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ABSTRACT. This paper is devoted to the study of the nonhomogeneous problem −div(a(|∇u|)∇u) + a(|u|)u =
λV (x)|u|m(x)−2u−μg(x, u) in Ω, u = 0 on ∂Ω, where Ω is a bounded smooth domain in R

N , λ, μ are positive real numbers,
V (x) is a potential, m : Ω → (1,∞) is a continuous function, a is mapping such that ϕ(|t|)t is increasing homeomorphism
from R to R and g : Ω × R → R is a continuous function. We establish there main results with various assumptions, the
first one asserts that any λ > 0 is an eigenvalue of our problem. The second Theorem states the existence of a constant
λ∗ such that every λ ∈ (0, λ∗) is an eigenvalue of the problem. While the third Theorem claims the existence of a constant
λ∗∗ such that every λ ∈ [λ∗∗,∞) is an eigenvalue of the problem. Our approach relies on adequate variational methods in
Orlicz-Sobolev spaces.
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1. Introduction

We are interested here with the existence of solutions for a nonhomogeneous problem in Orlicz-Sobolev
spaces⎧⎨
⎩

−div(a(|∇u(x)|)∇u(x)) + a(|u(x)|)u(x) = λV (x)|u(x)|m(x)−2u(x)− μg(x, u(x)) in Ω

u(x) = 0 on ∂Ω,
(1.1)

where, Ω is a bounded domain in R
N with smooth boundary, (N ≥ 3), λ, μ are positive real numbers, the

potential V (x) : Ω → R satisfies V ∈ Lr(x)(Ω) with r,m : Ω → (1,∞) are continuous functions and
g : Ω × R → R is a continuous function where will be imposed some suitable conditions later. Assume
that a : (0,∞) → R is a function such that the mapping ϕ : R → R, defined by

ϕ(t) =

{
a(|t|)t t �= 0

0 t = 0,

is an odd, strictly increasing homeomorphism from R onto R.

It should be noticed that if a(t) = |t|p(x)−2, with p(x) a continuous function on Ω, then problem (1.1)
becomes the well-known Dirichlet boundary value problem involving the p(x)-Laplacian equation⎧⎨

⎩
−Δp(x)u(x) + |u(x)|p(x)−2u(x) = λV (x)|u(x)|m(x)−2u(x)− μg(x, u(x)) in Ω

u(x) = 0 on ∂Ω.

In recent years, this type of problem has been largely considered in many papers, we refer to [5, 9, 15, 17]
in which the authors have used different methods to prove the existence and multiplicity of solutions.
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Many researchers have studied the existence of solutions for eigenvalue problems involving non-
homogeneous operators in the divergence form in Orlicz- Sobolev spaces by means of variational meth-
ods, see for examples [3, 19, 20, 21]. In [8] Clément et al. established the existence of weak solutions
for the following Dirichlet problem⎧⎨

⎩
−div(a(|∇u(x)|)∇u(x)) = g(x, u(x)) in Ω

u(x) = 0 on ∂Ω,
(1.2)

where Ω is a bounded domain in R
N , g ∈ C(Ω×R,R) and the function ϕ(s) = sa(|s|) is an increasing

homeomorphism from R onto R. Under appropriate conditions on ϕ, g and the Orlicz-Sobolev conjugate
Φ∗ of Φ(s) =

∫ s

0 ϕ(t)dt, they obtained the existence of non-trivial solutions of mountain pass type.
Moreover, Clément et al. in [7] used Orlicz-Sobolev spaces theory and a variant of the Mountain Pass
Lemma of Ambrosetti-Rabinowitz to obtain the existence of a (positive) solution to a semi-linear system
of elliptic equations. In addition, by adequate variational methods in Orlicz-Sobolev spaces, Mihăilescu
and Rădulescu [20] studied the boundary value problem⎧⎨

⎩
−div((a1(|∇u(x)|) + a2(|∇u(x)|))∇u(x)) = λ|u(x)|q(x)−2u(x) in Ω

u(x) = 0 on ∂Ω,
(1.3)

where Ω is a bounded domain in R
N (N ≥ 3) with smooth boundary, λ is a positive real number, q is

a continuous function and a1, a2 are two mappings such that a1(|t|)t, a2(|t|)t are increasing homeomor-
phisms from R to R. They established the existence of two positive constants λ0 and λ1 with λ0 ≤ λ1
such that any λ ∈ [λ1,∞) is an eigenvalue, while any λ ∈ (0, λ0) is not an eigenvalue of the problem
(1.3).

Mihăilescu and Repovš in [19], by combining Orlicz-Sobolev spaces theory with adequate variational
methods and a variant of Mountain Pass Lemma, proved the existence of at least two non-negative and
non-trivial weak solutions for the problem⎧⎨

⎩
−div(a(|∇u(x)|)∇u(x)) = λf(x, u(x)) in Ω

u(x) = 0 on ∂Ω,

where a is the same as in the problem (1.1), f : Ω×R → R is a Carathéodory function and λ is a positive
parameter.

In this paper, we analyze problem (1.1) under the following basic assumptions

(A1) g : Ω× R −→ R is a continuous function satisfies

|g(x, t)| ≤ C0|t|q(x)−1 ∀x ∈ Ω, t ∈ R,

and

C1|t|q(x) ≤ G(x, t) =

t∫
0

g(x, s)ds ≤ C2|t|q(x) ∀x ∈ Ω, t ∈ R,

where C0, C1 and C2 are positive constants and q(x) ∈ C(Ω).
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(A2) The potential V : Ω → R satisfies

V ∈ Lr(x)(Ω), with r(x) ∈ C(Ω) and r(x) > N, ∀x ∈ Ω.

We notice that the operator in the divergence form is not homogeneous and thus, we introduce an
Orlicz–Sobolev space setting for problems of this type. On the other hand, the presence of the continuous
exponent functions m, r and q appeals to a suitable variable exponent Lebesgue space setting. We should
note that, as the Orlicz spaces, denoted by Lφ(Ω), are a generalization of the Lebesgue spaces Lp(Ω), so
the Orlicz-Sobolev spaces, denoted by WmLφ(Ω), are a generalization of the Sobolev spaces Wm,p(Ω).
Consequently, several properties of Sobolev spaces have been extended to Orlicz-Sobolev spaces. The
Orlicz-Sobolev spaces are used to model various phenomena among which are the image restoration
(see [6] ) and modeling of electrorheological fluids (see [26]). Both applications are based on variable
exponent type Laplace operators.

The remainder of the paper is organized as follows. In the second section we make a brief introduction
for each of the following spaces: Orlicz spaces, Orlicz-Sobolev spaces and variable exponent Lebesgue
spaces. In the third section, we give some results of the existence of solution for problem (1.1) and by
adequate variational methods, we prove this results in Orlicz-Sobolev spaces.

2. Terminology and abstract setting

We firstly recall some basic facts about Orlicz spaces. For more details, we refer to the books by D.R.
Adams, L.I. Hedberg [1], R. Adams [2], M.M. Rao, Z.D. Ren [25] and the papers by Ph. Clément et al.
[7], M. Garciá-Huidobro et al. [13].

For ϕ : R → R, which is odd, increasing homeomorphism from R onto R, we define

Φ(t) =

t∫
0

ϕ(s)ds, (Φ)∗(t) =

t∫
0

(ϕ)−1(s)ds, for all t ∈ R.

We observe that Φ is Young function, that is, Φ(0) = 0,Φ is convex and lim
x→+∞Φ(x) = +∞. Furthermore,

since Φ(x) = 0, if and only if x = 0, lim
x→0

Φ(x)
x

= 0 and lim
x→+∞

Φ(x)
x

= +∞, then Φ is called N-function.

The function (Φ)∗, is called the complementary function of Φ and it satisfies

(Φ)∗(t) = sup
{
st− Φ(s); s ≥ 0

}
, for all t ≥ 0.

We also observe that (Φ)∗ is also N-function and Young’s inequality holds true

st ≤ Φ(s) + (Φ)∗(t), for all s, t ≥ 0.

The Orlicz spaces LΦ(Ω) defined by the N-function Φ are the spaces of measurable functions u : Ω →
R such that

‖u‖LΦ
:= sup

{∫
Ω

uvdx;

∫
Ω

(Φ)∗(|v|)dx ≤ 1
}
< ∞.

Then (LΦ(Ω), ‖u‖LΦ
) is a Banach space whose norm is equivalent to the Luxemburg norm

‖u‖Φ := inf
{
k > 0;

∫
Ω

Φ
(∣∣∣u(x)

k

∣∣∣) ≤ 1
}
.
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For Orlicz spaces Holder’s inequality reads as follows (see [25])∫
Ω

uvdx ≤ 2‖u‖LΦ
‖v‖L(Φ)∗ for all u ∈ LΦ(Ω) and v ∈ L(Φ)∗(Ω). (2.1)

We denote by W 1Lφ, the Orlicz-Sobolev space defined by

W 1LΦ(Ω) =
{
u ∈ LΦ(Ω);

∂u

∂xi
∈ LΦ(Ω), i = 1, ...., N

}
.

This space endowed with the norm

‖u‖1,Φ = ‖u‖Φ + ‖|∇u|‖Φ,
is a reflexive Banach space. We also define the Orlicz–Sobolev spaceW 1

0LΦ(Ω), as the closure ofC∞
0 (Ω)

in W 1LΦ(Ω). By Lemma 5.7 in [14] we obtain that on W 1
0LΦ(Ω) we may consider an equivalent norm

‖u‖ = ‖|∇u|‖Φ.

The space W 1
0LΦ(Ω) is also a reflexive Banach space.

We define

ϕ0 := inf
t>0

tϕ(t)

Φ(t)
and ϕ0 := sup

t>0

tϕ(t)

Φ(t)
,

and we assume that we have

1 < ϕ0 ≤ tϕ(t)

Φ(t)
≤ ϕ0 <∞ ∀t ≥ 0. (2.2)

The above relation implies that each Φ, satisfies the Δ2-condition, i.e.

Φ(2t) ≤ KΦ(t), ∀t ≥ 0, (2.3)

where K is a positive constant (see Proposition 2.3, [18]).

Furthermore, we assume that Φ satisfies the following condition

for each x ∈ Ω, the function [0,∞) � t→ Φ(
√
t) is convex. (2.4)

Remark 1. Relations (2.3) and (2.4) assure that the Orlicz spaceLΦ(Ω) is an uniformly convex space and
thus, a reflexive Banach space (see Proposition 2.2, [18]). That fact implies that also the Orlicz–Sobolev
space W 1

0LΦ(Ω) is a reflexive Banach space.

We also recall the following Lemma which will be used in the proofs.

Lemma 2.1. (see [16], Lemma 2.3) Let u ∈ W 1Lφ(Ω). Then∫
Ω

[Φ(|u(x)|) + Φ(|∇u(x)|)]dx ≥ ‖u‖ϕ0

, if ‖u‖ < 1,

∫
Ω

[Φ(|u(x)|) + Φ(|∇u(x)|)]dx ≥ ‖u‖ϕ0 , if ‖u‖ > 1,
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∫
Ω

[Φ(|u(x)|) + Φ(|∇u(x)|)]dx ≤ ‖u‖ϕ0 , if ‖u‖ < 1,

∫
Ω

[Φ(|u(x)|) + Φ(|∇u(x)|)]dx ≤ ‖u‖ϕ0

, if ‖u‖ > 1.

Remark 2. We also note that with the help of condition (2.2), Orlicz-Sobolev space W 1
0Lφ(Ω) is contin-

uously embedded in the classical Sobolev space W 1,ϕ0

0 (Ω). On the other hand, W 1,ϕ0

0 (Ω) is compactly
embedded in Lh(x)(Ω), as a result, W 1

0Lφ(Ω) is continuously and compactly embedded in the classical

Lebesgue space Lh(x)(Ω) for all 1 ≤ h(x) < ϕ∗
0 :=

Nϕ0

N − ϕ0
.

Example 1. We can give certain examples of functions ϕ : R → R which are odd, increasing homeo-
morphisms from R onto itself and satisfy conditions (2.2) and (2.4):

• Let

ϕ(t) = p|t|p−2t, ∀t ∈ R, ( with p > 1).

For this function it can be proved that

(ϕ)0 = (ϕ)0 = p.

Furthermore, in this particular case the corresponding Orlicz space LΦ(Ω) is the classical Lebesgue
space Lp(Ω) while the Orlicz–Sobolev space W 1

0Lφ(Ω) is the classical Sobolev space W 1,p
0 (Ω). We will

use the classical notations to denote the Orlicz–Sobolev spaces in this particular case.

• Consider

ϕ(t) = log(1 + |t|s)|t|p−2t, ∀t ∈ R, (with s, p > 1).

In this case it can be proved that

(ϕ)0 = p, (ϕ)0 = p+ s.

• Let

ϕ(t) =
|t|p−2t

log(1 + |t|) if t �= 0, ϕ(0) = 0 ( with p > 2).

In this case we have

(ϕ)0 = p− 1, (ϕ)0 = p.

Next, we introduce some results and basic properties of the variable exponent Lebesgue space and
Sobolev space Lp(x)(Ω), W k,p(x)(Ω), For further information in this regards we refer to [12, 23, 24].

Set

C+(Ω) :=
{
h : h ∈ C(Ω), h(x) > 1, for all x ∈ Ω

}
.

For any p ∈ C+(Ω), we denote

1 < p− := min
x∈Ω

p(x) ≤ p+ = max
x∈Ω

p(x) <∞.
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We define the variable exponent Lebesgue space by

Lp(x)(Ω) =
{
u : Ω → R measurable and

∫
Ω

|u(x)|p(x)dx <∞
}
.

The space Lp(x)(Ω) is endowed with the Luxemburg norm, which is defined by

|u|p(x) = inf
{
μ > 0 :

∫
Ω

∣∣∣u(x)
μ

∣∣∣p(x)dx ≤ 1
}
.

We remember that the variable exponent Lebesgue spaces are separable and reflexive Banach spaces. If
0 < |Ω| < ∞ and q1, q2 are variable exponents so that q1(x) ≤ q2(x) almost everywhere in Ω then there
exists the continuous embedding Lq2(x)(Ω) ↪→ Lq1(x)(Ω).

Clearly, when p(x) ≡ p, the space Lp(x)(Ω) reduces to the classical Lebesgue space Lp(Ω) and the

norm |u|p(x) reduces to the standard norm ‖u‖Lp =
(∫
Ω

|u|pdx
) 1

p

in Lp(Ω).

Let Lp′(x)(Ω) be the conjugate space of Lp(x)(Ω) with
1

p(x)
+

1

p′(x)
= 1. Then the following Hölder-

type inequality
∣∣∣
∫
Ω

uvdx
∣∣∣ ≤ ( 1

p−
+

1

p′−
)
|u|p(x)|v|p′(x), u ∈ Lp(x)(Ω), v ∈ Lp′(x)(Ω) (2.5)

holds true.

The modular on the space Lp(x)(Ω) is the map ρp(x) : Lp(x)(Ω) → R defined by

ρp(x)(u) :=

∫
Ω

|u|p(x)dx.

Proposition 2.1. For all u, v ∈ Lp(x)(Ω), we have

1. |u|p(x) < 1 (resp. = 1, > 1) ⇔ ρp(x)(u) < 1 (resp. = 1, > 1).

2. min(|u|p−p(x), |u|p
+

p(x)) ≤ ρp(x)(u) ≤ max(|u|p−p(x), |u|p
+

p(x)).

3. ρp(x)(u− v) → 0 ⇔ |u− v|p(x) → 0.

Another property interesting the variable exponent Lebesgue space Lp(x)(Ω) is

Proposition 2.2. Let p and q be a measurable functions such that p ∈ L∞(Ω) and 1 ≤ p(x)q(x) ≤ ∞,
for a.e. x ∈ Ω. Let u ∈ Lq(x)(Ω), u �= 0. Then

min(|u|p+p(x)q(x), |u|p
−

p(x)q(x)) ≤ ||u|p(x)|q(x) ≤ max(|u|p−p(x)q(x), |u|p
+

p(x)q(x)).

For any positive integer k, let

W k,p(x)(Ω) =
{
u ∈ Lp(x)(Ω) : Dαu ∈ Lp(x)(Ω), |α| ≤ k

}
,
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where α = (α1, α2, ..., αN ) is a multi-index, |α| =
N∑
i=1

αi and Dαu = ∂|α|u
∂α1x1.....∂αNxn

. Then W k,p(x)(Ω) is

a separable and reflexive Banach space equipped with the norm

‖u‖k,p(x) =
∑
|α|≤k

|Dαu|p(x).

3. Main results and proofs

Throughout this paper, we consider that the problem (1.1) will be analyzed in the Orlicz-Sobolev space
W 1

0LΦ(Ω).

Note that an eigenvalue for problem (1.1) satisfy the following definition.

Definition 3.1. A function u ∈ W 1
0Lφ(Ω) is said to be a weak solution of problem (1.1) if u ≥ 0 a.e. in

Ω and it holds that
∫
Ω

(
a(|∇u(x)|)∇u(x)∇v(x) + a(|u(x)|)u(x)v(x)

)
dx− λ

∫
Ω

V (x)|u(x)|m(x)−2u(x)v(x)dx

+ μ

∫
Ω

g(x, u(x))v(x)dx = 0, for all v ∈ W 1
0LΦ(Ω).

Let E denote the Orlicz-Sobolev space W 1
0Lφ(Ω). We define the energy functional Jλ,μ : E → R by

Jλ,μ(u) =

∫
Ω

(Φ(|∇u(x)|)+Φ(|u(x)|))dx−λ

∫
Ω

V (x)

m(x)
|u(x)|m(x)dx+μ

∫
Ω

G(x, u(x))dx, ∀u ∈ E.

Standard arguments imply that Jλ,μ is well-defined on E, Jλ,μ ∈ C1(E,R) and

< J
′
λ,μ(u), v > =

∫
Ω

(
a(|∇u(x)|)∇u(x)∇v(x) + a(|u(x)|)u(x)v(x)

)
dx

− λ

∫
Ω

V (x)|u(x)|m(x)−2u(x)v(x)dx+ μ

∫
Ω

g(x, u(x))v(x)dx,

for all u, v ∈ E. Thus, we remark that the weak solution of (1.1) are exactly the critical points of the
energy functional Jλ,μ.

Proposition 3.1. (see [10, 4] ) Let the operator

< Λ
′
(u), v >=

∫
Ω

(
a(|∇u(x)|)∇u(x)∇v(x) + a(|u(x)|)u(x)v(x)

)
dx,

defined fromW 1
0Lφ(Ω) to its dual space (W 1

0Lφ(Ω))
∗, is of type (S+), that is, if un ⇀ u and lim sup

n→+∞
<

Λ
′
(un)(un − u) >≤ 0, then un → u in W 1

0Lφ(Ω).

In the following, we assume that the assumptions (A1) and (A2) holds. Then, the first main result of
this work is given by the following Theorem.
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Theorem 3.2. Assume that the functions m, q ∈ C(Ω) verify the hypotheses

m− > max(ϕ0, q+) and max(r′(x)m(x), q(x)) < ϕ∗
0 =

Nϕ0

N − ϕ0
. (3.1)

Then, for any λ, μ > 0 the problem (1.1) has infinitely many weak solutions.

Denote by r′(x) the conjugate exponent of the function r(x) where r′(x) = r(x)
r(x)−1 and put α(x) :=

r(x)m(x)
r(x)−m(x) . From condition (3.1), we have r′(x)m(x) < ϕ∗

0(x), ∀x ∈ Ω, α(x) < ϕ∗
0(x), ∀x ∈ Ω. Thus

by Remark 2, the embeddings E ↪→ Lr′(x)m(x)(Ω) and E ↪→ Lα(x)(Ω) are compact and continuous.

The proof of Theorem 3.2 is based on a Z2-symmetric version for even functionals of the Mountain
pass Theorem (see Theorem 9.12 in [27]).

Mountain pass Theorem. Let X be an infinite dimensional real Banach space and let I ∈ C1(X,R) be
even, satisfying the Palais–Smale condition (i.e. any sequence {xn} ⊂ X such that {I(xn)} is bounded
and dI(xn) → 0 in X∗ has a convergent subsequence) and I(0) = 0. Suppose that

(I1) There exists two constants 	, a such that I(x) ≥ 	 > 0 if ‖x‖ = a.

(I1) For each finite dimensional subspace X1 ⊂ X, the set {x ∈ X1; I(x) ≥ 0} is bounded.

Then I has an unbounded sequence of critical values.

We begin by proving there auxiliary Lemmas.

Lemma 3.3. Assume that the hypotheses of Theorem 3.2 are satisfied. Then, for any λ, μ > 0 there exists
	, a > 0 such that Jλ,μ ≥ a > 0 for any u ∈ E with ‖u‖ = 	.

Proof. Since the embedding E ↪→ Lr′(x)m(x)(Ω) is continuous, we can find a constant N1 > 0 such that

|u|r′(x)m(x) ≤ N1‖u‖, ∀u ∈ E. (3.2)

Let us fix 	 ∈ (0, 1) such that 	 < 1
N1
. Then relation (3.2) implies |u|r′(x)m(x) < 1, for all u ∈ E with

‖u‖ = 	. Thus, by Hölder inequality (2.5) and Proposition 2.2, we have∫
Ω

V (x)|u|m(x)dx ≤ |V |r(x)||u|m(x)|r′(x) ≤ |V |r(x)|u|m
−

r′(x)m(x), (3.3)

for all u ∈ E with ‖u‖ = 	.

Combining (3.2) and (3.3), we obtain∫
Ω

V (x)|u|m(x)dx ≤ Nm−
1 |V |r(x)‖u‖m

−
, (3.4)

for all u ∈ E with ‖u‖ = 	.

On the other hand, using Lemma 2.1, for all u ∈ E with ‖u‖ = 	. We have∫
Ω

(Φ(|∇u|) + Φ(|u|))dx ≥ ‖u‖ϕ0

. (3.5)
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Hence, from relations (3.4) and (3.5), we deduce that, for any u ∈ E with ‖u‖ = 	, the following
inequalities hold true

Jλ,μ(u) =

∫
Ω

(
Φ(|∇u(x)|) + Φ(|u(x)|)

)
dx− λ

∫
Ω

1

m(x)
V (x)|u(x)|m(x)dx+ μ

∫
Ω

G(x, u(x))dx

≥
∫
Ω

(
Φ(|∇u(x)|) + Φ(|u(x)|)

)
dx− λ

m−

∫
Ω

V (x)|u(x)|m(x)dx+ μ

∫
Ω

G(x, u(x))dx

≥
∫
Ω

(
Φ(|∇u(x)|) + Φ(|u(x)|)

)
dx− λ

m−

∫
Ω

V (x)|u(x)|m(x)dx

≥ ‖u‖ϕ0 − λ

m− |V (x)|r(x)|u|m
−

r(x)
′
m(x)

≥ ‖u‖ϕ0 − λ

m− |V (x)|r(x)Nm−
1 ‖u‖m−

.

Let Kλ(t) = tϕ
0 − λ

m− |V (x)|r(x)Nm−
1 tm

−
, t > 0. It is easy to see that Kλ(t) > 0 for all t ∈ (0, t1),

where t1 <
( m−

λNm−
1 |V (x)|r(x)

) 1

m−−ϕ0

.

So for any λ, μ > 0 we can chooser 	, a > 0 such that Jλ,μ ≥ a > 0 for all u ∈ E with ‖u‖ = 	. This
completes the proof of Lemma.

Lemma 3.4. Assume that the hypotheses of Theorem 3.2 are verified and let E1 be a finite dimensional
subspace of E. Then the set S = {u ∈ E1; Jλ,μ(u) ≥ 0} is bounded in E.

Proof. Using Lemma (2.1), we have∫
Ω

(
Φ(|∇u(x)|) + Φ(|u(x)|)

)
dx ≤ K1(‖u‖ϕ0 + ‖u‖ϕ0

) ∀u ∈ E, (3.6)

where K1 is positive constant. On the other hand, since E is continuously embedded in Lq(x)(Ω), it
follows that there exists a positive constant N2 > 0 such that

|u(x)|q(x) ≤ N2‖u‖, ∀u ∈ E. (3.7)

In fact, assumption (A1) implies∫
Ω

G(x, u)dx ≤ C2

∫
Ω

|u|q(x)dx ≤ C2(|u(x)|q
−

q(x) + |u(x)|q+q(x)), ∀u ∈ E. (3.8)

The last two inequalities show that there exists a positive constant K2(μ) such that

μ

∫
Ω

G(x, t)dx ≤ μC2(N
q−
2 ‖u‖q− +N q+

2 ‖u‖q+) ≤ K2(μ)(‖u‖q− + ‖u‖q+), ∀u ∈ E. (3.9)

By inequalities (3.6) and (3.9) we get

Jλ,μ(u) ≤ K1(‖u‖ϕ0 + ‖u‖ϕ0

) +K2(μ)(‖u‖q− + ‖u‖q+)− λ

m+

∫
Ω

V (x)|u(x)|m(x)dx, (3.10)

for all u ∈ E.
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Let u ∈ E be arbitrary but fixed. We define

Ω< = {x ∈ Ω, |u(x)| < 1}. Ω≥ = Ω\Ω<.

Then we have

Jλ,μ(u) = K1(‖u‖ϕ0 + ‖u‖ϕ0

) +K2(μ)(‖u‖q− + ‖u‖q+)− λ

m+

∫
Ω

V (x)|u(x)|m(x)dx,

≤ K1(‖u‖ϕ0 + ‖u‖ϕ0

) +K2(μ)(‖u‖q− + ‖u‖q+)− λ

m+

∫
Ω≥

V (x)|u(x)|m(x)dx,

≤ K1(‖u‖ϕ0 + ‖u‖ϕ0

) +K2(μ)(‖u‖q− + ‖u‖q+)− λ

m+

∫
Ω≥

V (x)|u(x)|m−
dx,

≤ K1(‖u‖ϕ0 + ‖u‖ϕ0

) +K2(μ)(‖u‖q− + ‖u‖q+)− λ

m+

∫
Ω

V (x)|u(x)|m−
dx

+
λ

m+

∫
Ω<

V (x)|u(x)|m−
dx.

But for each λ > 0 there exists positive constant K3(λ) such that

λ

m+

∫
Ω<

V (x)|u(x)|m−
dx ≤ K3(λ), ∀u ∈ E.

We have

− λ

m+

∫
Ω

V (x)|u(x)|m−
dx ≤ − λ

m+
|V |r(x)|u|m

−
r′(x)m(x), ∀u ∈ E.

In the finite dimensional E1 the norm |u|r′(x)m(x) and ‖.‖ are equivalent, so there exists a positive
constant K = K(E1)

‖u‖ ≤ K(E1)|u|r′(x)m(x).

So, there exists a positive constant K4(λ) such that

Jλ,μ(u) ≤ K1(‖u‖ϕ0 + ‖u‖ϕ0

) +K2(μ)(‖u‖q− + ‖u‖q+) +K3(λ)−K4(λ)‖u‖m−
, ∀u ∈ E1.

Hence

K1(‖u‖ϕ0 + ‖u‖ϕ0

) +K2(μ)(‖u‖q− + ‖u‖q+) +K3(λ)−K4(λ)‖u‖m− ≥ 0, ∀u ∈ S.

And since m− > max(ϕ0, q+), we conclude that S is bounded in E.

Lemma 3.5. If {un} ∈ E is a sequence which satisfies the properties

|Jλ,μ(un)| < C3, (3.11)

dJλ,μ(un) → 0 as n → ∞, (3.12)

where C3 is a positive constant, then {un} possesses a convergent subsequence.
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Proof. First we show that {un} is bounded in E. If not,we may assume that ‖un‖ → ∞ as n → ∞.

Thus we may consider that ‖un‖ > 1 for any integer n. Using (3.12) it follows that there exists N ′ > 0

such that for any n > N ′ we have

‖dJλ,μ(un)‖ ≤ 1.

On the other hand, for all n > N ′ fixed, the application E � v →< dJλ,μ(un), v > is linear and
continuous. The above information implies that

| < dJλ,μ(un), v > | ≤ ‖dJλ,μ(un)‖‖v‖ ≤ ‖v‖, ∀v ∈ E n > N ′.

Setting v = un we have

−‖un‖ ≤
∫
Ω

(
Φ(|∇un|) + Φ(|un|)

)
dx− λ

∫
Ω

1

m(x)
V (x)|un|m(x)dx+ μ

∫
Ω

G(x, un)dx ≤ ‖un‖,

for all n > N ′. We obtain

−‖un‖ −
∫
Ω

(
Φ(|∇un|) + Φ(|un|)

)
dx− μ

∫
Ω

G(x, un)dx ≤ −λ
∫
Ω

1

m(x)
V (x)|un|m(x)dx, (3.13)

for all n > N ′. Provided that ‖un‖ > 1 relation (3.11) and (3.13) imply

C3 > Jλ,μ(un) ≥
(
1− 1

m−
)∫

Ω

(
Φ(|∇un|) + Φ(|un|)

)
dx+ μ

(
1− 1

m−
)∫

Ω

G(x, u(x))dx − 1

m−‖un‖

≥
(
1− 1

m−
)∫

Ω

(
Φ(|∇un|) + Φ(|un|)

)
dx− 1

m−‖un‖

≥
(
1− 1

m−
)
‖un‖ϕ0 − 1

m−‖un‖,

letting n→ ∞ we obtain a contradiction. It follows that {un} is bounded inE. And we deduce that there
exists a subsequence, again denoted by {un}, and u ∈ E such that {un} converges weakly to u in E.
Since E is compactly embedded in Lα(x)(Ω) and Lq(x)(Ω) then {un} converges strongly to u in Lα(x)(Ω)

and Lq(x)(Ω), respectively. For the strong convergence of {un} in E, we need the following Proposition.

Proposition 3.2.

1. lim
n→∞

∫
Ω

V (x)|un|m(x)−2un(un − u)dx = 0.

2. lim
n→∞

∫
Ω

g(x, un)(un − u)dx = 0.

Proof. Let us start firstly by the proof of assertion 1. For this fact, we use the Hölder inequality (2.5) and
we have the following

∫
Ω

|V (x)|un|m(x)−2un(un − u)|dx ≤ |V |r(x)||un|m(x)−2un(un − u)|r′(x)

≤ |V |r(x)||un|m(x)−2un| m(x)
m(x)−1

|un − u|α(x).
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Moreover, using Proposition 2.2 in the case where ||un|m(x)−2un| m(x)
m(x)−1

> 1, we deduce that

||un|m(x)−2un| m(x)
m(x)−1

≤ |un|m+

m(x).

Finally The compact embedding X ↪→ Lm(x)(Ω) ends the proof.

For the proof of the second assertion, similar arguments showed that∫
Ω

|g(x, un)(un − u)|dx ≤ C0

∫
Ω

|un|q(x)−2un(un − u)dx ≤ C0||un|q(x)−2un| q(x)
q(x)−1

|un − u|q(x),

then if

||un|q(x)−2un| q(x)
q(x)−1

> 1,

by Proposition 2.2, there exists C > 0 such that

||un|q(x)−2un| q(x)
q(x)−1

< |un|Cq(x),
and this ends the proof.

Since dJλ,μ(un) → 0 and un is bounded in E, one has

|〈dJλ,μ(un), un − u〉| ≤ |〈dJλ,μ(un), un〉|+ |〈dJλ,μ(un), u〉|
≤ ‖dJλ,μ(un)‖‖un‖+ ‖dJλ,μ(un)‖‖u‖.

So

lim
n→∞〈dJλ,μ(un), un − u〉 = 0.

Moreover, using Proposition 3.2 and the last relations we deduce that

lim
n→∞

∫
Ω

(
a(|∇un|)∇un(∇un −∇u) + a(|un|)un(∇un −∇u)

)
dx = 0.

Now, Proposition 3.1, ensures that {un} converges strongly to u in E. The proof of Lemma 3.5 is
complete.

Proof of Theorem 3.2. It is clear that the functional Jλ,μ is even and verifies Jλ,μ(0) = 0. Lemma 3.3,
Lemma 3.4 and Lemma 3.5 implies that the Mountain Pass Theorem can be applied to the functional
Jλ,μ. We conclude that problem (1.1) has infinitely many weak solutions in E. The proof of Theorem 3.2
is complete.

The second main Theorem for problem (1.1) can be described as follows.

Theorem 3.6. For μ > 0, suppose that the functions m, q ∈ C(Ω) satisfy the conditions

m− < min(ϕ0, q
−) and max(r′(x)m(x), q(x)) < ϕ∗

0 =
Nϕ0

N − ϕ0
. (3.14)

Then, there exists λ∗ such that for any λ ∈ (0, λ∗) problem (1.1) has a nontrivial weak solution in
W 1

0Lφ(Ω).
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The key argument in the proof of this Theorem is related to Ekeland’s variational principle. In order to
apply it we need the following Lemmas.

Lemma 3.7. Assume that the hypotheses of Theorem 3.6 are satisfied. For all μ > 0 and all ρ ∈ (0, 1)

there exist λ∗ > 0 and b > 0 such that, for all u ∈ E with ‖u‖ = ρ,

Jλ,μ ≥ b > 0 for any λ ∈ (0, λ∗).

Proof. Since the embedding E ↪→ Lr′(x)m(x)(Ω) is continuous. Then, there exists a positive constant N3

such that

|u|r′(x)m(x) ≤ N3‖u‖, for all u ∈ E. (3.15)

We fix ρ < (0, 1) such that ρ < min (1, 1/N3). Then for all u ∈ E with ‖u‖ = ρ we deduce that

|u|r′(x)m(x) < 1.

Using Lemma 2.1 Proposition 2.2, Hölder inequality (2.5) and relation (3.15), we deduce that for any
u ∈ E with ‖u‖ = ρ the following inequalities hold true

Jλ,μ(u) =

∫
Ω

(
Φ(|∇u(x)|) + Φ(|u(x)|)

)
dx− λ

∫
Ω

1

m(x)
V (x)|u(x)|m(x)dx+ μ

∫
Ω

G(x, u(x))dx

≥
∫
Ω

(
Φ(|∇u(x)|) + Φ(|u(x)|)

)
dx− λ

m−

∫
Ω

V (x)|u(x)|m(x)dx+ μ

∫
Ω

G(x, u(x))dx

≥ ‖u‖ϕ0 − λ

m− |V (x)|r(x)|u(x)|m
−

r(x)′m(x)

≥ ‖u‖ϕ0 − λ

m− |V (x)|r(x)Nm−
3 ‖u(x)‖m−

≥ ρm
−
(ρϕ

0−m− − λ

m− |V (x)|r(x)Nm−
3 ).

By the above inequality, we remark that if we define

λ∗ =
m−

2Nm−
3 |V (x)|r(x)

ρϕ
0−m−

, (3.16)

then, for any λ ∈ (0, λ∗), there exists b =
ρϕ

0

2
> 0 such that

Jλ,μ ≥ b > 0, ∀μ > 0, ∀ u ∈ E with ‖u‖ = ρ.

The proof of Lemma 3.7 is complete.

Lemma 3.8. Suppose that the conditions of Theorem 3.6 are verified. Then there is ψ ∈ E such that
ψ ≥ 0, ψ �= 0 and Jλ,μ(tψ) < 0, for t > 0 small enough.

Proof. Let l = min (ϕ0, q
−). Since m− < l, then let ε0 > 0 be such that m− + ε0 < l. In the same time,

the fact that m ∈ C(Ω) yields the existence of an open nonempty set Ω0 ⊂⊂ Ω so that |m(x)−m−| < ε0
for all x ∈ Ω0. Thus, we conclude that m(x) ≤ m− + ε0 < l for all x ∈ Ω0.
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On the other hand, let ψ ∈ C∞
0 (Ω) be such that supp(ψ) ⊃ Ω0, ψ(x) = 1 for all x ∈ Ω0 and 0 ≤ ψ ≤ 1

in Ω. Then using the above information for any t ∈ (0, 1) we have

Jλ,μ(tψ) =

∫
Ω

(
Φ(|∇(tψ)|) + Φ(|tψ|)

)
dx− λ

∫
Ω

1

m(x)
V (x)|tψ|m(x)dx+ μ

∫
Ω

G(x, tψ)dx

≤ tϕ0

∫
Ω

(
Φ(|∇ψ|) + Φ(|ψ|)

)
dx+ μtq

−
∫
Ω

G(x, ψ)dx− λ

m+
tm

−+ε0

∫
Ω0

V (x)|ψ|m(x)dx

≤ tl
[ ∫
Ω

(
Φ(|∇ψ|) + Φ(|ψ|)

)
dx+ μ

∫
Ω

G(x, ψ)dx
]
− λ

m+
tm

−+ε0

∫
Ω0

V (x)|ψ|m(x)dx

≤ tl
[
max(‖ψ‖ϕ0, ‖ψ‖ϕ0

) + μ

∫
Ω

G(x, ψ)dx
]
− λ

m+
tm

−+ε0

∫
Ω0

V (x)|ψ|m(x)dx

Therefore

Jλ,μ(tψ) < 0 for t < δ
1

l−m−−ε0 ,

with

0 < δ < min
{
1,

λ
∫
Ω0
V (x)|ψ|m(x)dx

m+[max(‖ψ‖ϕ0, ‖ψ‖ϕ0) + μ
∫
ΩG(x, ψ)dx]

}
.

Finally, we point out that max(‖ψ‖ϕ0, ‖ψ‖ϕ0

) + μ
∫
ΩG(x, ψ)dx > 0. In fact if max(‖ψ‖ϕ0, ‖ψ‖ϕ0

) +

μ
∫
ΩG(x, ψ)dx = 0, one has ‖ψ‖ = 0 then ψ = 0 in Ω which is a contradiction. The proof of Lemma

3.8 is complete.

We split the proof of Theorem 3.6 into two steps.

Proof of Theorem 3.6. Step 1. Let λ∗ > 0 be defined as in (3.16) and λ ∈ (0, λ∗). By Lemma 3.7 it
follows that on the boundary of the ball centered at the origin and of radius ρ in E, denoted by Bρ(0),
we have

inf
∂Bρ(0)

Jλ,μ > 0. (3.17)

At the same time, by Lemma 3.8, there exists ψ ∈ E such that Jλ,μ(tψ) < 0 for all t > 0 small enough.
Moreover, using Hölder inequality (2.5), Proposition 2.2, Lemma 2.1 and relation (3.15), we deduce that
for any u ∈ Bρ(0) we have

Jλ,μ(u) ≥ ‖u‖ϕ0 − λ

m− |V (x)|r(x)Nm−
3 ‖u(x)‖m−

.

It follows that

−∞ < c := inf
Bρ(0)

Jλ,μ < 0.
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Now, we let 0 < ε < inf∂Bρ(0) Jλ,μ − infBρ(0) Jλ,μ. Using the above information, the functional Jλ,μ :

Bρ(0) −→ R, is lower bounded on Bρ(0) and Jλ,μ ∈ C1(Bρ(0),R). Then by Ekeland’s variational
principle, there exists uε ∈ Bρ(0) such that

⎧⎨
⎩

c ≤ Jλ,μ(uε) ≤ c+ ε,

0 < Jλ,μ(u)− Jλ,μ(uε) + ε· ‖ u− uε ‖, u �= uε.

Then, we infer the following inequalities:

Jλ,μ(uε) ≤ inf
Bρ(0)

Jλ,μ + ε ≤ inf
Bρ(0)

Jλ,μ + ε < inf
∂Bρ(0)

Jλ,μ,

meaning that uε ∈ Bρ(0).

Now, we define Iλ,μ : Bρ(0) −→ R by Iλ,μ(u) = Jλ,μ(u) + ε· ‖ u − uε ‖ . It is clear that uε is a
minimum point of Iλ,μ and thus

Iλ,μ(uε + t · v)− Iλ,μ(uε)

t
≥ 0, for small t > 0 and every v ∈ B1(0).

This shows that

Jλ,μ(uε + t · v)− Jλ,μ(uε)

t
+ ε· ‖ v ‖≥ 0.

When t tends to 0+, we have that

〈dJλ,μ(uε), v〉+ ε· ‖ v ‖≥ 0.

This gives

‖ dJλ,μ(uε) ‖≤ ε. (3.18)

Step 2. From (3.18), we deduce that there exists a sequence {wn} ⊂ Bρ(0) such that

Jλ,μ(wn) −→ c < 0 and dJλ,μ(wn) −→ 0E∗. (3.19)

It is clear that {wn} is bounded in E. Thus, there exists w in E such that, up to a subsequence, {wn}
converges weakly to w in E.

Since α(x), q(x) < ϕ∗
0(x) for all x ∈ Ω we deduce that there exists a compact embedding E ↪→

Lα(x)(Ω), E ↪→ Lq(x)(Ω) respectively and consequently {wn} converges strongly in Lα(x)(Ω) and
Lq(x)(Ω). Using similar arguments than those used in proof of Lemma 3.5 we deduce that {wn} con-
verges strongly to w in E.

Since Jλ,μ ∈ C1(E,R), we conclude

dJλ,μ(wn) → dJλ,μ(w), as n→ ∞. (3.20)

Relations (3.19) and (3.20) showed that dJλ,μ(w) = 0 and thus w is a weak solution for problem (1.1).
Moreover, by relation (3.19), it follows that Jλ,μ(w) < 0 and thus, w is a nontrivial weak solution for
(1.1).

Now, we present the last main result as follows.
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Theorem 3.9. We adopt the fact that the functions m, q ∈ C(Ω) fulfill the following hypotheses

m+ < ϕ0 and r′(x)m(x) < ϕ∗
0 =

Nϕ0

N − ϕ0
. (3.21)

Then, for μ > 0, there is λ∗∗ > 0 so that every λ ∈ [λ∗∗,∞) is an eigenvalue of the problem (1.1).

Under the hypotheses of this Theorem, we want to construct a global minimizer of the functional Jλ,μ
by the direct method in calculus of variations. For this, we start with the following auxiliary results.

Lemma 3.10. Assume that hypotheses of Theorem 3.9 are fulfilled. Then, for any λ, μ > 0, the functional
Jλ,μ is coercive.

Proof. For each u ∈ E with ‖u‖ > 1 and λ, μ > 0, Lemma 2.1, Remark 2 imply

Jλ,μ(u) ≥ ‖u‖ϕ0 − λ

m−

∫
Ω

V (x)|u(x)|m(x)dx+ μ

∫
Ω

G(x, u(x))dx

≥ ‖u‖ϕ0 − λ

m− |V (x)|r(x)max
(
|u(x)|m−

r(x)′m(x)
, |u(x)|m+

r(x)′m(x)

)

≥ ‖u‖ϕ0 − λ

m− |V (x)|r(x)max
(
Nm−

1 ‖u(x)‖m−
, Nm+

1 ‖u(x)‖m+
)
.

Since m+ < ϕ0, the above inequality implies that Jλ,μ → ∞ as ‖u‖ → ∞, that is, Jλ,μ is coercive. The
proof of Lemma 3.10 is complete.

Lemma 3.11. The functional Λ is weakly lower semi-continuous.

Proof. We have the functional Λ : E → R defined by

Λ(u(x)) =

∫
Ω

[Φ(|∇u(x)|) + Φ(|u(x)|)]dx, ∀u ∈ E.

We show that Λ is weakly lower semi-continuous. For this purpose, we fix u ∈ E and ε > 0. Since Λ is
convex (because Φ is convex) we deduce that for any v ∈ E the following inequality hold true

Λ(v) ≥ Λ(u)+ < Λ′(u), v − u >,

or

Λ(v) ≥ Λ(u(x))−
∫
Ω

(
a(|∇u(x)|)|∇u(x)|.|∇v(x) −∇u(x)|+ a(|u(x)|)|u(x)||v(x) − u(x)|

)
dx

= Λ(u(x))−
∫
Ω

(
ϕ(|∇u(x)|)|∇v(x)−∇u(x)|+ ϕ(|u(x)|)|v(x)− u(x)|

)
dx

Next, we claim that ϕ(|u(x)|) ∈ L(Φ)∗(Ω) provided that u ∈ L(Φ)(Ω), where (Φ)∗ is the conjugate Young
function of Φ. Thus by relation (2.1) we find

Λ(v) ≥ Λ(u(x))− 2
[
|ϕ(|∇u(x)|)|(Φ)∗ .|∇v(x)−∇u(x)|Φ + |ϕ(|u(x)|)|(Φ)∗ .|v(x)− u(x)|Φ

]
≥ Λ(u(x))− C ′‖u(x)− v(x)‖
≥ Λ(u(x))− ε,
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for all v ∈ E with ‖u(x)− v(x)‖ < δ = ε
C′ , where C ′ is a positive constant. The proof of Lemma 3.11

is complete.

Proposition 3.3. The functional Jλ,μ is weakly lower semi continuous.

Proof. Using Lemma 3.11 we have that Λ is weakly lower semi continuous. we show that Jλ,μ is weakly
lower semi continuous. Let un ⊂ E be a sequence which converges weak by to u in E. By Lemma
(3.11) we deduce

Λ(u) ≤ lim inf
n→∞ Λ(un).

On the other hand

lim inf
n→∞

∫
Ω

V (x)|un|m(x)dx =

∫
Ω

V (x)|u|m(x)dx,

and

lim inf
n→∞

∫
Ω

G(x, un)dx =

∫
Ω

G(x, u)dx,

Thus, we find

Jλ,μ(u) ≤ lim inf
n→∞ Jλ,μ(un).

Therefore, Jλ,μ is weakly lower semi continuous and Proposition 3.3 is proved.

Proof of Theorem 3.9. Using Lemma 3.10 and Proposition 3.3, we infer that Jλ,μ is coercive and
weakly lower semi continuous in E, for all λ, μ > 0. Then Theorem 1.2 in [22] implies that there
exists u ∈ E a global minimizer of problem (1.1).

We intend to show that u is not trivial for λ sufficiently large. To this end, let t0 > 1 be a fixed real and
Ω0 ⊂ Ω be a nonempty open subset. Therefore, we infer that there is an element v ∈ C∞

0 (Ω) ⊂ E so
that v = t0, for all x ∈ Ω0 and v ∈ [0, t0] for every x ∈ Ω\Ω0. We have the following

Jλ,μ(v) = Λ(v)− λ

∫
Ω

V (x)

m(x)
|v|m(x)dx+ μ

∫
Ω

G(x, v)dx

≤ L0 + k(μ)− λ

m+

∫
Ω

V (x)|v|m(x)dx

≤ L(μ)− λ

m+

∫
Ω0

V (x)|t0|m(x)dx

≤ L(μ)− λ

m+
Cm−|V (x)|r(x)tm

−
0 dx.

where L(μ) is a positive constant. Thus, there exist λ∗∗, such that Jλ,μ(v) < 0 for any λ ∈ [λ∗∗,∞). This,
together with the fact that u ∈ E is global minimizer of Jλ,μ, gives us Jλ,μ(u) < 0 for any λ ∈ [λ∗∗,∞).

In other words, u is a nontrivial weak solution of our problem for λ sufficiently large, and this completes
the proof of Theorem 3.9.
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