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ABSTRACT. We consider the Cauchy problem for a strongly coupled semi-linear heat equations with some kind of
nonlinearity in multi-dimensional space RY. We see under some conditions on the exponents and on the dimension N,
that the existence and uniqueness of time-global solutions for small data and their asymptotic behaviors are obtained. This
observation will be applied to the corresponding system of the damped wave equations in low dimensional space.
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1. Introduction

We consider the Cauchy problem for a system of strongly coupled semilinear integro-differential equa-
tions of parabolic type

(

—Au= [ (t—s5)""|u(s)|"|v(s)|"ds, t > 0,2 € RY,

(1.1)

—Av= [ (t—5)"2|v(s)|P?|u(s)|?ds, t >0,z € RY,

O\w O\w

u(0,2) = ug (z),v(0,2) = vy (z), x € RY,

\

where the unknown functions u := u(t,x), v := v(t,z) are real-valued, N > 1, A is the Laplacian,
P1,q1,02,q2 > 1,0 < 71,779 < 1 and ug (x), vg (x) are the given initial data.

It is well known that the nonlinear source terms in (1.1) can be expressed in terms of Riemann-Liouville
fractional integral operator which is defined by

t
1
Jair9(t) _m/ g(s)ds
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with ¢ = —oo by Liouville in 1832 and with @ = 0 by Riemann in 1876 (see Chapter V in [9]), where
['(«) is Euler Gamma function. Since the limit

1
lim ———s, 7 = (s
y—1 F(l — ’)/) + ( >
exists in distribution sense, where s := max (0, s), d(s) is the Dirac function. The nonlinear interaction
in Cauchy problem (1.1) can be viewed as approximations of classical semilinear parabolic systems when

Y1, Vo converge to 1.

In recent years, the semi-linear Volterra diffusion equations have been studied extensively in the liter-
ature, since they appear naturally in problems involving population dynamics [37, 38], compression of
poro-viscoelastic media [13], thermodynamics of phase transition [7], reaction-diffusion problems [11]
and nuclear reactor kinetics [19, 30].

There is a wide literature on the qualitative properties of solutions to the heat equations and the damped
wave equations with polynomial nonlinearities, see for example, [2]-[44], and the references therein.
These works deal with the questions of global existence, asymptotic behavior, blow-up in finite time and
so forth as well as a variety of methods used to study these questions.

On the other hand, it seems that there are a few results related to the problems (1.1) with time nonlocal
nonlinear source as compared with nonlinear polynomial source (see for instance ([3],[22],[1],[42],[39],
[40],[4],[5],[41]). Here we only mention some of them motivate our work.

In [3], Cazenave et al. studied the global existence and blow-up for the parabolic equation with non-
local in time non-linearity

¢
Owu(t, x) — Aul(t, x) / (t — )77 Julf u(r, z)dr,
0

where 0 < v < 1, p > 1 and ug € Co(RY). They showed that the Fujita critical exponent is not the one
predicted from the scaling argument, which is different from the heat equation.

More precisely they proved that, if

2(2-7)
(n—2427)4

Py = I+
and p, = max {%,pv} € (0, +o0], where (u); = max(u, 0), then:

(1) If v # 0, p < ps, and ug > 0, ug # 0, then u blows up in finite time.

(i) If v # 0, p > p., and ug € Ly, (RY) (where g5 = N(p — 1)/(4 — 2v)) with |lug]| 1., sufficiently
small, then u exists globally.

This result is later extended by some authors to the weakly coupled parabolic systems, damped wave
equations, weakly coupled damped wave systems, we refer the reader to [22, 42, 39, 5, 4, 40, 41, 1, 44].
We just briefly describe the results directly connected to our problems.
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In Loayza et al. [22] discussed the following weakly coupled nonlocal coupled parabolic system

( t
up — Au = /(t —8) v (s)[Pds, t >0,z € 9,
0
! (1.2)
v — Av = /(t —3) " |u(s)|%ds, t >0,z € Q,
0

u(0,2) =up (x),v(0,2) = vy (x),x €,

\

withp,g > 1,0 < 7v,7, < 1,Q C R is a bounded domain with smooth boundary or €2 = RY and uy,
vy € Cy (RN ) They established the following: Assume p,q > 1 such that pg > 1

(i) if{ Sg—1)> 0 =py)+p(l—qn)+pl@+1),
Sa—1)>1—qn)+q(l—py)+alp+1),

(i 1f{ —pr2+p(1—gm) <0,
L—gv+q(1—pyy) <0,
. D 2 1 q 2 1
(ii1) and if (E_ ~) <o (H_ N) < 2
global solutions with small initial data exist.

N(pg—1) o N(pg—1)
p P oy LR ) p v G| b Then

with r =

Whereas if

(i { N(pg—1) < (1—pya) +p(1— ) +plg+1), or
<

Spg—1) < (1 =qy)+q(l=py)+q(p+1), or

(i) 1 —pys+p(1—gqyy) 20,0r1—gqy; +q(1—pyy) >0,

then every nontrivial solution blows up in finite time.

A natural generalization of classical weakly coupled system (1.1) are corresponding damped wave
system

(

g — Au+ug = [ (t—8) "o ( )|pds,t>0,x€RN,

vy — Av v = [ (t—5) "2 |u(s)|ds, t >0,z € RY,

t
[
/t (1.3)
0

u (0,2) = ug (z),v(0,2) = v (2), us (0,2) = uy (), v (0,2) = vy () 2 € RV,

\
In [40], Xu considered the problem (1.3), he proved global existence and asymptotic behavior as t — oo
of small data solutions in the case when N = 1, also, he showed under some positive data nonexistence
of nonnegative weak solutions for N > 1. The method used in [40] is inspired from the weighted energy
method developed by Todorova and Yordanov [36]. As we have seen, Xu restricts himself in the case of
compactly supported data and the dimension N = 1.
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Recently Berbiche [4], studied the problem (1.3), he obtained the small data global solution result in
low-dimensional space 1 < N < 3 with noncompactly supported initial data and obtained the L°°-decay
estimates. Meanwhile, he also showed that any weak solution with positive average blows up in finite
time for any dimension space.

More recently [41], Wu et al. studied the problem (1.3) with v, = v, = v € (0,1/2), in 1D, and
obtained the critical exponent

EIPENEITES

Fp,q,v :ZmaX{l—wr : 5
( ) pg—1 pg—1

5
They proved that if F'(p,q,) < O there exists a unique global small data solution of (1.3) and if
F (p,q,7v) > 0 the non-existence of global solution can be derived with the initial data having posi-
tive average value.

Motivated by the papers [3],[22],[40],[41][4] in the present paper we consider the problem (1.1)(3.6
respectively), we will give conditions relating the space dimension /N with the system of parameters v;
a3 P1, q1, P2 and g2 for which the solution of (1.1) (3.6 respectively) exists globally in time as well as
L™ decay estimates.

The best way to do this is to consider appropriately Lebesgue space where we can expect global well-
posedness for this model, we observe that if (u,v) is a solution for the system (1.1) with initial data

(uo, vo), then for all A > 0, (uy,vy) = ()\klu()\zt, Az), NPu( N, )\x)) where

4=27)(p2—1)—(4-27)q (4=27)(p1—1)— (4 =27 @
(pr—1)(p2— 1) — q1q2) (P —1)(p2— 1) — q1q2)

is also a solution of (1.1). If (ug, vg) € L™ (RN ) x L (RN ) , then the norms in L™ (RN ) and L (RN )
are preserved if and only if

- N((p1—1)(p2—1) — q1¢2) — N((p1—1)(p2—1) — q1¢2) (1.4)

T2 :

2[2 =) (2= 1) = (2= 72) 1] 2[2=72) (1= 1) = (2= 71) @]
So we could expect that if r; > 1 and o > 1 the mild solution of (1.1) with small initial data would exist
globally. We will show in this paper that this result partially is not true. Using the diffusion phenomenon
properties, we can obtain similar critical exponent results for the corresponding system of semilinear
damped wave equations in low dimension space.

]ﬁ:( s ko =

The rest of this paper is organized as follows. In the next section, we present some preliminary lemmas
that we will need in the proof main results of this paper. We collect some basic facts and useful tools such
as smoothing effect of the heat semigroup, LP-L? estimates of the fundamental solutions of the damped
wave equation. The local existence and the continuation results are presented in Section 3. Finally the
proof of main results of this paper are proved in Sections 4 and 5.

In all this paper, C' will be a positive constant which may have different values at different places.
Also, L? (RV) (1 < p < o) is the usual Lebesgue space with the norm ||. Lr(ry)- The space C (RY)
denotes the set of all continuous functions decaying to zero at infinity. For any 1 < p < oo; WP (RN )
denotes the usual Sobolev space

W (RY) = { £ RY = By |l = I ln + 1V L iany < +00 )
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For any Banach space B, we denote by C'([0,7]; B) the space of continuous functions from [0, 7'] into
B equipped with the uniform convergence sup |||, and H' (RY) := W2/ (RY) (I € N) stands for
te[0,T]

l
the usual Sobolev space equipped with the norm ||f||12ql(RN) = > ||8§||12(RN) < +00.
k=0

2. Preliminary lemmas

Heat semigroup: Let us recall the definition of the so-called smoothing effect of the heat semi group on
R and some related basic facts. For a complete presentation and more details, we refer the reader to

[8].

Lemma 2.1. [8] Let 1 < r < s < oo. There exists a constant C' > 0 such that

N 1

1S @) wol . < 0835

[uoll s >0 (2.1)

forall ug € L". In particular for ug € L" (RN) nL® (RN), 1 <r <s < oo there exists C = C(r,s)
such that

1S (#) ol < C (¢ + 1) TG ((fugll 1 + o

o) (2.2)

fort > 0.

We will use also the following interpolation inequality

g 2.3)

(%
Ls1 |u

[l s < [l

foru € L** (RN) N L (RY), where s € [s1, 9], 0 € [0,1] with 2 = £ 4 16,

s1 S92

We will need the following lemma which used in the proofs of Theorems 3.3 and 3.7.

Lemma 2.2. ([8]) Let 0 < a < 1, b > 0. Then there exists a constant C > 0 depending only on a and b
such that for all t > 0,

¢ C(1 4 t)~ min(ab) if max(a,b) > 1,
/ (t—s)“(1+5) " ds <{ CA+t) ™M@ n2+1¢) if max(a,b) =1, (2.4)
0 C+t) 7", if max(a,b) < 1.

t
/(t—s—l—l)_a(l +8) P ds<C(A+t)7", fort >0,a>1,a > b, (2.5)
0

and

t
/e—a<t—s> t—s)(1+s) " ds<C1+t)" ab>0. (2.6)
0
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Linear damped wave equation :

Now, we recall some preliminary results concerning P — L9 estimates of the fundamental solutions

Ky(t) and K (t) to the linear damped wave equation
uy — Au+u, =0, (t,z) € (0,4+00) x RV,
{ : 1= 0, (t,2) € (0,+2) .

u(0,2) = vo(x), u(0,7) = vi(x), v € RY.

The solution u(t) of linear equation (2.7) is given through the Fourier transform by K(¢) and K (t) as

w(t) = Ko(t)oo + Ki(t) (%vo + m) |

Similarly, we introduce the evolution operators of the linear wave equation as follows:

sin (¢]¢]) .
€] 91 |

In the following, we will consider the properties of these operators.

W) = 7 [eos (216D 7] Wity == 7 | @8)

Lemma 2.3. ([23]) If f € L™(RY) 0 H*WI=L(RN) (1 < m < 2), then
|0F VR (E) % flla < C(1 4 )~ NATW =R £l ]| ] gpieiet - )

Lemma 24. Let 1 < N <3, 1 <p<oo, f e WRY)and g € LP(RN). Then there exist some
constants C' > 0 such that

IWo(t)fll oy < C L+ [E) 1 llwro @yt # 0,
Wi ()9l Lo@vy < ClE gl Loyt 7 0,
where Wy (t) f and W1(t)g are defined by (2.8).

The proof of Lemma 2.4 is well known (cf. [27, 15]).
The following lemma will be used later and the proof of this lemma can be found in [25, 27, 15, 26, 28]),
so we omit it here.

Lemma?2s. Let 1 < N<3 1<g<p<ooandge Lq(RN ). Then, there exist some constants C' > (
such that for all t > 0,

t t 1 _N(1_ 1
H(Ko(t)—e‘iwo(t)—e_ﬁgwl(t)>g <c@+0 7l P)||g||Lq<RN>,

Lr(RN)

t N (1
Ki(t)g — e 3 W (¢ H <CA+0" TG gl wene,
|mitg —eiming| |, <can 91 z0ce)

where K(t)g and K1(t)g are defined by (3.8)and (3.9).

3. Main results

In this section we state the main results of this paper. Before presenting the main theorems we introduce
the de notion of mild solutions.
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Definition 3.1. For a mild solution of (1.1) we mean a function (u,v) € {C([0,T);L" (RN))}2 N
{C’ (0,75 Cy (RN ))}2 satisfying the integral system

u(t) = S(t)ug + / /(s — 1) St — s)|u(s) [PH|u(s) | drds,
3.1)

v(t) = S(t)v +

=} o
~

/ (s = 7)725(t — s)|v (s) [P*|u (s) |drds,
. 0

where {S(t)},5 as the family of convolution operators with corresponding Gauss kernels g(t,r) =
(47Tt)’N/26"’”‘2/(4t),t > 0,2 € RN thatis S(t)f = g(t,.) * f, here * denotes the convolution product.

Our first result concerns the existence and uniqueness of mild solutions for the system (1.1).

Proposition 3.2 (Local existence of the heat system). Let N >1,p1,q1,p2,q2 > 1, T 79 € [0,1) and
ug, vg € Co(RYN). There exists a unique function (u,v) € {C( (0, Tiax) , Co(RY) )} solution of (1.1)
such that either

(i) Tiax = 00 (the solution is global) or else

(ii) Thax < 00 ana’t lim  (||u(®)|l + lv(t)] ) = oo (the solution blows up in finite time).

max

Moreover if (ug,u) € L™ (RN)x L™ (RY) withry > Landry > 1, then (u,v) € C ((0, Tyax) , L™ (RY)) >
C ((0, Trmax) , L™ (RY)) and

tim ([lu@)|| rippee + 0O ranze) = 00, (3.2)

t—Tmax

when T < 00.

Under the above notations, our global existence result for the Cauchy problem (1.1) can be stated as in
the following

Theorem 3.3 (Global existence of the heat system). Let N be a positive integer. Let the real numbers
DP1,q1,02,q2 > 1,0 < v,7v9 < 1 be such that

[(1=v) (P2 = 1) = (T =72) @] ((pr = 1) (p2 — 1) — q1q2) > O,
[(1=79) (1 = 1) = (1 =) @] ((p1 = 1) (p2 — 1) — 1¢2) > 0,
p2—aq1 — 1] ((p1 — 1) (p2 — 1) — q1q2) > 0,

1 — @ —1]((p1— 1) (p2 — 1) — q1q2) > 0.
and ug, vy € Co (RY) . Let (u,v) € {C ((0, Tynax) ,CO(RN))}Q.

Assume that

N (2—y)(p2—D)—(2—75)q1
2 >1- 2a! + 1—1 192
(p ) (p2 )( q1q (3.3)
-

N (2=72)(P1—=1)—(2—71)q2
> l=mt (p12 1)1( qlqlz

)

© 2020 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 63



(1 —=1)(p2 — 1) —quq2) x [p2 (vip1 — 1) = vip1 + @1 (1 = v1g2) + 1 — voq1] > 0, G3.4)
(01 = 1) (p2 = 1) = quaz) % [p1 (vap2 — 1) — Yap2 + @2 (1 — yoq1) + 1 — v1¢a) >

and
%[%+%]+%[%+%]<2(P1+Q1)+%’ (3.5)
laealepnenf<2miw

Then there exists a constant € > 0 such that if the initial data satisfy (ug,vg) € L™ (RN ) X L (RN )
and

[wolloo + llvolloe + [luoll,, + [lvoll

ro —
the problem (1.1) admits global solution (u,v) € C ([O, 00); L (RY) x L™ (RY) N {Cy (RN)}Q)
satisfies the following decay estimates
lullo <CE+D™ o]l <CE+17, VE>0,
where 11, 19 given by (1.4) and

:(1_’71)(292—1)_(1_’72)(11 :(1_72)(271—1)_(1_’71)(12
=1 p2—1)—qgp =1 (2—1)—qge

Similar consideration to the system for heat equations can be applied to the Cauchy

problem (1.1) for the system of damped wave equations in low dimensional space

( t
Uy — Au + uyp = /t—s ) u(s) [P (s) |2ds, t > 0,2 € RY,
0
t
(3.6)
vy — Av+ v = /t—s ) 2w () P2 |u (s) |2ds, t > 0,2 € RY,
0

u (0,2) = ug (z) ,us (0,2) = ug (z),v(0,2) =vo (x), v (0,2) = v (x), v € RV,

\

Let us give the definition of the solution for the Cauchy problem (3.6).

Definition 3.4. Ler u € C([0,T); L' (RY)) N L>([0,T) ; L (RY)). Then the function (u,v) is said to
be a mild solution for the Cauchy problem (3.6) if there holds

;

u(t) = Ko(t)ug + K1(t) (uo + u1) + // (s = 7) K (t — s)u(s) [P (s)|"drds,
(3.7)

t s
v(t) = Ko(t)vo + K1(t) (500 + 01 +// s—7) 2K (t —s)v(s) |P?|u(s) |®drds,
0

\

for all (z,t) € RN x [0,T), where the evolution operators Ky(t) and Ki(t) solutions of the linear
damped wave equation are given by

e % cos (t\/ €2 - i) f[¢>]] (), (3.8)

© 2020 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 64

(Ko()9)(x) = F~!




(K (8)¢) () == F ! e%m(tm )

Here we denote the Fourier and Fourier inverse transform by F and F ', respectively. In particular,
when N = 1,2, 3, like in the paper [28], (3.7) can also be written as follows:

(3.9)

U (t, ) = Kl(t)(%uo + Ul) + Ko(t)Uo + / (Kl(t — S) — e_t_Tswl(t — S))
0

S

¢
X /(s — 1) (T, )P (T, .)|q1d7ds—|—/ 7 W1 t—s) / (s — 1) "u(r, )P |o(r,.)| P drds,

0 0

t
v(t,.) = Ky (t)(bvo + v1) + Kot vo+/(K1 t— ) t_Tsz(t—s))
0

S

X /(s — 1) 2|u(r, ) [P?|u(T, .)|Pdrds + /ethwl(t —5) /(s — 1) 2 (T, )[P?|u(T,.)|drds.
0 0

\ 0

(3.10)

Proposition 3.5 (Local existence for the damped wave system). Let 1 < N < 3, p1,q1,p2,q2 >
171,72 € [0,1) and (ug,w1), (vo,v1) € WHe (RY) x NL>(RYN). There exists a unique function
(u,v) € {C((0, Tyax) , L (RY)) }2 solution of (3.6) such that either

(i) Tiax = 00 (the solution is global) or else

(ii) Tinax < 00 andt lim  (Jlu(t)|| + lv(®)|l) = oo (the solution blows up in finite time).

max

Moreover if (up,u1) € WHH(RY) x LT (RY) and (vo,v1) € WHH(RY) x LY(RY), then (u,v) €
C ([0, Twax) , L (RY) x L2(RY)) for any vy > 1 and ro > 1, and tlijrﬂn () friapee +
4>

max

||U(t)||LT2mLOO) = 00, when Tmax < Q.
Furthermore the solution u,v € C ([0, Tinax) ,Hl(RN)) N et ([07 Tinax) ,LZ(RN)).

Remark 3.6. The proof of Proposition 3.5 is omitted here since it follows by combining the proofs of
Propositions 3.2 and 3.6 in [4] with Lemmas 3.5, 2.3, 2.5 togethers.

The main purpose of our next theorem is to show that the same result holds also for the Cauchy problem
(3.6)

Theorem 3.7 (Global existence). Let 1 < N < 3 be a positive integer. Let the real numbers p1, q1, p2, Q2 >
1,0 < 7vy,79 < 1 be such that

(=) (P2 —=1) = (I =) @] ((pr = 1) (p2 — 1) — q1g2) > 0,

((
[(L=7) (1 —1) = (L =) @ ((p1 — 1) (p2 — 1) — q1g2) > 0,
p2—aq1 — 1] ((p1 — 1) (p2 — 1) — qiq2) > 0,

(
1 — a2 — 1] ((p1 — 1) (p2 — 1) — q1q2) > 0.

© 2020 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 65



Assume that

N =) (p2—1)—(2—yy)q1
7>1_71+ (p1— 1)2( 1)— Q1q22 )
N (2=7) (P1—1)—(2—71)q2 (3.1D)
2> =t T e D ae
((p1 = 1) (p2 = 1) = quaz) X [p2 (vip1 — 1) = vip1 + @1 (1 —y102) + 1 — yoq1] > 0, 3.12)
(01 = 1) (p2 = 1) = quaz) < [p1 (vap2 — 1) = Yap2 + @2 (1 — y2q1) + 1 — v1qo) >
and
Welmrn] e (mre] <20t +4
(3.13)

N N N

lara]eplact] <2mrw -y

Then there exists a positive constant € > 0 such that if the initial data satisfy (u;,v;) € {Wl_i’l (RN )
x W= (RN i = 0,1, and

|

the corresponding problem (3.6) admits global solution

<e

)

(u,v) € C([0,00);L™ (RY) N L>® (RY)nH' (RY))nC (0, 00); L* (RY))
xC ([0,00); L (RV) n L (RY) n H' (RY)) nC* ([0, 00) ; L* (RY)),

satisfies the following decay estimates
lule <CUH+D™ ol <O+, Ve 20,
where 1, r9 given by (1.4) and
=)= -0 =7)a ,_ A=) E—-1) -0 -7)e
=D 2-1)—qe (=D (p2—1) — g
Remarks 3.8. 1) From the definition of r1 and r1, we note that the left hand sides of inequalities (3.5)
and (3.13) are independent of the dimension N.

2) Notice that the above results remain true for p1,p2 > 0, q1, go > 1 withpi+q1 > 1 and po+qo > 1.

3) Theorem 3.3 and 3.7 are sharp in the case (3.5) (respectively, (3.13)), see (4)—(14) and generalizes
Theorem 1.1 of [3]. In fact let p1 = po = 0, ¢ = q2 = q and v, = 75 = 7. Conditions (3.3) and
(3.4) reduce to q (% + v — 1) > % + 1 or gy > 1 respectively. From these facts, it is possible to
conclude that, if (3.4) and (3.13) are valid, then the value of the Fujita critical exponent is p.

4) When py = po = 0. These results are in agreement with results obtained by [22, Theorem 2] and
[4, Theorem 2.1, 2.2]. In particular the condition (3.13) of Theorem 3.7 improves the one in [4,
Formula (10)]

5) The same result can be stated for more general nonlinearities, namely for f;, 1 = 1,2
1 () = fr (@) < CJu—af (JuP* ™" + @) ol
(o) = fi (w,0)] < Clo = (Jof" ™+ o) Jul?,
[F2 (w,0) = fo (@, 0)] < CJu—af (Jul™™" + Ja* ")
|ﬁ@m0—ﬁ@wnscw—UWwW1+wwl)|%

o]
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Proof of Proposition 3.2. The proof relies in the Banach fixed point theorem. Given M > 0 such that let
K= {(w,0) € {12 (0,7), Co RM) s lu (Dl < M+ Lol < M+1}H, (G4
where 1" > 0 will be chosen later. The space K equipped with the metric
d((u,v), (u,v)) = sup [ju(t) —u(t)|+ sup |lv(t)—v(t)l,

te(0,T) te(0,7)
is a complete metric space. Define the mapping @ : K x K — {L> ([0,T),C, (RY)) }2 as the following
(I)(ua U) - ((I)l(ua U>’(I)2 (U, U))’ (u7 U) €K

where

/S t—s)(s—7) " u(r) [Po () |Tdrds,
0 (3.15)

Dy (u,v) = S(t)vg +

/S(t —8) (s —7) 2 |v(r) [P*|u(T)|®drds.
0

\
First,we claim that ® maps K it into itself, and is contraction when 7" is chosen appropriately. We have
for (u,v) € K that

t s
11(w,0)lly, < luoll, + / / (5= 1) ull?: [[0]© drds,
< ol + T2 (M + 1o

Similarly

t s
@)l < Nuollot [ [ (=) ol 2 drs,
< vollg + T*72(M 4 1)Petee,

We will prove that for 7' > 0 sufficiently small, ® is a contraction map from K into itself. We consider
(u1,us), (v1,v2) € K. Forany t € [0,7T), we have

[ @1 (ur, ug) — D101, v2) | // HS (t—8) (s —7) " (Jug [P lug|™ — |1 [P |ug|?
"'|"U1|pl|u2|q1 — 1P ug| )| o, dTds.

Then, thanks to Lemma 2.1, we get

S

t
- -1 -1
@1 ur,0s) = a(or )l £ € [ [ (5= n) 7 el (27 el ™) s = vl
0

0
onlf? (Huall ™ + ool ) s = vall drds.
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Therefore

@1 (u1,ug) — P1(v1,v2)] o < 20T (M 4 1)PrFat < sup ||up — vl + sup |luz — Uzoo> :
te(0,T) te(0,7)

(3.16)

Similarly, we have

1o (1, u) — Ba(vy, 9|, < 20T 72 (M + 1)P> 27! ( sup [Jur — vl + sup |us — vgoo> ,
te(0,T) te(0,7)

(3.17)

for some positive constant C' > 0. From (3.14)-(3.17) it follows that if 7" sufficiently small, then & is
a strict contraction from K into itself, so ¢ has a unique fixed point (u, v) in K, which is a solution of

(1.1).

It is easy to prove that for each 77 > 0 system (3.15) has at most one solution which lies to K (7”). In
fact, let (uy, v1), (ug,v2) € K (T") be two solutions of system (3.1); then

S

u(6) —ua (1) = / S(t—s) / (5 — )7 ((Jua (PP — [ua(r) ) o (7)o

0
(o) — ()] ®) [ua(r)|P) dods (3.18)
o () — (b)) = / S(t—s) / (s — )72 ((jor ()P — [oa(r)P) s ()
0 0
o) (Ju () — un(r)|)) dods (3.19)

By the help of the following inequality
ur]* = o] < € Jur = wa] (Jer [+ )

for every u1, us € R and all £ > 1 and by the definition of K (7”). Thus from (3.17), (3.18), Lemma
2.1, we get

sup ||U1 (t7 ) — U2 (t7 )||oo + sup ||U1 (t7 ) — U2 (tv )Hoo <
t€[0,1"] t€[0,77]

t
C(T) / ( sup |lug (7,.) —u2 (7,.)|l + sup |vi(7,.) —ve (T, )OO> ds, (3.20)
. T€[0,s] t€[0,s]

where C'(T") constant dependent on 7”. From (3.20 ) and Gronwall’s inequality, we find u; = wus and
U1 = U9, i.e. system (3.15) has at most one solution which belongs to K (7”). Due to uniqueness, it
follows that the solution (u,v) can be extended to a maximal interval [0, 77,y ) . Note that if 0 < ¢t <
t+ 7 < Tnax, We have
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T u(t+ o) P u(t + o) | P dods

w(t+7) =S ) u(t) + / T—s/

0
+/S (1 —s) / (t+s—0) " |u(o)P*|v(o)| " dods
0 0
(t+7)=S(r)v(t)+ /S (1 —9) / (1 —0) 2wt + o) |u(t + o)|®dods
0 0
+ / S(t—5s) / (t+s—0) 2 |v(0)|”?|u(o)|®dods. (3.21)
0

0

By the fixed point argument, it follows from (3.21) that if [[u (t)[| (0. 7)xry) + 1V (O] oo (0.1 xRN <
oo, then (u,v) can be extended to interval [0,7”) with 77 > T. This shows that if 7},., < oo, then

i 7y [ (8) oo + [0 ()l =
To show the remaining part of Theorem 3.2, we use again a fixed point argument. Consider the space

B =1 (0.7). 27 (BY) % 1 () 0 {Co (BY) )

and
[0 (E)llog s 1w @), > lo (@), < M+1,forallt e (0,T)},

K ={i=(uv) € E; [lu(t),
where M > max {[Jugl| . , [|voll » [uoll, » [[vol,, } - The space (K, d) with the metric

d(u,v) = max ¢ sup |lu; (£) —vi ()], sup [lu; (t) —v; (@), ¢
=12 | te(0,1) te(0,T)

where @ = (uq,uz), v = (v1, v2) is a complete metric space
Since r; > 1 and ro > 1, we can choose &, w, &, w; > 1 by taking é _ 1k

k for some constants 0 < k, k; < 1 satisfying

1 1-
ws
p1 A N [ p1 Q 1 1
?+Z§1’0§7(?+Z_H)<1 <o
pie<io<y(2re-L)< i<l

(3.22)

=
EI»—‘
I/\ 3|H

1
1

<
1
&

Using the smoothing effect of the heat semigroup (2.1), interpolation inequality (2.3) and (3.22), we

find
t S
[P1(u, v)l,, = ||uO||r1+/ S(t—S)/(S—T)_” lu () o () [ drds
0 r1

1 _
) (s = 1) Jul2 [lo]© drds

_E(ea
[uoll,., + (t—s)
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S

t
,ﬂ P1y q_l,L _ 1 1—
< Yol + / / (6 — ) TR (6 - ) a7 ) &
0 0

x [l 2 ||v||£i*?2>ql drds
S

‘11

< u) 2 ||v||<1“>‘h drds

a1

< fugl,, + 72 FEEE) (o et
Thus
@1 (u, 0)l,, < M +1,
if 7" is small enough. Analogously, taking 7' eventually smaller, we get
@2, )], < oll,, + 727> FEEE) (af 4 1 < b g1

Taking a smaller 7" if necessary, show that ® is a contraction in /, indeed
D401, 1) — 101, 03)] < / / 5t =) (s = )7 (uaf? s — fon P[] | s

/ S(t—s) (s — 1) x |fur [Jusl® — [ua]®]| drds

0
t

—|—//S (t—5)(s—7) " Jug| ™ [Jug [P* — |1 |P*] dTds

0

IA
o\ﬁ

Therefore, from (2.1) and the Holder inequality, we have

1

_ﬂ P1L 91 1 _
1Py (11, ws) — By (01, 00, // R ) S

'U

-1 -1
x [||u1||f;1 (o127 4l 71) = v,

—1 —1
ool (a2 7+ ol Nar = | drds.

Hence

N a1

t s
(@) — @), < 20+ 170 [ / (t = o) FEER) (s o) drdsa(a ).
0

r

5

_1)p1

")y

Y (n-t) 1 gy [ 2P g,
< uoll,, + (t—5) TS (s — )T ull S ulls
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That is

91 +P1

11(7) — &y(@)]. < cT* = F(FH-%) (af 1 1ypret g, p).

T1

By analogous computations one can prove that

[@o(u)||,, < M +T?72 (M + 1)
[®o(u) — Do(a)]|,, < CT> 72 (M + 1) 2" d (u,a),
||(I)2(u>||r2 < M +T27727%(5_21+g_?7%) (M + 1)p2+q27
N (P q
|@a(u) — @@, < o> FETEE) (4 1P g, a),

if T is suitably small such that CT1=72(M + 1)P2T~1 < 1/2 we get the claimed result. Therefore the
application ® is a contraction in K and by contraction mapping principle there exists a unique (u,v) € K
satisfying ®[(u, v)] = (u,v) and it is the solution to the semilinear problem (1.1). ]

4. Proof of global existence theorem of the heat system

Proof of Theorem 3.3.

This section is devoted to prove the first main result. To do this, let (ug,vg) € {Co (RN ) }2 N
L™ (RY) x L™ (RY) where rq, 75 are given by (1.4). Let (u,v) be a corresponding solution given
by Theorem 3.2. Since 7; > 1 and 75 > 1 from (3.3), we have that

(u,v) € C ([0, Tmax) » L™ (RY) N Coy (RY)) x C ([0, Tinax) - L™ (RY) N Cy (RY))

and (3.2) holds. Let us consider

o (1) = u®ll, + ¢+ DFE ) @, + ¢+ o), “.1)
&) = o @l + ¢+ DFE) o @)+ ¢+ D o ()] 42)

be functions defined for ¢ € [0, Tiax) - We show that there exists €q such thatif ¢ (0)+v (0) < gpand T €
_ =)= D)-0=)a g _ (=7)E1i-D)-(1-7)
(0, Trnax), then ¢, ¢.are bounded on [0, T, where a = WV E—2 il 3 = i oot
and 7y, w; > 0 are given by
1 1 2 1 1 2

n—lzr—l—ﬁ[aJrﬂ];w—l:r—Q—N[ﬂJr)\] (4.3)

with g, A > 0 satisfying

ﬂ—a}, /\<min{72—ﬁ,£—ﬁ}, 4.4)
2?"1

p < min{’yl -,
27"2

]2+2—1> —(ap1+Bq1) < (pip+q) <1-—a,

(5o
(

By 1) — (Bp2 +aqz) < (pA+qu) <1-p4. (4.5)

SN

) ™
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If this statement is proved, then 7™ = oo and (u, v) is global. From (4.3)—(4.5), we have that

pL a1 Ni(p & 1
n1+w1<1,0<2 171—1— - <1,
P2, @ No(pz g __ 1
w1+,71<1,0<2 we T T < 1.

Moreover, from (3.3), it easy to check that

2
r1 2 N N ((p1—1)(p2—

1—, 1—1)(p2—1)—q1q2)+
@+q_z_g_z[( 72)((p1—1)(p )qq)1

NN ((p1=1)(p2

oo 2 2 [(1—%)((191—1)(192 1)—q1g2)+
=

From the definition of «, 3, it yields
{ Ga+(pp—1)8=(1-1),
.8+ (1 —a=(1-7).
An estimate for (u,v) in L™ x L™. From (4.3) and (4.8), we have that

PL, g1 _pr, @1 2 2 1
—+ —< —+———ozp1—|—q15 <=+ —.
771 w1 T (] N( ) N ™

So, we can select w € (r9,w) and & € (r1,7;) such that

1 2 2 1
mo{ B BB S B i 2 LB 2

rrm wy ry 1o N ¢ w rLory T
To see this, let us take % =U=h 4 £ L U=k) 4 E0o<k<l,
N ri? w w1 r9

—+ﬁ—&+—+k< +2—<@+2>>.
§ T w T2 Wi

It’s easy to check that for some 0 < k < 1 the inequality (4.9) holds.

Observe that by (4.9)

N 1 N
0< — @+ﬁ—— <1, 0<— +ﬂ— [ﬂ+ﬁ < 1.
2 \ & woom 2 \r; 19 & w

Making use of the interpolation inequality, we get

to|2

0 1-6 0 (1 1) 1-0 (L,l)
Julle < llully, [lull,, ™ < [lull;, l( +1)7 Ve m ||U||171] (t+1)z\n <)

1

1-0
0 1-0 0 yi1_ 1 N(1
[vll, < Il ol < v, [( +1)2(r w1)||v||w1] (t+1)2(r2 7)

Y

1). We easily check that

N, 0w T wy ) (7

N pl QI ]- N pl ql pl QI
rro 49 ) 4 @ (P, @ _ 0
2(€+w 7’1) 2(T1+T2 £+w !
we see from (3.1), (4.10) and (4.11) that
t
fu@l, < ol + [ -5 * / s=7) T () o ()% drds

0 0

ﬁ Pl
2
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t s

_N(P1 1 _ 1 _ _N(P1, 01 _(P1,91
< ||u0||r1+/(t—8) 2(f1+w1 ”1)/(3—7-) M 2(ri+r§ <51+$))d7'd8
0

0

< Juoll,, +C

sup 90(5)] lsup ¢<s>] :

s€(0,t) s€(0,t)

An estimate for (u,v) in L x L"'. From (3.5) as & + 4 — 2 < % 4 77—, BLyp @ <14 % Since

N (-1 q
pm+qlk>u=2—%—(1—%)—1+u=5( - +T2> mm—Da—qgf—1+p

which equivalently

N 1
3 (B ) -l - 544 <
™ (]
that is
pr—1 2(p1—1) a1 2q 2
- i [+ p] + 2 [5+A]<N

Namely pln—*l + < 2. From these facts, we can choose w’ € (ry,w1), £ € (r1,n,) satisfying

1 2 2 1
max{ pl+2,&+q_l__} pl+_<mm{ +_&+q_11}
mom  wy ry re N ¢ N npr o

Note that

N (p P11 q1 N({p ¢ 1
0< — = — | = <l.0<—l=+=—-——]<1 4.12
2 (7“1+T2 (§’+w/ 7 2 5’+w’ M (12

N [1 1 N 1 N
3 (2352338 -(30)
2 \rr m 2 \ & w M 2 re Ty & w

From (2.1), (2.2), (4.11) and (4.12), we get

and

_%(L_L)
@, < ¢+177575) (ful,, + luoll,,)

S

t
*ﬂ(p—Prq—lﬁi) -y 1 @
+ [ (t—s) 2N m [ (s —7) ()]l o (Tl drds
0

0

,E(LfL) b1 qa
< @+ 1) 5 (Juoll, + ol ) + € | sup @ (s)| | sup w(s)
s€(0,t) s€(0,t)
t s
x/(t — 8)7%(%%%7%) /(3 —7) " 77%(%#’% (+3 ))deS (4.13)
0 0

which, yields

_E(L_L)
(t+1) 2\ u (@), < llwoll,, + lluoll,, +C

sup SO(S)] lsup w<s>] :

s€(0,¢) s€(0,¢)
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Estimate for ||u (t)||., . We have to distinguish two situations
Case a: Either N < 2 or (& + 3—; < % and % + o < %) From (4.3),(4.6) and (4.7), there exist
w" € (ry,w1),n € (ri,n,) such that

2 2
ma {p1+2——&+2}<(p—},+q{,><min{—]ﬁ+—1}
rn ro N'my  w n w N'ri 17y

Since w” € (rg,w1),n € (r1,n,), using interpolation inequality again as in (4.11), we obtain

t S
_N1 ﬂ +p_/1/ _
lu@®lloe <+ (luoll,, + ol +/ (t—s) ">/<s_7> g
0 0
x|l (7)[[%% o (7)1 drds (4.14)

sup 90(3>] lsup ¢(8)]

s€(0,t) s€(0,t)

x/t t—s) 7 f;_l> /S(S—T)_71 (T+1)%<%+%<%+5’_1>) drds.

0 0

_N1
1) 77 (Jluoll,, + lluoll) +C

VAN
+

Notice that 0 < & (f—l + (p—}, + q—%)) <1,Z (q—}, + p—},) < 1. On the other hand, since o — 2~ =
1 r2 n w w n

2r1
p2—q1—1 .
DD —arq) < 0, it follows that

N N
at2-m - (o) - ((B+E) - (5+5
2 \w n 2 reo n w

N N
< 2-m4——= By,
21 2 ™ T9

which, together with (2.5), yields

(t+ D" @)l < (luoll,, + lluoll) + €

sup 90(8)] lsup ¢<s)] :

s€(0,t) s€(0,t)

Or else, thatis N > 2 and (2 + g; > Jt, or pl -+ > %) From (4.3),(4.6) and (4.7), there exist
w” € (ry,wy), £ € (r1,m;) such that

2 2
max @—i—ﬂ——,&—i—ﬂ,— < p,l, 4 < min 1&—1—611
rr re N1 w N 3 w” reo T

Hence, the inequalities (2.2) and (4.11), give

= (lluoll,, + [luollse)

+[t-s+ y H(#w) =07 (la @ o 0+ (D2 o (DI drds.
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Therefore

_N1
lu@®lle < (&+1)7=7 (uoll,, + lluoll)

B P 791

t
ﬂ 2y
+ | sup ¢ (s) sup ¢ (s) /t—s+1 P\ /S—T N
| s€(0,2) | |se0.) I
B P11 7491 t % Tl _1
+ | sup p(s)| | sup ¥ (s) /t—s+1 & /S—T ) x
_Se(ovt) | _sG(O,t) ] d )

p q p q
248 (5,

(7 + 1)%<T1 2\ )) + (7 + 1)(O‘p1+ﬁ‘“)] drds.

Since ap; + Bq1 < 1, we observe that

P @ 2 b 2
r1 +T‘2 N ) + N(ap1+Q16)

It easy to see from (4.3), (4.7) and (4.8) that

2 2
max{pl +2,—} <]£+2——(ap1+q16).
™ (] N

From these facts, we can assume that (i% - %) <B4 @2 (ap +q,0). Thus

T1 r2

N N N
atl-m-5 (B+8) o (B L) —ap+ap-o (B+2- (B+ L)) <o,
2 \r1 1y 2 \¢ w 2 \r1 1y £ w

and therefore, we conclude as in the previous case

(t+ D% Ju@®)ll < C (lluoll,, + lluolls) +C | sup 90(8)] lsup ¢(8)] :

s€(0,t) s€(0,t)

From the previous estimates of [[uy (¢)|,, , [[u1 (¢)],, ()], we obtain

q1
o () < C (lluoll,, + lluoll) +C sup w<s>] :

P1
sup (5)]
s€(0,¢)

s€(0,¢)

By analogous computations, we get 1 (£) < C (||voll,, + [lvoll) + C

sup ¢(8)] lsup 90(3>] :

s€(0,t) s€(0,t)
Denoting f(t) = sup ¢(s)and g(t) = sup ¥ (s), we get
s€(0,t) s€(0,t)
ft) < C (luoll,, + lluoll) + CFEP g(t)™, (4.15)
g(t) < C (llvoll,,, + llvoll) + Ca(t) f(£)™. (4.16)

We now define h (t) := f (t) + g (t). Taking into account (4.15), (4.16) reads
h(t) < C(e+ hPH0(t) + hP2t 2 (1)) Vit € [0, Tinax)

for some positive constant C' independent of ¢ and A = ||ugl|,, + [[uol|o + [voll,, + [[voll,, < €. We
conclude by standard arguments for sufficiently small ¢ as in [32], it then follows that h(t) < Ce, V
t € [0, Tmax) - Hence f(t) < Ce, g(t) < Ce, Vt € [0, Tiax) -
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5. Damped wave system

Similar considerations to the system for heat equations can be applied to the Cauchy problem (3.6) for
the system of damped wave equations in low dimensional space.

5.1. Proof of theorem 3.7

We follow the same steps as in the proof of Theorem 3.3 with a slight modifications. So we maintain
some notations used in the previous proof.
Let us define n;, w; > 0 by
1 1 2 1 1 2
— = L == =B+,
=yl = (BN

with g, A > 0 satisfying

N N
u<m1n{’yl—a,——a}, /\<min{72—6,——6}, (5.1)
2?"1 27,.2
N (p
S =t o1 —(ap+Ba) < (et o)) <1-a (52)
1 L)
N
75G2+@—4>—wm+a@)<(mk+@m<1—ﬁ, (5.3)
ro M
with
—q -1
N:(pz q1 ))\. (5.4)
PL—q—1

The existence of A and p are insured by the conditions (3.11)-(3.13).
Let (u;,v;) € {W=H1 (RY) x Wihee (RN)}2, i =0, 1. From (4.2), we have r; > 1 and 5 > 1.
Let (u,v) be a corresponding solution of (3.6) given by Proposition 3.5.

Ou aim is to seek upper bound of solution in the functionals defined in (4.1), (4.2) each ¢ > 0. It easy
to check that all the requirements (4.6), (4.7) and (4.8) are fulfilled.

An estimate for u in L™ (R"). From (4.8), we conclude that

pL ., g1 _pr,q@1 2 2 1
ST <2 S (ap+@if) < =+ —.
mo w1 T T2 N( Lt aif) N n

So, we can select w € (r9,w) and n € (r1,7;) such that

1 2 2 1
max{_,&+2,f£+2__}<&+ﬂ<mm{_+_,&+q_l,1}.
rrm  wy ry re N n w N r'ri 1o

Note that

N 1 N
og—(@+ﬂ——><1,0§—(&+2—(E+q—1>><1.
2 \\n w o 2 \ry 1y n w
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and by (3.11)-(3.13), we get

1 1 1 1
_<]ﬂ+2, L S P2 @ b2 @
vt Wi 771 wy wy T W moom wi

uo + uq) +

¢ 1
67§W1(t>(§lto + U1>

" s (o)
t h
+/ (Kl(t—s)—e T Wit — s) /S—T ) (7)) [Pro (7)) || drds
0 0 .
¢
/ N Wit —s / s—1) tu(r) [Pto (1) ||| drds. (5.5)
0

T1

Next, by the lemma 2.4, lemma 2.5, and (2.3) we get, for all ¢ € [0, T},4.)

t
_N(P1,ya1_ 1
||u( >||r1 = (||u1||LT1 +||u0||W1r1 +/ t—s 2(’7+w 7’1)

0
s

x / (5 = 7)7 Julr, Y [fo(r, I drds
0

s [Ty / (s = )7 [l (1) 2o (7) 2], drds.

0

By using the interpolation inequality to the last term, we get

(8 )y, < C (lluall,, + luollyr)

S

t
PL a1 1
+/ (t—s+1) 352 n)/(s—r)% e, I (o, )12 drds
0 0
—I—/e_
0
-1

with1l — 0 = % (]7;—1 + 3}—11) . Therefore

S

L Y1 P1 q1 1-0 D1 q1 0
? (t—S)/(s—T) e (7) [P]o (7) | ||(771+w1) lfu (7) PHo (7) |l drds,

0

lu (t )L, < C (lually, + ol

t s
o)y ¥R [ g “ drd
+ [ ({t=s+1) (s =) lulr, ) Mol drds
0 0
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S

From the definition of ¢ and ), we infer that

U/“s-—7- 0l P o, DI (e, V2 (o, )2 drds.
0

lu(t I, < C (lully, + luollyrn) +

+ [ 5 (t_3>/(3_7> (1 + )*(alerﬁCIl) Y(B+a-(2+2))a-9 drds
0 0
p1 q1
lsup (s )] lsup ¢(8)] : (5.6)
s€(0,t) 5€(0,1)

where we have have used the fact that (4.1) and (4.11) since (u,v) € X.

By virtue of (4.8), we know that

L=y = (om =)0 - 5 (B4 L (B4 2 ) -
L= 71— (ap1 = Bar) = (1 (@ + 1) + 1 (B + 1) (1 =)
= —a—(put+ar)(1-0)<0,

and since 2 — vy, — & (1371 + 4 — %) -4 (fi + 21— (% + %)) — 0. Applying again Lemma 2.2, we

obtain
p1 q1
lu(t, ), < C (luollyrr + lluall,,) +C | sup sO(S)] lsup w<s>] :

s€(0,¢) s€(0,¢)

An estimate for [|u (¢, )|, . Arguing in the same way as in the previous estimate

s, < | (K6 = e 000) Guo )|+ e a0 G+ )|
| (Rt - %O%U+§WNO>WUJF e (W) + 510 ) u )
+/t (Klu—s)—e%Wl(t—s))/s@—r)mu(ﬂ Py (r) || drds
0 0 M1
+/t€_t2s Wit — s) /S—T Nl (r) P () 2] drds. (5.7)

0 0 n,
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From (3.13), exist w’, n’ satisfying

2 1 2
max{&+2——,&+2}<&+2<mm{l——|— pl—l-ﬂ} (5.8)
n, N'ri 1

Notethat0 < ¥ (B +2 - L) <0< ¥ ((2+2) - (2+2))<1and
n 1 1 T2 n w

N /1 1 N 1 N
e 5 (E-)- 3505 (5+3) -
2 \r m 2 \n w m 2 1 79 n w

From (3.10) (replacing w by w’) and thanks to lemma 2.5, lemma 2.4 and (2.3), we have

_N(1_ 1 1
||u(t, .)||771 <C(l+t) 2 (” "1) H(—Uo + uy)

0@+ 0 G (urll o + Tuollgn) + € (140 FET) gy,

S

t
7ﬁ(p_}+q_1,7L) _ D1 q1
f sy T [y e, ) (e, )| drds
0

0
B 3 s B 7' 1 flulr pl(l—é") v (1 o’ ) p16’
+0/ (t / laCr, 2 fro g, HAC utr, I

lv(r, )12 drds. (5.9)

1
with1 — ¢ = o (p L4 4L ) . Combining the last inequality with (4.1), (4.2) and (4.11),we obtain

e, ), < €+ FE) (gl + )

) )
+C (1+1) non (||u1||m+||uo||m)+0(1+t) o uol [y
+ | sup ¢ (s) lsup ¥ (s)
s€(0,t) s€(0,t)

t
x / (14— o) 2 (GH-a) /(s 4+ AR G) gras s.00)
0 0

t
+/e—t55 (t—s) /(S )T (1 ) oA S () (0) g
0 0
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N{(1 1
Multiplying both sides of (5.10) by (1 +¢)* (Hfﬁ) , we find

N4

@+ 6 F G e, )

¢ (ol + laolzrs + el + sl ) + [ sup ()7 sup o ()"
s€(0,t) s€(0,t)

M

IA

— N(L_1)_N(PL __L N(pL a1 _PL_ 91
X(1+t)2 Nt (7’1 n1) 2( T n1) 2(7’1+7’2 " w’)

Hsup ()P [ sup 6 ()] (140 F )

se(0,t) s€(0,t)
t s
X /e_t_TS (t—s) /(3 —7) " (1+7) (ap1+6a)6' =5 (p1+q1 (%Jr%))(l_e/) drds.
0 0

We have from the definition of 1, w; that

N
_(Ofpl-i-ﬁéh)@/—? (p1 + 8 (E—I- Q1>> (1-6)=—-a—(pip+ar) (1-0)+y -1
1 T2 w1

Using the fact p = A% and the condition p < v; — «, to obtain

—a — (pip+ @1 \) (1 —9/) +79,—1> -1

It yields then by the Lemma 2.2 that

0+ 1)F o) Jue, )

< C (Iluollyran + lluoll pry + [lruall,,) +C

t
L,L
7‘1 1 e
0

sup %0(8)] lsup ¢(s)] :

sup %0(8)] lsup ¢(s)]

n s€(0,t) s€(0,t)

2

+C(1+1)2 1+S)*af(pw+qlk)(1*9') ds

s€(0,t) s€(0,t)

From (5.4), we obtain % (% — %) —a— (p1p+ @) (1 — «9’) =pu— /\l;—l1 = 0. Therefore, by virtue of

the Lemma 2.2 again, we conclude

N4

1) ()1 < (ol + ol + ], )+C

LA

sup 90(5)] lsup ¢<s>] :

s€(0,¢) s€(0,¢)

Now, we estimate ||u (t,.)||,, . We have to distinguish two situations.

Either: N <2or (& +2 < L and 2 + & < 2) From (4.3),(4.6) and (4.7), there exists w”, 1" such
0 1 9 N m w1 N
that

2 P1 Qi . 2 ;@
a —— = = = <=+ =< 1, —, —+=5.
mx{r1+r2 N’ 771+w1} 77”+w” i N 7’1+r2
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2

Note that 0 < ﬁ(%—k%) <1,0< 5}, + 4 <land 0 < %(pl—kql — (p—,l,—kﬁ)) < 1. Since
w” € (ry,w1), using interpolation inequality as in (4.11), we obtain

_ N
lut Moo < (4172 (luoll,, + lutll,,) + (E+ 17 (fuollyre + lfulle)

S

-+/@—s+1>%@%§0/Q&—ﬂﬂww< I o ) s

0
t
+/e
0

Making use (4.1), (4.2) and (4.11), we get

S

/@—ﬂ”ﬁ%nﬂihhﬂ@w%-

__N
Ju(t, ) < (E+1) 21 (JJuoll,, + llurll,, + lluollyyree + lluill)
p1 q1 t
-S(%+)
| sup o(s)| | sup w(s) t/kl—%t——s> F
s€(0,t) s€(0,t) ]

X [(s—7)"7r(1+ T)_%(Z;_H%_(%Jr q}’)) drds

o,

gt s
+ sup ¢ (3>] /e_t_Ts(t — 8) /(8 — 7')_71 (1 T T)‘(Ofpl-f-ﬁth) drds,
0 0

P1
sup ¢ (8)] i
se(U,

s€(0,t)

and as (ap; + Bq1) < 1

N p2—q — 1
o2

— <0, a+1—~v —ap; — Bq =0,
o (@t — -1 (2 1) LT

it follows from & | &=L @1 — 9 _ ~ that
2 1 r2 1

_ _ _ Npy _Nq1 o _Nq1 _
=a+2 71 271 279 2r1 +2 Y1~ 2ry

a+2—7l—%(%+g—l)—ﬁ(ﬂ+q—l)+ (5—1+3)—1)
0.

Therefore, we conclude from Lemma 2.2 that
(t+ D) u(t, )l < Clluoll,, + llully, + lluollypree + [lurll) + CGPH(2).

Orelse N = 3 and (% + Z—; > ;\1, or pl s ql > ) Then, from (4.3), (4.7) and (4.8), we can choose w”
such that

2 2
mox {24 B B LB D i1, 2
r. 1o N’ Ny W "N n" rL Ty
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Since w” € (rq,wy), " (r1,n;) by interpolation inequality, we get

lu(t, Mo < Clluoll,, + llwall,, + lluollyree + [Jutll)
t s

+/u+t—@‘ﬂ%*%X/@—7r%mw NP Nfo(r, Y| % drds

0

S
t

[T =) [ =m0 futr I ot )2 drds.

0

lu(t )l < Clluolly, + llully, + lluollwre +[[ulls)

t

_N(P1L, 91

+[sup @ (s)]"'[ sup ¢ (s / o s) T o
s€(0,t) s€(0,t) 9

/(3 — )+ 1)’%(%+6*(n—}'+w_1)) drds

0

+
s€(0,t) s€(0,t)

sup so(s)] lsup ¢(s)] / e (t— ) / (5 — 1) (L4 7) " PP grgs,
0 0

Since ap; + Bq1 < 1, we observe that

b1 @ 2 b1 @1 2
-t < —4 — — — (« + [3.
rn re N 11T N(p1 0)

It easy to see from (4.3), (4.7) and (4.8) that

P 2 P12
rnax{771 +w1 N} —l— N(O(p1+Q1ﬂ>.

From these facts, we can assume that (% - %) <B4 I 2 (ap1 + ¢,8) . Thus

r2
crlom (5 ) - d (8 ) -
apr+q,8 — (pl +2 - (5—1+3)—1)) <0,

and therefore, we conclude as in the previous case

(t+ 1" u (@)l < C (luoll,, + lluollo) +C

p1 q1
sup (S)] [ sup ¥ (8)] :
s€(0,t) s€(0,t)

A combination of the above estimates yields the inequality

q1

o (t) < C ([luoll,, + lluolls) +C
s€(0,t) s€(0,t)

sup 90(5)] lsup P (s)

By analogous computations, we get ¢ (t) < C ([Jvol],, + [Jvollo) + C

ap v(0] | s o]

s€(0,¢) s€(0,t)
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Denoting f(t) = sup ¢ (t) and g(t) = sup o (t), we get

s€(0,t) s€(0,¢)
F@) < C(lluollwrrnpwiee + luallprnag<) + CFOP 90", (5.11)
9(t) < C(llvollwrremwrce + [[01ll Lranpe) + Cg() f(1)*. (5.12)

We now define h (t) := f (t) + g (t). Taking into account (4.15), (4.16) reads

h (t) < C (A + hpita (t) + hp2ta2 (t)) ’
< C (e + hPrra(t) + hP2r2 (1)) Vi € [0, Thax)

where C'is positive constant independent of ¢ and A = ||ug || yp1.r Apprrco + 12| 1 apeo V0l iptre qpptice +
|v1]| frop - By using this estimate and standard arguments as in [32], it then follows that i(t) < Ce, V
t € [0, Thax)- Hence f(t) < Ce, g(t) < Ce, ¥Vt € [0, Trax)-

Now, we show the global existence result in the energy space. We define H(t) = ||u(t)|| .. + ||v(t)|| ..
for all ¢t € [0, Tinax). Making use of Lemma 2.4 and Lemma 2.5, it is deduced from (3.10) that, for all
le [07 Tmax)’

(

t s
||u(t)||L1SC(||uo||W1,1—|—||u1||L1)—l—// s — 1) () |2 o(r)[2 drds,
0,0 (5.13)

t s
lo@)ll < C (leollyprn + lorll) + / / 2 o) |72 [lu(r)||® drds.
\ 0 O

Adding the two inequalities of (5.13) and using the L°°-estimates of v and v, we have that

H(t) < C ([luollyry + lJuallpr + l[vollpra + [loal[£1)

S

t
+C// T (14 7)Y (7)), drds
0

t s
+C// s—71) 2(1471)" Bpa—alaz—1) |u(T)||; drdds
0

t s
< Ce+ C// ((s — ) (L) D (6 )T (1 4 T)ﬁp?a(%l)) H(r)drds
0 0
t
< Cs+0/ ((1 +95)7 (14 s)“‘ﬁ) sup H(7)ds. (5.14)
0 0<7r<s

From (5.14), and Gronwall’s inequality, we get that H(t) < CeexpC (t'7~* + ¢'t*=F) for all ¢ €
[0, Tmax) - Therefore, we have that (u, v) € {C([0, Trmax) ; L* (RY) }2, N =1,2,3, so for any r > 1, the
solution (u, v) satisfies
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u (t)]],, < Crerellt™T T 0)/r (g 4 gy=(r=Dalr
v (@)l < Crerellt™ T+ ) /r ()= (r=0B/T (5.15)
for all ¢ € [0, Tax)-
Now, let D = (0, V),

up (1) = K, (t)(%uo +uy) + Ko(t)uo, vy () = K, (t)(%vo + o) + Kot)o

From Lemma 2.3 with m = 1, we see that

(1Du @) <C+8)"* Dy, ||DvL Wl <+ Ly,
IDE (= 5) 5 Jo (J0(s)IP)]| < C (11— )22 L0070 ([l fuds) P u(s)]],)
s (u(s) |v<s>|‘”||1>] : (5.16)
|IDE( = 5) % Jogs (u(s)|)]| < C (14t = 5)™22 L12 ([[[o(s) 7 Ju(s)| )

| 0077 ()2 Juls) 1)

where
{ Tow = [Juolly + lluoll g + lually + [lutll g1
Too = |lvolly + llvollgn + lvlly + vl g -

Then by use of (5.15) and (5.16) and choosing ¢ < 1, we deduce from (3.10) that

|Du (]l < [ Dus. ()] +/HDK1 t= )5 Jg " (o)) ds

t
< C(l _'_t)fN/?fl/Z u+0/ 14+¢— N/271/2 [J&S’h (|||U(S)|p1 |’U(S)|q1||2)
0

+ Ty, (||IU( ) |v(8)|‘“||1)] ds

S

<Cetc / (1t =)0 syl (o), + ol ) drds
0

0

< Ce+ C/(l 4t —s) V2L

S

v / (s—7) ™ (6%60(71”‘_“4-71*&_5)/2 (1+ T>—(2p1—1)5/2 + 860(7_1+5—a+7_1+a—5) (1+ T>—(P1—1)5) drds

0
<C (1 + 60(t1+ﬁfa+t1+afﬁ> (1 -|—t)ﬁ) \/57 YVt € [O7Tmax)7

where C' is positive constant independent of ¢. Similarly

1+Bfa+t1+a7ﬁ)

1Dv (1)]| < C (1 4Ol (1+ t)a) VE, V€ [0, Tina)
which completes the proof of the Theorem.
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