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ABSTRACT. In this paper we consider a nonlinear system of two coupled viscoelastic equations, prove the well posed-
ness, and investigate the asymptotic behaviour of this system. We use minimal and general conditions on the relaxation
functions and establish explicit energy decay formula which gives the best decay rates expected under this level of gener-
ality. Our new result generalizes the earlier related results in the literature.
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1 Introduction

In this paper, we are concerned with the following coupled system⎧⎪⎪⎪⎨
⎪⎪⎪⎩

utt −Δu+
∫ t
0 g1(t− τ)Δu(τ)dτ + f1(u, v) = 0, in Ω× (0,∞)

vtt −Δv +
∫ t
0 g2(t− τ)Δv(τ)dτ + f2(u, v) = 0, in Ω× (0,∞)

u = v = 0, on ∂Ω× (0,∞)

u(·, 0) = u0, ut(·, 0) = u1, v(·, 0) = v0, vt(·, 0) = v1, in Ω,

(1.1)

where u and v denote the transverse displacements of waves and Ω is an open bounded domain of IRn

with a smooth boundary ∂Ω. The relaxation functions g1, g2 and the nonlinearities f1, f2 will be specified
later. System (1.1) arises in the theory of viscoelasticity and describes the interaction of two scalar fields.
In [3], Andrade and Mognon considered a similar problem with the nonlinearities

f1(u, v) = |u|p−2
u |v|p and f2(u, v) = |v|p−2

v |u|p

where p > 1 if n = 1, 2 and 1 < p ≤ n−1
n−2

if n ≥ 3. They proved the well posedness for the problem
under restrictive assumptions on the relaxation functions. In [37], Santos considered the coupling

f1(u, v) = a(u− v) and f2(u, v) = −a(u− v),

where a is a positive constant, and assumed that

−a1g
p
i (t) ≤ g′i(t) ≤ −a2g

p
i (t) and 0 ≤ g′′i (t) ≤ γgpi (t), i = 1, 2,

for some 1 ≤ p < 2. He proved that when the kernels decay exponentially (resp. polynomially) the
first- and the second-order energy of the solution decay exponentially (resp. polynomially). In [25],
Messaoudi and Tatar used the following weaker conditions on the relaxation functions

g′i(t) ≤ −cig
pi
i (t), i = 1, 2,
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for some 1 ≤ p1, p2 < 3/2, and more general forms of nonlinearities. They proved an exponential decay
for (p1, p2) = (1, 1) and a polynomial decay for (p1, p2) �= (1, 1). Liu [17] used the same hypothesis for
a quasilinear system and established uniform decay results.

The problem, with a single viscoelastic equation, has been extensively discussed by many authors. We
refer to [5,24,26,27,28] for subsequent results which proved that the energy decays exponentially (resp.
polynomially) if the relaxation function g decays exponentially (resp.polynomially). The same results
were obtained by Alabau-Boussouira et al. [2], Cannarsa et al. [6] and Rivera et al. [29,30] for more
general abstract equations and by Cavalcanti and Oquendo [9] for equations with both viscoelastic and
frictional damping terms..

Then, a natural question was raised: how does the energy behave as the kernel function does not
necessarily decay polynomially or exponentially? Messaoudi [20,21] studied

utt −Δu +

t∫
0

g(t− τ)Δu(τ)dτ = b |u|γ u

for b = 0 and b = 1 and considered relaxation functions satisfying

g′(t) ≤ −ξ(t)g(t), t ≥ 0 (1.2)

where ξ(t) : IR+ → IR+is a nonincreasing differentiable function with∣∣∣∣ξ′(t)ξ(t)

∣∣∣∣ ≤ k (1.3)

for some constant k. He proved that the decay rate of the solution energy is similar to that of the relaxation
function which is not necessarily of exponential or polynomial type. After that a series of papers using
(1.2) and (1.3) has appeared, see for instance [11,16,23,32,35,38]. On the other hand, a condition of the
form

g′(t) ≤ −χ (g(t)) , (1.4)

where χ is a convex function satisfying some smoothness properties, was introduced by Alabau-
Boussouira and Cannarsa [1] and used then by several authors with different approaches. We refer to
[7,10,13,34] where decay results in terms of χ were obtained, to Lasiecka and Wang [14] where not only
general but also optimal result was established, and to Cavalcanti et al. [8] where new methodology and
tricks were used to treat the interaction between the nonlinearity and viscoelasticity.

Motivated by these works, Liu [15] imposed the conditions (1.2) and (1.3) on g1, g2 in the coupled
system (1.1) and improved the earlier result in [25]. Later on, Mustafa [33] treated (1.1) using only (1.2).
The same was done by Hao and Cai [12], Messaoudi and Al-Gharabli [22], and Said-Houari et al. [36]
for similar systems.

Our aim in this work is to investigate (1.1) for relaxation functions of more general type than the ones in
(1.2) and (1.4), namely g′(t) ≤ −ξ(t)χ (g(t)), where χ is increasing and convex without any additional
constraints. Such a condition on g was first used by Mustafa [31] for a single linear viscoelastic wave
equation, and then used by Liu et al. [18,19] for a Moore-Gibson-Thompson equation with memory.
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Here, we use this condition, overcome the difficulty brought by the nonlinearities, and establish explicit
energy decay formulas which give the best optimal decay rates expected under this level of generality and
from which the usual exponential and polynomial decay rate estimates are only special cases. Our results
improve and generalize the earlier related results in the literature. The proof is based on the multiplier
method and makes use of some properties of convex functions. The paper is organized as follows. In
section 2, we present our results. Then, in section 3, the well posedness of the problem is established.
Some technical lemmas are provided in section 4. The proof of the main result is given in section 5.

2 The main results

We consider the following hypotheses

(H1) gi : [0,∞) → (0,∞) (for i = 1, 2) are differentiable functions satisfying

1−
∞∫
0

gi(s)ds = li > 0, (2.1)

and there exists a C1 function H : (0,∞) → (0,∞) which is linear or it is strictly increasing and strictly
convex C2 function on (0, r], r < m0 = min{g1(0), g2(0)}, with H(0) = H ′(0) = 0, such that

g′i(t) ≤ −ξi(t)H(gi(t)), (i = 1, 2) ∀t ≥ 0 (2.2)

where ξ1, ξ2 are positive nonincreasing differentiable functions.

(H2) fi : IR
2 → IR (for i = 1, 2) are C1 functions, with fi(0, 0) = 0, and there exists a function F such

that

f1(x, y) =
∂F

∂x
, f2(x, y) =

∂F

∂y
,

F ≥ 0, xf1(x, y) + yf2(x, y)− F (x, y) ≥ 0,

and ∣∣∣∣∂fi∂x
(x, y)

∣∣∣∣+
∣∣∣∣∂fi∂y

(x, y)

∣∣∣∣ ≤ d(1 + |x|βi1−1
+ |y|βi2−1

) ∀(x, y) ∈ IR2 (2.3)

for some constant d > 0 and βij ≥ 1, (n− 2)βij ≤ n for i, j = 1, 2.

We observe that assumption (H2) gives, for some positive constant k, that

|fi(x, y)| ≤ k(|x|+ |y|+ |x|βi1 + |y|βi2) (2.4)

and

|fi(x, y)− fi(r, s)| ≤ k(1 + |x|βi1−1 + |y|βi2−1 + |r|βi1−1 + |s|βi2−1)(|x− r|+ |y − s|) (2.5)

for all (x, y), (r, s) ∈ IR2 and i = 1, 2. Throughout this paper, c is used to denote a generic positive
constant. We will also be using the embedding H1

0(Ω) ↪→ Ls(Ω) for 2 ≤ s ≤ 2n/(n − 2) if n ≥ 3 or
s ≥ 2 if n = 1, 2; i.e., for any φ ∈ H1

0(Ω),

‖φ‖s ≤ c ‖∇φ‖2 . (2.6)
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Now, we introduce the energy functional

E(t) :=
1

2

∫
Ω

⎛
⎝u2t + (1−

t∫
0

g1(s)ds) |∇u|2
⎞
⎠ dx+

1

2
(g1 ◦ ∇u)(t)

+
1

2

∫
Ω

⎛
⎝v2t + (1−

t∫
0

g2(s)ds) |∇v|2
⎞
⎠ dx+

1

2
(g2 ◦ ∇v)(t) +

∫
Ω

F (u, v)dx,

where

(gi ◦ w)(t) =
∫
Ω

t∫
0

gi(t− τ) |w(t)− w(τ)|2 dτdx.

For the well-posedness, we prove, in section 3, the following result.

Theorem 2.1. Let (u0, u1), (v0, v1) ∈ (H2(Ω) ∩H1
0(Ω))×H1

0(Ω) be given. Assume that (H1) and (H2)
are satisfied, then problem (1.1) has a unique strong solution

u, v ∈ L∞(IR+;H
2(Ω) ∩H1

0(Ω)) ∩W 1,∞(IR+;H
1
0(Ω)) ∩W 2,∞(IR+;L

2(Ω)).

Our main stability result is the following.

Theorem 2.2. Assume that (H1) and (H2) hold. Then there exist positive constants k1 ≤ 1 and k2 such
that, along the solution of (1.1), the energy functional satisfies

E(t) ≤ k2H
−1
1

⎛
⎝k1

t∫
t1

ξ(s)ds

⎞
⎠ (2.7)

where

H1(t) =

r∫
t

1

sH ′(s)
ds , ξ(t) = min{ξ1(t), ξ2(t)}

and t1 = max{g−1
1 (r), g−1

2 (r)}. Here, H1 is strictly decreasing and convex on (0, r], with lim
t→0

H1(t) =

+∞.

The proof of this Theorem will be given in section 5. As a diret application, the following corollary
shows that the optimal exponential and polynomial decay rate estimates, already proved for gi satisfying
(2.1) and g′i ≤ −aig

pi
i , 1 ≤ p1, p2 < 2, are special cases of our result.

Corollary 2.3. Assume that (H1−H2) hold where, for i = 1, 2, (2.2) is given by

g′i(t) ≤ −ξi(t)g
pi
i (t), 1 ≤ pi < 2

Then there are positive constants k, k, k1 such that the decay rate of E is given by

E(t) ≤
⎧⎨
⎩

ke−k1
∫ t
0
ξ(s)ds, if p = 1

k
(
1 +
∫ t
0
ξ(s)ds

) −1
p−1

, if 1 < p < 2
. (2.8)

where ξ(t) = min{ξ1(t), ξ2(t)} and p = max{p1, p2}.
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Proof. Here, with M0 = max{g1(0), g2(0)}, we see that g′i(t) ≤ −Mp
0 ξi(t)H(gi(t)) where H(s) =(

s
M0

)p
is linear for p = 1, and strictly increasing and strictly convex on (0,m0] for 1 < p < 2. Then

(2.7) and simple calculations lead to (2.8).

Remarks

(1) It has to be noted that, in case
∫∞
0

ξ(s)ds = ∞, Theorem 2.2 ensures lim
t→∞E(t) = 0. Moreover, the

decay rate of E(t) driven by (2.7) is optimal in the sense that it is consistent with the decay rates of g1(t)
and g2(t) driven by (2.2). In fact, making use of (2.2) for i = 1, 2 yields

g′i(t) ≤ −ξi(t)H(gi(t)) =⇒
t∫

g−1
i (r)

−g′i(s)
H(gi(s))

ds =

r∫
gi(t)

ds

H(s)
≥

t∫
g−1
i (r)

ξi(s)ds

so, if we define H0(t) =
∫ r
t

1
H(s)ds, then H0 is strictly decreasing and convex on (0, r], with lim

t→0
H0(t) =

+∞, and H0(gi(t)) ≥
∫ t
g−1
i (r) ξi(s)ds ≥

∫ t
t1
ξ(s)ds which means

gi(t) ≤ H−1
0

⎛
⎝ t∫

t1

ξ(s)ds

⎞
⎠ , ∀t ≥ t1.

Also, it is evident, by the properties of H,H0 and H1, that

H1(t) =

r∫
t

1

sH ′(s)
ds ≤

r∫
t

1

H(s)
ds = H0(t) =⇒ H−1

1 (t) ≤ H−1
0 (t).

This shows that (2.7) provides the best decay rates expected under the very general assumption (H1).

(2) Also, it is easy to notice that we can start the integration inside at zero where if k1 < k1 is chosen so
that k1

∫ 2t1
0 ξ(s)ds = k1

∫ 2t1
t1

ξ(s)ds, then, as H−1
1 is decreasing,

E(t) ≤ k2H
−1
1

⎛
⎝k1

t∫
0

ξ(s)ds

⎞
⎠ , ∀t ≥ 2t1.

(3) The above results allow relaxation functions which are not necessarily of exponential or polynomial
decay and they are obtained under general hypotheses that allow to deal with a much larger class of
functions g1, g2 that guarantee the uniform stability of (1.1) with an explicit formula for the decay rates
of the energy. We give additional examples of application.

Examples. A- If g1(t) = g2(t) = a exp(−tq), for 0 < q < 1 and a chosen so that gi, for i = 1, 2, satisfy
(2.1), then g′i(t) = −H(gi(t)) where H(t) = qt

[ln(a/t)]
1
q−1

. Since

H ′(t) =
(1− q) + q ln

(
a
t

)
[
ln
(
a
t

)]1
q

and H ′′(t) =
(1− q)

[
ln
(
a
t

)
+ 1

q

]
[
ln
(
a
t

)] 1
q+1

,
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then the function H satisfies hypothesis (H1) on the interval (0, r] for any 0 < r < a. Therefore, we can
use (2.7) to get

H1(t) =

r∫
t

1

sH ′(s)
ds =

r∫
t

[
ln a

s

] 1
q

s
[
1− q + q ln a

s

]ds =
ln a

t∫
ln a

r

u
1
q

1− q + qu
du

=
1

q

ln a
t∫

ln a
r

u
1
q−1

[
u

1−q
q + u

]
du ≤ 1

q

ln a
t∫

ln a
r

u
1
q−1du ≤

[
ln

a

t

]1
q

=⇒ H−1
1 (t) ≤ a exp(−tq) =⇒ E(t) ≤ ak2 exp(−k3t

q).

B- Considering the functions g1(t) = g2(t) = a
(t+e)[ln(t+e)]p where p > 1 and a chosen so that (2.1) is

satisfied. We can see that g′i(t) =
−a[ln(t+e)+p]

(t+e)2[ln(t+e)]p+1 can be written as

g′i(t) =
− [ln(t+ e) + p]

(t + e) ln(t+ e)
g(t)

=⇒
by (2.8)−case1

E(t) ≤ ke−k1
∫ t
0

[ln(t+e)+p]
(t+e) ln(t+e)ds =

k

((t+ e) [ln(t+ e)]p)
k1

which is slower rate, as k1 ≤ 1, than g1(t) and g2(t). But, it can also be written as

g′i(t) =
− [ln(t+ e) + p]

a
1
p (t + e)1−

1
p

(g(t))1+
1
p

=⇒
by (2.8)−case2

E(t) ≤ k

⎛
⎝1 +

t∫
0

ln(t+ e) + p

a
1
p (t + e)1−

1
p

)ds

⎞
⎠

−p

≤
for large t

k

(t+ e) [ln(t+ e)]
p

which is the same rate as the relaxation functions.

(4) The well-known Jensen’s inequality will be of essential use in establishing our main result. If F
is a convex function on [a, b], f : Ω → [a, b] and h are integrable functions on Ω, h(x) ≥ 0, and∫
Ω
h(x)dx = k > 0, then Jensen’s inequality states that

F

⎡
⎣1
k

∫
Ω

f(x)h(x)dx

⎤
⎦ ≤ 1

k

∫
Ω

F [f(x)]h(x)dx.

(5) We easily deduce, by (H1), that lim
t→+∞gi(t) = 0. Hence, t1 = max{g−1

1 (r), g−1
2 (r)} is well-defined

and, for i = 1, 2,

gi(t) ≤ r, ∀ t ≥ t1. (2.9)

As gi and ξi are positive nonincreasing continuous functions and H is a positive continuous function,
then, for all t ∈ [0, t1],{

0 < gi(t1) ≤ gi(t) ≤ gi(0)

0 < ξi(t1) ≤ ξi(t) ≤ ξi(0)
=⇒ a ≤ ξi(t)H(gi(t)) ≤ b
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for some positive constants a and b. Consequently, for all t ∈ [0, t1],

g′i(t) ≤ −ξi(t)H(gi(t)) ≤ − a

M0
M0 ≤ − a

M0
gi(t). (2.10)

(6) If different functions H1 andH2 have the properties mentioned in (H1) such that g′1(t) ≤ −ξ2(t)H1(g1(t))

and g′2(t) ≤ −ξ2(t)H2(g2(t)), then there is r ≤ min{r1, r2} small enough so that, say, H1(t) ≤ H2(t) on
the interval (0, r]. Thus, the function H(t) = H1(t) satisfies (H1) for both functions g1 and g2,∀ t ≥ t1.

(7) If H is a strictly increasing and strictly convex C2 function on (0, r], with H(0) = H ′(0) = 0, then it
has an extension H which is strictly increasing and strictly convex C2 function on (0,∞). For instance,
if H(r) = a,H ′(r) = b,H ′′(r) = c, we can define H , for t > r, by

H(t) =
c

2
t2 + (b− cr)t+ (a+

c

2
r2 − br). (2.11)

3 Proof of Theorem 2.1

The existence is proved using Galerkin method. In order to do so, we take {wi}∞i=1 to be the eigen-
functions of the Laplacian operator subject to Dirichlet boundary conditions. Then {wi}∞i=1 is orthogonal
basis of H1

0(Ω) and of H2(Ω) ∩H1
0(Ω) which is orthonormal in L2(Ω). Let Vm = span {w1, w2, ..., wm}

and the projection of the initial data on the finite dimensional subspace Vm is given by

um0 =
m∑
j=1

ajwj, vm0 =
m∑
j=1

bjwj, um1 =
m∑
j=1

cjwj, vm1 =
m∑
j=1

djwj

where, (um0 , v
m
0 ) → (u0, v0) in (H2(Ω) ∩H1

0(Ω))
2 and (um1 , v

m
1 ) → (u1, v1) in (H1

0(Ω))
2 as m → ∞. We

search the approximate solutions

um(x, t) =
m∑
j=1

hj,m(t)wj(x), vm(x, t) =
m∑
j=1

kj,m(t)wj(x)

of the approximate problem in Vm⎧⎪⎪⎨
⎪⎪⎩
∫
Ω

(
umttw +∇um.∇w − ∫ t0 g1(t− τ)∇um(τ).∇wdτ + f1(u

m, vm)w
)
dx = 0∫

Ω

(
vmttw +∇vm.∇w − ∫ t0 g2(t− τ)∇vm(τ).∇wdτ + f2(u

m, vm)w
)
dx = 0

um(0) = um0 , umt (0) = um1 , vm(0) = vm0 , vmt (0) = vm1 .

(3.1)

This system leads to a system of ODE for uknown functions hj,m(t), kj,m(t). Based on standard existence
theory for ODE, one can conclude the existence of a solution (um, vm) of (3.1) on a maximal time interval
[0, tm), for each m ∈ IN. The a priori estimate that follows implies that in fact tm = +∞.

• (A priori estimate 1): In (3.1), let w = umt in the first equation and w = vmt in the second equation, add
the resulting equations, and integrate by parts to obtain

d

dt
Em(t) =

1

2
(g′1 ◦ ∇um)− 1

2
g1(t) ‖∇um‖22 +

1

2
(g′2 ◦ ∇vm)− 1

2
g2(t) ‖∇vm‖22 .

This means, using (H1), that, for some positive constant C independent of t and m,

Em(t) ≤ Em(0) ≤ C. (3.2)
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• (A priori estimate 2): In (3.1), let w = −Δumt in the first equation and w = −Δvmt in the second
equation, add the resulting equations, integrate by parts, and use (H1) to obtain

1

2

d

dt

[
‖∇umt ‖22 + (1− ∫ t0 g1(s)ds) ‖Δum‖22 + ‖∇vmt ‖22

+(1− ∫ t0 g2(s)ds) ‖Δvm‖22 + g1 ◦Δum + g2 ◦Δvm

]

=
1

2
(g′1 ◦Δum)− 1

2
g1(t) ‖Δum‖22 +

1

2
(g′2 ◦Δvm)− 1

2
g2(t) ‖Δvm‖22

+

∫
Ω

(f1(u
m, vm)Δumt + f2(u

m, vm)Δvmt ) dx

≤
∫
Ω

(f1(u
m, vm)Δumt + f2(u

m, vm)Δvmt ) dx

Then, integrating over (0, t) yields

1

2

[
‖∇umt ‖22 + (1− ∫ t0 g1(s)ds) ‖Δum‖22 + ‖∇vmt ‖22

+(1− ∫ t0 g2(s)ds) ‖Δvm‖22 + g1 ◦Δum + g2 ◦Δvm

]

≤ 1

2

[
‖∇um1 ‖22 + ‖Δum0 ‖22 + ‖∇vm1 ‖22 + ‖Δvm0 ‖22

]
+

∫
Ω

(
f1(u

m, vm)Δum − f1(u
m
0 , v

m
0 )Δum0

+f2(u
m, vm)Δvm − f2(u

m
0 , v

m
0 )Δvm0

)
dx

−
t∫

0

∫
Ω

( ∂f1
∂u (u

m, vm)umt Δum + ∂f1
∂v (u

m, vm)vmt Δum

+∂f2
∂u (u

m, vm)umt Δvm + ∂f2
∂v (u

m, vm)vmt Δvm

)
dxds (3.1)

To estimate the terms in the right hand side of (3.3), we use (2.4), Young’s inequality, and (2.6) and take
(3.2) into account to get∫

Ω

f1(u
m, vm)Δumdx ≤ k

∫
Ω

(|um|+ |vm|+ |um|β11 + |vm|β12) |Δum| dx

≤ δ ‖Δum‖22 +
c

δ

∫
Ω

(|um|2 + |vm|2 + |um|2β11 + |vm|2β12)dx

≤ δ ‖Δum‖22 +
c

δ
(‖∇um‖22 + ‖∇vm‖22 + ‖∇um‖2β11

2 + ‖∇vm‖2β12

2 )

≤ δ ‖Δum‖22 +
c

δ
. (3.2)

Now, we estimate J := − ∫Ω ∂f1
∂u (u

m, vm)umt Δumdx as follows. First, we observe that β1j−1
2β1j

+ 1
2β1j

+ 1
2 =

1 and use (H2) and the generalized Hölder’s inequality to infer

|J | ≤ d

∫
Ω

(1 + |um|β11−1
+ |vm|β12−1

) |umt | |Δum| dx

≤ d(‖umt ‖2 + ‖um‖β11−1
2β11

‖umt ‖2β11
+ ‖vm‖β12−1

2β12
‖umt ‖2β12

) ‖Δum‖2
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Then, by (2.6), (3.2), and Young’s inequality, we arrive at

|J | ≤ c(1 + ‖∇um‖β11−1
2 + ‖∇vm‖β12−1

2 ) ‖∇umt ‖2 ‖Δum‖2
≤ c ‖∇umt ‖2 ‖Δum‖2 ≤ c ‖∇umt ‖22 + c ‖Δum‖22 . (3.3)

Since the other terms in (3.3) can be similarly treated and the norms of the initial data are uniformly
bounded, we combine (3.3-3.5), use (H1), and take δ small enough to end up with

‖∇umt ‖22 + ‖Δum‖22 + ‖∇vmt ‖22 + ‖Δvm‖22

≤ c+ c

t∫
0

(
‖∇umt ‖22 + ‖Δum‖22 + ‖∇vmt ‖22 + ‖Δvm‖22

)
ds.

Using Gronwall’s inequality, this implies that

‖∇umt ‖22 + ‖Δum‖22 + ‖∇vmt ‖22 + ‖Δvm‖22 ≤ C, ∀t ∈ [0, T ] and m ∈ IN. (3.6)

• (A priori estimate 3): In (3.1), let w = umtt in the first equation and w = vmtt in the second equation.
Then, by exploiting the previous estimates and using similar arguments, we find

‖umtt ‖22 + ‖vmtt ‖22 ≤ C, ∀t ∈ [0, T ] and m ∈ IN. (3.7)

From (3.2), (3.6), and (3.7), we conclude that

um, vm are uniformly bounded in L∞(0, T ;H2(Ω) ∩H1
0(Ω)),

umt , v
m
t are uniformly bounded in L∞(0, T ;H1

0 (Ω)),

umtt , v
m
tt are uniformly bounded in L∞(0, T ;L2(Ω)), (3.4)

which implies that there exist subsequences of um, vm, which we still denote in the same way, such that

um
∗
⇀ u and vm

∗
⇀ v in L∞(0, T ;H2(Ω) ∩H1

0(Ω)),

umt
∗
⇀ ut and vmt

∗
⇀ vt in L∞(0, T ;H1

0(Ω)),

umtt
∗
⇀ utt and vmtt

∗
⇀ vtt in L∞(0, T ;L2(Ω)).

In particular, making use of Aubin-Lions Theorem, we find, up to a subsequence, that

um → u and vm → v strongly in L2(0, T ;L2(Ω)).

Then,

um → u and vm → v a.e in (0, T )× Ω

and therefore, from (H2),

fi(u
m, vm) → fi(u, v) a.e in (0, T )× Ω, for i = 1, 2. (3.9)

Also, as umand vm are bounded in L∞(0, T ;L2(Ω)), then the use of (2.4) and (2.6) gives that fi(um, vm)
is bounded in L∞(0, T ;L2(Ω)). From this and (3.9), we can deduce that

fi(u
m, vm) ⇀ fi(u, v) in L2(0, T ;L2(Ω)), for i = 1, 2.
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Regarding the initial conditions, we can also use (3.8) in standard way to verify that

u(0) = u0, ut(0) = u1, v(0) = v0, vt(0) = v1.

Combining the results obtained above, we can pass to the limit and conclude that (u, v) is a strong
solution of system (1.1). For uniqueness, let us assume that (u1, v1), (u2, v2) are two strong solutions of
(1.1). Then, (z, q) = (u1 − u2, v1 − v2) satisfies, for all w ∈ H1

0(Ω),⎧⎨
⎩
∫
Ω

(
zttw +∇z.∇w − ∫ t

0
g1(t− τ)∇z(τ).∇wdτ

)
dx =

∫
Ω
(f1(u2, v2)− f1(u1, v1))wdx∫

Ω

(
qttw +∇q.∇w − ∫ t0 g2(t− τ)∇q(τ).∇wdτ

)
dx =

∫
Ω(f2(u2, v2)− f2(u1, v1))wdx.

Substituting w = zt in the first equation and w = qt in the second equation, adding the resulting equa-
tions, integrating by parts, and using (H1) yield

1

2

d

dt

[
‖zt‖22 + (1− ∫ t

0
g1(s)ds) ‖∇z‖22 + ‖qt‖22

+(1− ∫ t0 g2(s)ds) ‖∇q‖22 + g1 ◦ ∇z + g2 ◦ ∇q

]

≤
∫
Ω

(f1(u2, v2)− f1(u1, v1))ztdx+

∫
Ω

(f2(u2, v2)− f2(u1, v1))qtdx. (3.5)

Making use of (2.5) and following similar arguments used to obtain (3.5), we find∫
Ω

(f1(u2, v2)− f1(u1, v1))ztdx+

∫
Ω

(f2(u2, v2)− f2(u1, v1))qtdx

≤ k

∫
Ω

(1 + |u1|β11−1 + |u2|β11−1 + |v1|β12−1 + |v2|β12−1)(|z|+ |q|) |zt| dx

+k

∫
Ω

(1 + |u1|β21−1
+ |u2|β21−1

+ |v1|β22−1
+ |v2|β22−1

)(|z|+ |q|) |qt| dx

≤ c(‖zt‖22 + ‖∇z‖22 + ‖qt‖22 + ‖∇q‖22). (3.6)

Combining (3.10) and (3.11), integrating over (0, t), and using Gronwall’s Lemma, then we deduce that

‖zt‖22 + ‖∇z‖22 + ‖qt‖22 + ‖∇q‖22 = 0

which means that (u1, v1) = (u2, v2). This completes the proof.

Now, if (u0, u1), (v0, v1) ∈ H1
0(Ω)×L2(Ω) and considering standard density arguments, we can prove

that problem (1.1) has a unique weak solution

u, v ∈ C(IR+;H
1
0(Ω)) ∩ C1(IR+;L

2(Ω)).

4 Technical lemmas

In this section, we establish several lemmas needed to prove Theorem 2.2.

Lemma 4.1. Let (u,v) be the solution of (1.1). Then the energy functional satisfies

E′(t) =
1

2
(g′1 ◦ ∇u)− 1

2
g1(t)

∫
Ω

|∇u|2 dx+
1

2
(g′2 ◦ ∇v)− 1

2
g2(t)

∫
Ω

|∇v|2 dx ≤ 0. (4.1)
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Proof. By multiplying the first equation in (1.1) by ut and the second by vt, integrating over Ω, using
integration by parts, hypotheses (H1) and (H2), and some manipulations, we obtain (4.1) for any regular
solution. This equality remains valid for weak solutions by a simple density argument.

Now we are going to construct a Lyapunov functional L equivalent to E, with which we can show the
desired result.

Lemma 4.2. Under the assumptions (H1) and (H2), the functional I defined by

I(t) :=

∫
Ω

uutdx+

∫
Ω

vvtdx

satisfies, along the solution, with l = min{l1, l2}, the estimate

I ′(t) ≤ − l

2

∫
Ω

(
|∇u|2 + |∇v|2

)
dx+

∫
Ω

(
u2t + v2t

)
dx+ cCα1(h1 ◦ ∇u)(t)

+cCα2(h2 ◦ ∇v)(t)−
∫
Ω

F (u, v)dx. (4.1)

for any 0 < αi < 1 (i = 1, 2), where

Cαi =

∞∫
0

g2i (s)

αigi(s)− g′i(s)
ds and hi(t) = αigi(t)− g′i(t) (4.3)

Proof. Direct computations, using (1.1), (H1-H2), and Young’s inequality, yield

I ′(t) =

∫
Ω

u2tdx−
∫
Ω

|∇u|2 dx+

∫
Ω

∇u ·
t∫

0

g1(t− τ)∇u(τ)dτdx

+

∫
Ω

v2t dx−
∫
Ω

|∇v|2 dx+

∫
Ω

∇v ·
t∫

0

g2(t− τ)∇v(τ)dτdx

−
∫
Ω

[uf1(u, v) + vf2(u, v)]dx

=

∫
Ω

u2tdx−
⎛
⎝1−

t∫
0

g1(s)ds

⎞
⎠∫

Ω

|∇u|2 dx+

∫
Ω

∇u ·
t∫

0

g1(t− τ)(∇u(τ)−∇u(t))dτdx

+

∫
Ω

v2t dx−
⎛
⎝1−

t∫
0

g1(s)ds

⎞
⎠∫

Ω

|∇v|2 dx+

∫
Ω

∇v ·
t∫

0

g2(t− τ)(∇v(τ)−∇v(t))dτdx

−
∫
Ω

[uf1(u, v) + vf2(u, v)]dx
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≤
∫
Ω

u2tdx− l

∫
Ω

|∇u|2 dx+ δ

∫
Ω

|∇u|2 dx+
1

4δ

∫
Ω

⎛
⎝ t∫

0

g1(t− τ) |∇u(τ)−∇u(t)| dτ
⎞
⎠

2

dx

+

∫
Ω

v2t dx− l

∫
Ω

|∇v|2 dx+ δ

∫
Ω

|∇v|2 dx+
1

4δ

∫
Ω

⎛
⎝ t∫

0

g2(t− τ) |∇v(τ)−∇v(t)| dτ
⎞
⎠

2

dx

−
∫
Ω

F (u, v)dx (4.4)

for any δ > 0. Now, the use of Cauchy-Schwarz inequality gives

∫
Ω

⎛
⎝ t∫

0

g1(t− τ) |∇u(τ)−∇u(t)| dτ
⎞
⎠

2

dx

=

∫
Ω

⎛
⎝ t∫

0

g1(t− τ)√
α1g1(t− τ)− g′1(t− τ)

√
α1g1(t− τ)− g′1(t− τ) |∇u(τ)−∇u(t)| ds

⎞
⎠

2

dx

≤
⎛
⎝ t∫

0

g21(s)

α1g1(s)− g′1(s)
ds

⎞
⎠∫

Ω

t∫
0

[α1g1(t− τ)− g′1(t− τ)] |∇u(τ)−∇u(t)|2 dτdx

≤ Cα1(h1 ◦ ∇u)(t). (4.2)

Similar calculations also yield

∫
Ω

⎛
⎝ t∫

0

g2(t− τ) |∇v(τ)−∇v(t)| dτ
⎞
⎠

2

dx ≤ Cα2(h2 ◦ ∇v)(t). (4.3)

Combining (4.4)-(4.6) and choosing δ small enough give (4.2).

Lemma 4.3. Under the assumptions (H1) and (H2), the functional K defined by

K(t) = K1(t) +K2(t),

with

K1(t) : = −
∫
Ω

ut

t∫
0

g1(t− τ)(u(t)− u(τ))dτdx

K2(t) : = −
∫
Ω

vt

t∫
0

g2(t− τ)(v(t)− v(τ))dτdx,
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satisfies, for any 0 < δ < 1 and all t ≥ t1, the estimate

K ′(t) ≤ −(g0 − δ)

∫
Ω

(
u2t + v2t

)
dx+ δc

∫
Ω

(
|∇u|2 + |∇v|2

)
dx

+
c [Cα1 + 1]

δ
(h1 ◦ ∇u)(t) +

c [Cα2 + 1]

δ
(h2 ◦ ∇v)(t) (4.4)

where g0 = min{∫ t10 g1(s)ds,
∫ t1
0 g2(s)ds}.

Proof. By exploiting equations (1.1) and integrating by parts, we have

K ′
1(t) =

⎛
⎝1−

t∫
0

g1(s)ds

⎞
⎠∫

Ω

∇u ·
t∫

0

g1(t− τ)(∇u(t)−∇u(τ))dτdx

+

∫
Ω

⎛
⎝ t∫

0

g1(t− τ) |∇u(t)−∇u(τ)| dτ
⎞
⎠

2

dx+

∫
Ω

f1(u, v)

t∫
0

g1(t− τ)(u(t)− u(τ))dτdx

−
∫
Ω

ut

t∫
0

g′1(t− τ)(u(t)− u(τ))dτdx−
⎛
⎝ t∫

0

g1(s)ds

⎞
⎠∫

Ω

u2tdx. (4.8)

Using Young’s inequality and similar calculations in (4.5), we obtain⎛
⎝1−

t∫
0

g1(s)ds

⎞
⎠∫

Ω

∇u·
t∫

0

g1(t−τ)(∇u(t)−∇u(τ))dτdx ≤ δ

∫
Ω

|∇u|2 dx+ cCα1

δ
(h1◦∇u)(t) (4.9)

and

−
∫
Ω

ut

t∫
0

g′1(t− τ)(u(t)− u(τ))dτdx

=

∫
Ω

ut

t∫
0

h1(t− τ)(u(t)− u(τ))dτdx−
∫
Ω

ut

t∫
0

α1g1(t− τ)(u(t)− u(τ))dτdx

≤ c

δ

∫
Ω

⎛
⎝ t∫

0

√
h1(t− τ)

√
h1(t− τ) |u(t)− u(τ)| dτ

⎞
⎠

2

dx

+δ

∫
Ω

u2tdx+
cα2

1

δ

∫
Ω

⎛
⎝ t∫

0

g1(t− τ) |u(t)− u(τ)| dτ
⎞
⎠

2

dx

≤ δ

∫
Ω

u2tdx+
c
(∫ t

0 h1(s)ds
)

δ
(h1 ◦ u) + cα2

1Cα1

δ
(h1 ◦ u)

≤ δ

∫
Ω

u2tdx+
c

δ
(h1 ◦ ∇u) +

cCα1

δ
(h1 ◦ ∇u). (4.5)
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To estimate the third term in the right hand side of (4.8), we use (2.4), (2.6) and the fact that ‖∇u‖22 +
‖∇v‖22 ≤ 2E(t) ≤ 2E(0) to get

∫
Ω

f1(u, v)

t∫
0

g1(t− τ)(u(t)− u(τ))dτdx

≤ δc

∫
Ω

(|u|2 + |v|2 + |u|2β11 + |v|2β12)dx+
c

δ

∫
Ω

⎛
⎝ t∫

0

g1(t− τ)(u(t)− u(τ))dτ

⎞
⎠

2

dx

≤ δc(‖∇u‖22 + ‖∇v‖22 + ‖∇u‖2β11

2 + ‖∇v‖2β12

2 ) +
c

δ
Cα1(h1 ◦ ∇u)(t)

= δc(‖∇u‖22 + ‖∇v‖22 + ‖∇u‖2(β11−1)
2 ‖∇u‖22 + ‖∇v‖2(β12−1)

2 ‖∇v‖22) +
c

δ
(h1 ◦ ∇u)(t)

≤ δc(‖∇u‖22 + ‖∇v‖22 + [2E(0)](β11−1) ‖∇u‖22 + [2E(0)](β12−1) ‖∇v‖22) +
c

δ
(h1 ◦ ∇u)(t)

≤ δc ‖∇u‖22 + δc ‖∇v‖22 +
c

δ
(h1 ◦ ∇u)(t). (4.6)

By combining (4.8)-(4.11), we obtain

K ′
1(t) ≤ −(

t∫
0

g1(s)ds− δ)

∫
Ω

u2tdx+ δc

∫
Ω

|∇u|2 dx

+
c [Cα1 + 1]

δ
(h1 ◦ ∇u)(t) + δc

∫
Ω

|∇v|2 dx.

Since K2 can be dealt with similarly, (4.7) is established.

Next, we use the functional

M(t) =

∫
Ω

t∫
0

f1(t− τ) |∇u(τ)|2 dτdx+

∫
Ω

t∫
0

f2(t− τ) |∇v(τ)|2 dτdx (4.12)

where fi(t) =
∫∞
t gi(s)ds.

Lemma 4.4. Assume that (H1) and (H2) hold. The functional M satisfies, along the solution of (1.1),
the estimate

M ′(t) ≤ −1

2
(g1 ◦ ∇u)(t)− 1

2
(g2 ◦ ∇v)(t) + 3(1− l)

∫
Ω

(
|∇u(t)|2 + |∇v(t)|2

)
dx. (4.13)

Proof. By Young’s inequality and the fact f ′
i(t) = −gi(t), we see that

M ′(t) = f1(0)

∫
Ω

|∇u(t)|2 dx−
∫
Ω

t∫
0

g1(t− τ) |∇u(τ)|2 dτdx

+f2(0)

∫
Ω

|∇v(t)|2 dx−
∫
Ω

t∫
0

g2(t− τ) |∇v(τ)|2 dτdx
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= −
∫
Ω

t∫
0

g1(t− τ) |∇u(τ)−∇u(t)|2 dτdx

−2

∫
Ω

∇u(t) ·
t∫

0

g1(t− τ)(∇u(τ)−∇u(t))dτdx + f1(t)

∫
Ω

|∇u(t)|2 dx

−
∫
Ω

t∫
0

g2(t− τ) |∇v(τ)−∇v(t)|2 dτdx

−2

∫
Ω

∇v(t) ·
t∫

0

g2(t− τ)(∇v(τ)−∇v(t))dτdx+ f2(t)

∫
Ω

|∇v(t)|2 dx.

But

−2

∫
Ω

∇w(t) ·
t∫

0

gi(t− τ)(∇w(τ)−∇w(t))dτdx

≤ 2(1− li)

∫
Ω

|∇w(t)|2 dx+

∫ t
0
gi(s)ds

2(1− li)

∫
Ω

t∫
0

gi(t− τ) |∇w(τ)−∇w(t)|2 dτdx.

Then, as fi(t) ≤ fi(0) = (1− li) and
∫ t
0
gi(s)ds ≤ (1− li), we get (4.13).

Lemma 4.5. The functional L defined by

L(t) := NE(t) +N1I(t) +N2K(t)

satisfies, for suitable choice of N,N1, N2 > 0, that

L′(t) ≤ −4(1− l)

∫
Ω

(|∇u|2 + |∇v|2)dx−
∫
Ω

(u2t + v2t )dx−
∫
Ω

F (u, v)dx

+
1

4
(g1 ◦ ∇u)(t) +

1

4
(g2 ◦ ∇v)(t), ∀ t ≥ t1 (4.7)

and

L(t) ∼ E(t) (4.15)

Proof. By combining (4.1), (4.2), (4.7), recalling that g′i = (αigi−hi), and taking δ = 1/N2 in (4.7), we
obtain, for all t ≥ t1,

L′(t) ≤ −
(
l

2
N1 − c

)∫
Ω

(|∇u|2 + |∇v|2)dx− (N2g0 − 1−N1)

∫
Ω

(u2t + v2t )dx−
∫
Ω

F (u, v)dx

+
α1

2
N(g1 ◦ ∇u)(t)−

(
1

2
N − cN2

2 − Cα1[cN
2
2 + cN1]

)
(h1 ◦ ∇u)(t)

+
α2

2
N(g2 ◦ ∇v)(t)−

(
1

2
N − cN2

2 − Cα2[cN
2
2 + cN1]

)
(h2 ◦ ∇v)(t)
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At this point, we choose N1 large enough so that

l

2
N1 − c > 4(1− l),

then N2 large enough so that

N2g0 − 1−N1 > 1.

Now, as gi and −g′i are positive functions and αi > 0 we find that

0 <
αig

2
i (s)

αigi(s)− g′i(s)
<

αig
2
i (s)

−g′i(s)
=⇒ lim

αi→0

αig
2
i (s)

αigi(s)− g′i(s)
= 0 for each s ∈ [0,∞)

and also

αig
2
i (s)

αigi(s)− g′i(s)
< gi(s)

where gi is integrable on [0,∞), then, by the Lebesgue dominated convergence theorem, we deduce, for
i = 1, 2, that

αiCαi =

∞∫
0

αig
2
i (s)

αigi(s)− g′i(s)
ds −→ 0 as αi −→ 0.

Hence, there is 0 < γ < 1 such that if αi < γ then

αiCαi <
1

8[cN2
2 + cN1]

.

Let us choose N large enough and choose α1, α2 satisfying

1

4
N − cN2

2 > 0 and α1 = α2 =
1

2N
< γ

which means

1

2
N − cN2

2 − Cαi[cN
2
2 + cN1] > 0.

So, we arrive at

L′(t) ≤ −4(1− l)

∫
Ω

(|∇u|2 + |∇v|2)dx−
∫
Ω

(u2t + v2t )dx−
∫
Ω

F (u, v)dx

+
1

4
(g1 ◦ ∇u)(t) +

1

4
(g2 ◦ ∇v)(t).

On the other hand, we can easily find, using Young’s and Poincaré’s inequalities, that

|L(t)−NE(t)| ≤ N1 |I(t)|+N2 |K(t)| ≤ cE(t).

Hence, we can choose N even larger (if needed) so that, for some constants a1, a2 > 0,

a1E(t) ≤ L(t) ≤ a2E(t),

that is, (4.15) is satisfied.
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5 Proof of Theorem 2.2

We start using (2.10) and (4.1) to conclude that, for any t ≥ t1,

t1∫
0

g1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds+
t1∫
0

g2(s)

∫
Ω

|∇v(t)−∇v(t− s)|2 dxds

≤ −M0

a

t1∫
0

⎛
⎝g′1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dx− g′2(s)
∫
Ω

|∇v(t)−∇v(t− s)|2 dx
⎞
⎠ ds

≤ −cE′(t)

which can be used in (4.14) and then take F (t) = L(t) + cE(t), which is clearly equivalent to E(t), to
get, for some constant m > 0 and for all t ≥ t1,

L′(t) ≤ −4(1− l)

∫
Ω

(|∇u|2 + |∇v|2)dx−
∫
Ω

(u2t + v2t )dx−
∫
Ω

F (u, v)dx

+
1

4
(g1 ◦ ∇u)(t) +

1

4
(g2 ◦ ∇v)(t)

≤ −mE(t) + c(g1 ◦ ∇u)(t) + c(g2 ◦ ∇v)(t)

≤ −mE(t)− cE′(t) + c

t∫
t1

g1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds

+c

t∫
t1

g2(s)

∫
Ω

|∇v(t)−∇v(t− s)|2 dxds

=⇒ F ′(t) ≤ −mE(t) + c

t∫
t1

g1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds

+c

t∫
t1

g2(s)

∫
Ω

|∇v(t)−∇v(t− s)|2 dxds (5.8)

We consider the following two cases.

(I) H(t) is linear: By Multiplying (5.1) by ξ(t) = min{ξ1(t), ξ2(t)} and using (H1) and (4.1), we obtain

ξ(t)F ′(t) ≤ −mξ(t)E(t) + cξ(t)

t∫
t1

g1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds

+cξ(t)

t∫
t1

g2(s)

∫
Ω

|∇v(t)−∇v(t− s)|2 dxds
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≤ −mξ(t)E(t) + c

t∫
t1

ξ1(s)g1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds

+c

t∫
t1

ξ2(s)g2(s)

∫
Ω

|∇v(t)−∇v(t− s)|2 dxds

≤ −mξ(t)E(t) − c

t∫
t1

g′1(s)
∫
Ω

|∇u(t)−∇u(t− s)|2 dxds

−c

t∫
t1

g′2(s)
∫
Ω

|∇v(t)−∇v(t− s)|2 dxds

≤ −mξ(t)E(t) − cE′(t).

Using the fact that ξ is a nonincreasing continuous function as ξ1 and ξ2 are nonincreasing, and so ξ is
differentiable, with ξ′(t) ≤ 0, for a.e. t, then we infer that

(ξF + cE)
′
(t) ≤ ξ(t)F ′(t) + cE′(t) ≤ −mξ(t)E(t), a.e. t ≥ t1.

Hence, using the fact that ξF + cE ∼ E, we easily obtain

E(t) ≤ c′e−c
∫ t
t1

ξ(s)ds
.

(II) H(t) is nonlinear: First, we use Lemma 4.4 and Lemma 4.5 to deduce that

L(t) = L(t) +M(t)

is nonnegative and it satisfies, for all t ≥ t1,

L′(t) ≤ −(1− l)

∫
Ω

(|∇u|2 + |∇v|2)dx−
∫
Ω

(u2t + v2t )dx−
∫
Ω

F (u, v)dx

−1

4
(g1 ◦ ∇u)(t)− 1

4
(g2 ◦ ∇v)(t)

≤ −BE(t)

where B is some positive constant. Therefore

B

t∫
t1

E(s)ds ≤ L(t1)− L(t) ≤ L(t1)

which implies that

∞∫
0

E(s)ds < ∞. (5.2)
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Hence, by noting that

I1(t) + I2(t) = q

t∫
t1

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds+ q

t∫
t1

∫
Ω

|∇v(t)−∇v(t− s)|2 dxds

≤ cq

t∫
0

E(s)ds,

(5.2) allows for a constant 0 < q < 1 chosen so that, , for all t ≥ t1,

Ii(t) < 1. (5.3)

We also assume, without loss of generality, t1 large enough so that Ii(t1) > 0 which mean Ii(t) > 0 for
all t ≥ t1. Also, we define λ(t) by

λ(t) := −
t∫

t1

g′1(s)
∫
Ω

|∇u(t)−∇u(t− s)|2 dxds,

and observe that λ(t) ≤ −cE′(t). Since H is strictly convex on (0, r] and H(0) = 0, then

H(θx) ≤ θH(x)

provided 0 ≤ θ ≤ 1 and x ∈ (0, r]. The use of this fact, hypothesis (H1), (5.3), and Jensen’s inequality
leads to

λ(t) =
1

qI1(t)

t∫
t1

I1(t)(−g′1(s))
∫
Ω

q |∇u(t)−∇u(t− s)|2 dxds

≥ 1

qI1(t)

t∫
t1

I1(t)ξ1(s)H(g1(s))

∫
Ω

q |∇u(t)−∇u(t− s)|2 dxds

≥ ξ(t)

qI1(t)

t∫
t1

H(I1(t)g1(s))

∫
Ω

q |∇u(t)−∇u(t− s)|2 dxds

≥ ξ(t)

q
H

⎛
⎝ 1

I1(t)

t∫
t1

I1(t)g1(s)

∫
Ω

q |∇u(t)−∇u(t− s)|2 dxds
⎞
⎠

=
ξ(t)

q
H

⎛
⎝q

t∫
t1

g1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds
⎞
⎠

=
ξ(t)

q
H

⎛
⎝q

t∫
t1

g1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds
⎞
⎠
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where H is an extension of H such that H is strictly increasing and strictly convex C2 function on (0,∞)

[see (2.11)]. This implies that

t∫
t1

g1(s)

∫
Ω

|∇u(t)−∇u(t− s)|2 dxds ≤ 1

q
H

−1
(
qλ(t)

ξ(t)

)
.

We also define

χ(t) := −
t∫

t1

g′2(s)
∫
Ω

|∇v(t)−∇v(t− s)|2 dxds.

and repeat the above steps to get

t∫
t1

g2(s)

∫
Ω

|∇v(t)−∇v(t− s)|2 dxds ≤ 1

q
H

−1
(
qχ(t)

ξ(t)

)
.

Therefore, using the properties of H , (5.1) becomes

F ′(t) ≤ −mE(t) + cH
−1
(
qλ(t)

ξ(t)

)
+ cH

−1
(
qχ(t)

ξ(t)

)

≤ −mE(t) + cH
−1
(
qλ(t)

ξ(t)
+

qχ(t)

ξ(t)

)
, ∀ t ≥ t1. (5.9)

Now, for ε0 < r, using (5.4), and the fact that E′ ≤ 0, H
′
> 0, H

′′
> 0, we find that the functional F1,

defined by

F1(t) := H
′
(
ε0

E(t)

E(0)

)
F (t) + E(t)

is equivalent to E and

F ′
1(t) = ε0

E′(t)
E(0)

H
′′
(
ε0

E(t)

E(0)

)
F (t) +H

′
(
ε0

E(t)

E(0)

)
F ′(t) + E′(t)

≤ −mE(t)H
′
(
ε0

E(t)

E(0)

)
+ cH

′
(
ε0

E(t)

E(0)

)
H

−1
(
qλ(t)

ξ(t)
+

qχ(t)

ξ(t)

)
+ E′(t). (5.5)

Let H
∗

be the convex conjugate of H in the sense of Young (see [4] p. 61-64), then

H
∗
(s) = s(H

′
)−1(s)−H[(H

′
)−1(s)] (5.6)

and H
∗

satisfies the following Young’s inequality

AB ≤ H
∗
(A) +H(B). (5.7)

© 2021 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 72



With A = H
′ (

ε0
E(t)
E(0)

)
and B = H

−1
(
qλ(t)
ξ(t)

+ qχ(t)
ξ(t)

)
, using (4.1) and (5.5)-(5.7), we arrive at

F ′
1(t) ≤ −mE(t)H

′
(
ε0

E(t)

E(0)

)
+ cH

∗
(
H

′
(
ε0

E(t)

E(0)

))
+ c

qλ(t)

ξ(t)
+ c

qχ(t)

ξ(t)
+ E′(t)

≤ −mE(t)H
′
(
ε0

E(t)

E(0)

)
+ cε0

E(t)

E(0)
H

′
(
ε0

E(t)

E(0)

)
+ c

qλ(t)

ξ(t)
+ c

qχ(t)

ξ(t)
+ E′(t).

Then, we multiply by ξ(t) and use the fact that, as ε0
E(t)
E(0)

< r, H
′ (

ε0
E(t)
E(0)

)
= H ′

(
ε0

E(t)
E(0)

)
to get

ξ(t)F ′
1(t) ≤ −mξ(t)E(t)H ′

(
ε0

E(t)

E(0)

)
+ cε0

E(t)

E(0)
ξ(t)H ′

(
ε0

E(t)

E(0)

)
+cqλ(t) + cqχ(t) + ξ(t)E′(t)

≤ −mξ(t)E(t)H ′
(
ε0

E(t)

E(0)

)
+ cε0

E(t)

E(0)
ξ(t)H ′

(
ε0

E(t)

E(0)

)
− cE′(t)

Consequently, with F2 = ξF1 + cE, which satisfies, for some α1, α2 > 0,

α1F2(t) ≤ E(t) ≤ α2F2(t), (5.8)

and with a suitable choice of ε0, we obtain, for some constant k > 0 and for all t ≥ t1,

F ′
2(t) ≤ −kξ(t)

(
E(t)

E(0)

)
H ′
(
ε0

E(t)

E(0)

)
= −kξ(t)H2

(
E(t)

E(0)

)
, (5.9)

where H2(t) = tH ′(ε0t).

Since H ′
2(t) = H ′(ε0t) + ε0tH

′′(ε0t), then, using the strict convexity of H on (0, r], we find that H ′
2(t),

H2(t) > 0 on (0, 1]. Thus, with

R(t) =
α1F2(t)

E(0)
,

taking in account (5.8) and (5.9), we have

R(t) ∼ E(t) (5.10)

and, for some k1 > 0,

R′(t) ≤ −k1ξ(t)H2(R(t)), ∀t ≥ t1.

Then, the integration over (t1, t) yields

t∫
t1

−R′(s)
H2(R(s))

ds ≥ k1

t∫
t1

ξ(s)ds =⇒
ε0R(t1)∫
ε0R(t)

1

sH ′(s)
ds ≥ k1

t∫
t1

ξ(s)ds

=⇒ R(t) ≤ 1

ε0
H−1

1 (k1

t∫
t1

ξ(s)ds), (5.11)
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where H1(t) =
∫ r
t

1
sH′(s)ds. Here, we have used, based on the properties of H, the fact that H1 is strictly

decreasing function on (0, r] and lim
t→0

H1(t) = +∞. A combination of (5.10) and (5.11), estimate (2.7) is

established.

Acknowledgment

This work was supported by MASEP Research Group in the Research Institute of Sciences and Engi-
neering at University of Sharjah.

Bibliography

[1] Alabau-Boussouira F. and Cannarsa P., A general method for proving sharp energy decay rates for
memory dissipative evolution equations, C. R. Acad. Sci. Paris Ser. I 347 (2009), 867-872.

[2] Alabau-Boussouira F., Cannarsa P. and Sforza D., Decay estimates for the second order evolution
equation with memory, J. Funct. Anal. 245 (2008), 1342-1372.

[3] Andrade D. and Mognon A., Global solutions for a system of Klein-Gordon equations with mem-
ory, Bol. Soc. Paran. Mat. 21 (1/2) (2003), 127-138.

[4] Arnold V.I., Mathematical Methods of Classical Mechanics, Springer-Verlag, New York,1989.

[5] Barreto R. and Munoz Rivera J.E., Uniform rates of decay in nonlinear viscoelasticity for polyno-
mial decaying kernels, Appl. Anal. 60 (1996), 263–283.

[6] Cannarsa P. and Sforza D., Integro-differential equations of hyperbolic type with positive definite
kernels, J. Differential Equations 250 (2011), 4289–4335.

[7] Cavalcanti M.M., Domingos Cavalcanti V.N., Lasiecka I. and Nascimento F.A., Intrinsic decay
rate estimates for the wave equation with competing viscoelastic and frictional dissipative effects,
Discrete Contin. Dyn. Syst. Ser. B 19 (7) (2014), 1987-2012.

[8] Cavalcanti M.M., Domingos Cavalcanti V.N., Lasiecka I. and Webler C.M., Intrinsic decay rates for
the energy of a nonlinear viscoelastic equation modeling the vibrations of thin rods with variable
density, Adv. Nonlinear Anal. 6(2) (2017), 121-145.

[9] Cavalcanti M. M. and Oquendo H. P., Frictional versus viscoelastic damping in a semilinear wave
equation, SIAM J. Control Optim. 42 (4) (2003), 1310-1324.

[10] Guesmia A., Asymptotic stability of abstract dissipative systems with infinite memory, J. Math.
Anal. Appl. 382 (2011), 748–760.

[11] Han X. and Wang M., General decay of energy for a viscoelastic equation with nonlinear damping,
Math. Methods Appl. Sci. 32 (3) (2009), 346–358.

[12] Hao J. and Cai L., Uniform decay of solutions for coupled viscoelastic wave equations, Electron.
J. Differential Equations 2016 (72) (2016), 1–11.

© 2021 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 74



[13] Lasiecka I., Messaoudi S.A., and Mustafa M.I., Note on intrinsic decay rates for abstract wave
equations with memory, J. Math. Phys. 54, 031504 (2013); doi: 10.1063/1.4793988.

[14] Lasiecka I. and Wang X., Intrinsic decay rate estimates for semilinear abstract second order equa-
tions with memory, New prospects in direct, inverse and control problems for evolution equations,
271303, Springer INdAM Ser., 10, Springer, Cham, 2014.

[15] Liu W.J., General decay of solutions of a nonlinear system of viscoelastic equations, Acta Appl.
Math. 110 (2010), 153-165.

[16] Liu W.J., General decay rate estimate for a viscoelastic equation with weakly nonlinear time-
dependent dissipation and source terms, J. Math. Phys 50 (11) (2009), art. No 113506.

[17] Liu W.J., Uniform decay of solutions for a quasilinear system of viscoelastic equations, Nonlinear
Anal. 71 (2009), 2257-2267.

[18] Liu W.J., Chen Z.J. and Chen D.Q., New general decay results for a Moore-Gibson-Thompson
equation with memory, Appl. Anal. (2020), 99:15, 2622-2640, DOI: 10.1080/00036811.2019.1577390.

[19] Liu W.J., Chen Z.J. and Tu Z., New general decay result for a fourth-order Moore-Gibson-Thompson
equation with memory, Electronic Research Archive 28 (1) (2020), 433-457.

[20] Messaoudi S.A. General decay of solutions of a viscoelastic equation, J. Math. Anal. Appl. 341
(2008), 1457-1467.

[21] Messaoudi S.A., General decay of the solution energy in a viscoelastic equation with a nonlinear
source, Nonlinear Anal. 69 (2008), 2589-2598.

[22] Messaoudi S.A. and Al-Gharabli M.M., A general decay result of a nonlinear system of wave
equations with infinite memories, Appl. Math. Computations 259 (2015), 540–551.

[23] Messaoudi S.A. and Mustafa M.I., A stability result in a memory-type Timoshenko system, Dynam.
Systems Appl. 18 (2009), 457-468.

[24] Messaoudi S.A. and Tatar N.-e„ Exponential and polynomial decay for a quasilinear viscoelastic
equation, Nonlinear Anal. TMA 68 (2007), 785–793.

[25] Messaoudi S.A. and Tatar N.-e, Uniform stabilization of solutions of a nonlinear system of vis-
coelastic equations, Appl. Anal. 87 (3) (2008), 247-263.

[26] Munoz Rivera J.E., Asymptotic behavior in linear viscoelasticity, Quart. Appl. Math. 52 (4)
(1994), 628-648.

[27] Munoz Rivera J.E. and Oquendo H. P., Exponential stability to a contact problem of partially vis-
coelastic materials, J. Elasticity 63 (2) (2001), 87-111.

[28] Munoz Rivera J.E. and Salvatierra A. P., Asymptotic behavior of the energy in partially viscoelastic
materials, Quart. Appl. Math. 59 (3) (2001), 557-578.

[29] Munoz Rivera J.E., Naso M.G. and Vegni F.M., Asymptotic behavior of the energy for a class
of weakly dissipative second-order systems with memory, J. Math. Anal. Appl. 286 (2) (2003),
692-704.

© 2021 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 75



[30] Munoz Rivera J.E. and Naso M.G., On the decay of the energy for systems with memory and
indefinite dissipation, Asympt. Anal. 49 (3-4) (2006), 189-204.

[31] Mustafa M.I., Optimal decay rates for the viscoelastic wave equation, Math. Methods Appl. Sci.
41 (1) (2018), 192–204.

[32] Mustafa M.I., Uniform decay rates for viscoelastic dissipative systems, J. Dyn. Control Syst. 22
(1) (2016), 101–116.

[33] Mustafa M.I., Well posedness and asymptotic behavior of a coupled system of nonlinear viscoelas-
tic equations, Nonlinear Anal. RWA 13 (2012), 452–463.

[34] Mustafa M.I. and Messaoudi S.A., General stability result for viscoelastic wave equations, J. Math.
Phys 53, 053702 (2012); doi: 10.1063/1.4711830.

[35] Park J. and Park S., General decay for quasilinear viscoelastic equations with nonlinear weak damp-
ing, J. Math. Physics 50 (8), art. No 083505 (2009).

[36] Said-Houari B., Messaoudi S.A. and Guesmia A., General decay of solutions of a nonlinear system
of viscoelastic wave equations, Nonlinear Differ. Equ. Appl. 18 (6) (2011), 659–684.

[37] Santos M.L., Decay rates for solutions of a system of wave equations with memory, Electron. J.
Differential Equations 2002 (38) (2002), 1-17.

[38] Wu S.T., General decay for a wave equation of Kirchhoff type with a boundary control of memory
type, Boundary Value Problems 2011 (2011), 15pp.

© 2021 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 76



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


