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ABSTRACT. Fractal approximants developed through iterated function systems (IFS) prove more versatile than classical
approximants. In this paper, we introduce a new class of fractal approximants using the suitable bounded linear operators
defined on the space C(I) of continuous functions and concept of a-fractal functions. The convergence of the proposed
fractal approximants towards the original continuous function does not need any condition on the scaling factors. The fractal
approximants proposed in this paper possess fractality and convergence simultaneously. Without imposing any condition
on the scaling vector, we establish the constrained approximation by the proposed fractal approximants. Existence of
Schauder basis of fractal polynomials for the space of continuous functions C(I) is investigated. Using the proposed class
of fractal approximants, we develop complex fractal approximants for representation of the square integrable complex-
valued functions defined on a real compact interval.
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1. Introduction

Barnsley [1] introduced the concept of fractal interpolation functions (FIFs) through iterated function
system (IFS). Inspired by the Barnsley work, many researchers [2, 3] have developed various aspects of
FIFs. The concept of FIF can be used to associate a family of functions to a given function f defined
on a real compact interval I = [z1, x| (for instance, see [1, 4]). An element of this family is denoted
by f® and Navascués [4] named it as a-fractal function associated with f. This function f* contains
a set of real parameters, namely, scaling factors. The fractality/irregularity associated with f* can be
measured through its fractal dimension [5]. Using the concept of a-fractal functions various kinds of
fractal approximants have been developed [6, 7, 8, 9, 10, 11, 12, 13, 14] to obtain the fractal analogue of
many classical approximation results. In this manuscript, we develop a new kind of fractal approximants
that converge to the original function without losing fractality. Additionally, for a given continuous
function f defined on a real compact interval I = [z, x|, we develop a sequence of fractal functions
that converges uniformly to f even if the magnitude of the scaling factors does not go to zero.

For every n € N, let b, : C(I) — C(I) be bounded and linear operator such that the following
properties are satisfied for every f € C(I).

bn(f)(21) = f(21), bu(f)(2n) = f(xn), and [[ba(f) = flle = 0 as n — oco.

There exist many operators which obey the above properties, for instance, Bernstein operator [15]. In this
article, for a given function f € C([), by exploiting fractal approximation theory and taking b, (f),n €
N, as base functions, we construct a sequence { f*}> , of a-fractal functions that converges uniformly
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to f for every scaling vector. The convergence of the proposed fractal functions towards f follows from
the convergence of the sequence {b,(f)}>2, towards f. The procedure of getting a sequence { f*}5°,
of a-fractal functions that converges uniformly to f € C(I) determines a bounded and linear operator,

termed a-fractal operator: 7 : C(I) — C(I), f — f©.

Approximation of functions from below or above is called constrained approximation, and it is a
well studied in the context of classical polynomial splines. By imposing the suitable conditions on
the base function and scaling factors, the constrained approximation by the fractal functions is studied
in [16, 17, 18]. In this paper, we study the constrained approximation by the proposed class of a-fractal
functions without imposing any condition on the scaling vector. In other words, constrained fractal ap-
proximants proposed in this paper work equally for all the scaling vectors. In particular, our constrained
approximation results provide positivity preserving approximants.

For a given function f € C(I), we develop non-smooth polynomials that approach f without losing
their fractality. We investigate the existence of Schauder basis of non-smooth polynomials for C(7).
Constrained approximation by non-smooth polynomials is established. Using the a-operator defined on
C(I), we define a-fractal operator on the space C(I, C) of complex-valued continuous functions defined
on the real compact interval /. To construct complex fractal approximants, a-fractal operator on the space
C(1,C) is extended to a a-fractal operator on the space of square integrable complex-valued functions
defined on a compact real interval /.

2. Background and preliminaries

The following notation and terminologies will be used throughout the article. The set of real numbers
will be denoted by R, whilst the set of natural numbers by N. For a fixed N € N, we shall write Ny for
the set of first NV natural numbers. Given real numbers x; and xy with 21 < zy, we define C[z1, xy] to
be the space of all real-valued continuous functions on [ = [z1, xy].

Letz) <29 < -+ <axy-1 < zn(N > 2)be a partition of the closed interval [ = [z1, zy], and y1, ya,
.., yn be a collection of real numbers. Let L;,7 = 1,2,..., N—1, be a set of homeomorphism mappings
from [ to I; = [z, x;41] satisfying L;(z1) = x;, and L;(xy) = x;41. Let F; be a function from / x R
to R, which is continuous in the x-direction and contractive in the y-direction such that F;(z1,y1) = i,
Fi(xn,yn) = Yit1, @ € Ny_1. Using the IFS Z = {I x R, w;(z,y) = (Li(x), Fi(z,y)),i € Ny_1},
Barnsley [1] proved that (i) there exists a continuous function f* : [ — R satisfying f*(z;) = v;,7 € Ny,
(i) f*(x) = F(L; (), f* o Ly *(x)), € L;, and (iii) G(f*) = e w;(G(f*)), where G(f*) is the
? N-1

graph of f*. The above function f* is fractal interpolation function (FIF) corresponding to the IFS 7.

Barnsley and Navascués [1, 6, 7] observed that the concept of FIFs can be used to define a class of
fractal functions associated with a given real-valued continuous function f on a compact interval /.
For a given f € C(I), consider a partition A = {x1,z9,...,xn} of [z1, zy] satisfying 1 < z9 < -+ <
xy, a continuous function b : I — R that fulfills the conditions b(x;) = f(z1), b(xy) = f(zn) and
b # f,and N — 1 real numbers «;, i € Ny_; satisfying |a;| < 1. Define an IFS through the maps

Li(z) = a;x + b;, Fy(x,y) = oy + f(Li(x)) — a;b(z),i € Ny_;. (2.1)

The corresponding FIF denoted by f{, = f“ is referred to as a-fractal function (fractal version of f)
for f with respect to a scaling vector &« = (1, aa, ..., an—1), base function b, and partition A. Here the
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set of data points is {(mz, f (a:l)) 1 €N N}. The a-fractal function f corresponding to f satisfies the
self-referential equation

f49x) = aif*(LyH(2)) + f(z) — ayb(L; H(w)), 2 € I;,i € Ny_y. (2.2)

The fractal dimension (box dimension or Hausdorff dimension) of f* depends on the choice of the
scaling vector «, f, and base function b (see for instance, Nasim Akhtar et. al [5]). According to Nasim
Akhtar et. al [5]): if the data points (:1:2-, f (:1:@)) ,© € Ny are not collinear, then graph G of the a-fractal
function f“ has the box dimension

: N-1
dimg _ D if Y .l oy > 1,
1 otherwise,

where D is solution of Z oglaP Tt = 1.

The following remark explalns about the sufficient condition for a a-fractal function to be irregular (non-
differentiable) on /, and it is a consequence of Lemma 5.1 and Theorem 5.2 of [6].

Remark 2.1. Let f € CY(I). Let A = {x1,79,..., 2N} be a partition of I = [v1,xN] satisfying
Ty < Tg < - < xyand a = (a1, 9, ..., an_1). Ifzij\sl |a;| > 1, then the set of points of non-
differentiability of f is dense in I.

From (2.2), the following bound for the uniform error in the process of a-fractal approximation can be
easily deduced:

15 = flloo < 1

For a fixed base function b and partition A, from (2.3), it follows that a-fractal function f¢ converges
uniformly to f € C(I) only if |ar|oc — 0.

|O‘|oo

|f — bllso, Where |ar|oo = max{|c;|:i € Ny_1}. (2.3)

1—als

3. New class of a-fractal approximation and constrained approximation

In this section, we construct a-fractal functions that converge to the original function without any con-
dition on the scaling factors and study constrained approximation by this new class of fractal functions.

Let b = b,(f) for all n € N. In this case, {f}>°, is called a sequence of a-fractal functions of
fecC(I),and

fal@) = aif (L7 (@) + f(a) — aiba () (L7 (@), @ € 1, i€ Ny_1. (3.4)

From the construction of fractal functions (see previous section), it can be verified that for every n € N,
the a-fractal function f;, of f € C(I) is corresponding to the IFS defined by

In - {I X R; (Ll(x>7Fn,2($7y>)77' € NN71}7 (35)

where F,, ;(z,y) = a;y + f(Li(z)) — a;b,(f)(z). The following lemma addresses the convergence of
the sequence {f}5°, towards f € C([).

Lemma 3.1. Let C(I) be endowed with ||f|loc = sup{|f(z)| : * € I}. Let f € C(I). Let A =
{x1,29,..., 2N} be a partition of I = |x1,xN] satisfying xt1 < x9 < --- < xy. Then, for every
scaling vector o = (aq, Qa, ..., an_1), the sequence {In} | Of IFSs determine a sequence {f235°, of
a-fractal functions that converges uniformly to f.
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Proof. From (3.4), it is easy to deduce that

15 = Flloe <lalsollfi = bn(f)loo,
<ledss[ll.f5 = Flloo + 1 = bu(f)loc].

Hence we obtain
1fa = flloo < ——— Il = ba(f)lloo- (3.6)

Since the sequence {b,(f )}n:1 converges to f uniformly, from (3.6) we can see that lim f& = f, and
n—oo

hence the stated result follows. ]

The following remark follows from Remark 2.1 and Lemma 3.1.

Remark 3.1. Let A = {z1,x9,...,2xN} be a partition of I = [z, zN] satisfying 1 < X9 < - < TN
and o = (o, g, ..., an—1). If all the a-fractal functions in the sequence { f}° | are obtamed with the
same choice of the scallng factors a1 = 1,2,..., N — 1, which satisfy the condltlon Z |oz2| > 1,

then all the a-fractal functions in the sequence { fﬁ‘}n:1 are nowhere differentiable and lim fﬁ‘ = f.
n—oo

Theorem 3.1. Let C(I) be endowed with ||.||so. Let 07 = max{||b|oo+, ||b2|loc*, - - - |6y ||oo+, € + 1}. For
every n € N, the a-operator F¢ : C(I) — C(I) defined by F2(f) = f is linear and bounded. Futher,
if |afeo < 9%, then F is bounded below and not compact.

Proof. Using (3.4), for each n € N, we have
fa(@) = aif (L7 () + f (@) = ciba(f)(L7 (), @ € I, i € Ny-1.

gn (@) = aign (L7 (2)) + 9() — aiba(g)(L; ' (2)), @ € I, i € Ny-1.
Multiplying the first equation by 5* and the second equation by *, and the uniqueness of the solution of
the fixed point equation defining the FIF gives:

(B f+7"9)n =B"fn +77g, VB 7" €R.
Hence, F' is linear. Using (3.6), we get

[e4]S

1 lloo < N1 lloe + 11a = bn | oo

Sllso (3.7)

_||o<>

where [, is the identity operator and ||.||-+ is the operator norm induced by ||.||.. Since the sequence
{bn(f)}22, converges to f uniformly, we can see that || I; — by, ||cox — 0 as n — oo. Therefore, for given
e > 0, there exists Ny € N such that

112 — bplscs < €¥n > N, (3.8)
Let 6. = max{||1g — b1||oo, ||[Ld — b2||oo* - - - |[1a — bNg ||oor, €} Then from (3.7), we get

1721 < (14 L2500 1 e

Now, using the definition of F* in the above inequality, it follows that /) is bounded.
Now, in what follows we show that F is not compact. From (3.4), it is easy to deduce that

115 = fllso < Mool = bn(Flloc == [1flloc = 1f2 loe < lerloo[[ £ lloo + 10n () lloc]-
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From (5.22), we can see that ||b,|lo~ < 6 for all n € N. Hence, further simplification of the previous
inequality gives

IFE () e = (£ > U lecll = lolocb]

1+ |0
Now it is plain to see that F is bounded below if |a|s < i Since F' is bounded below, it is easy to
observe that F¢ : C(I) — C(I) is injective. Since {1, z, 2%, ..., } is linearly independent subset of P(I)
the space of all polynomials defined on /, and F is 1n]ectlve the set {1, 22, (x?)%,...,} is linearly

independent. Consequently, P*(1) = F%(P(I)) is infinite dimensional, and hence F(C(I)) is infinite
dimensional. Since F¢ is bounded below, it follows that (F%)~! : Fo(C(I)) — C(I) is continuous.
Without loss of generality assume that /' is compact. From the operator theory, we can see that the
identity operator Iy = F&(F*)~1 : F¥(C(I)) — C(I) is compact. This implies that dimension of C([)
is finite and is a contraction. Hence, the result follows. [l

The above theorem can be extended to the space of p-integrable functions, for details, see [19].

3.1. Constrained approximation by fractal functions

Theorem 3.2. Let f € C(I). Let A = {z1,x9,...,xN} be a partition of I = [x1,xN] satisfying r1 <
xo < -+- < xn. Then, for every scaling vector o = (a1, aa, ..., an_1), there exists a sequence {92},
of fractal functions that converges uniformly to f such that g%(x) > f(z) forall x € I and n € N.
Further, if all the a- fmctal functions in the sequence {g% ()} are constructed with the same choice
of the scaling factors a;,i = 1,2,..., N — 1, which satisfy the condition Zfi}l |a;| > 1, then all the
fractal functions in the sequence {gn( )12, are nowhere differentiable, g% (x) > f(x) forall x € I,
and nhjg(} g = f.

Proof. For givene > 0, f € C(I), and scaling vector «, Theorem 3.1 ensures the existence of a sequence
{352, of a-fractal functions of f such that

17 = Flleo < EVnZNOEN
Define

g, (x) :fﬁé(ﬂi)—l—%Vx € landn € N.

We can observe that

gn(x) = fr(z) + l(at)% = f*(z) + 1“(35)% Vaelandn e N.

Using the linearity of /' in the above equation, we obtain that

g;‘;(w)zf“()ﬂa fa(f)+§}“g() ]—"a(f+1)Vx€IandneN

Consequently, g* is a fractal function. Next,
« « € « € € «
ga(a) = f(@) + 5 = F(@) + f2@) + 5 = f@) 2 f@) + 5 e = fl 2 f@) V€ ],
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and

1f = gnlloo < NF = Filloo + 117 = gnlloc <€

It establishes the first part of the theorem. The second part of the theorem follows from the above
discussion and Theorem 3.1. O]

Theorem 3.3. Let & € C(I) be such that ®(xz) > 0 forall x € I (®(z) < 0 forall v € I). Let
A = {x1,x9,...,xN} be a partition of I = [x1,xN]| satisfying x1 < x9 < --- < xn. Then, for every
scaling vector o = (aq,qa,...,an—_1), there exists a sequence of positive (negative) fractal functions
that converges uniformly to ®.

Proof. From the Weierstrass theorem, one can show that for & € C(I) there exists a polynomial f
satisfying f(x) > ®(x) forall x € I and ||® — f[|o < §. For given e > 0, f € C(I), and scaling vector
«, Theorem 3.1 ensures the existence of a sequence { f%}°2 ; of a-fractal polynomials of f such that

15 = fllx <5 Yn =Ny €N
Define
gﬁ(f)foJ(x)Jr% Vz €l,neN.
Next,
gi(@) = fr@)+5 = f@)+ [2@) 5= @) 2 f@+ 5= 1= flle > f2) 2 @@) 20 Va e .

3
The first part of the proof is completed by noting that

12 = gilloo <N = flloo + I = filloo + I1f7 = gnlloe <€

For second part of the proof, we proceed as follows:

Again from the Weierstrass theorem, one can show that for & € C(I) there exists a polynomial f satis-
fying f(z) < ®(z) forall x € I and ||® — f[|o < §. For given ¢ > 0, f € C(I), and scaling vector a,
Theorem 3.1 ensures the existence of a sequence { f}5°, of a-fractal polynomials of f such that

1fg = fllx <5 Yn=NoeN
Define
hy(z) = fi(z) — % Vo €l,neN,
Next,
W) = (@) = 5 = fl@)+ @) = 5 = J(@) < f@) = 5= If = flle < fla) < @) VoL
The second part of the proof is completed by noting that

1@ — halleo <[P = flloo +I1f = fillloo + (17 = Plleo <€
Remark 3.2. The Theorem 3.3 can be extended to Bernstein polynomials.

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 6



4. Approximation by fractal polynomials

Let P, (1) be the space of all polynomials of degree less than or equal to n € N and P(/) be the space
of all polynomials defined on /. Since the fractal operator F : C(I) — C(I) is linear and bounded, the
image set F°(P(1)) = P*(I) is the set of all a-fractal polynomials.

4.1. Existence of Schauder basis of fractal polynomials for C(1)

Definition 4.1. A Schauder basis for a normed linear space E is a sequence {¢y}72 | such that each
element [ € E is written uniquely as f = >~ dydx.

Theorem 4.1. There exists a Schauder basis of fractal polynomials for C(I).

Proof. Let {¢;}72, be a Schauder basis of polynomials for C(). Hence, for all f € C(I), we have

F=Y_ dir. (4.9)

k=1
Let A = {x1,x2,...,xy} be a partition of [ = [z1,xy] satisfying 1 < 29 < --- < zy, and scaling
vector a« = (aq, g, ..., an—_1), By Theorem 3.1, for each polynomial ¢, and any scaling vector «, there

exists a fractal polynomial (¢ );;, such that

16 = (D)7 lloo < provided |d(f)] # 0. (4.10)

v
|di(f)|2F

Let us define the series
S du(£) (60,
k=1

where dj( f) are the coefficients of f with respect to the Schauder basis {¢; }7° ;. Now, we are going to
prove the convergence of the above series. Let u,v € N such that u > v and S, = >~ di(f) (k)3 -
Then

150 Sulle = | 3 authens,

k=v+1

oo

: ) (4.11)
< 3 laDl|| @0 = on ]| o dlno]
k=v+1 k=v+1
Using (4.10) in (4.11), we get
150 = Sylleo < Zu: %—F H zu: dk(f)¢kHOO
k=v+1 k=v+1 4.12)

Y by L[S atne- S amel
k=1 k=1 k=1 k=1
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Since >y ; 5r and Y. di,(f) ¢y, are convergent, for given € > 0, there exist N1, Na € N such that
1 1 €
Z?_ZQ_]? < EVU,U >N1,
k=1 k=1

- v (4.13)
DTS ST NN
k=1 k=1

Using (4.13) in (4.12), we get
|Su — Sulleo < € Yu,v > N3 = max{Ny, Ny}

Therefore, {S,}52, is a Cauchy sequence, and hence Y.~ | di(f)(¢x), is convergent. Next,

| idk;(fxm)zk -1~ idk;(fxm)zk - idwmum < i a (D[ (@), = ]|
k=1 k=1 k=1 k=1

Using (4.10) in the above inequality, we conclude that the series Y, ; d(f) ()5, converges to f, that
is

f= de (Dn )5 (4.14)

In what follows we show that representation of f in (4.14) is unique. For this purpose let

Z ex(f) (o), - (4.15)

We write (4.14) for the function ¢;. as follows:

O = (D), - (4.16)

Substituting (4.16) in (4.15), we get f = >~ ex(f)Px. Now, using the fact that {¢y}5° , is Schauder
basis, it follows that ey (f) = di(f) for all k& € N. Therefore, the representation of f in (4.14) is unique.
From the above discussion, we conclude that {(¢x);;, }7=, is a Schauder basis for C(I). ]

Remark 4.1. Since (4.10) is true for any scaling vector «, if we choose the scaling vector « so that its
components obey the condition 25\51 |a;| > 1, then all the fractal polynomials in the Schauder basis
{(dr)5, 72, are nowhere differentiable.

5. Mean square fractal approximation of complex-valued functions

Let L?(I,C) = {h|h : I — C and ||h[|;2 < oo}. In this section, we show that for h € L*(I,C), there
exists a sequence of complex-valued fractal functions that converges to h.

Theorem 5.1. Let f € Clxy,xn] and || f||2 = (/ |f(x)|2dx)§ Let b, : C(I) — C(I) be a bounded

and linear operator such that for every f € C(I), b:gf)(xl) = f(x1),bn(f)(xzn) = f(an), and ||b,(f)—

fllzz = O uniformly as n — occ. Then the following inequalities are true:

152 = Al < T2 17 = bl Dl 5.17)
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|0‘|oo

1 = 1|2 < WGE’ (5.18)
«a (0.]
| Frlle <1+ ﬁ@e, (5.19)

where 1; is the identity operator and ||.||2 is the operator norm induced by ||.|12, ©. = max{||I; —
bl||2, ||Id — b2||2, .. ||Id — bNOHQ, 6}, e > 0.

Proof. From (3.4), it is easy to deduce that

N—1 Ti+1

T / P12 (L (@) = bl F) (L () P

=1 ;

Let L;'(z) = t. Then dz = a;dt and t € [z1, v]. Therefore,
N-1
12— fI2 = az|az|2 / 208 = ba(F)(0)Pat < ol 2 = bl D2 3 s
=1

But Zf\; : ZN ! B = 1. Therefore, the previous inequality leads to

1£5 = fllze < ledsoll £ = bu(F)llzz < latloo [I1f7 = Fllzz + [1f = bu(F)l122]. (5.20)
Simplifying the above inequality, we get

|t
1= | |0<>
Since || f — b,(f)||z2 — 0 as n — oo, for given € > 0, there exists Ny € N such that

15 = fllee < —=—If = bu(Nlle2 = If7 = fllzz < /12l 72 = ball2- (5.21)

1f = ba(P)llzz < €V n> Ny = |[Is—balls < €V n > N, (5.22)
Then, from (5.22), we get

[ lqg — bpll2 < ©c Vn eN. (5.23)
Using (5.23) in (5.21) and simplifying (5.21), we get

|loo
I | |oo
Now, using the definition of F, the above inequality yields (5.18). Next, by rewriting (5.18) as

1fn = fllze < =0 fll2- (5.24)

|a|0<>

12z = Malls < 175 = Lalz» < =6, (5.25)

_| |oo

we obtain (5.19). ]
Theorem 5.2. There exists a linear and bounded operator F* on the Hilbert space L*(I,C) such that
restriction of F* on C(I) is F and || F*||a = || F2]|2.

Proof. We define a-fractal operator ;' on the space C(/, C) of complex-valued continuous functions
defined on the interval I = [z, zx] as follows:

Faclf +1ig) == F(f) +iFa(g) Vf,g € C(I). (5.26)
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In the construction of 7 (f) and F(g), we take b,,(f) and b,,(g) as base functions respectively, where b,,
is a bounded and linear operator on C(/) such that for every 7 € C(I), b, (7)(x1) = 7(x1),bu(7)(xN) =
7(zn), and ||b,(7) — 7||2 — 0 uniformly as n — oc.

Since F is linear, it follows that .7:72" c 18 linear. Next, it is easy to see from (5.26) that

1Foc(f +ig)l1Z: =/|J’3(f)l2da:+/|7’3(g)|2dw = |72 (DIZ= + 172 (917

Now, it follows that

1Fac(f +ig)llie < I Flzalllf +igll7e] ¥ f +ig € C(1,C),
and

[ Frcllze < 1731 Le.

Hence F{¢ : C(I,C) — C(I,C) C L*(I,C) is bounded linear operator. It is known that C(1,C) is
dense in L?(I, C). Therefore, using [20], there exists a a-operator F** : L*(I,C) — L?*(I,C) such that

[Fa% 2 = [1Fncllz < 155 1l2- (5.27)
For f € C(I), we can notice that

F ) = Facll) = Fa(f)- (5.28)
Then,

[ Fall2 = supd |75 (Nl 25 f € CU), [ £l = 13,

N o (5.29)
= sup{||[Fa.c(f)llrz: f € CU), I flle2 = 1} < 172
From (5.27) and (5.29), we get
122 = 1 Facllz = (177 2.
1

5.1. Construction of complex fractal approximants

Lemma 5.1. Foralln € N, let b, : C(I) — C(I) be bounded and linear operator such that for every

fecl),b(f)(x1) = f(z1),bu(f)(@n) = flzn), and ||b,(f) — fllzz — 0 as n — oo. For all
h € L*(1,C),

RS — Rz < |afoo| R — Ui (R)||12 ¥ n € N,

where b}, is bounded and linear operator on L*(I,C) given in the proof.

Proof. First we prove the result for all h = f + ig € C(,C). Let b, ¢ : C(I,C) — C(I,C) be defined
by

bu.c(h) = bu(f) +ibu(g) ¥ h = f +ig € C(I,C). (5.30)
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Using Theorem 5.2, we can see that ||b, c||z2 < ||bn||z2 for all n € N. Hence, using [20], there exists
b: : L*(1,C) — L?*(1,C) such that

|bn.cllzz = ||b),]| 22, bn.c(h) = b (h) ¥V h € C(,C). (5.31)
We rewrite (5.26) in the following way:
hy = fr+igy Yh=f+igeC(,C) VneN. (5.32)

In the construction of f& and g%, we take b,(f) and b,(g) as base functions respectively. Using (5.32),
we obtain that

1h5 = Rllze = I1f3 = flIZ2 + llgn — gllz-. (5.33)
Using (5.20) for f and g, we get the following:
12 = Fllze < lafoollfi = bu(f)ll 22,

o N (5.34)
lgn = gllr2 < lelellgn — bu(9)] z2-
Using (5.34) in (5.33) and further simplifying, we obtain
by = RlI72 < |2 (b = bac(h)]172)- (5.35)

Using (5.31) in (5.35), we get the result for all h = f + ig € C(I,C). In what follows, we prove the
result for h = f +ig € L*(I,C). For h € L?*(I,C), there exists a sequence {r;} in C(I,C) such that

klim 7% = h in L?-norm. The continuity of b* implies that
—00

lim b} (1) = b7 (h). (5.36)
k—o0
Bearing this in mind, we get the following:
17 = Rll7e = | (lm )i — limorg[72 = lim [[(rg)7 — 74172 (5.37)
k—o00 k—o00 k—00
Using (5.35) in (5.37), we get
1he = hllZz < lali B ([ ()5 = boc(re)|72 (5.38)
Using (5.31) and (5.36) in (5.38), we obtain
13 = B2 < Lol 10 — B (h) 3 (5.39)
This completes the proof. ]

Theorem 5.3. For everyn € N, letb,, : C(I) — C(I) be bounded and linear operator such that for every

felCl),by(f)(z1) = f(z1),bn(f)(xn) = f(zn), and ||by(f) — fllrz — 0 as n — oo. Then for all
h e L*(1,0C),

a
I — bl < T2, — Lyaflb ¥ € N
1 - |a|m
In other words, for every scaling vector a« = (ai,qa,...,an_1), the sequence {h,}>2 | of complex

valued functions converges uniformly to h in L*-norm. Further, if all the o-fractal functions in the
sequence {h&}>° | are constructed with the same choice of the scaling factors «;,i = 1,2,... . N —
1, which satisfy the condition 25\51 |a;| > 1, then the real and imaginary parts of all the a-fractal

«

functions in the sequence {h%}°° | are nowhere differentiable and lim h® = f in L*-norm.

n—oo
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Proof. Using Lemma 5.1,
175 = hllze < [eloollhy = (Rl 22 < leloo (175 = llzz + |2 = by, (R)|2).
Then,
175 = Rllre < laloo(IRG = hllzz + (12 = byllzl1 2]l z2). (5.40)

Since b,, is linear and bounded, it follows that /; — b, is linear and bounded. Now, we define (I — b,)c :
C(I,C) - C(I,C) as

(I — by)c(h) = h — byc(h) Y h € C(I,C). (5.41)
It is easy to calculate that

1(Za = ba)cllze < I1(Za = ba) |2
Using [20], there exists a bounded linear operator (I; — b,)* : L*(I,C) — L?(I, C) such that

(La = bn)"(h) = (la = bp)c(R)Vh € C(1,C), [[(La — bn)" || 22 = [|(La — bn)c || 2- (5.42)
On the lines similar to that of Theorem 5.2, it follows that

[(Za = bn)*[|2 = [|[({g — bu)cllz2 = [1a — bl 2 (5.43)
Since C(I,C) is dense in L*(I,C), for h € L*(I,C) there exists a sequence {h;}?°, in C(I,C) such
that hy, — h as k — oco. Now using the continuity of (I; — b,)* and (5.42), we get the following: for all
h € L*(1,C),

(La=by)"(h) = (Ia—by)"(im hy) = lim (Ig—by)"(hx) = lim (Ig—by)c(hx) = lm (hg —bychr).

k—o00 - k—o0

(5.44)
Using (5.31) and continuity of b}, in (5.44), we obtain
(I —bp)*(h) = h —b%(h) ¥V h e L*I,C). (5.45)
Finally using (5.43) in (5.45), we get
|(Za = bu)*llze = 1 a = B3z = | 1a — bl e (5.46)

Using (5.46) in (5.40) we get the first part of the theorem. The second part of the theorem follows from
the above discussion and Theorem 3.1. ]

5.2. Examples

In this section, we provide numerical examples to corroborate our findings. For this purpose, let f(z) =
sin(mz) 4 cos(mz), x € [0, 1]. The graph of f(z) = sin(nx) + cos(mx),z € [0, 1] is given in Figure 1(a).
The «-fractal functions in Figures 1(b)-(f) are generated with respect to the partition A = {0, 0.1111,
0.2222, 0.3333, 0.4444, 0.5556, 0.6667, 0.7778,0.8889,1} of [0,1] and by taking b,(f) as Bernstein
polynomial of f on [0, 1], i.e.,

bo(f)(z) = Bu(f,x) = Z ( Z > a*(1 — x)”kf(%) Vzel0,1], neN.

k=0

© 2021 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 12



05

-0.5

1 15
0 02 0.4 06 08 1 0 0.2 0.4 06 0.8 1

(a): f(z) = sin(mzx) + cos(mx),z € [0, 1]. (b): f5 with o; = 0.8, 7 € Ny.
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(c): f& with a; = 0.8, i € Ny. (d): f& with a; = 0.8, i € Ny.
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(e): A part of f5; under magnification (f): f* with o; = —0.6, 7 € Ny,

Figure 1. The «a-fractal approximants of sin(wx) + cos(mx), z € [0, 1].

The a-fractal functions fs', f£* and fs5; are generated respectively in Figures 1(b)-(d) with the choice of
the scaling factors o; = 0.8, 7 € Ny. Since f(x) = sin(mwz)+cos(mz) and Bernstein polynomial B, ( f, z)
are Lipschitz, it is calculated using [5] that fractal dimension (box dimension) of the a-fractal functions
fs, f2 and f3 is 1.8984. According to Theorem 3.1, the a-fractal function fg; shows more similarity
with sin(7x) 4-cos(mz), = € [0, 1] than that of obtained by f5' and f%. By observing Figures 1(b)-(d), one
can ask that why are the fractal functions fs5', f<, and f3 not having same sort of irregularity even if they
are having same fractal dimension 1.89847? This is due to the following reason: The a-fractal functions
f5* and f3' exhibit irregularity on all scales whereas the a-fractal function fg; exhibits irregularity on
small scales. Further, small scales of irregularity of the a-fractal function fg; can be observed from
Figure 1(e) which is a part of f5; under magnification. From the above discussion and Theorem 3.1,
we conclude that even if the scaling factors a;, 7 = 1,2,..., N — 1, are chosen so that the condition as
Zfi}l |a;| > 1, then, for large n € N, the a-fractal function f may not exhibit irregularity on large
scales, but, certainly f exhibits irregularity on small scales. If the scaling factors o;,7 € Ny_;, are
chosen so that the condition as Zf\:ll |a;| > 1, then for sufficiently large n, f¢ provides a good non-
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differentiable approximation to the original function. The a-fractal function in Figure 1(h) is generated
by taking o; = —0.6, ¢ € Ny.
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