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ABSTRACT. We generalize Wiener amalgam spaces by using Dunkl translation instead of the classical one, and we
give some relationship between these spaces, Dunkl-Lebesgue spaces and Dunkl-Morrey spaces. We prove that the
Hardy-Litlewood maximal function associated with the Dunkl operators is bounded on these generalized Dunkl-Morrey
spaces.

1 Introduction

For 1 < p,q < oo, the amalgam of L and L? on the real line is the space (L4, L”) of complex values
functions f on R which are locally in L? and such that the function y H I X1(y,1) H 1 belongs to LP(R),
where x(, 1) denotes the characteristic function of the open interval I(y,1) = (y — 1,y + 1) and [-||;,
the usual Lebesgue norm in L9.

We recall that for ¢ < oo

Q=

[ xrwn L. = /'f(“+y)|qd“ = || ClADxr0m | 1o -

(0,1)

where (,9)(x) = g(z — y) is the classical translation.

Over the past 30 years, much work in harmonic analysis has focused on generalizing the results estab-
lished in classical Fourier analysis within the framework of Dunkl analysis. The Dunkl translation (see
Section 2) is an important tool in this task. It is natural to seek to know what become Wiener amalgam
spaces once we replace classical translation by Dunkl one.

Taking in the definition of Wiener amalgam space the generalized translation as defined in [22], we
give the analogue of the Wiener amalgam spaces and look at some subspaces of this spaces as well as
the boundedness of the Hardy-Littlewood maximal operator associated with the Dunkl operator. For this
purpose we define the function spaces using the harmonic analysis associated with the Dunkl operators
on R. The generalized shift operators we are considering are associated with the reflection group Z, on
R. For the basic properties of the Dunkl analysis, we refer the reader to [6, 18, 22] and the references
therein. The Lebesgue measure on the real line will be denoted by dx. For any Lebesgue measurable
subset I/ of R, |E| stands for its Lebesgue measure. We denote by £ the space of functions of class C*
and by C. the space of continuous functions with compact supports.
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This paper 1s organized as follow:

Section 2 is devoted to the prerequisite for Dunkl analysis on the real line while Section 3 deals with
the definition and properties of Dunkl-amalgam spaces. We introduce Fofana spaces associated to the
Dunkl-amalgam in Section 4, and compare this space with Lebesgue spaces and Morrey-Dunkl spaces.
In Section 5, we stated our results for Dunkl-type Hardy-Littlewood maximal function and give their
proofs in Section 6.

The letter C' will be used for non-negative constants independent of the relevant variables, and this
constant may change from one occurrence to another. A constant with index, such as C);, does not
change in different occurrences but depends on the parameters mentioned there.

We propose the following abbreviation A < B for the inequalities A < C'B, where C'is a positive
constant independent of the main parameters. If A < Band B < A, then we write A ~ B.

2 Prerequisite on Dunkl analysis on the real line

For a real parameter k > —1/2, we consider the Dunkl operator, associated with the reflection group
Zso on R:

Mg = Ly 4 265 (f(af) —2f(—:v)> |

For A\ € C, the Dunkl kernel denoted &,(\) (see [5]), is the only solution of the initial value problem
Aef(2) = M(z), F(O) =1, 7€ R.

It is given by the formula

o A .
€. (M) = ju(irz) + mjnﬂ(l/\ﬂ?), z € R,
where
. Ji(2) ZOO (—1)"2*"
Jn(2) = 2°T(k +1) Pl () +1) n122'T'(n+rk+ 1)’ zet

n=0

is the normalized Bessel function of the first kind and of order . Notice that Afé = % and Q‘L% (\r) =
e, It is also proved (see [18]) that |&,(ix)| < 1 for every x € R.

In the rest of the paper, we fix © > —1/2, and consider the weighted Lebesgue measure i on R, given
by

du(z) == (2°7'D(k + 1))_1 2> da. (2.1)

For 1 < p < oo, we denote by LP(11) the Lebesgue space associated with the measure j, while L°(1)
stands for the complex vector space of equivalence classes (modulo equality p-almost everywhere) of
complex-valued functions p-measurable on R. For f € LP(u), we denote by || f||, the classical norm of

£l
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The Dunkl kernel € = €&, gives rise to an integral transform on R denoted F = F, and called Dunkl
transform (see [3]). For f € L(p)

FfN) = /QE(—i/\x)f(a:)du(a:), A €R.

R

We have the following properties of the Dunkl transform given in [3] (see also [6]).

Theorem 2.1. 1. Let f € L(u). If F(f) isin L'(x), then we have the following inversion formula :

fla)=c / &(iey) F () () duty).

R
2. The Dunkl transform has a unique extension to an isometric isomorphism on L?( ).

Definition 2.2. Let y € R be given. The generalized translation operator f + 7, f is defined on L?(u)
by the equation

F(ryf)(x) = €liwy) F(f)(z); zeR

Mourou proved in [17] that generalized translation operators have the following properties:
Theorem 2.3. 1. The operator 7, z € R, is a continuous linear operator from £(R) into itself,

2. For f€e £R)and z,y € R

@) 7 f(y) =7y f (),
(b) TOf = f’

(C) Tz, 0Ty =Ty O Ty.

For x € R, let B(z,r) = {y € R: max {0, |z| —r} < |y| < |z|+r} if 2 # 0 and B, := B(0,r) =
|]—r,r[. We have u(B,) = b,r?2 where b, = [2°"!(x+ 1)['(k + 1)]71, and for f € L (u), the
following analogue of the Lebesgue differentiation theorem (see [20]).

: 1 B

}g% M(Br)B/ |7 f(y) — f(z)|du(y) =0 fora.e.z eR (2.2)
and

nmL/Tﬂ Vu(y) = f(x) fora. e z€R 2.3)

50 M(Br) x y /’[/ y - .V : :

I

For z € R and r > 0, the map y — 7, xB,(y) is supported in B(x,r) and

2C r o\ 2t
<7, <min<{ 1, — [ — , B(z,r), 2.4
OTXBT(y)mm{ ot 1 <|x|> } y € B(x,r) (2.4)

as proved in [14].
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Let f and g be two continuous functions on R with compact support. We define the generalized
convolution %, of f and g by

Frwgle) = [ 7ol (-p)atu)duty).
R
The generalized convolution *, is associative and commutative [18]. We also have the following results.

Proposition 2.4 (see Soltani [20]). 1. For all z € R, the operator 7, extends to LP(u), p > 1, and

17 fll, < 41 £, (2.5)
forall f € LP(p).

2. Assume that p, ¢, € [1, 00] and satisfy ]lg + % =1+ % Then the generalized convolution defined
on C. x C,, extends to a continuous map from LP(u) x L9(p) to L™ (i), and we have

1f *x gl < 41 £1l, lgll, -

It is also proved in [13] that if f € L'(u) and g € LP(u), 1 < p < oo, then

T.(f*xg)=Tof*xg=f*xTrg9,2 €R.

3 Dunkl-Wiener amalgam spaces

For 1 < ¢, p < o0, the generalized amalgam space (L%, LP)(u) is defined by
(L9, 1)) = { f € L)+ fll,p < o0}

where
1
q

if ¢g< oo

| U 18 () dt) | |

£ xs0nllll, it g=oc

I/

ap

and the L”(p)-norm is taken with respect to the y variable. We recover the classical Wiener amalgam
spaces by taking the Lebesgue measure instead of 1, and the classical translation instead of that of Dunkl.

It is easy to see that for 1 < ¢ < p < oo, (L%, LP)(1) is a complex subspace of the space L°(11). Notice
also that (L>°, L>°)(u) = L*(p). In fact, since

[Fxs(y DI < |fl,y R,
we have ||f||+oo7+oo S ||f||+oo :

Conversely, we assume that || f|| ., > 0 (since otherwise there is nothing to prove). Fix 0 < r < || f|| ..
We have

p{z e R/ |f(x)] > r}) > 0.

Thus, there is a compact set K C {z € R/ |f(z)| > r} satisfying p(K) > 0. Since K C U, B(y;, 5)
for a finite sequence y1, o, ..., y, € K, there exists 1 < iy < n such that (K N B(y;,, 1)) > 0. Itis
easy to see that

1
B(yim _>'

1
—) C B(y,1), forally € B(y,, 5

2
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It comes that

1
B(:yim 5) - {y S R/ ||fXB(y,1)||OO > T} )

so that

This implies that || f]| , < [[f{lo0 oo-

Holder’s inequality is also valid in these spaces.

Proposition 3.1. Let 1 < ¢1,p; < oo and 1 < g9, p2 < oo such that

1 1 1 1 1 1
—F+ —=-<land —+ —==-<1.
q1 q2 q P11 P2 p

If fe (L9 LP)(u)and g € (L%, LP?)(u) then fg € (LY, LP)(u). Moreover, we have

||fg||q7p S ||f||q1,p1 Hg”qzmz :

Proof. Let f € (L9, LP")(u) and g € (L%, LP*)(p).

We suppose that ¢ < oo and g < oo. For almost every y in R, the maps = — | f ()| (7yXB(0,1) (—x))%

and z — |g(z)| (TyxB(0,1)(—7)) % are respectively in L% (u) and L% (11) so that, applying Holder inequal-
ity in Lebesgue space, we have

1

/(|f($)| l9(2))*(TyxB(0,1) (=) dp() /If(ﬂf)lql TyXB(0,1)(—))dp(x)

R LR

x / 19| 7 x 0 (—2)du(z)
LR

Q=

IN

Taking the LP(u)-norm of both sides and applying once more the Holder inequality on the term in the
right hand side, we obtain the desired result.

We suppose known that some g; = oo let say ¢, and g < co0. Then ¢ = @2 and the result follows from
the following inequality

a2

/(|f(l’)| l9(2))® (X B(0,1) (—2))dpa()

R

a2

< ||fXB(y,1)||OO /|g($>|q2 (TyXB(o,l)(—l’»du(I) )
R

by taking the LP(x)-norm of both sides and applying Holder inequality for p; indexes.
In the case ¢; = g» = 00, the result is immediate. L]
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Proposition 3.2. Let 1 < ¢ < p < co. The maps LY(u) > f | f1l,,, define a norm in (L9, LP)(p).
Proof. Let f be a y-measurable function such that || ||, = 0.

1. Suppose ¢ < oo, then

0= £l = | [ i A1 )

R
p

implies that there exists a y-null set NV such that for all y € R\ IV, we have

0= / o 1F (@) x5 (2)dp() = / @) 7y (@) dia().

R

Thus for y € R\ NV, there exists a subset IV, C R with y(N,) = 0, such that for z € R\ N,

|f|q7—*yXB1 (x) =0.

Fix y € R\ N. For every < 1 we have B,, C By, so that 7_,(xp, — xB,) = 0. Hence

sy [ OO = s [ @, @)
u(len) [FI* (@) 7=y xB, (2)dpa() = 0.

It comes from (2.3) that

: 1 q _ q
0= lim s [ 11)@)uto) = 111" )

n
Thus f = 0 u-a.e.
For the triangular inequality, we have

q

14 gl = | [ (170)+ gt} (roxn (=) o)

R
p

for f,g € (LY, L”)(u), and the result follows by applying respectively the triangular inequality in
L(p) and LP(p).

2. If ¢ = p = oo then there is nothing to prove since (L, L>°)(u) = L= (p).
Positive homogeneity is immediate. ]

The next result is a generalization of [7, Proposition 1.2.8]. The proof is only an adaptation of that
given there. We give it for the sake of completeness.

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |35



Proposition 3.3. Let 1 < p,q < oo. The space ((L?, L”)(p), [|-||,,,) is a complex Banach space.

Proof. Let (f,)n>1 be a sequence of elements of (L4, L”)(1) such that

Z ||fTL||q7p < +o0.
n>1
175! case: we suppose that g < co.

We have

D fallyy =

n>1 > | R

< 00.

1
= Z ‘anB(y,l)TquBl
q

p

Since LP(y) is a Banach space, there exists a measurable subset N C R with x(/N) = 0 such that

< +00,
q

anB(y,l)TEyXB1 (TS R \ N.

2.

n>1

1

1
q

[ [1#1 @ e @] anto

Hence the series ) fnXp(y,1)72,XB, converges in the Banach space L/(u) forally € R\ N.

n>1

Put

E={z €R /xpyn(x)T_yxB, (x) # 0 for some y € R\ N}

and

folx
f<x>={n§ ”
0

On one hand we have:

if z€E,
if z¢ L.

q !

1A, = l/ﬂf Dty (@) xe (@) due)
p
. q
— L/n j{:jh —yXB1 ) dﬂ(f)
{ ©€ By )/ryxm@#£0}
p
. ! 1
< /an —yXBl z)| du(z) SZ SaXB1)T X8 < 00.
n>1 n>1 a{,

p
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On the other hand, we have

Q=

q

dp(z)

Z fl —yXBl )

>n

W= fillgp =

{ zeBy,1)/myxs (x) #0 }

Q=

q

IA

/ Zfz yXB1 x)

| R >n

dp(z) < Z 1 fillgp-

>N

It comes from Estimate (3.1), that lim »_ || f;
N0 i>n

ap = 0.

274 case: we suppose ¢ = oo

Since ) || full4o0p = D H /x5 H+OOH < 400, there exists a y-measurable subset N of R such
n>1 n>1 p
that

u(N) =0,
> ||anB(y,1)||+oo < oo, yeER\N.

n>1
Hence for all y € R\ N, the series > f,Xp(y,1) converges a.e on R. Since for all y;,7, € R\ N such

n>1

that B(yy,1) N B(ys, 1) # (), we have

Z Ju(®)X By, 1(T) = Z Jn(T)XB(ys,1) (),

n>1 n>1

for p-almost every x € B(y1,1) N B(ya, 1), we put f(x) = > fn(z). The function f is well defined

n>1
almost everywhere on R and
1 oo = 153800 | = ([ Fexmwn|| || 32 Ifallvoon < oo
b n>1 ool n21

We also have

)00

|fXB (y,1 ZszB (y,1) |+oo = || ZszB (y,1 |+oo < Z HszB (y,1

1>n >n

for p-almost every y € R and for all positive integers n. Thus

2> f < M fill oo
=1

+o00,p >n
which tends to zero as n goes to infinity. ]
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It comes from the definition of the Dunkl convolution that for 1 < ¢ < oo, we have

/ (ry 119 (&) () = / (11D @)xm (—)due) | = 117 %0 xa(y).

B1 R

This observation couple with Young inequality in Dunkl Lebesgue spaces, allow us to prove the following
result.

Proposition 3.4. Let 1 < ¢ < s < p < 0o. We have

1 1141
1fllgp < 40 (1 fll, p(Br)» > 5. (3.2)
Proof. Let1l < g < s <p < oo. Wehave
1 1 1
BN LS S SER
95 —Pq+ps q  as—pgtpa g
so that
g4s—qp+ps
115, = A1 *a xBlle < 4N p(B) ™5 (3.3)
according to Proposition 2.4. O]

The above result allows us to say that L*(u) C (L9, LP) (i) provided 1 < ¢ < s <p < o0.

We also have, as in the classical case, that the family of spaces (L%, LP)(1) is decreasing with respect
to the ¢ power. More precisely we have the following result.

Proposition 3.5. Let 1 < ¢; < ¢o < p < oo. For any locally integrable function f, we have that

[fllg,p < m(Br)m % [ fll4,, (3.4

Proof. Let f € L%(u).

We suppose that ¢; < g2 < +o00. Holder inequality, and [2, Theorem 6.3.3] allow us to write that

q1 a2 a1 92

/Ty|f|q1 (@)xp, ()du(r) | < /(|f|q2 (@)7yxB, (2)dp(x) /TyXBl(l’)du

R LR R

IN

/ I @ 7yxm @ du(a) | (u(B)E

1 1

= B | [l @ @duta)|

R

so that taking the L”(u)-norm of both sides leads to the desire result.
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Suppose q1 < g2 = +00. We assume that | f|[, , < oo since otherwise there is nothing to prove. We
have

1 1
£ q1

[l @xm@da@| = | [ 1" @ i)
R B(y,1)

q1

< fxsooll | [ o @dut

R

= (B | fxswyl.

We also conclude in this case by taking the LP(u)-norm of both sides. 0]

4 Fofana spaces associated to Dunkl-amalgam
Let1 < g < a < p < oo. The space (L4, L) (1) is defined by

(L9, 1) (1) = {F € L200) + |l < 0}

where
1fllgpa = Srgg(u(Br)) ‘‘‘‘‘ i A
and forr > 0
1
H e(my [f1Dx. (2)du(z)]*||  if ¢<oo
L, = !
HHfXB(W) ‘ooHp if ¢g=o00

It is easy to see that for ¢ < o < p the space (L4, LP)® (11) is a complex vector subspace of (L9, LP)(u).
Notice that (L9, L*>°)(u) is the Dunkl-type Morrey space as defined in [13].

From the definition of (L9, L?)“ (1) spaces and the proof of Proposition 3.2, we deduce that the map
L) 3 f = |Ifll,p.o define anorm in (L9, LP)® (p).

These spaces have been introduced in the classical case; i.e., taking in the above definition the measure
of Lebesgue instead of u, and the classical translation instead of that of Dunkl, by I. Fofana in [10]
where he proved that the space is non trivial if and only if ¢ < a < p (this is why we are refering to these
spaces as Fofana’s spaces). Thus we will always assume that this condition is fulfilled. Some important
properties of Fofana’s spaces in the classical case are resumed in the following (see [8]).

Proposition4.1. Let 1 < ¢ < a <p < .

1. ((qu LP)*(dz), ||-||(Lq7Lp)a(dx)) is a complex Banach space.
2. There exists C' > 0 such that

1N (zopoyawy < W cno,oyeaey < C 1 paaz) -
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3. If¢g< ¢ <a<p <pthen
1z, zoyaiary < Wl (par,ponyo ) -

4. If o € {q, p} then (LY, LP)*(dx) = L*(dx) with equivalent norms.

In the case of harmonic analysis associated to Dunkl operators, it follows from Proposition 3.4 that for
l<g<a<p<oo,

£l o < 47 11£1L (4.1)

D, —

since Relation (3.3) is valid for all balls B, and p(B,) > 0 for all » > 0. This proves that L%(j) is
continuously embedded in (L4, L”)*(u). We also deduce from Proposition 3.5 that for 1 < ¢; < ¢p <
a < p < oo, we have

1 g pac < W Fllgs -

5 Norm inequalities for Hardy-Littlewood type operator

Let f € L°(u1). The Dunkl-type Hardy-Littlewood maximal function M f is defined by
M (@) = sup(u(BO) " [ ol w)duty) = € R
r>
B(0,r)
It is proved in [21] that M is bounded on LP(u) for 1 < p < oo and it is of weak type (1, 1).

We have the following norms inequalities for the Dunkl-type Hardy-Littlewood maximal function, in
the setting of Dunkl-Fofana spaces.

Theorem 5.1. Let 1 < g < a < p < oo. There exists a constant C' > 0 such that

1M fllgpa < Cllflgpa: € Line(r)-

Let 1 < ¢ < a < oo. For alocally u-measurable function f, we put

£l o Loy ey = sup(p(B(0, 7)) = ||| Foyx B, | Lictoo () s

r>0

where L17°°(11) denotes the weighted weak-Lebesgue space, consists of f € LY(u) satisfying the con-
dition

1 f 1zt toe ) = s;irgku({ reR:|f(z)] > A }) < oo

Whe have the following weak-type inequality, when ¢ = 1.
Theorem 5.2. Let 1 < o < p < 0. There exists C' > 0 such that

IMflprvee ey < Cllflipas f € Lige(p).
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Notice that (R, |-| , i) is a space of homogeneous type in the sense of Coifman and Stein.
Let X beaset. Amapd: X x X — [0,00) is called a quasi-distance on X if the following conditions
are satisfied:
1. forevery x and y in X, d(z,y) = 0 if and only if x = vy,
2. forevery z and y in X, d(x,y) = d(y, x),
3. there exists a constant ¢ such that d(x,y) < ¢(d(z, z) + d(z,y)) for every x, y and z in X.
Let z € X and r > 0. The ball of center x and radius r is the subset /(z,7) = {y : d(x,y) < r} of X.

Fix z € X. The family {I(z,7)}, ., form a basis of neighborhoods of € X for the topology induced
by d.

r>0

Let X be a set endowed with a quasi-distance d and a non-negative measure y defined on a o-algebra
of subsets of X which contains the d-open subsets and the balls /(z, 7). Assume that there exists a finite
constant C, such that

0 < pu(l(x,2r)) <Cu(l(x,r)) <oczx e Xandr >0, (5.1)

holds for every x € X and r» > 0. A set X with a quasi-distance d and a measure p satisfying the above
conditions, will be called a space of homogeneous type and denoted by (X, d, uu). If CL 1s the smallest
constant C' for which (5.1) holds, then D), = log, C, is called the doubling order of 4. It is known (see
[19]) that for all balls I, C I;

w(h) r (L))"
1 (12) < G (7“([2)> ’ 62

where 7(I) denotes the radius of the ball I, C), = C/,(2¢)”+ and ¢ > 1 the constant in (3).

In the sequel we assume that X = (X, d, p) is a fixed space of homogeneous type and:

* (X,d) is separable,
* p(X) = oo,
o I(z, R)\ I(xz,71) #0,0<r<R<ooandz € X.

As proved in [24], the last assumption implies that there exist two constants éu > (0 and 0,, > 0 such that
for all balls I, C I; of X

wl) _ = (r(L)\™
1(12) > G (7“([2)> ' G-

For y € R and r > 0, we have the following relation between 1(B(y,r)) and (I (y,r)), when p is the
weighted Lebesgue measure defined in Relation (2.1).

Lemma 5.3. Let z € R. For all » > 0 we have

p(B(x,r)) < 2u(l(z,7)).
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Proof. Letx € Rand r > 0. We have

B(z,7) = {

| — |z| =, 0[]0, |z| + r] it x| <r
=l =r =laf+r[Jlz| = fz] +r[ if [z[>r

1. If x > r then
w(Ba,r)) = culto+ 1) (2 + )" = (2 — )]
so that u(B(x,r)) = 2u(I(z,r)).
2. We suppose now that x < 7.
(a) For 0 < x < r, we have
pw(B(z, 7)) = cu(k + 1) Ha + r)*+2,
and
Ck

plI(7) = 5]l = )42+ (a4 )4,

which leads to u(B(z,r)) < 2u(I(x,r)).
(b) Suppose —r < x < 0. We have u(B(z,r)) = u(B(—x,r)) and

pI(.r)) = 5= =2 (o)) = p(I(—a,7).
so that u(B(—z,r)) < 2u(I(—x,1)).

(¢c) Suppose x < —r. We have

(B, 1)) = (s + 1) (o] + )%= = (Ja] = r)* ] = w(B(—a,7))

and
Cx

pll(7) = 5l = )2 + (2 + 1))

Thus 24(1(x, 7)) > 2p(I (=2, 7)) = p(B(=x, 7)) = p(B(x, 7).

This completes the proof. ]

It comes from the above lemma that there exists C' > 0 such that for all x € R and » > 0, we have
p(I(z,2r)) < Cu(l(z,1)), (5.4)
thanks to [4].

In [9], the space (L9, LP)*(X,d, ) is defined for 1 < ¢ < a < p < oo as the set of y-measurable

functions f satisfying ||f||(Lq7Lp)O‘(X,d,/L) < 00, where ||f||(L¢I,LP)a(X,d,;L) = SUPy>o 7 ||f||(Lq7Lp)O‘(X,d,/L)
with

1 1

1
1 p P .
UX (F‘(I(yvr))aaa HfXI(yaT)HLq(X,d,u)) du(y)} if p<oo

r ||f||(Lq,Lp)a(X) - 1_
SU-pyeX Iu(](y7 7’)) «

Q=

HfXI(yaT)HLq(X,d’#) if p=oc
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It is proved in [9, Theorem 2.9] that if & € {q, p} then
| lla < - llza,zoyem®,)-),0)- (5.5)
where 1 1s de measure defined by (2.1). For the same p, we have the following result:

Lemma 5.4. Letz € R. Forallr > 0
p(1(0,7)) < 2u(l(x,7)).

Proof. Let’s fixx € Randr > 0.

1. We suppose that x < r. We have
2u(I(2,7)) = ek + 1) (@ + ) 4 (2 — )]
as we can see in the proof of Lemma 5.3. Thus, u(1(0,7)) < 2u(I(z,1)).

2. We suppose now = > r. According to the proof of Lemma 5.3 once more, we have

2u(I(z,7)) = ek + 1) (2 + 1) = (z — 1)*]
Put A = (J) + r>2/€+2 _ (:E _ r>2/€+2 — 22 — r2/€+2[<% T 1)2H+2 _ (1 _ %>2ﬁ+2 _ 1] _ ¢(%> with
o(t) = r®T2[(t + 1)*2 — (1 — ¢)**"2 — 1]. The function ¢ is increasing for ¢ > 1 and £ > 1.
Thus A > ¢(1) = 2%+2 — 1 > 0.

Hence 24(I(x,r)) > p(1(0,7)). H
It comes from the above lemma and a result in [16] that for 1 < ¢ < p < oo and p as in (2.1), the

spaces (L9, LP)*(u) C (L9, LP)*(R,| - |, ;). More precisely, we have || - ||(zo royo(r, ) < | -
However, we still have the following analogue of the Inequality (5.5) in (L4, LP)* (,u) spaces.

q,p,Cx:

Proposition 5.5. Let 1 < ¢ < a < p < co. If a € {q,p} then (L4, LP)* (u) = L*(p).

Proof. Let1 < ¢ < a < p < co. It comes from Inequality (4.1) that L*(u) C (L%, LP)” (u). So, all we
have to prove is the reverse inclusion.
Let f € (L4, L) (11). We have
1l 2oy @) < 1

Therefore f € (L9, LP)*(R, | - |, 1) and the result follows from Inequality (5.5). [l

q7p7a < OO.

For a pu-measurable function f in the space of homogeneous type (X,d, ), we define the Hardy-
Littlewood maximal function M, f by

M, f(x) = sup pu(I( /If ) dp(y

r>0

The following result is an extension of the analogue on Euclidean space given in [8]. Its proof is just an
adaptation of the one given there.
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Proposition 5.6. Let 1 < g < a < p < oo. There exists C' > 0 such that

||Muf||(Lq7Lp)a(X,d,u) <C ||f||(L<1,LP)a(X,d,;L)
forall f € (L9, LP)*(X,d, ).

For the proof, we will use the following well known lemma. The proof is given just for completeness.

Lemma 5.7. There exists a constant C' > 0 such that for all » > 0,

I(y,r
M a) < O G s AU EX

Proof. Letr > 0, x,y € X. We have

Mu(Xry)() = spg;gu([(az,p))ll( / R (GJin(z) = sup LD AT

Let’s fix p > 0. If d(z,y) < p then the result is immediate. Assume p > d(z,y). We also assume that
I(z,r)NI(y, p) # 0, since otherwise there is nothing to prove. We have d(z,y) < ¢(d(z, u)+d(u,y)) <
c(p+ 1) < 2cmax(p,r), where u € I(x,r) N I(y, p). It comes from the doubling condition that

M((]@,d(x,y))w([(y,d@,y))s{Zﬁﬁﬁiéi%igﬁ%’,% y Zii -

Which ends the proof. ]

Proof of Proposition 5.6. For all y € X and r > 0, we have

[ e @dnte) £ [ 1@ M0 @duto) 56)
X

thanks to [23, Theorem 5.1].

Let’s fix y € X and r > 0. It comes from (5.6) that

el S [ 1@ M) @dut
I(y,2cr)

+ / | f (@) Myu(x1(ym)(@)dp(z) = T+ I1.
I(y,2cr)e

But, I < || I X1(y,2¢r) ||qu (X’ It remains to estimate II. Applying Lemma 5.7, we have

S ¢« H(y,r))
mos [ e g e

2kcr<d(:r y)<2ktler

p(I(y,r))
< f(2)|! ————Z—dp(x
< Z [ e s e
2kcr<d (z,y)<2k+ler
5 ZM y,2kcr HfXIyQ'““CT ||Lq Xdp)
=1
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Therefore

HMﬂ(f)XI(yﬂ“)||qL<1(X,d,u) S HfXI y2cr ||qu Xdu)

(5.7)
+ Zk 1 u yzkcr ”fXIy?k“cr HLq (X, d.p)

Multiplying both sides of (5.7) by u(I(y, r))q(éfﬁfé) and using the reverse doubling condition (5.3), we
obtain

k
+Z (25” T ) u(I(y, 25 er) S50 || Fxagorsen [ aca

P

for all y € X and r > 0. Thus, taking the Li-norms of both sides of the above estimation leads to

00 k
1
MWy S Wlsnsnmcan + 2 (5 ) 2k 1M e
k=1

The result follows from the definition of the (L%, LP)*(X) spaces and the convergence of the series

k
Zk 1( 5uq(—)) : U]

6 Proof of Theorems 5.1 and 5.2
For the proof of these theorems, we need some lemmas.

Lemma 6.1. Letz € R, > 0. Forally € R

MM(TCL‘XI(O,T) ) (y> = Mu(XI(a:m))(iU)-

Proof. Letx € R,r > 0. Fory € R,

/ reXiom (2)du(z) = / o ()T X0 (2)dal2) = / Nt (O X100 ()1t (2)
R

I(y,p) R
- / X X1 ()A(2) = | Xigen(2)du(2).
R I(y,p)
The result follows. L]

Lemma 6.2. Let » > 0 and y € R. Then

XB(y,r) < XI(fy,?)r) + XI(y,?)r)-

Proof. Letr > 0 and y € R. We have B(y,r) C I(y,3r) U I(—y,3r). O
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For all locally p-integrable functions f, we put
~ 1
M) =swp - [ |fl()u() 5 ek
p>0 M(B(:v,p))B( )
x,p

We have the following result :

Lemma 6.3. Let f € L], (u). Forally € R,
Mf(y) ~ Mf(y) = Muf(y)-

Proof. Let f € L}, (). There exist two constants C; > 0 and Cy > 0 not depending on f, such that
Mf(y) < CLM f(y) < CoM,.f(y), (6.1)

for all y € R as we can see in [17]. We also have (see [16]) that there exists a constant C' > 0 not
depending on f such that

/ F@)ldu(z) < C / ol (@)l du(a)

B(0,p)

forall p > 0 and y € R. Since we have

1 20
m{(/ MO =505 [ mlr@ldnte)

B(0,p)

according to Lemma 5.4, the result follows from Relation (6.1). (]

Proof of Theorem 5.1. We can suppose that 1 < ¢ < a < p < o0, since otherwise the space is trivial
or equal to Lebesgue space. Let f € (L%, LP)*(u). Fixy € R and r > 0. It comes from Lemma 6.3,
Lemma 6.1 and Lemma 6.2 and the triangular inequality for L9(y)-norm that

q

/ (ry (M F)") x5, () da(2)

R
< / (V£ () s, (o) | < / (V£ ()30 ()] dii(x)
LR R
< | BT son ) + 3 @ (@)Pda(o)
LR

|=
|=

S / (M (@)X1(—yam) (@) dp(e) |+ / [M f ()X 1(y,30) ()] " dp()
R R
Making appeal to [4, Theorem 2.35], we have

/ (M f(2)X1(_pan (0)]%dp(z) | < / | f ()| I M x 1y 0y () dpa()

R R
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and

R

It follows that

1
q

UR(Ty (M )" xs, (m)du(x)]

/ 1@ Mxayan(@)due) < / | F19@) My () ()
R
< [ 1M i) @dntz)
< [I@M o) @)
R
S 1) (M) @dnt
R

S [ R O @)

R

S [l @)duts),

R

according to Lemma 6.3 and Lemma 6.1. That is

/ @) xayan (@dulz) | < / A1) (Mo 050 (@) dia(z)
R

R

The term on the right hand side of (6.3) is less or equal to

q

C / 7y [F (@) Myuxi0,30) (@)dp(z) |+ / 7y | f (@) Muxr(0,30) () dp()

7(0,21) (0,2r)c

Since MMXI(O,ST)<$) = sup M(I(z’(?ﬁ?/{)(;’p)) < 1forall x € R, we have

p>0

q

| wlf@r Mo @dn@ | < | [ 517

Z(0,2r) (0,2r)
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Q=

JUtrapagan@ldne) | 5 | 1@ g @
R

S (flF @My (@)du(z)”
N (fR [F(a)l7M XI(y,sm(ﬂf)du(x))

Since Dunkl translation commute with Dunkl Maximal function (see [11]), we have

Q=N

Q=

Q=

(6.2)

(6.3)
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and

/ Ty|f<$)|qMuXI(073r)<x)dN(I> = Z / Ty|f($>|qMuXI(OST)(x)d/J(fE)
(0,2r)c i:12ir§\x\<2i+1r
= o HaOr) E
5 ; 21 <\ [2i+1 Ty|f(x>| M([(O,|x|>)du( )
oy ) @) |
SEDIErwmoed B MRAUCIRIE

thanks to Lemma 5.7.Therefore

(/Iflq(flf)ﬁxf(y,sr)(x)du(ﬂf))

(0,7))«
< 7 | ()| dpa) ud : 7o | ()| dp(z)
(04 ’ ;u 1(0,2ir))t (/) ’

1
q

Using the same arguments as above, we obtain

( / 1) Mxagpan (@ )du(ﬂf))

R

Q=

1

< | [ ror@ra Z“go’;); [ @
(0,2r) =1 IO, 1(0,21+17)

Taking these two estimates into account, Relation (6.2) becomes

{ / (, <Mf>q>xBT<x>du<x>]

R

Q|
Q

\’ : _
a4 p(I(0,7))7 - a4
< | [ i o) I [ R ATEE

(0,2r) (0,2i+17)

Q=
Q=

\' o~ 0
S| [ @ | SO T ) dute)

1(0.2r) i—1 w(I1(0,27)) (0.97+17)

Q=
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Since p is symmetric invariant measure, the L”(;)-norm of both sides in the above relation yields

[ (), (@)
< | [| [ wis@ra | aw
R (0,2r)

SIS
D=

o~ _u(1(0,1)7 -
L | werae | aw)]

R N(0,27%1r)

thanks to Minkowski inequality for integral. Multiplying both sides of the inequality by (u(Z(0,7))) CRra
we obtain

q

2045 | | [ () (M), ()
R

< e | [ lrelau) | duty
R \7(0,2r) )

v 1
111
15 o2t | [ [ airela | dew |5 1 e (64
R (0,2r)
as - — % — = < 0 and p 1s doubling. The second term is less or equal to

CZ (p(1(0, T)))E ’ L (u(1(0,27 ) / / Ty [f (@) du(z) | dply)

R \[(0,271r)

< E(Q%é%))iwuw,z”lm)ﬁ%% [ ] wir@rdu | duw)

thanks to Estimate (5.3).

Q
L
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> 1
1< Z( ) s < 1 lame 65)

2%(% 5)
since the series 221 (ﬁ) converges. From Relations (6.4) and (6.5), we deduce that
2 Hla " p

1053 || [ a5 ()duta)| | < 1

R

q,p,x:
p

We conclude by taking the supremum in the right hand side over all r > 0. O]

Proof of Theorem 5.2. Let1 < a <p < +ocand f € (L, LP)*(p). There exists a constant C' > such
that M f(z) < CM f(z) for all z € R, according to Lemma 6.3. It follows that

1M Fllprroo poyaqe) < CIM fll(z1te, 10y (- (6.6)

Lety € Randr > 0.

(M f)T—yxB, L1+ u) < (M F)XBymllLr+eo ) (6.7)

since 7_, X, < 1 and the support of 7_, x g, is a subset of B(y,r).

Fix A > 0. We have

N | >~

M({fGB(y,r): J\7f(x)>)\}) < M({xé](—y,?w) Mf(x )>—}>

- offeemor: o)

l\3|>/

thanks to Lemma 6.2. But, as we can see in the proof of [4, Theorem 2.35],

w({z e nan: Birw > 31) < 5 [ 1@ @

and

" ({az eI(y,3r): Mf(z)> %})

It follows that

A

5 [ V@ yn @)duco)
R

wi({zeBn): Mr@=a) 5 U@ e @di)
[ 19130 )tz
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so that taking the supremum over all A > 0, leads to

)Xl S /Ifl( )M Xy 3 (@)dpa()

/ 1) M Xy a0 () ds().
R

Taking this Estimate in Relation (6.7) yields

QLD Ty lsmgy S S lFI@)Mxryan(@)dp(x) (6.8)
+ Jo 1) Mg an (x)dpa().

Using the same argument as in the proof of Theorem 5.1, we have

/ Fl@) My (@)du(2)

o0

w(1(0,7))
s [ nlwlae ey [ wirldae),

1(0,2r) 1(0,2¢+1r)

and

/ 1) M xagym (@) dia(2)
R

< [ i@l + Y iw [ i@l

=1 /VL .
1(0,2r) ](0’224-17«)

Taking the above estimations in Relation (6.8), we have

| (M f)T—yXB, || L1450 ()

7(0,2r) 1(0,2i+17)
AW RS EIEES W e RN
(0,2r) =1 I(o,2z‘+1r)
We end the proof as we did in Theorem 5.1. ]
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