2itV)u(t) = e xp.
By setting o = e~"24), we see that
(z 4 2itV ) = P re 5,
which proves (6.25). Using the Duhamel formula (6.24) and (6.25), we have

ze” Au(t) = zug — i/o e A (x + 2isV) (|| 7 |u(s)|u(s))ds.

Case 1: d > 4. By Strichartz estimates, Lemma 6.1 and using the same argument as in Proposition 6.6,
we see that

lze 28 u(ts) — ze () 12 = H/ T (@ 4 2isV) (2] fu(s)|"u(s))ds
t

L2

xr

S W@ + 2isV) (|27 lul*w) /(2 1,10
S 1211V (J2 1ol 0) 15122, )

(||U||Lm1 t1,t2),L) + ||u||Lm2 (t1,t2),L32 ) ||2| |VU||S L2 (t1,t2))

S (Wl gy IS,y 22y ) 022,100

where (p;, q;) € S satisty p; < 2a+2,¢; € (2,2%) and m; = psz for i = 1,2. Arguing as in the proof
of Proposition 6.6 and the global bound ||w||g(z2r) < 00, we see that
(1l 1y ) + 1l 12 ) N2 ety = O,

as ty,to — +00.
Case2: d =2,3.

lze2Bu(ts) — we 2 u(ty) | 12 = H/ A (g 4 245V) (2| fu(s)u(s))ds
t

S (w + 2isV) (|2~ ul*u) |l (22, 01,12))
S 1121V (270 0) sz .02
S 121sl2] 7V (010 sz 0 20) + 2181121 010 5r(z2 002

= A+ B.

L3
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For term A, we use (6.14), (6.20) and the fact |v| = |ul, 2|s||Vv| = |w| to have

A (I ) + 10052 i 222)) 1215190 522,00

< (||u||z;m<m>,L;1> + ||u||L;nz<<h,t2>7ng>) lewllsiz2 00 (6.26)

for some (p;, ;) € S satisfy p; < 2a+ 2,¢; € (2,2%) and m; = poi‘fiz for ¢ = 1,2. Similarly, by Lemma
6.9,

1 a L oo
B S (¥l o, 0y oy + MSIF Gy 2y ) Tl sz 1000 (6.27)

for some (p;, q;) € S satisfy p; < a+1,q; € (2,2*) and m; = poi‘fiz for i = 1, 2. By the same argument
as in Case 2 of the proof of Proposition 6.6, we see that the right hand sides of (6.26) and (6.27) tend to
0 as t1,to — +00.

In both cases, we show that xe
zug € L? and so ugj € . Moreover,

~#Ay(t) is a Cauchy sequence in L? as ¢t — +oo. We thus have

ug = ug — i/oo e B 270 u(s) | *u(s)ds.
t
By repeating the above estimates, we prove as well that
le™ 2 u(t) = ug s =0,
as t — 4o00. The proof is complete. O

Remark 6.3. We end this section by giving some comments on the scattering in 3. for « € (0, o). In this
case, by Theorem 1.3, we have the following decay of global solutions to the defocusing (INLS)
d(2b+da)
lullzg S 177+ 74), (6.28)
for q as in (1.13). Let us consider the easiest case d > 4. In order to obtain the global H'-Strichartz
bound on u and the global L?-Strichartz bound on w (see Proposition 6.4 and Proposition 6.6), we need
||u||%§n((T’t)’Lg) to be small as T' > 0 large enough, where (p,q) € S and m = 5. This norm can be
written as

t g
(] luizas)” / fu@f5ds) 7 (629)

Using (6.28),

a_p2 _ o(2b+da)
[u@IF < 55

To make the right hand side of (6.29) small, we need (%Hd;‘) > 1 or equivalently 2p < 4 + «a(2b + do)
hence
d d 2 4
——— == : 6.30
2 q p>4+a(26—|—da) (6:30)

Let us choose q as in the proof of Lemma 6.1, i.e.

_ d(a+2)

1
7% +ae, a€{£l},
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for some € > 0 small enough. We see that (6.30) is equivalent to
d[d®a® + 4bda® 4 (4d — 8 + 4b*)a + 8b — 16] + ae(d — b)[4d — 8 + da(2b + da)] > 0.

By taking € > 0 small enough, it is enough to show f(a) := d*a’®+4bda?+ (4d—8+4b*)a+8b—16 > 0.
Since b € (0,2), we see that f(0) = 8b— 16 < 0 and f(a,) = f (£2) = 8(4;%) > 0. Hence f(a) =0
has a solution in (0, o). Thus, the inequality f(a) > 0 holds true for a sub interval of (0, ). By the
same argument as for the case o € [ay, &%), we can obtain a similar scattering result in ¥ for a certain

range of a € (0, o).

Appendix A. Local L>-Strichartz bound of weighted solutions

Lemma A.1. Let d,b and o be as in Theorem 1.2. Let ug € Y and u be the corresponding global
solutions to the defocusing (INLS). Set

w(t) = (x4 2itV)u(t).

Then w € LP

(R, LY(RY)) for any Schrédinger admissible pair (p, q).
Proof. We follow the argument of Tao, Visan, and Zhang [30]. For simplifying the notation, we denote
H(t) = x + 2itV. We will show that ||Hu| g2,y < oo for any finite time interval I of R. By the
time reversal symmetry, we may assume I = [0,7]. We split [ into a finite number of subintervals
I; = [t;,tj41] such that |I;| < e for some small constant € > 0 to be chosen later.

Casel: d >4,be (0,2)ord=3,b€ (0,1) and o € (0, *). By (6.25), we see that on each interval
]j,

t
H(tyu(t) = D2 H (t)u(ty) - Z/ IRH () (|| lu(s)|"u(s) ) ds.
tj
Let v be as in (4.8). By Strichartz estimates and (3.2) and that |v(s)| = |u(s)|, 2|s||Vv(s)| = |H(s)u(s)|,
we have

1Hulls,r,) S NH )l 2 + I1H (s) (2]l w)l|s 22,1,
S IH ) ulty)llz + 12181V (|2~ ol*0) s z2,1,)
SIH G ut)lz + (151" + 151%) IVull§ e 11215 Vol sz r,)
S IH ) ulty)llzz + (€ + ) ull§ ) | Hull sz, ).

Since ||u||g®) < 0o, by choosing ¢ > 0 small enough depending on 7', ||u|| s(r), We get
[Hulls(rz,r) S I1H () ult;)]|2-

By induction, we have for each j,
[Hulls(z2,r,) S H(0)u(0)[[ 12 = [lzuol| 2z

Summing these estimates over all subintervals /;, we obtain

[Hullsze,ry < oc.
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Case2: d=3,be[l,3)and € (0,5%)ord=2,b€ (0,1)and a € (0,a*). By Strichartz

estimates, (3.10), (3.19) and keeping in mind that |v| = |ul, 2|s||Vv| = |Hu|, we bound
[ Hullsere,ny S I1HE)ults) 2 + 1H (s) (2] lul*u) s 22,1,
S NH )z + 1201V (|2~ [o]*0)lls (22,1,
SIH G uty) e + (141 +151%) 1{V) ull§2,1, 1215 Vollsezz 1,
+ (|Ij|1+91 + |Ij|1+92) | (V) ul g(LQ,Ij)”u”S(LQ,Ij)
SNH () ulty) 2 + (" + ™) lull§erp [ Hull sz 1)

+ (0 ) g

Since [|u||sr) < 00, by choosing € > 0 small enough depending on T, ||u/|| s(r), We get
[ Hullsr2,1;) < Cl[H(;)ut;)|zz + C,

for some constant C' > 0 independent of 7. By induction, we get for each j,
[ Hul[sz2,1;) < Cllzugllrz + C.

Summing over all subintervals I;, we complete the proof. O]
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