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ABSTRACT. In this paper we consider a nonlinear system of two coupled viscoelastic equations, prove the well posed-
ness, and investigate the asymptotic behaviour of this system. We use minimal and general conditions on the relaxation
functions and establish explicit energy decay formula which gives the best decay rates expected under this level of gener-
ality. Our new result generalizes the earlier related results in the literature.
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1 Introduction

In this paper, we are concerned with the following coupled system

uy — Au + fot g1(t — 7)Au(r)dT + fi(u,v) =0, in 2 x (0, 00)
v — Av + fot go(t — T)Av(T)dT + fo(u,v) =0, in 2 x (0, 00)
u=1v=0, on 992 x (0, 00)

u(+,0) = g, u(+,0) = uqg, v(-,0) = vg, ve(+,0) = vy, in Q,

(1.1)

where u and v denote the transverse displacements of waves and 2 is an open bounded domain of IR"
with a smooth boundary 0f). The relaxation functions ¢;, g and the nonlinearities fi, fo will be specified
later. System (1.1) arises in the theory of viscoelasticity and describes the interaction of two scalar fields.
In [3], Andrade and Mognon considered a similar problem with the nonlinearities

filw,v) = [uf Pulol”  and  fo(u,v) = |0l fuf?

where p > 1ifn =1,2and 1 < p < Z—:; if n > 3. They proved the well posedness for the problem
under restrictive assumptions on the relaxation functions. In [37], Santos considered the coupling

fl(u7 U) = CL(U o U) and f2(u7 U) = —CL(U o U)a
where a is a positive constant, and assumed that
—a1g; (1) < gi(t) < —azgi(t)  and 0 <g/(t) <vg/(t), i=12,

for some 1 < p < 2. He proved that when the kernels decay exponentially (resp. polynomially) the
first- and the second-order energy of the solution decay exponentially (resp. polynomially). In [25],
Messaoudi and Tatar used the following weaker conditions on the relaxation functions
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for some 1 < pq,py < 3/2, and more general forms of nonlinearities. They proved an exponential decay
for (p1,p2) = (1, 1) and a polynomial decay for (p;, p2) # (1,1). Liu [17] used the same hypothesis for
a quasilinear system and established uniform decay results.

The problem, with a single viscoelastic equation, has been extensively discussed by many authors. We
refer to [5,24,26,27,28] for subsequent results which proved that the energy decays exponentially (resp.
polynomially) if the relaxation function g decays exponentially (resp.polynomially). The same results
were obtained by Alabau-Boussouira et al. [2], Cannarsa et al. [6] and Rivera et al. [29,30] for more
general abstract equations and by Cavalcanti and Oquendo [9] for equations with both viscoelastic and
frictional damping terms..

Then, a natural question was raised: how does the energy behave as the kernel function does not
necessarily decay polynomially or exponentially? Messaoudi [20,21] studied

t
up — Au + /g(t — 1) Au(r)dr = blu|"u
0

for b = 0 and b = 1 and considered relaxation functions satisfying

g'(t) < =&()g(t), t >0 (1.2)
where £(t) : IR — IR, is a nonincreasing differentiable function with
¢'(t) ‘
<k (1.3)
&(t)

for some constant k. He proved that the decay rate of the solution energy is similar to that of the relaxation
function which is not necessarily of exponential or polynomial type. After that a series of papers using
(1.2) and (1.3) has appeared, see for instance [11,16,23,32,35,38]. On the other hand, a condition of the
form

g'(t) < =x(g(t)), (1.4)

where x is a convex function satisfying some smoothness properties, was introduced by Alabau-
Boussouira and Cannarsa [1] and used then by several authors with different approaches. We refer to
[7,10,13,34] where decay results in terms of xy were obtained, to Lasiecka and Wang [14] where not only
general but also optimal result was established, and to Cavalcanti et al. [8] where new methodology and
tricks were used to treat the interaction between the nonlinearity and viscoelasticity.

Motivated by these works, Liu [15] imposed the conditions (1.2) and (1.3) on g1, g2 in the coupled
system (1.1) and improved the earlier result in [25]. Later on, Mustafa [33] treated (1.1) using only (1.2).
The same was done by Hao and Cai [12], Messaoudi and Al-Gharabli [22], and Said-Houari et al. [36]
for similar systems.

Our aim in this work is to investigate (1.1) for relaxation functions of more general type than the ones in
(1.2) and (1.4), namely ¢'(t) < —&(t)x (g(t)), where ¥ is increasing and convex without any additional
constraints. Such a condition on g was first used by Mustafa [31] for a single linear viscoelastic wave
equation, and then used by Liu et al. [18,19] for a Moore-Gibson-Thompson equation with memory.

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |54



Here, we use this condition, overcome the difficulty brought by the nonlinearities, and establish explicit
energy decay formulas which give the best optimal decay rates expected under this level of generality and
from which the usual exponential and polynomial decay rate estimates are only special cases. Our results
improve and generalize the earlier related results in the literature. The proof is based on the multiplier
method and makes use of some properties of convex functions. The paper is organized as follows. In
section 2, we present our results. Then, in section 3, the well posedness of the problem is established.
Some technical lemmas are provided in section 4. The proof of the main result is given in section 5.

2 The main results

We consider the following hypotheses

(H1) g; : [0,00) — (0,00) (for i = 1, 2) are differentiable functions satisfying

[0.9]

1— /gi(s)ds =1; >0, (2.1)

0

and there exists a C'! function H : (0, 00) — (0, o0) which is linear or it is strictly increasing and strictly
convex C? function on (0, 7], 7 < mo = min{g;(0), g2(0)}, with H(0) = H’(0) = 0, such that

g9i(t) < =& H(gi(t), (i=1,2) V=0 (2.2)
where &1, & are positive nonincreasing differentiable functions.

(H2) f; : IR* — IR (fori = 1,2) are C"" functions, with f;(0,0) = 0, and there exists a function F such
that
OF OF
fi(z,y) = %Jz(ﬂ%y) = o
F>0,  xzfilz,y) +yfale,y) — Flz,y) >0,

and

Pl Py y(z,y) € R? 2.3)

+ [y

df; df;
‘a—i(w,y)‘ + ‘%(w,y)‘ <d(1+|x

for some constant d > 0 and 3;; > 1, (n — 2)3;; < nfori,j =1,2.

We observe that assumption (H2) gives, for some positive constant k&, that

| fi(z, )| < E(|z] + [y] + |27 + |y]7?) (2.4)

+ |y

and

Bi1—1 Biz—1 Bi1—1

filz,y) — fi(r.s)| < k(L + |2 (o =+ ly—sl)  (2.5)

for all (x,y), (r,s) € IR? and i = 1,2. Throughout this paper, ¢ is used to denote a generic positive
constant. We will also be using the embedding Hg () < L(Q) for2 < s < 2n/(n —2)if n > 3 or
s >2ifn=1,2;ie., forany ¢ € H}(Q),

oll, < clIVol,- (2.6)

+ |y

+|r

+ |s
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Now, we introduce the energy functional

t

E(t) = —/ u? + (1 — /gl(s)ds) \Vul? | de + %(gl o Vu)(t)
Q 0

t
1 1
—ﬁ/)ﬁ+ﬂ—/@@%mmfdmﬁ@pVM@+/mem,
Q 0 Q
where

(gicw)(t) = //gi(t —7) |w(t) — w(7’)|2 drdzx.
Q 0

For the well-posedness, we prove, in section 3, the following result.

Theorem 2.1. Let (ug, u1), (vo,v1) € (H(Q) N HE(Q)) x HE () be given. Assume that (HI) and (H2)
are satisfied, then problem (1.1) has a unique strong solution

w,v € L®(Rys HA(Q) N H(Q)) N WS (IR H(Q) 0 W2(IRo; LA(Q).
Our main stability result is the following.

Theorem 2.2. Assume that (H1) and (H2) hold. Then there exist positive constants ki < 1 and ks such
that, along the solution of (1.1), the energy functional satisfies

E(t) < ko Hi [ by / é(s)ds @.7)
where
}ﬂ@%:/?H%gﬁ L) = min{& (1), &)

and t; = max{g; ' (r), g, (r)}. Here, Hy is strictly decreasing and convex on (0,r], with %ir%Hl (t) =
H
+00.

The proof of this Theorem will be given in section 5. As a diret application, the following corollary
shows that the optimal exponential and polynomial decay rate estimates, already proved for g; satisfying
(2.1)and ¢; < —a;¢7",1 < p1,pe < 2, are special cases of our result.

Corollary 2.3. Assume that (HI1—H?2) hold where, for i = 1,2, (2.2) is given by
gi(t) < =&G(t)g" (1), 1<pi<2
Then there are positive constants k. k, ki such that the decay rate of E is given by
fee~k1 g €(s)ds iftp=1
E(t) << _ : =L : (2.8)
k(y+kggmg L ifl<p<?
where £(t) = min{&;(?), §2(t) } and p = max{p1, p2}.
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Proof. Here, with My = max{g1(0), g2(0)}, we see that ¢/(t) < —M{&(t)H (g;(t)) where H(s) =

p
(m) is linear for p = 1, and strictly increasing and strictly convex on (0, mg] for 1 < p < 2. Then

(2.7) and simple calculations lead to (2.8).
Remarks

(1) It has to be noted that, in case fo s)ds = oo, Theorem 2.2 ensures lim F(t) = 0. Moreover, the
4>

decay rate of E(t) driven by (2.7) is optlmal in the sense that it is consistent with the decay rates of ¢; (¢)
and g5(t) driven by (2.2). In fact, making use of (2.2) for i = 1,2 yields

r t

gi(t) < 6O H(5:1) — / gt [ s [ e

i(s)
gi(t) g7 (r)

V

so, if we define Hy(t) = [, % )ds then H, is strictly decreasing and convex on (0, 7], with %in%Ho(t) =
ﬁ
+00, and Hy(g;(t)) > f » &i(s)ds > ft s)ds which means

t
t) < Hy' /g(s)ds ;o V>t

Also, it is evident, by the properties of H, Hy and H, that

r

H(t) = / sHl/(s)dS < / Hts)ds = Ho(t) = H;'(t) < Hy'(1).

This shows that (2.7) provides the best decay rates expected under the very general assumption (HI).

(2) Also, it is easy to notice that we can start the integration inside at zero where if k; < k; is chosen so
that &, fo s)ds = ki |, § (s)ds, then, as H; ' is decreasing,

E(t) < koH{? k1/§ ;o V> 2t

(3) The above results allow relaxation functions which are not necessarily of exponential or polynomial
decay and they are obtained under general hypotheses that allow to deal with a much larger class of
functions g1, go that guarantee the uniform stability of (1.1) with an explicit formula for the decay rates
of the energy. We give additional examples of application.

Examples. A- If g (¢

) = go(t) = aexp(—t?), for 0 < ¢ < 1 and a chosen so that g;, for i = 1, 2, satisfy
(2.1), then gi(t) = —H (gi(t

)) where H(t) = m Since
H(t) = (1-q)+ thl (9) wd  H'(E) = (1—q) [m (i;r ﬂ |
[ ($)] [ ($)]
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then the function H satisfies hypothesis (H1) on the interval (0, 7] for any 0 < r < a. Therefore, we can
use (2.7) to get

In &

H{(t) = ds = 2 ds = —du
1t) /SH/(S) /s[l—q—l—qln%} 1—q+qu
t t In&
In ¢ In ¢ .
1 1 1 q
= —/uE1 1_u du < —/uéldug [lng]
ql a q +u ql a t

= H; () < aexp(~t') = B(t) < aky exp(—kst?).

B- Considering the functions ¢1(t) = g¢2(t) =

—alln(t+e)+p]
(t+e)? [1n(t—|—e)]erl

Tromerer Where p > 1 and a chosen so that (2.1) is

satisfied. We can see that ¢}(t) = can be written as

— [In(t + ) + p]

! t t
9:(t) (t—i—e)ln(t—l—e)g()
—  B(t) < ke Mk wranetads — K :
by (2.8)—casel ((t+e) [ln(t—l—e)]p) 1

which is slower rate, as k; < 1, than ¢;(¢) and g»(¢). But, it can also be written as

—In(t+e)+p 1
i) = —RUEIT (g
ar(t+e) »
t P _
— 1
— E@5§k1+/fﬁiﬂi%% < LN
by (2.8)—case2 ar (t —+ 6)1_5 for large ¢ (t + 6) [ln(t + 6)]

which is the same rate as the relaxation functions.

(4) The well-known Jensen’s inequality will be of essential use in establishing our main result. If /'
is a convex function on [a,b], f : @ — [a,b] and h are integrable functions on €2, h(z) > 0, and
Jo h(x)dx = k > 0, then Jensen’s inequality states that

F % / F@)h(z)dz| < % / FIf(2)]h(z)dz.
Q

Q
(5) We easily deduce, by (H1), that . ligrn gi(t) = 0. Hence, t; = max{g; '(r), g, (r)} is well-defined
— 1+
and, fori =1, 2,

gi(t) <, Vi>t. (2.9)

As g; and &; are positive nonincreasing continuous functions and H is a positive continuous function,
then, for all ¢ € [0, ¢1],

0 < gi(t1) < gi(t) < g:(0) | |
{ 0 < &(t) <&(t) <&(0) = a < &i(t)H(gi(t)) < b
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for some positive constants a and b. Consequently, for all ¢ € [0, ¢4],
1) < —&(OH (g:(1) < — My < — -2 g.(). 2.10
6it) < ~&G(HH(g:(t)) < =3 - Mo < =7 rgi(t) (2.10)

(6) If different functions H; and H» have the properties mentioned in (H1) such that ¢ (¢) < —&;(t) H1(g1(¢))
and gh(t) < —&(t)Ha(g2(t)), then there is < min{ry, ro} small enough so that, say, Hy(t) < Hs(t) on
the interval (0, r]. Thus, the function H(t) = H,(t) satisfies (H1) for both functions g; and g2,V ¢ > ;.

(7) If H is a strictly increasing and strictly convex C? function on (0, 7], with H(0) = H'(0) = 0, then it
has an extension H which is strictly increasing and strictly convex C? function on (0, 0o). For instance,
if H(r) =a, H'(r) = b, H"(r) = c, we can define H, for t > r, by

A(t) = gtz +(b—er)t+ (a+ 57"2 —br). 2.11)

3 Proof of Theorem 2.1

The existence is proved using Galerkin method. In order to do so, we take {w;};~, to be the eigen-
functions of the Laplacian operator subject to Dirichlet boundary conditions. Then {w;},-, is orthogonal
basis of H}(Q2) and of H?(Q2) NHE () which is orthonormal in L?(Q). Let V,,, = span {wy, ws, ..., wy, }
and the projection of the initial data on the finite dimensional subspace V},, is given by

m m m m

m __ m __ m __ mo__

uy' = E ajw;, vy = E bjwj, uy" = E cjwj, vyt = E djw;
j=1 j=1 j=1 =1

where, (u', v7*) — (ug,vo) in (H2(Q) NH(2))? and (u*, v7*) — (u1,v1) in (HZ(Q2))? as m — oo. We
search the approximate solutions

m m

u () =Y hpm(Dw(x), 0™, t) =D kim(tw;(x)

J=1 J=1

of the approximate problem in V,,,

o (ugw + Vu™ . Vw — fot g1(t — 7)Vu™(7).Vwdr + f1(u™, Um)w) dx =0
Ja (v;?w + Vo Vuw — fot g2(t — )V (7). Vwdr + fo(u™, Um)w) dx =0 (3.1
u™(0) = ug',  w(0) =wy’,  0™(0) =’ v(0) = o
This system leads to a system of ODE for uknown functions £ ,,, (), k; (). Based on standard existence

theory for ODE, one can conclude the existence of a solution (u™, v™) of (3.1) on a maximal time interval
[0,t,,), for each m € IN. The a priori estimate that follows implies that in fact ¢,,, = +o0.

o (A priori estimate 1): In (3.1), let w = u;" in the first equation and w = v;" in the second equation, add
the resulting equations, and integrate by parts to obtain
d 1

m m 1 m|2 1 m 1 m||2
2" =510 V") = S [[Vu™[l; + 5 (g2 0 V™) = 5g2(1) [ V™[5

This means, using (H1), that, for some positive constant C' independent of ¢ and m,

E™(t) < E™(0) < C. (3.2)
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e (A priori estimate 2): In (3.1), let w = —Awu;" in the first equation and w = —Aw;" in the second
equation, add the resulting equations, integrate by parts, and use (H1) to obtain

1d | |V ||2 — Jo gi(s)ds) || Au™([ + [ Vopf3
2dt 1—f0g2 d3)||Avm||2—|—gloAu + g2 0 Av™
1 1 1 1
= Lo o Au") — 2 () 10" B+ 2540 A™) — Lou(t) A0
+/(fl(um,vm)AuT—l—fg(um,vm)szn) dx
Q
< /(fl(um,vm)AuT—l—fg(um,vm)Avln) dx

Q

Then, integrating over (0, ¢) yields

UL 19+ (1= fy an(s)ds) [ Ae 3+ 9
2 1—[0 go(s ds) ||Avm||2+gloAu + gy 0 Av™
1 m|2 m||2 mi2

< 5 [Vl + A + IVl + Ao )

fl(um7vm)Aum - fl(uglvv(q)n)Augl )
+/ ( +fo(u™ 0™ Av™ — folug, vf") Avg! e

t

8f1 mvm) FAU™ +af1( V™Mo Au™
//( 8f2 ) Ay +an( Y Ay )d:]:ds (3.1)
0

To estimate the terms in the right hand side of (3.3), we use (2.4), Young’s inequality, and (2.6) and take
(3.2) into account to get

/fl(um,vm)Aumda: < k:/(|um| T 0™+ [P ™) | AT de

Q

e A e e T G T BT

Q

2, C 2 2

< S llaum |+ SVl + Vo™ [ + Va5 + [ Vo™|l5™)

C
< 5||Aum||§—l—g. (3.2)

Now, we estimate J := — Q%(um,v Juy* Au""dx as follows. First, we observe that 4 zléj +ﬁlj+% =

1 and use (H2) and the generalized Holder’s inequality to infer

| < d / (L4 [0 4 o™ P | |Aw™) da
Q
1 1
< (™l + [ s+ o™ 152 ) 1A,
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Then, by (2.6), (3.2), and Young’s inequality, we arrive at

m _1 m _1 m m
(1 + [V |34 + Vo™= [V, |Ae™,
m m mi2 m2
e[|V ||y [|Au™]], < ¢ || Va3 + e || Au™|f3 . (3.3)

7l <
<

Since the other terms in (3.3) can be similarly treated and the norms of the initial data are uniformly
bounded, we combine (3.3-3.5), use (H1), and take 6 small enough to end up with

2 2 2 2
V™[l + [ Auw™ Iz + [V Iz + | Av™ ]
t

m||2 m2 mi12 mi 2
< cre [ (IVaPl3+ 18+ 963+ |1807]3) ds
0
Using Gronwall’s inequality, this implies that
IV (15 + | Au™[f; + [|Vo}"][5 + [|Av™]3 < €, YVt e [0,T]andm € IN. (3.6)

o (A priori estimate 3): In (3.1), let w = u;} in the first equation and w = v;}’ in the second equation.
Then, by exploiting the previous estimates and using similar arguments, we find

||ugy ||2 + ||vff||2 < C, Vt € [0, 7] and m € IN. (3.7)
From (3.2), (3.6), and (3.7), we conclude that

() N Hy(Q)),
uj", vj" are uniformly bounded in L>(0, T; Hy(2)),
ujy, vj are uniformly bounded in L>(0, T; L*(2)), (3.4)

u™, v™ are uniformly bounded in L>(0, T'; H?

which implies that there exist subsequences of v, v, which we still denote in the same way, such that

u™ S oyand 0™ v in L0, T; HA(Q) N HY (),
u® 5y and 0" 2 vy in L°(0, T HY (Q)),
ull > ug and vl = vy in L0, T; LA()).
In particular, making use of Aubin-Lions Theorem, we find, up to a subsequence, that
u™ — wand v™ — v strongly in L(0, T; L*(12)).
Then,
u™ —wuandv™ — v aein (0,7) x Q
and therefore, from (H2),
filu™ v™) = fi(u,v) aein (0,T) x €, fori=1,2. (3.9)

Also, as u™and v™ are bounded in L*°(0, T'; L*(12)), then the use of (2.4) and (2.6) gives that f;(u™, v™)
is bounded in L>(0,7T; L?(£2)). From this and (3.9), we can deduce that

fi(u™ v™) = fi(u,v) in L*(0,T; L*(2)), fori = 1,2.
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Regarding the initial conditions, we can also use (3.8) in standard way to verify that
'UJ(O) = Uo, ut(o) = Uy, U(O) = o, Ut<0) = 1.

Combining the results obtained above, we can pass to the limit and conclude that (u,v) is a strong
solution of system (1.1). For uniqueness, let us assume that (uy, v1), (ug, v2) are two strong solutions of
(1.1). Then, (z, q) = (u1 — ug,v; — vo) satisfies, for all w € Hg (1),

o (zttw +VzVw — fot g1(t — T)Vz(T).deT) dr = [o(fi(ug,v2) — fi(ur,v1))wdz
o (qttw +V¢.Vw — fot go(t — T)Vq(T).deT) dr = [o(fa(uz,v2) — folur, v1))wde.

Substituting w = z; in the first equation and w = ¢; in the second equation, adding the resulting equa-
tions, integrating by parts, and using (H1) yield

lﬁ |Zt||2 fo g1(s)ds) |VZ||2 + ||Qt||2

2dt 1_f092 d8)||Vq||2—|—glon—l—gzqu

/ (ug,v2) — fi(u1,v1))zdx + /(f2(u2,U2) — fo(ur,v1))qdz. (3.5)
Q Q

Making use of (2.5) and following similar arguments used to obtain (3.5), we find

/(fl(uz,vz) — fi(ug,v1))zdr + /(fz(uz,vz) — folur,v1))qedz

Q Q
< k / (14 Jur |77 Juo)™ 7 Jor 727 o2 (2] + g)) 2] dae
Q

+k / (14 Jur |77 Jua) ™ Jon |27 o) 27 (2 + La]) e de
Q
2 2 2 2
c(llzell3 + V215 + lalls + 1 Vall3)- (3.6)

Combining (3.10) and (3.11), integrating over (0, t), and using Gronwall’s Lemma, then we deduce that
2 2 2 2
[zelly + IV 2ll5 + llaellz + [[Vall; = 0
which means that (uq,v1) = (u2, v2). This completes the proof.

Now, if (ug, u1), (v, v1) € Hg(2) x L?(£2) and considering standard density arguments, we can prove
that problem (1.1) has a unique weak solution

u,v € C(Ry; Hy(2)) N CH(Ry; L*(92)).

4 Technical lemmas

In this section, we establish several lemmas needed to prove Theorem 2.2.

Lemma 4.1. Let (u,v) be the solution of (1.1). Then the energy functional satisfies

1

1 1 1
E'(t) = (910 Vu) = 5g1(1) / Vul* dz + 5(920Vv) = 56a(1) / [Vu|* dz < 0. (4.1)
Q Q
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Proof. By multiplying the first equation in (1.1) by u; and the second by v;, integrating over (2, using
integration by parts, hypotheses (H1) and (H2), and some manipulations, we obtain (4.1) for any regular
solution. This equality remains valid for weak solutions by a simple density argument.

Now we are going to construct a Lyapunov functional £ equivalent to £, with which we can show the
desired result.

Lemma 4.2. Under the assumptions (HI) and (H2), the functional I defined by

I(t) = /uutda:—I—/vvtda:

Q Q

satisfies, along the solution, with | = min{ly, l2}, the estimate

Ir't) < —é/ (|Vu|2 + |VU|2) dx + / (uf +v7) dx + cCq, (h1 o Vu)(t)
Q Q
+cCy,(hg o VU)(t) — /F(u,v)daz. 4.1)
Q

forany 0 < o; <1 (i = 1,2), where

0/ igi(s) — gz >d3 and hi(t) = c;gi(t) — g;(t) 4.3)

Proof. Direct computations, using (1.1), (H1-H2), and Young’s inequality, yield

I't) = / d:z:—/|Vu| d:z:—l—/Vu / (t — 7)Vu(r)drdz

vtzdaz—/|Vv| d:):—l—/Vv /gg(t—T)Vv( YdTdx

Q 0

[ufi(u,v) + v fa(u,v)|de

:o\ :\

t

g1(s)ds / \Vu|® dz + / Vi - / g1(t = 7)(Vu(r) — Vu(t))drdx

Q Q

0
g1(s)ds /|Vv|2d:r;—|—/Vv-/gg(t—T)(Vv(T) — Vu(t))drdz
Q 0

/[ufl(u v) + v fa(u,v)]dx
Q
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; 2
1
§/ufdx—l/|Vu|2d:1:—|—5/|Vu| da:—l— (/91 (t—71)|Vu(r) — u(t)dT) dx
0

Q Q Q Q
. 2
1
+/vda:—l/|Vv| d:l:+5/|Vv| dx + 45/(/9215—7'Vv T) — v(t)dT) dx
Q Q o \0
—/mem (44)
Q

for any 0 > 0. Now, the use of Cauchy-Schwarz inequality gives

t

/(/g1t7)|VU() Vu()|d7) dx

i ( »Vawljli_TL(tﬂ\ﬂ“m“7ﬁgﬂtT”V“W)Vu@ﬂmﬁ "

Q

< (jawl y%)//hnm@ﬂ%@TﬂVMﬂVMﬂ%hw
Q0

0
< Cy,y(hy o Vu)( 4.2)

Similar calculations also yield

. 2
/ (/ g2(t — 1) |Vo(r) — Vo(t)| dT) dr < C,,(hg o Vv)(t). (4.3)

Q 0

Combining (4.4)-(4.6) and choosing ¢ small enough give (4.2).

Lemma 4.3. Under the assumptions (HI) and (H2), the functional K defined by
K(t) = Ki(t) + Koat),

with
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satisfies, forany 0 < 6 < 1 and all t > t,, the estimate

K1) < —(g0—5)/(ut +vt)dx+5c/(|Vu|2+|Vv|2) da

Q Q

+C[Ca1 + 1] (hy o V) (t) + c[Ca, + 1]

: e (hy o V)(1) (4.4)

where gy = Inin{fot1 g1(s)ds fo g2(s)ds}.

Proof. By exploiting equations (1.1) and integrating by parts, we have

K(t) = (1 / ) / Vu - / (t — 7)(Vu(t) — Vu(r))drdz

/ (/t g1(t — 7) |Vu(t) — Vu(r)]| dT) dx +/f1(u,v) /gl(t — )(u(t) — u(r))drdz
o \o A

0

—/ut/tg;(t—T)(u(t) — u(7))drdx — (/t gl(s)ds) /ufdx. (4.8)

Q 0 0 Q
Using Young’s inequality and similar calculations in (4.5), we obtain

_|_

t t 2 c.
(1—0/g1(s)ds) Q/Vu-o/gl(t—T)(Vu(t)—Vu(T))dea: < 59/|Vu| dx+ 5 (hioVu)(t) (4.9)

and
—/ut/tgi(t —7)(u(t) —u(r))drdx

Uy

|
P —
o\ﬁ

hi(t — 7)(u(t) — u(r))drdx — /ut / a1g1(t — 7)(u(t) — u(r))drdz
0

Q

/(/\/hl(tT)\/hl(tT) u(t)u(T)dT) dx

0

+5/ud Co‘l (/tgl(tT) |u(t)u(7)|d7) d
Q 0

c (fo ha( s)ds) :

d

IN
Oﬁl@

colea1

J

IN

§ | uidx +

hiou)+ ————(h1 o u)

Cl,
< (hy 0 V). (4.5)

IN

§ | uldx + 5(h1 o Vu) +

SE =Ly
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To estimate the third term in the right hand side of (4.8), we use (2.4), (2.6) and the fact that ||Vu||§ +
Vo5 < 2E(t) < 2E(0) to get

/ fi(u,v) /t g1t — ) (u(t) — u(r))drde
Q

0
¢ 2
< 5c/(|u|2+|v|2+|u|2ﬁﬂ+|v|2ﬁm )z + = / / (t — 7)(u(t) — u(r))dr | de
Q 0
< e Vully + [IVoll3 + I Vul3 + ||Vv||‘”“> + 5Cay (1 0 V) (1)
= de(|[Vull3 + 1Velly + 1Vallz™ = [Full3 + [ell57* [V 0ll3) + = (ks 0 Vu)(©)
< Se(|[Vully + [Velly + 2B0)] 2V [ Val; + [2B(0) %27V [ Vo) + ( 0 Vu)(t)
< 5c||Vu||2—l—5c||Vv||2 ( 10 Vu)(t). (4.6)

By combining (4.8)-(4.11), we obtain

t
/g1 Yds — ¢ / 7?daﬁ—|—5c/|Vu|2dJU
0

)
1
yilra T [Ca; i ](hl o Vu)(t) + 50/ |Vv|2d:13.

Since K5 can be dealt with similarly, (4.7) is established.

Next, we use the functional

M (¢) ://tfl(t—T)|Vu(7)|2d7'dx—|—//tf2(t—7)|Vv(7')|2d7da: (4.12)

Q Q0
where f;(t) = [~ gi(s

Lemma 4.4. Assume that (HI) and (H2) hold. The functional M satisfies, along the solution of (1.1),
the estimate

1 1
M'(t) < =5 (910 Vu)(t) = 5 (020 V0)(8) +3(1 - z)/ (IVa@®) + Vo)) da. (4.13)
Q
Proof. By Young’s inequality and the fact f/(t) = —g;(t), we see that

O)/|Vu(t)|2dx—//tg1(t—7)|Vu(7)|2d7'dx
Q Q 0

t

—I—fg(())/|Vv(t)|2d:1:—//gz(t—T)|Vv(T)|2dea:
Q

Q 0
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t
/91 (t —7) |Vu(r) — Vu(t)| drda
0

:o\

Z/Vu / (t — 7)(Vu(r) — Vu(t))drdz + fi(t) Q/ |Vu(t)|” de

0

Q
t
—//gzt—T ) [Vo(r) = Vo) drdz
Q 0

-2 / Vo(t / (t —7)(Vu(r) — Vo(t))drdz + fa(t) / IVo(t)]? da.
Q Q

0

But t
—2 [ Vw(t)- [ gi(t —7)(Vw(r) — Vw(t))drdx

[

t

f gz dS 2
< 20 =1) [ [Vw®)| dx + 0 gi(t — 7) |Vw(r) — Vw(t)[]* drda.
/ =il
Then, as f;(t) < f;(0) = (1 — ;) and fo gi(s)ds < (1 —1;), we get (4.13).

Lemma 4.5. The functional L defined by
L(t):= NE(t) + N1I(t) + NoK(t)
satisfies, for suitable choice of N, N1, No > 0, that

L) < =41 =0 [ (Vu)* + Vo )dz — | (u} +v))dz — | F(u,v)dz
/ [

1 1
+7 (010 Vu)(t) + (g2 0 Vo) (2), Vi>t (4.7)

L(t) ~ E(t) 4.15)

Proof. By combining (4.1), (4.2), (4.7), recalling that g, = («;g; — h;), and taking 6 = 1/N5 in (4.7), we
obtain, for all ¢ > %,

L) < — (é]\h - c> /(|Vu|2 + Vo)) — (Nago — 1 — NY) /(uf +o2)de — /F(u,v)daz

Q Q Q
1
+%N(gl o Vu)(t) — (5]\7 — ¢NZ — Cy,[cNZ + CN1]> (h1 o Vu)(t)

+%N(gz o Vv)(t) — (%N — ¢N3 — Ca,[cN3 + ch]> (ha 0 Vo)(t)
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At this point, we choose /V; large enough so that
[
§N1 —c>4(1-1),

then /V; large enough so that

Nggo—l—N1>1.

Now, as g; and —g, are positive functions and «; > 0 we find that

aighls)  _aigtls) . aigd(s)

0< ;gi(s) —gi(s) ~ —gi(s) 200, gi(s) — gi(s)

=0  foreachs € [0,00)

and also
aigi (s)
a;gi(s) — gi(s)
where g; is integrable on [0, c0), then, by the Lebesgue dominated convergence theorem, we deduce, for
1 = 1,2, that

< gi(s)

;Cy, = / did; (8>, ds — 0 as a; — 0.
@;gi(s) — gi(s)

Hence, there 1s 0 < v < 1 such that if o; < 7y then

Co, < !

;L .

"7 8[eNZ + V]

Let us choose N large enough and choose ay, o satisfying
1 9 1
ZN_CN2>O and Q1:Q2:ﬁ<’y

which means
1
SN - cNZ — Cy,[cN3 + ¢Ny| > 0.

So, we arrive at

L'(t) < —4(1-1) / Vul® + Vol dx—/ut—i—vt d:E—/F(U,U)d:E
Q Q Q

420010 Fu)(t) + 7920 Vo)1)

On the other hand, we can easily find, using Young’s and Poincaré’s inequalities, that
[£(t) = NE@)] < Ny [(8)] + No |[K(2)] < cE(1).

Hence, we can choose N even larger (if needed) so that, for some constants a;, as > 0,
a1 E(t) < L(t) < a2 B(1),

that 1s, (4.15) is satisfied.
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5 Proof of Theorem 2.2

We start using (2.10) and (4.1) to conclude that, for any ¢ > %,

/ /|Vu — Vu(t —s)? d:r;ds—l—/ /|Vv — Vo(t — 8| deds
< ——/( /|Vu — Vu(t — s)[* dz — gi(s) /|Vv Vv(t—s)2da:) ds

< —cE'(1)

which can be used in (4.14) and then take F'(t) = L(t) + cE(t), which is clearly equivalent to E(t), to
get, for some constant m > 0 and for all £ > ¢,

£t < —4(1—Z)/(|vu|2+|vv|2)dx—/(u§+v§)dx—/F(u,v)dx
Q Q Q

+(010 Vu)(1) + 7{g2 0 Vo)1)

—mE(t) + c(g1 0 Vu)(t) + c(g2 o Vv)(t)

t

—mE(t) — cE'(t) + 0/91 /|Vu — Vu(t — s)|* duds

t1

IN

IN

+c/tg2(s)/|Vv(t) — Vu(t — s)|° deds

t1 Q

t

= F'(t) < —mE(t)+c/g1 (s) /|Vut — Vu(t — s)|* duds

—I—c/gg /|Vv — Vo(t — s)|° deds (5.8)

We consider the following two cases.

() H(t) is linear: By Multiplying (5.1) by £(¢) = min{&;(¢), &2(¢)} and using (H1) and (4.1), we obtain
EQF'(t) < —mER)E(t) + c£(t) /91 /|Vu — Vu(t — 5)|* dads

+c£(t) /gg /|Vv — Vo(t — s)]* duds
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< —mé&(t) —|—c/£1 s)g1(s /|Vu — Vu(t — s)|* dads
t
+e | &(s)ga(s) | [Vo(t) = Vo(t — s)| dads
[ stornts [
< —mé&(t)E( —c/g1 /|Vu — Vu(t — s)|* dads

—c/g2 /|Vv — Vo(t — s)]* duds

S—mﬂ)(%ﬂﬂﬂ-

Using the fact that £ is a nonincreasing continuous function as &; and & are nonincreasing, and so & is
differentiable, with £'(¢) < 0, for a.e. ¢, then we infer that

(EF +cE) (t) < EQ)F'(t) + cE'(t) < —mé&(t)E(t), ae. .t >t
Hence, using the fact that {F' + cE' ~ E, we easily obtain

E(t) < o Es)d

(IT) H(t) is nonlinear: First, we use Lemma 4.4 and Lemma 4.5 to deduce that
L(t) = L(t) + M(t)

is nonnegative and it satisfies, for all ¢ > %,

L'ty < —(1-=1) /(|Vu|2 + |Vo[*)dx — /(u? + v?)dw — /F(u,v)daz
QO Q QO

1 1
—1(91 o Vu)(t) — 1(92 o Vv)(t)

< —BE(t)

where B is some positive constant. Therefore

t

g/mwmgum—ngL@)

t1

which implies that

/E(s)ds < 00. (5.2)
0
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Hence, by noting that

t
L(t)+ L(t) = q//|Vu — Vu(t — s)| dxds—i—q//Wv — Vo(t — s)|° deds
Q

t1 t1 Q

IN

cq 0/ E(s)ds,

(5.2) allows for a constant 0 < ¢ < 1 chosen so that, , forall £t > ¢,
Ii(t) < 1. (5.3)

We also assume, without loss of generality, ¢; large enough so that I;(¢;) > 0 which mean [;(¢) > 0 for
all ¢t > t1. Also, we define A(t) by

A(t) == /g1 /|Vu — Vu(t — s)|* dads,

and observe that A(t) < —cE'(t). Since H is strictly convex on (0, 7] and H(0) = 0, then
H(0x) < 0H(x)

provided 0 < 6 < 1 and = € (0, r|. The use of this fact, hypothesis (H1), (5.3), and Jensen’s inequality
leads to

A(t) = / L(8)(~g()) / ¢ |Vult) — Vu(t — )| duds

t1 Q

(06 (5) H g1 (5)) / ¢ |Vu(t) — Vu(t — ) duds

t1 Q

AV
=)
~
= =
—~
~
SN——
~
78"
I

AV
N

~|m
=N
|
~ | ~—
SN—

\H

H(L(t)g:1(s)) / ¢ |Vu(t) — Vu(t — s)|* dads
Q

1 / 2
p H (]1(t>/Il(t)gl(s)/q|Vu(t)Vu(ts) dxds

Q

Vv

~+
=

_ ?H q/ (3)/|Vu(t)—Vu(t—s)|2dxds

t1

_ ?F / /|Vu ~Vult — s) deds
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where H is an extension of H such that H is strictly increasing and strictly convex C? function on (0, c0)

[see (2.11)]. This implies that

/g1 /W“ — Vu(t — s)| dxd3<1[—[ (%ﬁ?)

We also define

t

() = _/gg(s>/|vv(t> —Vult — 5) 2 dads.

t1 Q

and repeat the above steps to get

/92 /|Vv — Vot — 8| deds < H (%ﬁ?)

Therefore, using the properties of H, (5.1) becomes
F'(t) < —mE@{t)+cH (?&) + ol (M>

< —mE(t)+cH ( §(<)) +q§§’;>> Vit

(5.9)

Now, for ¢y < r, using (5.4), and the fact that £’ < 0, F/ > 0, ﬁ” > (), we find that the functional F7,

defined by

Rt =H (50%> F(t) + E(t)
1s equivalent to ~ and
/ E'(t) E(t) 77 E(t) / /
F1<t) = €0E<O>H <€0E<0>> F(t) + H (€0E(O)> F (t) + F (t)

o (o) o7 (o) (858 0

Let H be the convex conjugate of H in the sense of Young (see [4] p. 61-64), then

and H satisfies the following Young’s inequality

AB<H (A)+ H(B).

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr

(5.5)

(5.6)

(5.7)

Page |72



With A = 1 ( ”) and B=T "' (M n M) _using (4.1) and (5.5)-(5.7), we arrive at

E(0) &) 0)
/ BT ORI E(1) LA L ax®)
A) < -mE0)H ( <o>>+ ( <€°E<o>>>+ q ey TEW
— () E(t E(t) g t)  agx(t)
< —mEOH ( <o>> E(0) (5°E<o>>+%<t> T TEW:

Then, we multiply by £(¢) and use the fact that, as ¢ gé )) <r H (50%) =H (50%) to get

~~

EOF() < —mE(OEWH (m%) n 050%5(75)[{/ (50 ggg)
+egA(t) + cqx(t) + E(t) E'(t)

< —mé()E(t)H' (50 gééﬁ) + cgg gg(?)é(t)H/ <50 g(((L;))) — cE'(t)

Consequently, with F» = £F} + cFE, which satisfies, for some oy, ag > 0,
a1 F(t) < E(t) < azFh(t), (5.8)

and with a suitable choice of ¢, we obtain, for some constant £ > 0 and for all ¢ > 1,

Fy(t) < —k&(t) (%) H' (50%> = —k&(t)Ho (%) : 5.9)

where Hy(t) = tH'(eot).
Since Hy(t) = H'(eot) + ot H" (ot), then, using the strict convexity of H on (0, 7], we find that H5(¢),
Hs(t) > 0 on (0, 1]. Thus, with

O[lFQ(t)
E(0)

taking in account (5.8) and (5.9), we have
R(t) ~ E(t) (5.10)

R(t) =

and, for some k; > 0,

R'(t) < —k1&(t)Ho(R(t)), Vit >ty

Then, the integration over (%1, t) yields

! t eoR(t1) ;
—R'(s) 1
tl/—H2<R<S))dS > kltl/é(s)ds — R/(t) SH’(S)dS > k:ltl/g(s)ds

t
— R(t) < —H; ' (h / £(s)ds), (5.11)
0
t1
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where H(t) = ftr #,(s)ds. Here, we have used, based on the properties of [, the fact that /1 is strictly
decreasing function on (0, r| and %in%H 1(t) = +00. A combination of (5.10) and (5.11), estimate (2.7) is
%

established.
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