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ABSTRACT. In this paper we study the nonexistence of finite Morse index solutions of the following Neumann boundary
value problems
—Au= (uh)? in RY,
Qv — on dRY,
(Eq.H){ %o~ 2 TN ot .
u € C*(RY) and sign-changing,
ut is bounded and i(u) < oo,

or

—Au = [uff~lu in RY,

ou  __ N
(Eq.H') gon =0 on JRY,
u € C*(RY),

u is bounded and i(u) < co.

As a consequence, we establish the relevant Bahri-Lions’s L*°-estimate [3] via the boundedness of Morse index of solu-
tions to

{ —Au = f(z,u) inQ,

ou
U = 0 on 89,

(0.1)

where f has an asymptotical behavior at infinity which is not necessarily the same at +oo. Our results complete previous
Liouville type theorems and L°-bounds via Morse index obtained in [3} 16, 113} 16, [12, 21].
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1. Introduction and main results

The main purpose of this paper is to establish L*°-estimate for solutions of the following Neumann
boundary value problem from the boundedness of their Morse indices

{ —Au+u= f(x,u) inf,

%:0 on 0f),

(1.1)
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where O C RY (N > 3) is a smooth bounded domain, % denotes the derivative with respect to the
outward normal to 0%, and f(z,t) with f'(z,t) = % are continuous on () x R. We focus on the class
of nonlinearities having an asymptotical behavior at infinity which is not necessarily the same at 4-oc.
Precisely, we assume

(H1) There exist p* € (1,pc(N)), p* # £*2 with p~ < p* such that
f'(z,s)

lim —— = 1, uniformly with respect to x € Q. (1.2)

s—o0 pi| |p

Moreover p™ € ({2 p.(N)) ifp~ < p+.

Here p.(N) is the so called Joseph-Lundgren exponent introduced in [17] (see also [6])

() 00 if N <10, (13)
Pe = N-2)2—4N48/N—-1 . .
S — i N> 1L

We have not considered the subcritical case 1 < p~ < pT < %*g since it was completely achieved in

[13]]. So, we examine the cases p™ = p~;orp~ < p* and p™ € (%Jrg, pe(N)) which are respectively

discussed in [6] and [21]] dealing with the following Dirichlet boundary value:
{ —Au = f(z,u) inQ,

u=0 on 0. (L4

Let-us first comment on some previous works using Morse index to provide Liouville theorems, L>-
bounds and existence results for problem (L4). If f(z,u) := [ufP'u+g(z,u) and 1 < p < 5,
g is not necessarily odd in u and satisfying suitable subcritical conditions, Ramos-Tavares-Zou used the
Morse index [20] to improve the celebrated multiplicity result of Bahri-Lions [2]. When the Palais-
Smale; or the Cerami compactness conditions for the energy functional do not seem to follow readily,
the proof of existence of solutions is essentially reduced to deriving L°°-bounds which in [19, 25] has
been obtained where the authors adapted the approach of Bahri-Lions to prove the following theorem

where

Theorem 1.1. /3] Assume that f satisfies

(Hs) There exists p € (1, 322) such that

N-2
!/

5|00 p|s|P~1

= 1, uniformly with respect x € Q. (1.5)

Let (u,) € C?(Q2 be a sequence of solutions of (L&). Then (u,) is bounded in L>(QY) if and only if the
sequence of their Morse indices i(uy,) is bounded.

The key argument of their proof consists in showing the nonexistence of nontrivial finite Morse index
solutions to the following equations

—Au = |u[P" 'y in RY, (1.6)

1.We skip the case p™ < p~ which is similar to the one assumed in (H1).
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and

—Au = |u[P"'uin RY and u = 0 on ORY . (1.7)

They investigated the subcritical case by using a spectral argument combined with Moser’s iteration
techniques and the Pohozaev identity (see also [10] for similar result for the polyharmonic problems).
In a very interesting paper [6], Farina obtained a complete classification up the characteristic exponent
pe(N), and therefore Theorem [LI] holds true under (H;) with p— = p™. Also, the above L*°-bounds
was extended for a large class of nonlinearities f satisfying (H;) with p* € (1, %), where Harnack’s
inequality together with appropriate barrier functions allow to iterate a blow-up argument leading in

particular to deal with finite Morse index solutions of
—Au=(u")? in RY, (1.8)

which reveals a new classification results [16]. Regarding the supercritical case, Rebhi improved the
estimate obtained in [12] by extending the range of p* up to p.(N) [21]. Under some subcritical growth
assumption weaker than (H5), Yang succeeded to establish an explicit L°°-estimates [[26] (see also [7,
9]). However, the general higher order case is harder to achieve since we need to carefully handle
some local interior estimate, especially near the boundary (see [11] for the biharmonic and triharmonic
cases). Point out that explicit estimate cannot be obtained for since eventual extremal of u could
be appeared on 0f2, so contrarily to [7, (11, 26], the Pohozaev identity fails to derive a local estimate.
However, Bahri-Lions’s L>°-bounds has been proved in the subcritical case with p~ < p™ [13].

2. Main Results

We first classify finite Morse index solutions of the following Neumann boundary value problems on
the half-space RY = {z = (2/,zy), 2/ € RN"! 2y > 0}:

(—Au=(u")? in RY,

ou __ N
(EqH) %—O— 0n8R+,
u € C*(RY) and sign-changing,

| u™ is bounded and i(u) < oo,

or

(—Au = [ufP"'u in RY,

ou __
(EqH/> drN O_ on aRf,
ue CX(RY),

| v is bounded and i(u) < oo.

When v is a solution of (Eq.H) or (Eq.H') and v € C(RY), contrarily to the Dirichlet boundary
value problem [[.71 we have uy) ¢ Hj(RY), and therefore u1) cannot be used as a test function if we
compute the Morse index i(u) in the space of test functions H} (R%Y); or C3(RY). Also, point out that
the functional space of the associated Euler-Lagrange functional of problem (LI)) is H'(2), then the
adequate space of test functions of the associated quadratic form is also H!(2). Therefore, we have here
to consider H'(RY) (respectively H'(2)) as set of test functions.
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Definition 2.1. e The Morse index of a regular solution u of (denoted i(u)), is defined as the
maximal dimension of all subspaces X of H(Y) such that

Qu(v) = /(|VU|2 + v?) — /f/(x,u)v2 <0, Yv € X \ {0}.
Q Q

e u is stable outside a compact set IC of Q if Qu(v) > 0 for all v € CLHOQ\K).
e If u is a solution of (Eq.H) (respectively (Eq.H')), we define

Qu(v) = [ [Vo]? —p [ (uF)P~1?,
[y

(respectively Q,(v) = / |Vu|? —p/ lufP~v?, Vo e HY(RY)).
RY RY

Remark 2.1.

(1) Observe that if u is a solution of (Eq.H) (respectively (Eq.H'")), then Q,(v) is well defined for all
v € H! (RJX ) as u™ (respectively u) is assumed a bounded function.

(2) Of course, if Q = RY we use C}(RY) as a set of test functions.
(3) Clearly, any finite Morse index solution is stable outside a compact set.

(4) Any positive solution of (Fq.H) is a bounded solution of (Eq.H'). If u < 0 is a solution of (Eq.H),
then u is an harmonic function and so v = c with ¢ < 0.

Problem has been discussed in [6] where an odd extension was employed to provide the speed
decay which is essential to derive the existence result. As far as we know, it is not proved in previous
works, that the odd extended solution has finite Morse index (or stable outside a compact set). We used
here the following even extension

u(x) =

{u(:z:’,:z:N) ifzy >0, 2.1)

u(z',—xy) ifay <O0.
Define
Ccl’s(RN) = {v e CIRM); vz, xy) = v(2, —zy), V(2 zy) € RN} ¢ H'(RY)
and denote by i,(w) the Morse index of  related to the space of test functions C;. (R"). Then, we have
Lemma 2.1. Let u be a finite Morse index solution of (Eq.H), or (Eq.H'), then is(u) is finite and
is(@) < i(u).

Note that if u is a solution of (Eq.H) (respectively (Eq.H")), then w € C?(R") and as a consequence
of the above lemma u verifies

—AU = (ﬂ+)p n RN,
(Eq.S) S u(z',zn) = u(x’, —xn),

u is bounded above, sign-changing and i,(u) < oo,
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respectively
—Au = |ulP~'u inRY,
(Eq.S") S a(z!, xn) = (2, —zn),
@ is bounded and i4(7) < oo.

The finiteness of the Morse index is(w) will be sufficient to provide the following integral estimate.
Following [6], we have

Proposition 2.1. Let u € C*(RY) be a solution of (Eq.S') (respectively (Eq.S)). Then, there exists
Ry > 0 such that for every v € [1, Vmaz ), we have

/IV [ul T )P + /|u|p+”<0< + RN, VR > 2R,, (2.2)
and
[Pt < CRN?51, YR > Ry, (2.3)
{R<|z|<4R}
respectively
/|v<(u+)”7“>|2+/(u+)Pﬂ <O+ RYV2ET), YR > 2R, 2.4)
Br

Here C = C(N, p, Ry, ") is a positive constant independent of R.

If @ is a solution of (Eq.S’) and 2 < p < p.(N), inequality will be useful to obtain the
speed decay of u and its gradient at infinity. If W is a solution of (Eq.S) and £*2 < p < p.(N) the
monotonicity formula and Farina’s approach fail to derive nonexistence results as in [[18, 16, 14} 23] since
from we have only the integral estimate of w". So, following [12, 21I], we shall verify that % is
spherically symmetric a round a point z, and the support of " is a ball B, (z¢). Therefore, in view
of the Pohozaev identity we derive that 7™ = 0 as %*g < p* < pe(N). Consequently @ is a negative
harmonic function, which implies that = = ¢ with ¢ < 0 which is impossible since we assume that u is

sign-changing solution. Our Liouville theorem reads as follows

Theorem 2.1. . Assume that M < p < pe(N). Then (Eq.H) has no any sign-changing solution.

2. Assume that1 < p < p.(N), p # ¥ N +2 . Then (Eq.H') has no any nontrivial solution.

Regarding the case of the whole space (where as mentioned in Remark [2.1] that the Morse index is
computed in C}(RY)), problem (L8) is completely classified in the subcritical case in [13] and in the
supercritical range in [21]. Precisely we have

Theorem 2.2. [6| 2]]] (1) Nontrivial finite Morse index solutions to (1.O) exist if and only if p >
pe(N), N> 11, 0orp= 5%, N > 3.
(2) Problem (L8)) has no nontrivial finite Morse index solutions if %*g < p < pe(N).

According to Theorems 2.1l and 2.2] we can prove the following L°°-bounds via the boundedness of
Morse index.

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 19



Theorem 2.3. Suppose that f satisfies (Hy). Let (u,,) be a sequence of solutions of (L.4). Then (u,,) is
bounded in L*°()) if and only if the sequence of their Morse indices is bounded.

This paper is organized as follows. Section 3 is devoted to the proofs of Lemma 2.1}, Proposition 2.1]
and Theorem 2.1l In section 4 we develop the blow-up technique to prove Theorem 2.3]

3. Proofs of Lemmal[2.d] Proposition and Theorem
3.1. Proof of Lemmal21
Let u be a solution of (Fq.H) A and ¢ € HY(RY). From a simple change of variable we have
Qulw) = [ 1Vl —p [@yi?
RN RN

—2( [qveP p [@rre?). v e HIRY) a1

N N
RY RY

Assume by contradiction that i,(%) > i(u). Denote i,(%) = i,, then there exist ¥, ¥, ..., 1;, € HI(RY)
linearly independent such that

Qu(v) <0,V € (1,12, ..., 1,) \ {0} (3.2)

Obviously %IRﬁ € HY(RY), forall j = 1,2..., 4, and zpl‘M, ¢2|R$, s ¢is\Rf are also linearly indepen-
dent. As ¢;(2', —xn) = ¢;(2', zn), and from (B.I) and (3.2)), we derive that

Qu(¢> < O;V¢ € <¢1\Rf7¢2|Rﬁ7 "'7¢%\Rf> \ {O}

According to the definition 2.1, we reach a contradiction since the dimension of (¢1‘R N ¢2‘R N zbis“R N)
+ + +

is equal to i5 which is larger than i(u).

3.2. Proof of proposition21l

Denote by B = {z € R", |z| < R}. The letter C' will be used throughout to denote a generic positive
constant, which may vary from line to line and only depends on arguments inside the parentheses but
does not depend on R. For the sake of simplification we denote confusedly % by u. From the finiteness
of the Morse index is(w) (where @ is a solution of (Eq.S); or (Fq.S")) we can find Ry > 0 such that

Qz(v) >0, Vv € C} (R"Y) with supp(v) C R \ Bg,. (3.3)

Let v» € C?(RY) be a spherically symmetric cut-off function satisfying supp(x) C R™ \ Bg, and

_ +
0<¢y <1 Setm—max(%, ).

2.The case of u solution of (Eq.H') is similar.

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |20



Proof of (22). Clearly |u|"= uy™ € CL(RY) as u(a’, —xy) = u(a’,zy) and supp(|u| T uyp™) C
RN \ Bp,, for all v > 1. Then from (3.3) we have

p [lapwn < 90l ump (3.4)
N RN
A simple calculation gives
1 -
p [lupreen < [l (19omp - )+ [ enviu o 3.5
RN RN RN

Now, multiply (Eq.S’) by |u|”tu1)*™ and integrate by parts, we find

— m 1 m
Sl = [ vyt o [V ur v
RN

RN RN
Ay / 2 =LoN2 1 / +1 2
— miy 2 — TTEA(T).
e IV P - [ e A
RN RV

Multiply the above inequality by (1 + 8)( 71)2, e € (0,1) and combine with (3.5]), we derive

[V ol + (p _a+ ) / P
]RN

< Clpom) [ 2V + |Av)

RN

pty

£ and q = pﬂ and taking into account that (m — 1)1’+ Y > m,

+ 1)2 2m
ulP e

Using now Young’s inequality with ¢ = £
we obtain

o [V R+ (p-e - 1+
RN

< Cp,ym,e) / (IVP2 + | Al 7
RN

Observe that if v € [1, Va2 ), then p — (%Ll)

(1+¢e) 5+ (VH) > (. Thus, we obtain

> 0, so we can choose ¢ small enough such that p — ¢ —

/ GV () + / W < C(p, v, m) / IV + [ Ag]) 7 (3.6)

RN RN RN
For R > 2Ry, define v € C?(RY), 0 < g < 1 such that
Yr=1 if 2Ry < || < R,

Yr =0 if |x| < Ryor|z|> 2R, (3.7)
Vg < %, [Ayg| <& if R <|z| < 2R.
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Consequently substitute ) by 1 in inequality (3.6), we obtain

/ IV (|u] T w))? + / [Pt < C(N, Ry, p,m,v)(1 + RN"257).
BR BR

So, inequality (2.2)) follows.
Proof of (2.3). For R > Ry, define 1z € C*(RY), 0 < v < 1 such that

Ypr=1 if R<|x|<4R,
Yr =0 if |z| < Zorlz| > 5R, (3.8)
IVir| <&, |AyYg| < & if4R < |z| <5R.

So, supp(t)) C RN \ Bpg,. Substitute 1) by ¢ in inequality (3.6), we derive

P < C(N,p,m,7) RN 2.

{R<|z|<4R}

Hence, inequality (2.3)) is well proved.
Proof of (2.4). We use here (u*)7y™ € C} (R") as a test function. The proof is similar to the one of
inequality (2.2). So we omit the proof here.

3.3. Proof of Theorem21l

Proof of (1.) If % < p < p(N), theny; = (p— 1)% —p € [1,Ymaz) (see [6]) and from U=T1u
satisfies

/(qu)p’W1 < 00. (3.9)
RN
Recall first that if f € LY(RY), ¢ > 1and g € L7 (RY) where ¢ is the conjugate exponent of ¢, then
f*g— 0as |x| — oco. Define

_ (u")P(y) . .
W(x) = Cyn | ————dy, where Cy is a positive constant .
|z — |V
RN

Thus, we have

W(z) = CN/wdy

y|N—2
]RN
WPe—y) . . [ WP —y)
SCN/ WEE d“CN/ L+ )2
B RN

Set

Wy = On(uh)P * xg, [y[*N and Wy = Cr(u™)? * (1 + |y|)> ™V,
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then 0 < W < Wy +Ws. Asu® € LPP(RY) and u™ is bounded then ™ € LI(RY) forall ¢ > p+ 7.
So choose ¢ large enough such that ¢'(N — 2) < N which implies that xp,|y[>" € LY (RY) and

+ P71 N p+1 . . .
therefore W1 — 0 as [z| — co. Observe now that ()" € L7 (R™) and 22 which is the conjugate

Pt
of 7% satisfying (N — 2)1% > Nasvy = (p—1)F — p. Hence, (14 [y[)>™ € L (RY) and
then Wy — 0 as |z| — oo. Consequently W is well defined and W — 0 as |z| — oo. Also, as
ut € LPT(RY) and u is bounded above then from LP — L theory we derive that W € C?(RY) and
satisfies —AW = (u*)?" in RY. Therefore, A(u — W) = 0 in RY with v — W is bounded above, then
u = W + c where c is a negative constant as u is a sign-changing solution. Observe that the function
f(t) = ((t +¢)")? € C(R) is non-increasing in a neighborhood of 0 and W satisfies the equation

AW = (W +o)*)Pin RV,
W >0,
lim W(z) = 0.

T—>00

Therefore, W is spherically symmetric a round some point zy and %—Vf < 0, for all r > 0 and as

lim w(z) = ¢ < 0 then u™ has a compact support Bg,(x¢), Ry > 0. Consequently u satisfies
T—>00

—Au =uP in Bg,(z9),

u=>0 on 8BRO(350),
u > 0.
Taking into account that p > %, then by virtue of the Pohozaev identity, we derive that u* = 0, which

is impossible since we assume that « is a sign-changing solution.
Proof of (2). We will verify that if u is a solution of (F¢.S") or (I.6), then u = 0. Two cases may occur.

Case 1. 22 < p < p.(N). Since 71 = (p — 1) — p € [1, Yinas), then for a > 0 small enough we have
also 1o = (p — 1)~ — p € [1,Vnas). Observe that N — 2’?%11 =0and N — 2% = 52 So, from
(2.2)) and 2.3)) we deduce that

/IUI“"”% < o0, (3.10)
kS
and
/ lu|P~V2"s < CRZ*%, VR > R,. (3.11)
{R<|z|<4R}

Fix € > 0, then there exists R = R. > Ry such that

u|" DY < e VR > Ry. (3.12)
{R<]al}

Let y € RY such that |y| = 2R, then B (y) € {R < |z| < 4R}, and therefore

luP |
L2—a

< CR™, VR > R,. (3.13)
(By ()

Following step 4 of the proof of Theorem 2 in [6] using Serrin’s L>°-estimate, then from (3.12), (3.13)
we can verify that u satisfies

|z[7 Tu(z) — 0 and |2|7 1| Vu(z)| — 0as z — oo.
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Therefore, similarly to step 5 of the proof of Theorem 2 in [6], we deduce that u = 0.

Case2. 1 <p< % According to estimate of Proposition 2.1l with v = 1, and as N — 2% <0
we may see that

/|V(u)|2 < oo and /|u|erl < 00.
RN

RN

Consequently, combining equation (L.6) with the Pohozaev identity we derive (see for instance [23], [10]
for more details) that

2N
p+1 _ p+1
/|u| <N_2><p+1)/|“| |
RN

RN

and so u = 0.

4. Proof of Theorem[2.3]

Proof of the ""only if'' part. Assume that u,, is uniformly bounded, that is there exists M > 0 such that
[ tn | o) < Mo, Vn € N*. Since f € C*(R), then there exists M, > 0 such that || f/(un)|| () < M.
Consider O < A1 < Ag... < )\ the eigenvalues of the Neumann boundary value problem

{ —Api, + v = A in Q,

68%—0 on OS2,

where @y, is the corresponding eigenfunction of )\ satisfying

/¢%=1, /thkVij-i—cpkgoj:O, j # k and /|V<pk|2+gp%=,\k/¢%=)\k_
Q Q Q Q

So (¢r)k>1 constitute an orthogonal basis of H!(£2) and an Hilbert basis of L?(Q2). Also )\, — oo as
n — 0o, therefore we can choose ny € N* large enough such that \,,, > M. Set Eo =< 1, ey Prg >
then for every h € Ejy, we have Q,, (h /|Vh|2 + h? — /f (un)h? > — Mé)/h2 > 0,

QO
which implies that i(u,,) is less than the dlmensmn of Fy, and so the sequence of the Morse index i(u,,)

18 bounded.

Proof of the " if'"' part. Blow-up analysis. Let u, be a sequence of solutions to (I.I). Suppose by
contradiction that there exist a subsequence (which still denoted by w,,) and iy € N* such that i(u,) < iy
but [|u, || @) — +oo.

Case 1. p~ = pt = p. Set M,, = max |u,(2)| := |un(z,)|, z, € Q. If z,, € Q, setd,, = dist(z,,0Q),
Q

as {2 is a bounded domain then according to the universal estimate established in [4], we may see that

dﬁMn < C(dﬁ + 1) < Cgq. Since we assume that M,, — —+o0, then d,,, = dist(x,,02) — 0 and so
T, — xo € 0S) up to subsequence denoted again u,,. By flattening the boundary through a local change
of coordinate we may assume that near z( the boundary is contained in {zx = 0} ( see the proof of
theorem 3 in [22]], precisely case 2.2, page 1874, for more details). Using standard scaling and a blow-up
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argument as in [3]], we obtain the following limiting equatiorH

—Au = %|u|p’1u in {xy > —d},
(361;(]:?]) =0 on {.I‘N = —d},

d>0, |u(0)] =1and |u(x)| < 1.

Also following [3| 14, [16] we can verify that i(u) < co. Set x4 = (0,0, ..,d) and ug, = pﬁu(az — xq),
then ugq, satisfies (Eq. H'). Therefore we reach a contradiction from Theorem 2.1 since we have v, = 0

_1
but |ug,(xq)| = prT.

Case 2. 322 < p~ < p* < p(N). Set M,;} = maxu; (z) := u,(z)}) and M,, = maxu, (z) :=
Q Q

—u, (), ot x,; € Q. Without loss of generality we may assume that x; (resp.z,, ) converges to T"
(resp.Z ) € €. Three subcases may occur:

Subcase 1. Yo > ¢ and { 1 ;p > (. We shall give special attention to subcase 1 since we normalize

by M, Wthh is not necessarily an absolute maximum of w,,. Define

—~ +_1
Up(7) = tn (zf + (M) %2), x € Q== (M;)*(Q — z}), witha = P :
M 2
and
1 . N

ful@) = W‘f (@ + (M) ™%z, M) -

We have u,(0) = 1, u,, < 1 and u,, satisfies
S =0 on 0f),,.

From (H;) we have

[z, 8)] S CA+(sTV +(sT)), ¥ (2,5) €A xR

) o +ypt
Since we assume in this subcase that E%’i;p, > (), then

()] = [f (2 + (M), M un)| < C

(M} +)p+

Consequently, || f,|| L(q,) is uniformly bounded. Note that we cannot apply here the universal estimate
of [4] to exclude the hmltmg equation on the whole space because f has no the same asymptotical
behavior at +00. So, we have to discuss two cases:

o If (M;7)*d,, — +oc then for any R > 0 there exists ng, such that Vn > ng, we have Bg C ﬁ; Recall
now the following local L?- elliptic estimate: For ¢ > 1, we have

||a1;||W2a‘1(B%) < CR (an”Lq(BR) + ||E1;||Lq(BR)) . 4.2)

We have f,, is bounded L9(Bg) as it is bounded in L>°(Bp). However, since we have only u,, < 1, we
cannot derive the boundedness of u,, in LY(Bpg). Therefore we shall use Harnack’s inequality combining

3.Contrarily to the Dirichlet boundary condition case, we cannot show that d > 0 (see [3}[16]).
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with L? regularity theory to show that u,, is bounded in L>°(B 5 ). Consider v,, satisfying

o b,
Then w,, := u,, — v,, verifies

Vol ™ “3)
Invoking LP- elliptic regularity, for ¢ > N we have

|wnllcresry < Crllwnllwzar) < Crll fallLar) < Ck- (4.4)

As u,, < 1, then (1 — v,) in a nonnegative harmonic function on B, then from Harnack’s inequality,
there holds

sup(l — v,) < Crinf(1 —vy,),

Bg Bg
which implies that ianvn > 1 — Cg + Cg supv,. Since v,(0) = u,(0) — w,(0), it follows that v, (0) >
£ B

1 — Cp and therefore 1 — CrCh < vy(x) < 1; Vz € B% ASs u,, = w, + v,, then
||€L\7;||L°°(B§) < Ch.

Consequently, u,, is bounded in W?%4(B B ), ¢ > N forall R > 0. From a standard diagonal subsequence

—~ . . + +
argument, we may see that u, converges in Ch%(B §) topology to a function u. Also as % > C,

then (1) implies that f,, — > (u™)? pointwise. In conclusion, u € C*(R") and satisfies

—Au =L@ inRY,
u is bounded above and u(0) = 1.

Set u,(x) = pﬁu(x), then w,, is a finite Morse index solution of (I.8). So by virtue of Theorem
we deduce that u = ¢ < 0. We reach a contradiction since u,(0) = prT = 1.

o If (M;")?d, < C, we may assume that near ", the boundary 95 is contained in the plane =¥ = 0.
There exists h a neighborhood of Z+ in R and w : B; — h a C''-diffeomorphism such that

w(B) =hNQand w(B}) = hN oY,
where

Bf = {z= (x/,xN) € Bi;zy > 0},
B? = {z= (x/,xN) € By;xy =0},

Taking the change of variable y = w™1(x), we set U, (y) = -2 (y." + (M) "), with v,,(y) = un(w(y))
and i = w™1(x}). This change of coordinates transforms the Laplacian operator into a general second
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order strongly elliptic operator. Moreover, up to subsequence we have (y¥ M ")* — d > 0. Therefore,
the blow-up analysis leads to the following limiting equation

~Au= LW in{zy > —d}, d >0,

u(0) =1,
%“x—%):O on {xy =—d}, d>0,
i(u) < oo.

As above, set ug, = pﬁu(aﬁ — x4), we have ug, satisfies (Eq.H') if u is positive; or (Eq.H) if u is

sign-changing and from Theorem 2.1] we derive that u = ¢ < 0 which contradicts u,,(xq) = p?—1.
Subcase 2. % — 0. We define

_ Un + M) @ @v._ MO + ith _p+_1
_Mn*@jn—'—( ) x),xe n = (MN*Q—2), witha = 5

Up ()

o If (M;7)*d,, — 400, with d,, = dist(z;,0). Hence, after blow up argument we obtain the limiting
equation

—Au = %ulﬁ in RY,

u(0) =1,

u >0,

i(u) < oo.

Apply Farina’s result [[6] we reach a contradiction.

o If (M 1)*d,, < C, similarly to case 1, we derive the limiting equation

((—Au=1uw" in{zy > —d}, d>0,
u(0) =1,
u >0,
%Z(Ji) =0 on{zxy=—d}, d>0,

[ i(u) < oo.

As u(0) = 1, a contradiction follows from (2) of Theorem 2.1

_ ot
Subcase 3. %_?{ > (' and (M)

— 0. Applying the blow-up argument around x,, where we normalize

(My )P~
by M, ~, we obtain a negative solution of the limiting equations
“Au = %|u|p7_1u in RV, —Au = %|u|p7_1u in {zy > —d},
u(0) = —1, or 2o — 0 on {zy = —d},
u <0, u(0) = —1 and i(u) < oo.

We derive respectively a contradiction from [6] and (2) of Theorem[2.1l This ends the proof of Theorem
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