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1. Introduction

In thisJ paper, we are interested in a class of nonlinear elliptic systems of the form

—M ([, |VulP dz) Apu = Ma(z) f(v) + prc(z)h(u)  inQ,
—Ms ([, |V dz) Ayv = Aob(z)g(u) + pod(z)T(v)  inQ, (1.1)
u=v=>0 on OS2,

where QO C RY (IV > 3) is a bounded domain with smooth boundary 92, M; : R* — R*, i = 1,2,
are continuous functions, 1 < p < N, A1, Ao, i1 and ps are positive parameters and a, b, ¢, d are C'!
sign-changing weight functions, that maybe negative near the boundary. f, g, h, 7 are C'* non-decreasing
non-negative functions on (0, co).

Since the first equation in (I.1]) contains an integral over €2, it is no longer a pointwise identity; therefore
it is often called nonlocal problem. This problem models several physical and biological systems, where
u describes a process which depends on the average of itself, such as the population density, see [5].
Moreover, problem ((I.1)) is related to the stationary version of the Kirchhoff equation

L
0%u P, FE ou |2 0%u

— - 2y = —ldr | = =0 1.2
P o h+2L/‘8x T o2 =Y (1.2)

0

presented by Kirchhoff in 1883, see [11]. This equation is an extension of the classical d’ Alembert’s
wave equation by considering the effects of the changes in the length of the string during the vibrations.
The parameters in (I.2)) have the following meanings: L is the length of the string, A is the area of the
cross-section, F is the Young modulus of the material, p 1s the mass density, and F; is the initial tension.

* Corresponding author.
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In recent years, problems involving Kirchhoff type operators have been studied in many papers, we
refer to [3. 4,16, 7, 12, [14, [15]], in which the authors have used different methods to get the existence of
solutions for (I.2)). In the papers [13}[16], Zhang and Perera studied the existence of nontrivial solutions
and sign-changing solutions for (L.I)).

In this paper, we are interested in finding positive solutions for system (L)) via sub-supersolution
method. Our paper is motivated by the recent results in [} 2, 3 4, [10]. In the paper [4], the authors
studied the existence of a positive solution for the nonlocal problem of the form

{ —M ([, IVul*dz) Au = JulP'u+ Af(z) inQ,

u=20 on 0f), (1.3)

where ) is a smooth bounded domain in RY, N > 3 and p > 1, i.e. the nonlinear term is superlinear
at infinity, f is a sign-changing function. Using the sub-supersolution method combining a comparison
principle introduced in [3], the authors established the existence of a positive solution for when the
parameter A > 0 is small enough. It was also prove in [4] that problem (I.3) has no positive when A
large enough. In [2]] Afrouzi et al. investigated the existence and nonexistence of positive solution to the
following elliptic system:

— M, (fQ |Vul|? dx) Ay =Af(v) in €,

—M; ([, |Vo?dz) Ay = Ag(u)  in €, (1.4)

u=v=>0 on 0f).

In the present paper, we consider system in the case when the nonlinearities are sublinear at infinity.
We are inspired by the ideas in the interesting paper [10], in which the authors considered (L1) in the
case M;(t) = Ms(t) = 1. Here we focus on further extending the study in [2] to the system which
features multiple parameters, weight functions and stronger coupling. More precisely, under suitable
conditions on f, g, h, 7 we shall show that system has a positive solution for \;, p;, 1 = 1,2
sufficiently large.

Proposition 1.1. Assume that M : R™ — R™" is a continuous and increasing function satisfying
M(t) >mg forallt € RY, (1.5)
where my is a positive constant. Assume that u, v are two non-negative functions such that

—M (fﬂ [VulP dl’) Apu = —M (fQ |VulP dl’) Apv  in (1.6)
u=v=>0 on 09). :

Then u > v a.e. in S).

Proof. Our proof is based on the arguments presented in [8, 9]]. Define the functional ¢ : WO1 P(Q) - R
by the formula

1~
O(u) := 2_?M /|Vu|p dr |, u e WyP(9Q).
Q

It is obvious that the functional @ is a continuously Gateaux differentiable whose Gateaux derivative at
the point u € W, () is the functional & € W, '?(Q), given by

O (u)(p) = M /|Vu|p dx /|Vu|p_2Vu -Vdz, e WP (Q).
Q Q
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It is obvious that ®’ is continuous and bounded since the function M is continuous. We will show that
' is strictly monotone in W, (). Indeed, for any u, v € W, (Q), u # v, without loss of generality,

we may assume that
/ \VulP de > / |Vol? dz
Q Q

(otherwise, changing the role of u and v in the following proof). Therefore, we have
/|Vu|pd:1: > M /|Vv|pda: : (1.7)

since M (t) is a monotone function. Using Cauchy’s inequality, we have

Vu - Vo < |Vul||Vu| < (|vu|2 |Vo|?). (1.8)
Using (L.8)) we get
1
/|Vu|pdx—/|Vu|p2Vu-Vvdx > 5/|vu|“’(|vu|2— |Vv|?) du, (1.9)
and
1
/|Vv|pda: — / |Vu|P~2Vv - Vudr > 5 / IVolP=2(|Vo|? — |Vul?) d. (1.10)

If |Vu| > |Vv|, using (L7)-(L10) we have
Iy == @'(u)(u) — '(u)(v) — ¥'(v)(u) + '(v)(v)

=M /|Vu|pd:1: /|Vu|pda:—/|Vu|p_2Vu-Vvda:
- M /|Vv|pda: /|Vv|p Vv - Vudx—/|Vv|pda:
2 /|Vu|pdx /|Vu|p 2(|Vul* — |Vv|?) do
(1.11)

1
—§M /|Vv|pda: /|Vu|p 2(|Vul* — |Vo|?) do

|Vv|p dx (|Vu|p*2 — |V1}|p*2)(|Vu|2 — |Vv|2) dx

[\.'Jli—‘

| \/

/ Va2 |w 2)(1Vul? — [VoP?) da
Q
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If |[Vv| > |Vul, changing the role of w and v in (L7)- we have
Iy == @'(v)(v) = ¥ (v)(u) = ¢'(u)(v) + ¥ (u)(u)

=M /|Vv|pda: /|Vv|pda:—/|Vv|p2Vv-Vudx
Q Q Q

- M / |VulP dx / |VulP~2Vu - Vo dr — / |Vul|P dx
Q Q Q

Vv

1
M /|Vv|pda: /|Vv|p2(|Vv|2—|Vu|2)da:

2 (1.12)

Q Q
1
— §M /|Vu|p dx /|Vu|p_2(|Vv|2 — |Vul?) dx
Q Q

1
= §M /|Vv|p dx /(|Vv|p2 — [VulP~2)(|Vo]* — |Vul?) dx
Q Q

M,
> 550 [QVelr = [9up ) (Vo ~ [VuP) de
Q
From and we have

(cb/(u) - CID’(U)) (w—v)=L=05>0, YuveW>Q). (1.13)
Moreover, if u # v and (<I>’(u) — @’(v)) (u—wv) = 0, then we have

J9ap ™ = 1vul 2Vl - Vo) do =0,
Q
so |Vu| = |Vul in Q. Thus, we deduce that

(@/(w) = @) (u— v) = @'(u) (u~ v) = ¥(v)(u-0)
=M |\VulP dx |VulP~2|Vu — Vol* dx (1.14)
[reere) |

=0,

i.e., u — v is a constant. In view of u = v = 0 on 02 we have © = v which is contrary with u # v.
Therefore (@/ (u) — @ (v)) (u—v) > 0 and @ is strictly monotone in W, (Q).

Let u, v be two functions such that (I.6) is verified. Taking ¢ = (u — v)™, the positive part of u — v, as
a test function of (1.6), we have
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(@' (u) — @' (v))(p) = M /|Vu|p dx / |VulP2Vu - Vi d
Q Q

(1.15)
- M /|Vv|pda: /|Vv|p_2Vv-Vg0da:
QO Q

<0.

Relations (I.14) and (I.13) mean that u < v. O

2. Existence result

In this section, we shall state and prove the main result of this paper. Let A\, be the first eigen-
value of —A,, with Dirichlet boundary conditions and ¢ the corresponding positive eigenfunction with
|¢llc = 1. Then there exist positive constants mg, &, r such that [V¢[P — \,¢P > mg on Q5 :=
{xreQ: d(z,00) <d6}and ¢ > ronQ\ Q.

We assume that the weight functions a, b, ¢, d take negative values in Qs but require a, b, ¢, d to be
strictly positive in 2\ 5. To be precise we assume that there exist positive constants ag, by, ¢o, dy and a,
b1, c1, dy such that a(x) > —ag, b(x) > —bg, c(x) > —cp, d(x) > —dy on Qs and a(x) > ay, b(x) > by,
c(x) > ep, d(x) > di on Q\Qy.

In what follows, if f1, f2, g1, g2 are real-valued functions, we write (f1, f2) < (g1, ¢g2) if and only if

J1 < g1 and f; < go.
In such a case, we write (u,v) € [(f1, f2), (91, 92)] if and only if f; < u < g; and fo < v < gs.

Let us assume the following assumptions:

(Hy) Assume that My, My : RT — R™ are two continuous and increasing functions and there exists
mq, my > 0 such that

Mi(t) > my, Ms(t) > mo forallt € RT.

(Hs) f,g:]0,4+00) — R are C! increasing functions such that

lim f(t) = lim g¢(t) = +o0.

t—+o00 t—+o0

(H3) It holds that
f (K (g(t)ﬁ))

lim =0,
t—-+oo tp—1

for every constant K > 0.

(Hy) h,7 € C*([0,0)) are non-negative, non-decreasing functions such that

>

lim C =0, lim () =0, lim A(u) = lim 7(u)=+o0.
u—+oo yP—1 u—+oo yP—1 u—+00 u—+00
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(H5) There exists v, s > 0 such that

min { (aof((%Ls)ﬁ), Coh((%LS)P_ll))7 (bog((%ts)ﬁ), dor((v+s)ﬁ)) }

ol s ¥ s

1 p 1 D
) (@O f )T () PR T)
< min P P
sAp ’ YAp ’

S U S U
(blg«ws)pl PoLpptT) dyh((ys) T Bl T ))
)

5Ap ’ p
1 1
s T ) <
( 1] o0 * |d|oo)
_1 . P 1 L P
: a1 f((y+s) P~ 1 E=rp=T) c1h((y+s)P~1E==rp-T)
min 2 , D
sAp YAp )

1, P 1, P
bug((r+5) T EELrPIT)  dyh(+8) 7T EELPOT)
SAp ’ YAp ’

It should be noticed that the nonlinearities a;t% — 3;, where t € RY, ;,8; > 0, ¢; € (0,p — 1),
1 <4 < 4, for the functions f, g, h and 7, satisfy the condition (H5).

Our main result in this paper is given by the following theorem.

Theorem 2.1. Assume that the conditions (H1)-(Hs) hold. Then there exists [A, B| such that problem
(L) has a positive solution (u,v) for every (\;, ;) € [A, B, i =1, 2.

Proof. Define f(t) = 0 and g(t) = 0 for all ¢ < 0. We shall establish Theorem 2.1 by constructing a
positive weak subsolution (u,v) € W, ”(€, R?) and a positive supersolution (7,7) € W,”(Q,R?) of
problem such that u < wand v < v in ). Thatis, u, @, v, v satisfies

M, /|Vg|p dx /|Vg|p_2Vg~Vgo dr < /[Ala(:lz)f(y) + pc(x)h(uw))e dx
Q Q Q

M, / Vol? de / Vol 2V - Ve dr < / Pob(@)g(v) + pad(x)r(w)p da
Q Q Q
and

M, /|Vﬂ|p dx /|Vﬂ|p2V@-Vgo dx > /[Ala(az)f(ﬁ) + pic(x)h(a)|p d
Q Q Q

M, / |VD|P dx / |Vo|P—2Vu - Vo dr > /[)\gb(a:)g(@) + pod(x)7(T)]p da
Q Q Q
for all ¢ € W, (Q) with ¢ > 0.

We define

B SA\p YAp
Amax{( T, 2 #p;li)’
bug((y +5)7 T BT dih((y + ) 7T BN

© 2020 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page |39



(o =l
af((y+ )P eh((y + 8) PR

p

Bmin{( i —, 7 T ),
bog((y + s)7=7) doh((y+s)7T)

s vy 1 1
(aof((’wr 5)7T)’ coh<<v+s>p+1>)’ (HbHoo’ doo)}'

Let us define

a1 p—1 1 1% _r_ ap—1 1 1% _P_
u = (")/ + S)P—l ( ) q5p—17 v = (,-)/ + S)p—l ( ) ¢p—17
B P \mimg - D \mamyg

where my, my are given by the condition (H;). We shall verify that (u,v) is a subsolution of problem
for (A, 1) € [A,B], i =1,2. Indeed, let ¢ € W,?(Q) with ¢ > 0in Q. By (H,), a simple
calculation shows that

M, / |Vul? dx / |VuP2Vu - Vo dx
Q

Q
=y [ (vup i (14 5) [olvervo- vids
mimy

Q

o
-0 1+m80> M, \ Q/ IVl ds Q/ VOP2Ve- [V(dp) - Vo) da
o o
_<;1+mz>Ml Q/ |VU|de;) Q/ VoPpde —
:(;fms’o)Ml / VP da { / MloP 26 - (¢p)da
o o
_ <;1+m$0>M Q/ |Vl dx) Q/ Volede
_ (;l jmi) M, Q/ \VulP dz Q/ (Ap@” = [Vo|P)p dx
<82 [0 - 19eppd.

Q
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On (5, we have |Vo|P — Ap®P > myg, which implies that

(v +5)

(A" = [Vo[F) < =7 =

< —Maof((y + 8)7T) — mcoh((y + 8)77)

Lp—17 1 \&7,0
< Mo (4 9)7 = () ) 2.2)

ap—1 1 ﬁ _P_
—meoh((y+ )T (o) T o)

p
< Aa(x) f(v) + pe(z)h(w).

Next, on 2\Qs we have ¢ > r for some 7 > 0, and therefore by the condition (H>) and the definition of
u, v, it follows that

(v + 8) (A’ — [VO[P) < (v +5)A\

—1/ 1 \#T o
< Narf((y+ )71 (——)""r7")
p Nmamg

ap=1/ 1 \o7 2
+M101h((7+8)”11pp ( ) )

< Ma(@) f(v) + pe(@)h(w),

(2.3)

for (A1, 1) € [A, Bl
Relations (2.2)) and (2.3) implies that

M, /vawx /|WW2VMV¢MS{/Mw@ﬁ@%ﬂm@%@%ﬁﬁ (2.4)
\Qs O\ Qs O\ Qs

for any ¢ € W, ”(€2) with ¢ > 0 in Q. Similarly,

M, /|Vy|pdl’ /|V2|p2VQ-V90d$§ /[Azb(ﬂﬁ)g(y)+uzd(w)7(u)]90dw, (2.5)
\% O\ 0\

for any p € Wol’p(Q) with ¢ > 0 in . From and (2.9), (u,v) is a subsolution of problem (L.
Moreover, we have u > 0 and v > 0 in €.

Next, we shall construct a supersolution of problem (L.I). For this purpose, let ¢, be the solution of
the following problem

—Ap,p=1 1inQ,
{ =0, on 0f2. (26)
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Let

__C _ =
U= Eéo, Vi= — {29(0)} 00,
where R = ||¢o|| > 0 and C' > 0 is a large positive real number to be chosen later. We shall verify that

(@, ) is a supersolution of problem (LI). To this end, let ¢ € W, (Q) with ¢ > 0 in Q, from (H,), we
have

M, / \Vaul? dx / |VaP—2Va - Vi da
Q Q

o\
=M / Val? dx (E) / IV o|P 2V - Vipd
Q Q

2.7)
c\"
= (E) M,y /|Vﬂ|pda: /goda:
Q Q
c\'
> my (E) /goda:.
Q
Using the condition (H3), we can choose the number C' > 0 large enough so that
o Rt 1 T C
crt > Mllalloef (—= [20(0)] ™ 00) + pulelloch (FlIs0ll ) |
my~
and therefore
M, / \Vaul? dx / |VaP—2Va - Vi da
Q Q
c\"
> my (E) /gpdm
. 2.8)

1

1 =T C
> [ | Mlellf(— [20(0)]ow) + mllellch(Gllnle) | ¢ da

p—1

Q mg

> / M) £(9) + pe(z)h(@)p dr.

Q

Next, from the definition of ¥, the conditions (H;), (Hs), (H4) and the fact that g is increasing, we also
deduce that
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M, / |Vo|P dw / VTP 2V7T - Vi da

QO QO
= M, Q/Wﬁpdﬂf\ mLZQQ(C)Q/W%VzV%'VSOdiU
= M, /|Vﬁ|pda:\ mi22g(0)/g0da:
Q QO

> 29(C) [ od

g Q/ pdr
. ao(Cofous s

QO
=/ lg(%%) +9(%¢0)] pdx

Q

> [Dalbllwg@ + (@)l d

Vv

[Aa2[bllccg (@) + pal|dl|co7(0)] dax

v

[A2b(x)g (W) + pad(z)7 (V)] da.

From (2.8)) and (2.9), (@, 7) is a supersolution of problem with u <wand v < v for C' > 0 large.

In order to obtain a weak solution of problem (L.I)) we shall use the arguments by Azzouz and Bensedik
[4]. For this purpose, we define a sequence {(u,,v,)} C WO1 P (0, R?) as follows: ug := %, vp := v and
(up, vy,) is the unique solution of the system

—M, (fo [VunlP dz) Apuy = Ma(z) f(vn-1) + pac(@)h(uy1)  inQ,
— M, (fQ IV, [P dz) Apvy, = Aob(x)g(tn—1) + pad(z)7(v,—1)  in €, (2.10)
Up = Up = 0 on 0f).

System (Z.10) is (M, M,)-linear in the sense that, if (u,_1,v,_1) € Wy"(Q, R?) is given, the right hand
sides of (2.10) is independent of u,,, v,. Then we deduce from a result in [3] that system (2.10) has a
unique solution (u,, v,) € Wy (Q,R?).

Using (2.10) and the fact that (ug, vp) is a supersolution of we have

—M, /|Vuo|p dr | Apug > Ma(z) f(ve) + pic(z)h(ug) = =M, /|Vu1|p dr | Apug,
Q Q

— M, /|Vvo|p dx | Apvg > Xab(z)g(up) + pod(x)7(vg) = — My /|Vvl|p dr | Ay,
Q QO
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and by Proposition ug > w1 and vy > vy. Also, since ug > u, v9 > v, then by the monotonicity of

f,h, T, g one has

/|Vu1|pdx Apuy = Ma(x)f(vo) + pac(x)h(uo)

v

Ava(x) f(v) + poe(x)h(w)

Vv

/ Vul dz | Ayu,

/|Vvl|pdx Apvr = Aob(x)g(ug) + pad(x)7(vp)

v

Aob()g(w) + pod(x)7(v)

Vv

/ \VolPdx | Apv,
from which, according to Proposition [LL1 u1 > u, v1 > v. For us, v, we write

/|Vu1|pdx Apuy = Ma(x)f(vo) + pac(x)h(uo)

v

Aa(z) f(v1) + pac(z)h(us)

= —M /|Vu2|pd:1: Apug,

— M /|Vvl|pdx Apvr = Aob(x)g(up) + pad(x)7(vp)
Q

Vv

Aob(x)g(ur) + pad(x)7(v1)

= —M, /|Vv2|pd:17 Apvg,
Q

and then u; > ug, v1 > vo. Similarly, us > w and v > v because

/ |Vugl? da | Apug = Ma(x) f(vr) + pac(z)h(uy)
> Ma(z) f(v) + pic(z)h(u)

> —M /|Vu|pdaf Apu,
Q
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— My /|V112|p dz | Apve = Aab(x)g(ur) + pod(z)T(v1)
Q
> Aob(2)g(w) + p2d(z)7(v)

> — My /|Vy|pdx Apu.
Q

Repeating this argument we get a bounded monotone sequence { (u,,, v,,)} C W, (Q, R?) satisfying

U=1Uy > U 2 Uy > 2 Uy > 2 u>0, (2.11)

V=0V >V 2V >0, >--->0>0. (2.12)

Using the continuity of the functions f, g, h, 7, the definition of the sequences {u,}, {v,}, there exist
four constants C, Cs, C5, C'y > 0 independent of n such that

|f(1)n,1)| < Cl, |g(un,1)| < 02, |h(un,1)| < 03, |T("Un,1)| < 04 for all n. (213)

From (2.12)), multiplying the first equation of (2.10) by wu,,, integrating, using the Holder inequality and
the Sobolev embedding we can show that

m1/|Vun|pda:§M1 /|Vun|pda: /|Vun|pda:
Q Q Q

— [ ot} (wnmr) + el () d

Q

< /(A1lla||oo|f("vn1)l + pallellocl Alun—1)[) [un| dz

Q
< C’/|un|daz
QO

< C'unl,

or
lusl <C', W, (2.14)
where C’ > 0 is a constant independent of n. Similarly, there exists C” > 0 independent of n such that
ol < C7, vn. (2.15)

From (2.14), (2.13) we infer that {(u,,v,)} has a subsequence which converges in L”(€2, R?) to a limit
(u,v) with the properties u > u > 0 and v > v > 0. Being monotone, {(u,,v,)} converges itself to
(u,v). Now, lettting n — oo in (2.10), we deduce that (u, v) is a positive solution of system (L.I]). This
completes the proof. ]
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