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Maximal operator in Dunkl-Fofana spaces
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ABSTRACT. We generalize Wiener amalgam spaces by using Dunkl translation instead of the classical one, and we
give some relationship between these spaces, Dunkl-Lebesgue spaces and Dunkl-Morrey spaces. We prove that the
Hardy-Litlewood maximal function associated with the Dunkl operators is bounded on these generalized Dunkl-Morrey
spaces.

1 Introduction

For 1 ≤ p, q ≤ ∞, the amalgam of Lq and Lp on the real line is the space (Lq, Lp) of complex values
functions f on R which are locally in Lq and such that the function y �→ ∥∥fχI(y,1)

∥∥
Lq belongs to Lp(R),

where χI(y,1) denotes the characteristic function of the open interval I(y, 1) = (y − 1, y + 1) and ‖·‖Lq

the usual Lebesgue norm in Lq.

We recall that for q < ∞

∥∥fχI(y,1)

∥∥
Lq =

⎛⎜⎝ ∫
I(0,1)

|f(u+ y)|q du

⎞⎟⎠
1
q

=
∥∥ (−y|f |q)χI(0,1)

∥∥
Lq ,

where (yg)(x) = g(x− y) is the classical translation.

Over the past 30 years, much work in harmonic analysis has focused on generalizing the results estab-
lished in classical Fourier analysis within the framework of Dunkl analysis. The Dunkl translation (see
Section 2) is an important tool in this task. It is natural to seek to know what become Wiener amalgam
spaces once we replace classical translation by Dunkl one.

Taking in the definition of Wiener amalgam space the generalized translation as defined in [22], we
give the analogue of the Wiener amalgam spaces and look at some subspaces of this spaces as well as
the boundedness of the Hardy-Littlewood maximal operator associated with the Dunkl operator. For this
purpose we define the function spaces using the harmonic analysis associated with the Dunkl operators
on R. The generalized shift operators we are considering are associated with the reflection group Z2 on
R. For the basic properties of the Dunkl analysis, we refer the reader to [6, 18, 22] and the references
therein. The Lebesgue measure on the real line will be denoted by dx. For any Lebesgue measurable
subset E of R, |E| stands for its Lebesgue measure. We denote by E the space of functions of class C∞

and by Cc the space of continuous functions with compact supports.
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This paper is organized as follow:

Section 2 is devoted to the prerequisite for Dunkl analysis on the real line while Section 3 deals with
the definition and properties of Dunkl-amalgam spaces. We introduce Fofana spaces associated to the
Dunkl-amalgam in Section 4, and compare this space with Lebesgue spaces and Morrey-Dunkl spaces.
In Section 5, we stated our results for Dunkl-type Hardy-Littlewood maximal function and give their
proofs in Section 6.

The letter C will be used for non-negative constants independent of the relevant variables, and this
constant may change from one occurrence to another. A constant with index, such as Cκ, does not
change in different occurrences but depends on the parameters mentioned there.

We propose the following abbreviation A <∼ B for the inequalities A ≤ CB, where C is a positive
constant independent of the main parameters. If A <∼ B and B <∼ A, then we write A ≈ B.

2 Prerequisite on Dunkl analysis on the real line

For a real parameter κ > −1/2, we consider the Dunkl operator, associated with the reflection group
Z2 on R:

Λκf(x) =
df

dx
(x) +

2κ+ 1

x

(
f(x)− f(−x)

2

)
.

For λ ∈ C, the Dunkl kernel denoted Eκ(λ) (see [5]), is the only solution of the initial value problem

Λκf(x) = λf(x), f(0) = 1, x ∈ R.

It is given by the formula

Eκ(λx) = jκ(iλx) +
λx

2(κ+ 1)
jκ+1(iλx), x ∈ R,

where

jκ(z) = 2κΓ(κ+ 1)
Jκ(z)

zκ
= Γ(κ+ 1)

∞∑
n=0

(−1)nz2n

n!22nΓ(n+ κ+ 1)
, z ∈ C

is the normalized Bessel function of the first kind and of order κ. Notice that Λ−1
2
= d

dx and E−1
2
(λx) =

eλx. It is also proved (see [18]) that |Eκ(ix)| ≤ 1 for every x ∈ R.

In the rest of the paper, we fix κ > −1/2, and consider the weighted Lebesgue measure μ on R, given
by

dμ(x) :=
(
2κ+1Γ(κ+ 1)

)−1 |x|2κ+1
dx. (2.1)

For 1 ≤ p ≤ ∞, we denote by Lp(μ) the Lebesgue space associated with the measure μ, while L0(μ)

stands for the complex vector space of equivalence classes (modulo equality μ-almost everywhere) of
complex-valued functions μ-measurable on R. For f ∈ Lp(μ), we denote by ‖f‖p the classical norm of
f .
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The Dunkl kernel E = Eκ gives rise to an integral transform on R denoted F = Fκ and called Dunkl
transform (see [3]). For f ∈ L1(μ)

Ff(λ) =

∫
R

E(−iλx)f(x)dμ(x), λ ∈ R.

We have the following properties of the Dunkl transform given in [3] (see also [6]).

Theorem 2.1. 1. Let f ∈ L1(μ). If F(f) is in L1(μ), then we have the following inversion formula :

f(x) = c

∫
R

E(ixy)F(f)(y)dμ(y).

2. The Dunkl transform has a unique extension to an isometric isomorphism on L2(μ).

Definition 2.2. Let y ∈ R be given. The generalized translation operator f �→ τyf is defined on L2(μ)

by the equation

F(τyf)(x) = E(ixy)F(f)(x); x ∈ R

Mourou proved in [17] that generalized translation operators have the following properties:

Theorem 2.3. 1. The operator τx, x ∈ R, is a continuous linear operator from E(R) into itself,

2. For f ∈ E(R) and x, y ∈ R

(a) τxf(y) = τyf(x),

(b) τ0f = f ,

(c) τx ◦ τy = τy ◦ τx.

For x ∈ R, let B(x, r) = {y ∈ R : max {0, |x| − r} < |y| < |x|+ r} if x �= 0 and Br := B(0, r) =

]−r, r[. We have μ(Br) = bκr
2κ+2 where bκ =

[
2κ+1(κ+ 1)Γ(κ+ 1)

]−1
, and for f ∈ L1

loc(μ), the
following analogue of the Lebesgue differentiation theorem (see [20]).

lim
r→0

1

μ(Br)

∫
Br

|τxf(y)− f(x)| dμ(y) = 0 for a. e. x ∈ R (2.2)

and

lim
r→0

1

μ(Br)

∫
Br

τxf(y)dμ(y) = f(x) for a. e. x ∈ R. (2.3)

For x ∈ R and r > 0, the map y �→ τxχBr(y) is supported in B(x, r) and

0 ≤ τxχBr(y) ≤ min

{
1,

2Cκ

2κ+ 1

(
r

|x|
)2κ+1

}
, y ∈ B(x, r), (2.4)

as proved in [14].
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Let f and g be two continuous functions on R with compact support. We define the generalized
convolution ∗κ of f and g by

f ∗κ g(x) =
∫
R

τxf(−y)g(y)dμ(y).

The generalized convolution ∗κ is associative and commutative [18]. We also have the following results.

Proposition 2.4 (see Soltani [20]). 1. For all x ∈ R, the operator τx extends to Lp(μ), p ≥ 1, and

‖τxf‖p ≤ 4 ‖f‖p (2.5)

for all f ∈ Lp(μ).

2. Assume that p, q, r ∈ [1,∞] and satisfy 1
p +

1
q = 1 + 1

r . Then the generalized convolution defined
on Cc × Cc, extends to a continuous map from Lp(μ)× Lq(μ) to Lr(μ), and we have

‖f ∗κ g‖r ≤ 4 ‖f‖p ‖g‖q .

It is also proved in [13] that if f ∈ L1(μ) and g ∈ Lp(μ), 1 ≤ p < ∞, then

τx(f ∗ g) = τxf ∗ g = f ∗ τxg, x ∈ R.

3 Dunkl-Wiener amalgam spaces

For 1 ≤ q, p ≤ ∞, the generalized amalgam space (Lq, Lp)(μ) is defined by

(Lq, Lp)(μ) =
{
f ∈ L0(μ) : ‖f‖q,p < ∞

}
,

where

‖f‖q,p =
⎧⎨⎩

∥∥∥[∫
R
(τy |f |q)χB1(x)dμ(x)

]1
q

∥∥∥
p

if q < ∞∥∥∥∥fχB(y,1)

∥∥
∞
∥∥
p

if q = ∞
,

and the Lp(μ)-norm is taken with respect to the y variable. We recover the classical Wiener amalgam
spaces by taking the Lebesgue measure instead of μ, and the classical translation instead of that of Dunkl.

It is easy to see that for 1 ≤ q ≤ p ≤ ∞, (Lq, Lp)(μ) is a complex subspace of the space L0(μ). Notice
also that (L∞, L∞)(μ) = L∞(μ). In fact, since

|fχB(y, 1)| ≤ |f | , y ∈ R,

we have ‖f‖+∞,+∞ ≤ ‖f‖+∞ .

Conversely, we assume that ‖f‖∞ > 0 (since otherwise there is nothing to prove). Fix 0 < r < ‖f‖∞.
We have

μ({x ∈ R/ |f(x)| > r}) > 0.

Thus, there is a compact set K ⊂ {x ∈ R/ |f(x)| > r} satisfying μ(K) > 0. Since K ⊂ ∪n
i=1B(yi,

1
2)

for a finite sequence y1, y2, . . . , yn ∈ K, there exists 1 ≤ i0 ≤ n such that μ(K ∩ B(yi0 ,
1
2)) > 0. It is

easy to see that

B(yi0,
1

2
) ⊂ B(y, 1), for all y ∈ B(yi0,

1

2
).
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It comes that

B(yi0,
1

2
) ⊂ {

y ∈ R/
∥∥fχB(y,1)

∥∥
∞ > r

}
,

so that

r < ‖f‖∞,∞ .

This implies that ‖f‖∞ ≤ ‖f‖∞,∞.

Hölder’s inequality is also valid in these spaces.

Proposition 3.1. Let 1 ≤ q1, p1 ≤ ∞ and 1 ≤ q2, p2 ≤ ∞ such that

1

q1
+

1

q2
=

1

q
≤ 1 and

1

p1
+

1

p2
=

1

p
≤ 1.

If f ∈ (Lq1, Lp1)(μ) and g ∈ (Lq2, Lp2)(μ) then fg ∈ (Lq, Lp)(μ). Moreover, we have

‖fg‖q,p ≤ ‖f‖q1,p1 ‖g‖q2,p2 .

Proof. Let f ∈ (Lq1, Lp1)(μ) and g ∈ (Lq2, Lp2)(μ).

We suppose that q1 < ∞ and q2 < ∞. For almost every y in R, the maps x �→ |f(x)| (τyχB(0,1)(−x))
1
q1

and x �→ |g(x)| (τyχB(0,1)(−x))
1
q2 are respectively in Lq1(μ) and Lq2(μ) so that, applying Hölder inequal-

ity in Lebesgue space, we have

⎡⎣∫
R

(|f(x)| |g(x)|)q(τyχB(0,1)(−x))dμ(x)

⎤⎦
1
q

≤
⎡⎣∫
R

|f(x)|q1 τyχB(0,1)(−x))dμ(x)

⎤⎦
1
q1

×
⎡⎣∫
R

|g(x)|q2 τyχB(0,1)(−x)dμ(x)

⎤⎦
1
q2

.

Taking the Lp(μ)-norm of both sides and applying once more the Hölder inequality on the term in the
right hand side, we obtain the desired result.

We suppose known that some qi = ∞ let say q1, and q2 < ∞. Then q = q2 and the result follows from
the following inequality⎡⎣∫

R

(|f(x)| |g(x)|)q2(τyχB(0,1)(−x))dμ(x)

⎤⎦
1
q2

≤ ∥∥fχB(y,1)

∥∥
∞

⎡⎣∫
R

|g(x)|q2 (τyχB(0,1)(−x))dμ(x)

⎤⎦
1
q2

,

by taking the Lp(μ)-norm of both sides and applying Hölder inequality for pi indexes.

In the case q1 = q2 = ∞, the result is immediate.
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Proposition 3.2. Let 1 ≤ q ≤ p ≤ ∞. The maps L0(μ) � f �→ ‖f‖q,p define a norm in (Lq, Lp)(μ).

Proof. Let f be a μ-measurable function such that ‖f‖q,p = 0.

1. Suppose q < ∞, then

0 = ‖f‖q,p =

∥∥∥∥∥∥∥
⎡⎣∫
R

(τ(·) |f |q)χB1(x)dμ(x)

⎤⎦
1
q

∥∥∥∥∥∥∥
p

implies that there exists a μ-null set N such that for all y ∈ R \N , we have

0 =

∫
R

τy |f(x)|q χB1(x)dμ(x) =

∫
R

|f(x)|q τ−yχB1(x)dμ(x).

Thus for y ∈ R \N , there exists a subset Ny ⊂ R with μ(Ny) = 0, such that for x ∈ R \Ny

|f |q τ−yχB1(x) = 0.

Fix y ∈ R \N . For every η ≤ 1 we have Bη ⊂ B1, so that τ−y(χB1 − χBη) ≥ 0. Hence

1

μ(Bη)

∫
Bη

(τy |f |q)(x)dμ(x) =
1

μ(Bη)

∫
R

|f |q (x)τ−yχBη(x)dμ(x)

≤ 1

μ(Bη)

∫
R

|f |q (x)τ−yχB1(x)dμ(x) = 0.

It comes from (2.3) that

0 = lim
η→0

1

μ(Bη)

∫
Bη

(τy |f |q)(x)dμ(x) = |f |q (y).

Thus f = 0 μ-a.e.

For the triangular inequality, we have

‖f + g‖q,p =

∥∥∥∥∥∥∥
⎡⎣∫
R

(
|f(x) + g(x)| (τ(·)χB1(−x))

1
q

)q

dμ(x)

⎤⎦
1
q

∥∥∥∥∥∥∥
p

for f, g ∈ (Lq, Lp)(μ), and the result follows by applying respectively the triangular inequality in
Lq(μ) and Lp(μ).

2. If q = p = ∞ then there is nothing to prove since (L∞, L∞)(μ) = L∞(μ).

Positive homogeneity is immediate.

The next result is a generalization of [7, Proposition 1.2.8]. The proof is only an adaptation of that
given there. We give it for the sake of completeness.
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Proposition 3.3. Let 1 ≤ p, q ≤ ∞. The space ((Lq, Lp)(μ), ‖·‖q,p) is a complex Banach space.

Proof. Let (fn)n≥1 be a sequence of elements of (Lq, Lp)(μ) such that∑
n≥1

‖fn‖q,p < +∞. (3.1)

1rst case: we suppose that q < ∞.

We have

∑
n≥1

‖fn‖q,p =
∑
n≥1

∥∥∥∥∥∥∥
⎡⎣∫
R

[
|fn| (x)χB(y,1)(x)τ

1
q

−yχB1(x)

]q
dμ(x)

⎤⎦
1
q

∥∥∥∥∥∥∥
p

=
∑
n≥1

∥∥∥∥∥
∥∥∥∥fnχB(y,1)τ

1
q

−yχB1

∥∥∥∥
q

∥∥∥∥∥
p

< ∞.

Since Lp(μ) is a Banach space, there exists a measurable subset N ⊂ R with μ(N) = 0 such that∑
n≥1

∥∥∥∥fnχB(y,1)τ
1
q

−yχB1

∥∥∥∥
q

< +∞, y ∈ R \N.

Hence the series
∑
n≥1

fnχB(y,1)τ
1
q

−yχB1 converges in the Banach space Lq(μ) for all y ∈ R \N .

Put

E =
{
x ∈ R /χB(y,1)(x)τ−yχB1(x) �= 0 for some y ∈ R \N}

and

f(x) =

{ ∑
n≥1

fn(x) if x ∈ E,

0 if x /∈ E.

On one hand we have:

‖f‖q,p =

∥∥∥∥∥∥∥
⎡⎣∫
R

∣∣∣∣f(x)χB(y,1)(x)τ
1
q

−yχB1(x)

∣∣∣∣q dμ(x)
⎤⎦

1
q

∥∥∥∥∥∥∥
p

=

∥∥∥∥∥∥∥∥∥∥

⎡⎢⎢⎢⎣
∫

{
x ∈ B(y, 1)/τ−yχB1(x) �= 0

}

∣∣∣∣∣∑
n≥1

fn(x)τ
1
q

−yχB1(x)

∣∣∣∣∣
q

dμ(x)

⎤⎥⎥⎥⎦
1
q

∥∥∥∥∥∥∥∥∥∥
p

≤

∥∥∥∥∥∥∥
⎡⎣∫
R

∣∣∣∣∣∑
n≥1

fn(x)τ
1
q

−yχB1(x)

∣∣∣∣∣
q

dμ(x)

⎤⎦
1
q

∥∥∥∥∥∥∥
p

≤
∑
n≥1

∥∥∥∥∥
∥∥∥∥fnχB(y,1)τ

1
q

−yχB1

∥∥∥∥
q

∥∥∥∥∥
p

< ∞.
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On the other hand, we have

‖f−
n∑

i=1

fi‖q,p =

∥∥∥∥∥∥∥∥∥∥

⎡⎢⎢⎢⎣
∫

{
x ∈ B(y, 1)/τ−yχB1(x) �= 0

}

∣∣∣∣∣∑
i>n

fi(x)τ
1
q

−yχB1(x)

∣∣∣∣∣
q

dμ(x)

⎤⎥⎥⎥⎦
1
q

∥∥∥∥∥∥∥∥∥∥
p

≤

∥∥∥∥∥∥∥
⎡⎣∫
R

∣∣∣∣∣∑
i>n

fi(x)τ
1
q

−yχB1(x)

∣∣∣∣∣
q

dμ(x)

⎤⎦
1
q

∥∥∥∥∥∥∥
p

≤
∑
i>n

‖fi‖q,p.

It comes from Estimate (3.1), that lim
n→∞

∑
i>n

‖fi‖q,p = 0.

2nd case: we suppose q = ∞.

Since
∑
n≥1

‖fn‖+∞,p =
∑
n≥1

∥∥∥∥∥fχB(y,1)

∥∥
+∞

∥∥∥
p
< +∞, there exists a μ-measurable subset N of R such

that {
μ(N) = 0,∑
n≥1

‖fnχB(y,1)‖+∞ < ∞, y ∈ R \N.

Hence for all y ∈ R \ N , the series
∑
n≥1

fnχB(y,1) converges a.e on R. Since for all y1, y2 ∈ R \ N such

that B(y1, 1) ∩ B(y2, 1) �= ∅, we have∑
n≥1

fn(x)χB(y1,1)(x) =
∑
n≥1

fn(x)χB(y2,1)(x),

for μ-almost every x ∈ B(y1, 1) ∩ B(y2, 1), we put f(x) =
∑
n≥1

fn(x). The function f is well defined

almost everywhere on R and

‖f‖+∞,p =
∥∥∥∥∥fχB(y,1)

∥∥
+∞

∥∥∥
p
=

∥∥∥∥∥∥
∥∥∥∥∥∑
n≥1

fnχB(y,1)

∥∥∥∥∥
+∞

∥∥∥∥∥∥
p

∑
n≥1

‖fn‖+∞,p < ∞.

We also have

‖fχB(y,1) −
n∑

i=1

fiχB(y,1)‖+∞ = ‖
∑
i>n

fiχB(y,1)‖+∞ ≤
∑
i>n

‖fiχB(y,1)‖+∞

for μ-almost every y ∈ R and for all positive integers n. Thus∥∥∥∥∥f−
n∑

i=1

fi

∥∥∥∥∥
+∞,p

≤
∑
i>n

‖fi‖+∞,p ,

which tends to zero as n goes to infinity.
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It comes from the definition of the Dunkl convolution that for 1 ≤ q < ∞, we have∫
B1

(τy |f |q)(x)dμ(x) =
⎛⎝∫

R

(τy |f |q)(x)χB1(−x)dμ(x)

⎞⎠ = |f |q ∗κ χ1(y).

This observation couple with Young inequality in Dunkl Lebesgue spaces, allow us to prove the following
result.

Proposition 3.4. Let 1 ≤ q ≤ s ≤ p ≤ ∞. We have

‖f‖q,p ≤ 4
1
q ‖f‖s μ(B1)

1
p−1

s+
1
q . (3.2)

Proof. Let 1 ≤ q ≤ s ≤ p < ∞. We have

ps

qs− pq + ps
≥ 1 and

1
s
q

+
1
ps

qs−pq+pα

=
1
p
q

+ 1

so that

‖f‖qq,p = ‖|f |q ∗κ χB1‖p
q
≤ 4 ‖f‖qs μ(B1)

qs−qp+ps
ps . (3.3)

according to Proposition 2.4.

The above result allows us to say that Ls(μ) ⊂ (Lq, Lp) (μ) provided 1 ≤ q ≤ s ≤ p < ∞.

We also have, as in the classical case, that the family of spaces (Lq, Lp)(μ) is decreasing with respect
to the q power. More precisely we have the following result.

Proposition 3.5. Let 1 ≤ q1 ≤ q2 ≤ p ≤ ∞. For any locally integrable function f , we have that

‖f‖q1,p ≤ μ(B1)
1
q1

− 1
q2 ‖f‖q2,p (3.4)

Proof. Let f ∈ L0(μ).

We suppose that q1 < q2 < +∞. Hölder inequality, and [2, Theorem 6.3.3] allow us to write that

⎡⎣∫
R

τy |f |q1 (x)χB1(x)dμ(x)

⎤⎦
1
q1

≤
⎡⎣∫
R

(|f |q2 (x)τ−yχB1(x)dμ(x)

⎤⎦
1
q2
⎡⎣∫
R

τ−yχB1(x)dμ

⎤⎦
1
q1

− 1
q2

≤
⎡⎣∫
R

|f |q2 (x)τ−yχB1(x)dμ(x)

⎤⎦
1
q2

(μ(B1))
1
q1

− 1
q2

= (μ(B1))
1
q1

− 1
q2

⎡⎣∫
R

τy |f |q2 (x)χB1(x)dμ(x)

⎤⎦
1
q2

,

so that taking the Lp(μ)-norm of both sides leads to the desire result.
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Suppose q1 < q2 = +∞. We assume that ‖f‖∞,p < ∞ since otherwise there is nothing to prove. We
have

⎡⎣∫
R

τy |f |q1 (x)χB1(x)dμ(x)

⎤⎦
1
q1

=

⎡⎢⎣ ∫
B(y,1)

|f |q1 (x)τ−yχB1(x)dμ(x)

⎤⎥⎦
1
q1

≤ ∥∥fχB(y,1)

∥∥
∞

⎡⎣∫
R

τ−yχB1(x)dμ(x)

⎤⎦
1
q1

= (μ(B1))
1
q1

∥∥fχB(y,1)

∥∥
∞ .

We also conclude in this case by taking the Lp(μ)-norm of both sides.

4 Fofana spaces associated to Dunkl-amalgam

Let 1 ≤ q ≤ α ≤ p ≤ ∞. The space (Lq, Lp)α (μ) is defined by

(Lq, Lp)
α
(μ) =

{
f ∈ L0(μ) : ‖f‖q,p,α < ∞

}
,

where

‖f‖q,p,α = sup
r>0

(μ(Br))
1
α−1

q− 1
p

r ‖f‖q,p ,

and for r > 0

r ‖f‖q,p =
⎧⎨⎩

∥∥∥[∫
R
(τy |f |q)χBr(x)dμ(x)

] 1
q

∥∥∥
p

if q < ∞∥∥∥∥fχB(y,r)

∥∥
∞
∥∥
p

if q = ∞.

It is easy to see that for q ≤ α ≤ p the space (Lq, Lp)α (μ) is a complex vector subspace of (Lq, Lp)(μ).
Notice that (Lq, L∞)α(μ) is the Dunkl-type Morrey space as defined in [13].

From the definition of (Lq, Lp)α (μ) spaces and the proof of Proposition 3.2, we deduce that the map
L0(μ) � f �→ ‖f‖q,p,α define a norm in (Lq, Lp)α (μ).

These spaces have been introduced in the classical case; i.e., taking in the above definition the measure
of Lebesgue instead of μ, and the classical translation instead of that of Dunkl, by I. Fofana in [10]
where he proved that the space is non trivial if and only if q ≤ α ≤ p (this is why we are refering to these
spaces as Fofana’s spaces). Thus we will always assume that this condition is fulfilled. Some important
properties of Fofana’s spaces in the classical case are resumed in the following (see [8]).

Proposition 4.1. Let 1 ≤ q ≤ α ≤ p ≤ ∞.

1.
(
(Lq, Lp)α(dx), ‖·‖(Lq,Lp)α(dx)

)
is a complex Banach space.

2. There exists C > 0 such that

‖f‖(Lq,Lp)(dx) ≤ ‖f‖(Lq,Lp)α(dx) ≤ C ‖f‖Lα(dx) .
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3. If q ≤ q1 ≤ α ≤ p1 ≤ p then

‖f‖(Lq,Lp)α(dx) ≤ ‖f‖(Lq1 ,Lp1)α(dx) .

4. If α ∈ {q, p} then (Lq, Lp)α(dx) = Lα(dx) with equivalent norms.

In the case of harmonic analysis associated to Dunkl operators, it follows from Proposition 3.4 that for
1 ≤ q ≤ α ≤ p ≤ ∞,

‖f‖q,p,α ≤ 4
1
q ‖f‖α , (4.1)

since Relation (3.3) is valid for all balls Br and μ(Br) > 0 for all r > 0. This proves that Lα(μ) is
continuously embedded in (Lq, Lp)α(μ). We also deduce from Proposition 3.5 that for 1 ≤ q1 ≤ q2 ≤
α ≤ p ≤ ∞, we have

‖f‖q1,p,α ≤ ‖f‖q2,p,α .

5 Norm inequalities for Hardy-Littlewood type operator

Let f ∈ L0(μ). The Dunkl-type Hardy-Littlewood maximal function Mf is defined by

Mf(x) = sup
r>0

(μ(B(0, r))−1

∫
B(0,r)

τx |f | (y)dμ(y) x ∈ R.

It is proved in [21] that M is bounded on Lp(μ) for 1 < p ≤ ∞ and it is of weak type (1, 1).

We have the following norms inequalities for the Dunkl-type Hardy-Littlewood maximal function, in
the setting of Dunkl-Fofana spaces.

Theorem 5.1. Let 1 < q ≤ α ≤ p ≤ ∞. There exists a constant C > 0 such that

‖Mf‖q,p,α ≤ C ‖f‖q,p,α , f ∈ Lq
loc(μ).

Let 1 ≤ q ≤ α ≤ ∞. For a locally μ-measurable function f , we put

‖f‖(L1,+∞,Lp)α(μ) = sup
r>0

(μ(B(0, r)))
1
α−1− 1

p‖‖fτ−yχBr‖L1,+∞(μ)‖p,

where L1,+∞(μ) denotes the weighted weak-Lebesgue space, consists of f ∈ L0(μ) satisfying the con-
dition

‖f‖L1,+∞(μ) = sup
λ>0

λμ(
{
x ∈ R : |f(x)| > λ

}
) < ∞.

Whe have the following weak-type inequality, when q = 1.

Theorem 5.2. Let 1 ≤ α ≤ p ≤ ∞. There exists C > 0 such that

‖Mf‖(L1,+∞,Lp)α(μ) ≤ C‖f‖1,p,α, f ∈ L1
loc(μ).
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Notice that (R, |·| , μ) is a space of homogeneous type in the sense of Coifman and Stein.

Let X be a set. A map d : X ×X → [0,∞) is called a quasi-distance on X if the following conditions
are satisfied:

1. for every x and y in X , d(x, y) = 0 if and only if x = y,

2. for every x and y in X , d(x, y) = d(y, x),

3. there exists a constant c such that d(x, y) ≤ c(d(x, z) + d(z, y)) for every x, y and z in X .

Let x ∈ X and r > 0. The ball of center x and radius r is the subset I(x, r) = {y : d(x, y) < r} of X .
Fix x ∈ X . The family {I(x, r)}r>0 form a basis of neighborhoods of x ∈ X for the topology induced
by d.

Let X be a set endowed with a quasi-distance d and a non-negative measure μ defined on a σ-algebra
of subsets of X which contains the d-open subsets and the balls I(x, r). Assume that there exists a finite
constant C , such that

0 < μ(I(x, 2r)) ≤ Cμ(I(x, r)) < ∞ x ∈ X and r > 0, (5.1)

holds for every x ∈ X and r > 0. A set X with a quasi-distance d and a measure μ satisfying the above
conditions, will be called a space of homogeneous type and denoted by (X, d, μ). If C ′

μ is the smallest
constant C for which (5.1) holds, then Dμ = log2C

′
μ is called the doubling order of μ. It is known (see

[19]) that for all balls I2 ⊂ I1

μ (I1)

μ (I2)
≤ Cμ

(
r (I1)

r (I2)

)Dμ

, (5.2)

where r(I) denotes the radius of the ball I , Cμ = C ′
μ(2c)

Dμ and c ≥ 1 the constant in (3).

In the sequel we assume that X = (X, d, μ) is a fixed space of homogeneous type and:

• (X, d) is separable,

• μ(X) = ∞,

• I(x,R) \ I(x, r) �= ∅, 0 < r < R < ∞ and x ∈ X .

As proved in [24], the last assumption implies that there exist two constants C̃μ > 0 and δμ > 0 such that
for all balls I2 ⊂ I1 of X

μ(I1)

μ(I2)
≥ C̃μ

(
r(I1)

r(I2)

)δμ

. (5.3)

For y ∈ R and r > 0, we have the following relation between μ(B(y, r)) and μ(I(y, r)), when μ is the
weighted Lebesgue measure defined in Relation (2.1).

Lemma 5.3. Let x ∈ R. For all r > 0 we have

μ(B(x, r)) ≤ 2μ(I(x, r)).
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Proof. Let x ∈ R and r > 0. We have

B(x, r) =

{
]− |x| − r, 0[∪]0, |x|+ r[ if |x| ≤ r

]− |x| − r,−|x|+ r[∪]|x| − r, |x|+ r[ if |x| > r

1. If x ≥ r then

μ(B(x, r)) = cκ(κ+ 1)−1[(x+ r)2κ+2 − (x− r)2κ+2]

so that μ(B(x, r)) = 2μ(I(x, r)).

2. We suppose now that x ≤ r.

(a) For 0 < x < r, we have

μ(B(x, r)) = cκ(κ+ 1)−1(x+ r)2κ+2.

and

μ(I(x, r)) =
cκ

2κ+ 2
[(r − x)2κ+2 + (x+ r)2κ+2],

which leads to μ(B(x, r)) < 2μ(I(x, r)).

(b) Suppose −r < x < 0. We have μ(B(x, r)) = μ(B(−x, r)) and

μ(I(x, r)) =
cκ

2κ+ 2
[(r − x)2κ+2 + (x+ r)2κ+2] = μ(I(−x, r)),

so that μ(B(−x, r)) < 2μ(I(−x, r)).

(c) Suppose x < −r. We have

μ(B(x, r)) = cκ(κ+ 1)−1[(|x| + r)2κ+2 − (|x| − r)2κ+2] = μ(B(−x, r))

and

μ(I(x, r)) =
cκ

2κ+ 2
[(r − x)2κ+2 + (x+ r)2κ+2].

Thus 2μ(I(x, r)) > 2μ(I(−x, r)) = μ(B(−x, r)) = μ(B(x, r)).

This completes the proof.

It comes from the above lemma that there exists C > 0 such that for all x ∈ R and r > 0, we have

μ(I(x, 2r)) ≤ Cμ(I(x, r)), (5.4)

thanks to [4].

In [9], the space (Lq, Lp)α(X, d, μ) is defined for 1 ≤ q ≤ α ≤ p ≤ ∞ as the set of μ-measurable
functions f satisfying ‖f‖(Lq,Lp)α(X,d,μ) < ∞, where ‖f‖(Lq,Lp)α(X,d,μ) = supr>0 r ‖f‖(Lq,Lp)α(X,d,μ)

with

r ‖f‖(Lq,Lp)α(X) =

⎧⎨⎩
[∫

X

(
μ(I(y, r))

1
α−1

q− 1
p

∥∥fχI(y,r)

∥∥
Lq(X,d,μ)

)p

dμ(y)
] 1

p

if p < ∞
supy∈X μ(I(y, r))

1
α−1

q

∥∥fχI(y,r)

∥∥
Lq(X,d,μ)

if p = ∞
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It is proved in [9, Theorem 2.9] that if α ∈ {q, p} then

‖ · ‖α <∼ ‖ · ‖(Lq,Lp)α(R,|·|,μ). (5.5)

where μ is de measure defined by (2.1). For the same μ, we have the following result:

Lemma 5.4. Let x ∈ R. For all r > 0

μ(I(0, r)) ≤ 2μ(I(x, r)).

Proof. Let’s fix x ∈ R and r > 0.

1. We suppose that x < r. We have

2μ(I(x, r)) = cκ(κ+ 1)−1[(x+ r)2κ+2 + (x− r)2κ+2]

as we can see in the proof of Lemma 5.3. Thus, μ(I(0, r)) ≤ 2μ(I(x, r)).

2. We suppose now x ≥ r. According to the proof of Lemma 5.3 once more, we have

2μ(I(x, r)) = cκ(κ+ 1)−1[(x+ r)2κ+2 − (x− r)2κ+2]

Put A = (x+ r)2κ+2 − (x− r)2κ+2 − r2κ+2 = r2κ+2[(xr + 1)2κ+2 − (1− x
r )

2κ+2 − 1] = φ(xr ) with
φ(t) = r2κ+2[(t + 1)2κ+2 − (1 − t)2κ+2 − 1]. The function φ is increasing for t ≥ 1 and x

r ≥ 1.
Thus A ≥ φ(1) = 22κ+2 − 1 > 0.

Hence 2μ(I(x, r)) > μ(I(0, r)).

It comes from the above lemma and a result in [16] that for 1 ≤ q ≤ p ≤ ∞ and μ as in (2.1), the
spaces (Lq, Lp)α(μ) ⊂ (Lq, Lp)α(R, | · |, μ). More precisely, we have ‖ · ‖(Lq,Lp)α(R,|·|,μ) ≤ ‖ · ‖q,p,α.
However, we still have the following analogue of the Inequality (5.5) in (Lq, Lp)α(μ) spaces.

Proposition 5.5. Let 1 ≤ q ≤ α ≤ p ≤ ∞. If α ∈ {q, p} then (Lq, Lp)
α
(μ) = Lα(μ).

Proof. Let 1 ≤ q ≤ α ≤ p ≤ ∞. It comes from Inequality (4.1) that Lα(μ) ⊂ (Lq, Lp)α (μ). So, all we
have to prove is the reverse inclusion.

Let f ∈ (Lq, Lp)α (μ). We have

‖f‖(Lq,Lp)α(R,|·|,μ) ≤ ‖f‖q,p,α < ∞.

Therefore f ∈ (Lq, Lp)α(R, | · |, μ) and the result follows from Inequality (5.5).

For a μ-measurable function f in the space of homogeneous type (X, d, μ), we define the Hardy-
Littlewood maximal function Mμf by

Mμf(x) = sup
r>0

μ(I(x, r))−1

∫
I(x,r)

|f(y)| dμ(y).

The following result is an extension of the analogue on Euclidean space given in [8]. Its proof is just an
adaptation of the one given there.
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Proposition 5.6. Let 1 < q ≤ α ≤ p ≤ ∞. There exists C > 0 such that

‖Mμf‖(Lq,Lp)α(X,d,μ) ≤ C ‖f‖(Lq,Lp)α(X,d,μ)

for all f ∈ (Lq, Lp)α(X, d, μ).

For the proof, we will use the following well known lemma. The proof is given just for completeness.

Lemma 5.7. There exists a constant C > 0 such that for all r > 0,

MμχI(y,r)(x) ≤ C
μ(I(y, r)

μ(I(y, d(x, y))
, x �= y ∈ X.

Proof. Let r > 0, x, y ∈ X . We have

Mμ(χI(y,r))(x) = sup
ρ>0

μ(I(x, ρ))−1

∫
I(x,ρ)

χI(y,r)(z)dμ(z) = sup
ρ>0

μ(I(y, r) ∩ I(x, ρ))

μ(I(x, ρ))
≤ 1.

Let’s fix ρ > 0. If d(x, y) ≤ ρ then the result is immediate. Assume ρ > d(x, y). We also assume that
I(x, r)∩I(y, ρ) �= ∅, since otherwise there is nothing to prove. We have d(x, y) ≤ c(d(x, u)+d(u, y)) <

c(ρ+ r) ≤ 2cmax(ρ, r), where u ∈ I(x, r) ∩ I(y, ρ). It comes from the doubling condition that

μ((I(x, d(x, y)) ≈ μ(I(y, d(x, y)) ≤
{

μ(I(y, 2cr)) ≤ Cμ(I(y, r)) if ρ ≤ r

μ(I(x, 2cρ)) ≤ Cμ(I(x, ρ)) if ρ > r
.

Which ends the proof.

Proof of Proposition 5.6. For all y ∈ X and r > 0, we have∫
I(y,r)

Mμ(f)
q(x)dμ(x) <∼

∫
X

|f(x)|q Mμ(χI(y,r))(x)dμ(x), (5.6)

thanks to [23, Theorem 5.1].

Let’s fix y ∈ X and r > 0. It comes from (5.6) that∥∥Mμ(f)χI(y,r)

∥∥q
Lq(X,d,μ)

<∼
∫

I(y,2cr)

|f(x)|q Mμ(χI(y,r))(x)dμ(x)

+

∫
I(y,2cr)c

|f(x)|q Mμ(χI(y,r))(x)dμ(x) = I + II.

But, I <∼
∥∥fχI(y,2cr)

∥∥q
Lq(X,d,μ)

. It remains to estimate II. Applying Lemma 5.7, we have

II <∼
∞∑
k=1

∫
2kcr≤d(x,y)<2k+1cr

|f(x)|q μ(I(y, r))

μ(I(y, d(x, y)))
dμ(x)

<∼
∞∑
k=1

∫
2kcr≤d(x,y)<2k+1cr

|f(x)|q μ(I(y, r))

μ(I(y, 2kcr))
dμ(x)

<∼
∞∑
k=1

μ(I(y, r))

μ(I(y, 2kcr))

∥∥fχI(y,2k+1cr)

∥∥q
Lq(X,d,μ)

.
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Therefore∥∥Mμ(f)χI(y,r)

∥∥q
Lq(X,d,μ)

<∼
∥∥fχI(y,2cr)

∥∥q
Lq(X,d,μ)

+
∑∞

k=1
μ(I(y,r))

μ(I(y,2kcr))

∥∥fχI(y,2k+1cr)

∥∥q
Lq(X,d,μ)

.
(5.7)

Multiplying both sides of (5.7) by μ(I(y, r))q(
1
α− 1

p−1
q ) and using the reverse doubling condition (5.3), we

obtain

μ(I(y, r))q(
1
α− 1

p−1
q )
∥∥Mμ(f)χI(y,r)

∥∥q
Lq(X,d,μ)

<∼ μ(I(y, 2cr))q(
1
α− 1

p−1
q )
∥∥fχI(y,2cr)

∥∥q
Lq(X,d,μ)

+
∞∑
k=1

(
1

2δμq(
1
α− 1

p )

)k

μ(I(y, 2k+1cr))q(
1
α− 1

p−1
q )
∥∥fχI(y,2k+1cr)

∥∥q
Lq(X,d,μ)

,

for all y ∈ X and r > 0. Thus, taking the L
p
q -norms of both sides of the above estimation leads to

r ‖Mμf‖q(Lq,Lp)α(X,d,μ)
<∼ ‖f‖q(Lq,Lp)α(X,d,μ) +

∞∑
k=1

(
1

2δμq(
1
α− 1

p )

)k

2k+1Kr ‖f‖q(Lq,Lp)α(X,d,μ) .

The result follows from the definition of the (Lq, Lp)α(X) spaces and the convergence of the series∑∞
k=1

(
1

2
δμq( 1α− 1

p )

)k

.

6 Proof of Theorems 5.1 and 5.2

For the proof of these theorems, we need some lemmas.

Lemma 6.1. Let x ∈ R, r > 0. For all y ∈ R

Mμ(τxχI(0,r))(y) = Mμ(χI(x,r))(y).

Proof. Let x ∈ R, r > 0. For y ∈ R,∫
I(y,ρ)

τxχI(0,r)(z)dμ(z) =

∫
R

χI(0,r)(z)τ−xχI(y,ρ)(z)dμ(z) =

∫
R

χI(z,r)(0)τ−xχI(y,ρ)(z)dμ(z)

=

∫
R

τxχI(z,r)(0)χI(y,ρ)(z)dμ(z) =

∫
I(y,ρ)

χI(x,r)(z)dμ(z).

The result follows.

Lemma 6.2. Let r > 0 and y ∈ R. Then

χB(y,r) ≤ χI(−y,3r) + χI(y,3r).

Proof. Let r > 0 and y ∈ R. We have B(y, r) ⊂ I(y, 3r) ∪ I(−y, 3r).
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For all locally μ-integrable functions f , we put

M̃f(x) = sup
ρ>0

1

μ(B(x, ρ))

∫
B(x,ρ)

|f |(z)dμ(z) x ∈ R.

We have the following result :

Lemma 6.3. Let f ∈ L1
loc(μ). For all y ∈ R,

Mf(y) ≈ M̃f(y) ≈ Mμf(y).

Proof. Let f ∈ L1
loc(μ). There exist two constants C1 > 0 and C2 > 0 not depending on f , such that

Mf(y) ≤ C1M̃f(y) ≤ C2Mμf(y), (6.1)

for all y ∈ R as we can see in [17]. We also have (see [16]) that there exists a constant C > 0 not
depending on f such that∫

I(y,ρ)

|f(x)|dμ(x) ≤ C

∫
B(0,ρ)

τy|f(x)|dμ(x)

for all ρ > 0 and y ∈ R. Since we have

1

μ(I(y, ρ))

∫
I(y,ρ)

|f |(z)dμ(z) ≤ 2C

μ(B(0, ρ))

∫
B(0,ρ)

τy|f(x)|dμ(x)

according to Lemma 5.4, the result follows from Relation (6.1).

Proof of Theorem 5.1. We can suppose that 1 < q < α < p ≤ ∞, since otherwise the space is trivial
or equal to Lebesgue space. Let f ∈ (Lq, Lp)α(μ). Fix y ∈ R and r > 0. It comes from Lemma 6.3,
Lemma 6.1 and Lemma 6.2 and the triangular inequality for Lq(μ)-norm that⎡⎣∫

R

(τy (Mf)q)χBr(x)dμ(x)

⎤⎦
1
q

<∼

⎡⎣∫
R

(M̃f)q(x)τ−yχBr(x)dμ(x)

⎤⎦
1
q

<∼

⎡⎣∫
R

[M̃f(x)χB(y,r)(x)]
qdμ(x)

⎤⎦
1
q

<∼

⎡⎣∫
R

[M̃f(x)χI(−y,3r)(x) + M̃f(x)χI(y,3r)(x))]
qdμ(x)

⎤⎦
1
q

<∼

⎛⎝∫
R

[M̃f(x)χI(−y,3r)(x)]
qdμ(x)

⎞⎠
1
q

+

⎛⎝∫
R

[M̃f(x)χI(y,3r)(x)]
qdμ(x)

⎞⎠
1
q

.

Making appeal to [4, Theorem 2.35], we have⎛⎝∫
R

[M̃f(x)χI(−y,3r)(x)]
qdμ(x)

⎞⎠
1
q

<∼

⎛⎝∫
R

|f(x)|qM̃χI(−y,3r)(x)dμ(x)

⎞⎠
1
q
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and ⎛⎝∫
R

[M̃f(x)χI(y,3r)(x)]
qdμ(x)

⎞⎠
1
q

<∼

⎛⎝∫
R

|f(x)|qM̃χI(y,3r)(x)dμ(x)

⎞⎠
1
q

.

It follows that[∫
R
(τy (Mf)q)χBr(x)dμ(x)

] 1
q <∼

(∫
R
|f(x)|qM̃χI(−y,3r)(x)dμ(x)

) 1
q

+
(∫

R
|f(x)|qM̃χI(y,3r)(x)dμ(x)

)1
q

.

(6.2)

Since Dunkl translation commute with Dunkl Maximal function (see [11]), we have∫
R

|f |q(x)M̃χI(−y,3r)(x)dμ(x) <∼
∫
R

|f |q(x)MμχI(−y,3r)(x)dμ(x)

<∼
∫
R

|f |q(x)Mμ(τ−yχI(0,3r))(x)dμ(x)

<∼
∫
R

|f |q(x)M(τ−yχI(0,3r))(x)dμ(x)

<∼
∫
R

|f |q(x)τ−y(MχI(0,3r))(x)dμ(x)

<∼
∫
R

τy|f |q(x)(MχI(0,3r))(x)dμ

<∼
∫
R

τy|f |q(x)(MμχI(0,3r))(x)dμ(x),

according to Lemma 6.3 and Lemma 6.1. That is⎛⎝∫
R

|f |q(x)M̃χI(−y,3r)(x)dμ(x)

⎞⎠
1
q

<∼

⎛⎝∫
R

τy|f |q(x)(MμχI(0,3r))(x)dμ(x)

⎞⎠
1
q

. (6.3)

The term on the right hand side of (6.3) is less or equal to

C

⎡⎢⎢⎣
⎛⎜⎝ ∫
I(0,2r)

τy |f(x)|q MμχI(0,3r)(x)dμ(x)

⎞⎟⎠
1
q

+

⎛⎜⎝ ∫
I(0,2r)c

τy |f(x)|q MμχI(0,3r)(x)dμ(x)

⎞⎟⎠
1
q

⎤⎥⎥⎦ .

Since MμχI(0,3r)(x) = sup
ρ>0

μ(I(0,3r)∩I(x,ρ))
μ(I(x,ρ)) ≤ 1 for all x ∈ R, we have

⎛⎜⎝ ∫
I(0,2r)

τy |f(x)|q MμχI(0,3r)(x)dμk(x)

⎞⎟⎠
1
q

≤

⎛⎜⎝ ∫
I(0,2r)

τy |f(x)|q dμ(x)

⎞⎟⎠
1
q
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and

⎛⎜⎝ ∫
I(0,2r)c

τy |f(x)|q MμχI(0,3r)(x)dμ(x)

⎞⎟⎠
1
q

=

⎛⎜⎝ ∞∑
i=1

∫
2ir≤|x|<2i+1r

τy |f(x)|q MμχI(0,3r)(x)dμ(x)

⎞⎟⎠
1
q

<∼
∞∑
i=1

⎛⎜⎝ ∫
2ir≤|x|<2i+1r

τy |f(x)|q μ(I(0, r))

μ(I(0, |x|))dμ(x)

⎞⎟⎠
1
q

<∼
∞∑
i=1

μ(I(0, r))
1
q

μ(I(0, 2ir))
1
q

⎛⎜⎝ ∫
I(0,2i+1r)

τy |f(x)|q dμ(x)

⎞⎟⎠
1
q

,

thanks to Lemma 5.7.Therefore⎛⎝∫
R

|f |q(x)M̃χI(−y,3r)(x)dμ(x)

⎞⎠
1
q

<∼

⎛⎜⎝ ∫
I(0,2r)

τy |f(x)|q dμ(x)

⎞⎟⎠
1
q

+
∞∑
i=1

μ(I(0, r))
1
q

μ(I(0, 2ir))
1
q

⎛⎜⎝ ∫
I(0,2i+1r)

τy |f(x)|q dμ(x)

⎞⎟⎠
1
q

.

Using the same arguments as above, we obtain⎛⎝∫
R

|f |q(x)M̃χI(y,3r)(x)dμ(x)

⎞⎠
1
q

<∼

⎛⎜⎝ ∫
I(0,2r)

τ−y |f(x)|q dμ(x)

⎞⎟⎠
1
q

+
∞∑
i=1

μ(I(0, r))
1
q

μ(I(0, 2ir))
1
q

⎛⎜⎝ ∫
I(0,2i+1r)

τ−y |f(x)|q dμ(x)

⎞⎟⎠
1
q

.

Taking these two estimates into account, Relation (6.2) becomes⎡⎣∫
R

(τy (Mf)
q
)χBr(x)dμ(x)

⎤⎦
1
q

<∼

⎛⎜⎝ ∫
I(0,2r)

τy |f(x)|q dμ(x)

⎞⎟⎠
1
q

+
∞∑
i=1

μ(I(0, r))
1
q

μ(I(0, 2ir))
1
q

⎛⎜⎝ ∫
I(0,2i+1r)

τy |f(x)|q dμ(x)

⎞⎟⎠
1
q

+

⎛⎜⎝ ∫
I(0,2r)

τ−y |f(x)|q dμ(x)

⎞⎟⎠
1
q

+
∞∑
i=1

μ(I(0, r))
1
q

μ(I(0, 2ir))
1
q

⎛⎜⎝ ∫
I(0,2i+1r)

τ−y |f(x)|q dμ(x)

⎞⎟⎠
1
q

.
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Since μ is symmetric invariant measure, the Lp(μ)-norm of both sides in the above relation yields∥∥∥∥∥∥∥
⎡⎣∫
R

(τ(·) (Mf)
q
)χBr(x)dμ(x)

⎤⎦
1
q

∥∥∥∥∥∥∥
p

<∼

⎛⎜⎜⎝∫
R

⎛⎜⎝ ∫
I(0,2r)

τy |f(x)|q dμ(x)

⎞⎟⎠
p
q

dμ(y)

⎞⎟⎟⎠
1
p

+
∞∑
i=1

μ(I(0, r))
1
q

μ(I(0, 2ir))
1
q

⎛⎜⎜⎝∫
R

⎛⎜⎝ ∫
I(0,2i+1r)

τy |f(x)|q dμ(x)

⎞⎟⎠
p
q

dμ(y)

⎞⎟⎟⎠
1
p

,

thanks to Minkowski inequality for integral. Multiplying both sides of the inequality by (μ(I(0, r)))
1
α−1

q− 1
p ,

we obtain

(μ(I(0, r)))
1
α−1

q− 1
p

∥∥∥∥∥∥∥
⎡⎣∫
R

(τ(·) (Mf)
q
)χBr(x)dμ(x)

⎤⎦
1
q

∥∥∥∥∥∥∥
p

<∼ (μ(I(0, r)))
1
α−1

q− 1
p

⎛⎜⎜⎝∫
R

⎛⎜⎝ ∫
I(0,2r)

τy |f(x)|q dμ(x)

⎞⎟⎠
p
q

dμ(y)

⎞⎟⎟⎠
1
p

+
∞∑
i=1

μ(I(0, r))
1
q (μ(I(0, r)))

1
α−1

q− 1
p

μ(I(0, 2ir))
1
q

⎛⎜⎜⎝∫
R

⎛⎜⎝ ∫
I(0,2i+1r)

τy |f(x)|q dμ(x)

⎞⎟⎠
p
q

dμ(y)

⎞⎟⎟⎠
1
p

= I + II.

I <∼ (μ(I(0, 2r)))
1
α−1

q− 1
p

⎛⎜⎜⎝∫
R

⎛⎜⎝ ∫
I(0,2r)

τy |f(x)|q dμ(x)

⎞⎟⎠
p
q

dμ(y)

⎞⎟⎟⎠
1
p

<∼ ‖f‖q,p,α. (6.4)

as 1
α − 1

q − 1
p < 0 and μ is doubling. The second term is less or equal to

C

∞∑
i=1

(μ(I(0, r)))
1
α− 1

p

(μ(I(0, 2ir)))
1
α− 1

p

(μ(I(0, 2i+1r)))
1
α−1

q− 1
p

⎛⎜⎜⎝∫
R

⎛⎜⎝ ∫
I(0,2i+1r)

τy |f(x)|q dμ(x)

⎞⎟⎠
p
q

dμ(y)

⎞⎟⎟⎠
1
p

<∼
∞∑
i=1

(
1

2δμ(
1
α− 1

p )

)i

(μ(I(0, 2i+1r)))
1
α−1

q− 1
p

⎛⎜⎜⎝∫
R

⎛⎜⎝ ∫
I(0,2i+1r)

τy |f(x)|q dμ(x)

⎞⎟⎠
p
q

dμ(y)

⎞⎟⎟⎠
1
p

thanks to Estimate (5.3).
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Hence

II <∼
∞∑
i=1

(
1

2δμ(
1
α− 1

p )

)i

‖f‖q,p,α <∼ ‖f‖q,p,α, (6.5)

since the series
∑∞

i=1

(
1

2
δμ( 1

α− 1
p )

)i

converges. From Relations (6.4) and (6.5), we deduce that

(μ(I(0, r)))
1
α−p

q− 1
p

∥∥∥∥∥∥∥
⎡⎣∫
R

(τ(·) (Mf)q)χBr(x)dμ(x)

⎤⎦
1
q

∥∥∥∥∥∥∥
p

<∼ ‖f‖q,p,α.

We conclude by taking the supremum in the right hand side over all r > 0.

Proof of Theorem 5.2. Let 1 < α < p < +∞ and f ∈ (L1, Lp)α(μ). There exists a constant C > such
that Mf(x) ≤ CM̃f(x) for all x ∈ R, according to Lemma 6.3. It follows that

‖Mf‖(L1,+∞,Lp)α(μ) ≤ C‖M̃f‖(L1,+∞,Lp)α(μ). (6.6)

Let y ∈ R and r > 0.

‖(M̃f)τ−yχBr‖L1,+∞(μ) ≤ ‖(M̃f)χB(y,r)‖L1,+∞(μ) (6.7)

since τ−yχBr ≤ 1 and the support of τ−yχBr is a subset of B(y, r).

Fix λ > 0. We have

μ
({

x ∈ B(y, r) : M̃f(x) > λ
})

≤ μ

({
x ∈ I(−y, 3r) : M̃f(x) >

λ

2

})
+ μ

({
x ∈ I(y, 3r) : M̃f(x) >

λ

2

})
,

thanks to Lemma 6.2. But, as we can see in the proof of [4, Theorem 2.35],

μ

({
x ∈ I(−y, 3r) : M̃f(x) >

λ

2

})
<∼

1

λ

∫
R

|f |(x)M̃χI(−y,3r)(x)dμ(x)

and

μ

({
x ∈ I(y, 3r) : M̃f(x) >

λ

2

})
<∼

1

λ

∫
R

|f |(x)M̃χI(y,3r)(x)dμ(x).

It follows that

λμ
({

x ∈ B(y, r) : M̃f(x) > λ
})

<∼
∫
R

|f |(x)M̃χI(−y,3r)(x)dμ(x)

+

∫
R

|f |(x)M̃χI(y,3r)(x)dμ(x),
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so that taking the supremum over all λ > 0, leads to

‖(M̃f)χB(y,r)‖L1,+∞(μ) <∼
∫
R

|f |(x)M̃χI(−y,3r)(x)dμ(x)

+

∫
R

|f |(x)M̃χI(y,3r)(x)dμ(x).

Taking this Estimate in Relation (6.7) yields

‖(M̃f)τ−yχBr‖L1,+∞(μ) <∼
∫
R
|f |(x)M̃χI(−y,3r)(x)dμ(x)

+
∫
R
|f |(x)M̃χI(y,3r)(x)dμ(x).

(6.8)

Using the same argument as in the proof of Theorem 5.1, we have∫
R

|f |(x)M̃χI(−y,3r)(x)dμ(x)

<∼
∫

I(0,2r)

τy |f(x)| dμ(x) +
∞∑
i=1

μ(I(0, r))

μ(I(0, 2ir))

∫
I(0,2i+1r)

τy |f(x)| dμ(x),

and ∫
R

|f |(x)M̃χI(y,3r)(x)dμ(x)

<∼
∫

I(0,2r)

τ−y |f(x)| dμ(x) +
∞∑
i=1

μ(I(0, r))

μ(I(0, 2ir))

∫
I(0,2i+1r)

τ−y |f(x)| dμ(x).

Taking the above estimations in Relation (6.8), we have

‖(M̃f)τ−yχBr‖L1,+∞(μ)

<∼

⎛⎜⎝ ∫
I(0,2r)

τy |f(x)| dμ(x) +
∞∑
i=1

μ(I(0, r))

μ(I(0, 2ir))

∫
I(0,2i+1r)

τy |f(x)| dμ(x)

⎞⎟⎠
+

⎛⎜⎝ ∫
I(0,2r)

τ−y |f(x)| dμ(x) +
∞∑
i=1

μ(I(0, r))

μ(I(0, 2ir))

∫
I(0,2i+1r)

τ−y |f(x)| dμ(x)

⎞⎟⎠ .

We end the proof as we did in Theorem 5.1.
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