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ABSTRACT. We consider in this work the Boltzmann equation in the presence of a Yang-Mills fields in temporal gauge,
which generalizes to the non-Abelian case the electromagnetic field. We prove, using the method presented by N. Nout-
chegueme and R. D. Ayissi [2], a local in time existence and uniqueness theorem for the regular solutions.
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1. Introduction

A plasma is a collection of particles moving at very high speed and under the effect of the forces
they create. For the electrons, in the Abelian case, the forces created are electromagnetic forces and
when we consider the particles evolving with collisions, the self-mained phenomenon is governed by
the Maxwell-Boltzmann system. Many authors have studied the relativistic Boltzmann equation alone
(which is one of the basic equations of the relativistic Kinetic theory) or this equation coupled with the
Maxwell equations : For the non classical solution, we can refer to [9], [13] and [14]. For the regular
solutions, we can refer to [2], [10], [12] and references therein.

In this work, we consider a more general plasma with particles having non-Abelian charges, for
example the field of quarks and gluons that one meets in chromodynamics, the electromagnetic field
is replaced by the Yang-Mills field. The plasma obtained here, called “plasma quarks-gluons”, is suppo-
sed to exist at very high temperature. In the collisionless case where the Boltzmann equation is replaced
by the Vlasov equation, many authors have already studied this kind of phenomenon : Y. Choquet-Bruhat
and N. Noutchegueme in [5] studied the Yang-Mills-Vlasov system using the characteristic method and
obtained a local in time existence result. They also studied in [6] the Yang-Mills-Vlasov system only
for the zero mass particles case and obtained a global existence theorem in Minkowski space-time for
small initial data. N. Noutchegueme and P. Noudjeu in [15] proved a local in time existence theorem of
solutions of the Cauchy problem for the Yang-Mills system in temporal gauge with current generated
by a distribution function that satisfies a Vlasov equation. R. D. Ayissi and al in [1] obtained the visco-
sity solutions for the one-Body Liouville equation in Yang-Mills charged Bianchi models with non-zero
mass.

We prove here a local in time existence theorem of regular solution for the Boltzmann equation in
the presence of a given Yang-Mills field in Minkowski space-time. To our knowledge, there is not such
result, even for mild solution, in literature. In this case, unlike in the Abelian’s one, the unknow of the
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Boltzmann equation, depends over and above on the position (xα) = (x0, xi) and the 4-momentum of
particles denoted by p = (pα) = (p0, pi), i = 1, 2, 3 ; but also on the non-Abelian charge of particles
denoted by q = (qa), a = 1, 2, ..., N ; where N is the dimension of the Lie algebra G of a Lie group G.
We follow the method used in [2, 11].

The paper is organized as follows : In section 2, we recall some preliminary results and present the
equation in the corresponding space-time. Section 3 is devoted to the functional framework and energy
estimates. Whereas in section 4 we state and prove the existence and uniqueness theorem.

2. Preliminary Results and Equations

• In all what follows, unless otherwise specified, Greek indices range from 0 to 3 and Latin ones from
1 to 3. We use the Einstein summation convention i.e., AαB

α =
∑
α
AαB

α.

• We consider the collision evolution of a kind of fast moving massive and charged particles in the
Minkowski space-time (R4, g), where the metric g is of signature (−,+,+,+). Let (xα) = (x0, xi), the
global canonical coordinates system on R

4, where x0 = t is the time coordinate and xi are the spatial
coordinates.

• Denote by A, a Yang-Mills potential represented by a 1-form on R
4 which takes its values in an

N−dimensional real Lie algebra G of a Lie group G, endowed with an Ad-invariant scalar product
denoted by a dot ".", which enjoys the following property :

f.[k, l] = [f, k].l, ∀f, k, l ∈ G, (1)

where [, ] stands for the Lie brackets of the Lie algebra G. We consider that G is a vector space on R

whose dimension is N ≥ 2 and (εI) an orthonormal basis of G, then the Yang-Mills potential is locally
defined as follows :

A = Aμdx
μ, with Aμ = AI

μεI , I = 1, 2, ..., N. (2)

• The Yang-Mills field is the curvature of the Yang-Mills potential. It is represented by a G-valued
antisymmetric 2-form F = (Fλμ), linked to the potential A by :

F I
λμ = �λA

I
μ −�μA

I
λ + [Aλ, Aμ]

I , (3)

with

[Aλ, Aμ]
I = CI

bcA
b
λA

c
μ, (4)

where CI
bc are the structure constants of G. We require that A verifies the temporal gauge condition, which

means that A0 = 0.

• We also suppose that the non-Abelian charge q of the Yang-Mills particles is a C∞ class function
from R

4 to G whose given norm is e > 0. To clarify this idea, q takes its values in a orbit of G, which is
a sphere ϑ whose equation is :

ϑ : q.q = |q|2 = e2 (5)

where, |.| stands for the norm deduced from the scalar product.
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• The trajectories of particles with momentum p = (pα) = (p0, p̄) and charge q = (qI) in a Yang-Mills
field F , are no longer geodesics of space-time (R4, g), but verify the following differential system :

dxα

ds
= pα,

dpα

ds
= Pα,

dqI

ds
= QI , (6)

where :

Pα = −Γα
λμp

λpμ + pβq.Fα
β , Q

I = −CI
bcp

αAb
αq

c, (7)

and Γα
λμ the Christoffel symbols of the Levi-Civita connection associated to g. This system expresses the

fact that, tangent vector Y to the trajectory of a particle in P = T (R4)× G is :

Y =
(
pα, Pα, QI

)
=
(
pα,−Γα

λμp
λpμ + pβq.Fα

β ,−CI
bcp

αAb
αq

c
)
. (8)

• We consider that particles have the same rest mass m > 0 normalized to the unity i.e., m = 1 and a
charge q of given size e. Then their phase space, that is the domain described by their trajectories is a
subset P1,e of P whose equation is :

P1,e = {gαβpαpβ = −1, |q|2 = e2}. (9)

Or, using the expression of g and (5), we have :

p0 =
[
1 + (p1)2 + (p2)2 + (p3)2

] 1
2 and qN =

[
e2 −

N−1∑
I=1

(qI)2

] 1
2

(10)

where, the choice of p0 > 0 symbolizes the fact that, naturally, the particles eject towards the future.
Hence, the local coordinates in P1,e = T (R4)× G are : x0 = t, xi, pi, qI with, I = 1, 2, ..., N − 1.

• We denote by f the unknown distribution function which measures the probability density of the
presence of particles in a given domain. f is a function defined on P1,e to R and will be subject to
the Boltzmann equation. Using the fact that we are studying a homogeneous phenomenon, we obtain
that the distribution function of Yang-Mills particles is definitely a function of independent variables
(t, pi, qI) = (t, p̄, q̃). Then, f = f(t, p̄, q̃), t ∈ R, p̄ ∈ R

3, q̃ ∈ R
N−1.

• The relativistic Boltzmann equation in f for the Yang-Mills charged particles in Minkowski space-
time can be written :

∂f

∂t
+

(
−q.F i0 − pjq.Fij

p0

)
∂f

∂pi
− pi

p0
CI

bcA
b
iq

c ∂f

∂qI
=

L(f, f)
p0

. (11)

The left hand side multiply by p0 is in fact the Lie derivative of f with respect to the vectors field Y

defined by (8). The right hand side is the collision operator over p0, we now introduce :

• According to Lichnerowicz and Chernikov, we consider a scheme in which, at a given position (t, xi),
only two particles collide, without destroying each other, the collision affecting only the momentum and
the charge of each particle, which change after the shock ; only the sum of the two momenta and the
sum of the two charges being preserved. If (p, p∗) (resp. (q, q∗)) stand for the two momenta (resp. tow
charges) before the shock, and (p

′
, p

′
∗) (resp. (q

′
, q

′
∗)) stand for the two momenta (resp. tow charges) after

the shock, then we have :

p+ p∗ = p
′
+ p

′
∗ (12)

q + q∗ = q
′
+ q

′
∗ (13)
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The collisions operator L is defined, using two functions f and g on P1,e and the above notations, by :

L(f, g)(t, p̄, q̃) = L+(t, p̄, q̃)− L−(t, p̄, q̃), (14)

where

L+(f, g) =

∫
R3×ϑ

1

p0∗
dp̄∗wq̃∗

∫
S2×SN−2

f(p̄′, q̃′)g(p̄′
∗, q̃

′
∗)σdwdθ

L−(f, g) =
∫

R3×ϑ

1

p0∗
dp̄∗wq̃∗

∫
S2×SN−2

f(p̄, q̃)g(p̄∗, q̃∗)σdwdθ

with :
• S2 the unit sphere of R3, whose element is denoted dw

• SN−2 the unit sphere of RN−1, whose element is denoted θ and dθ his volume element
• σ = σ(t, p̄, q̃, p̄∗, q̃∗, p̄

′, q̃′ , p̄′
∗, q̃

′
∗) is a positive regular function called the collision kernel or the cross-

section of the collisions, on which we require that

(H1) :

⎧⎪⎨
⎪⎩

∃C0 > 0, 0 ≤ σ ≤ C0

(1 + |p̄|)l ∥∥∂(p̄,q̃)σ∥∥L1(Ω×S)
∈ L∞(Ω), 0 ≤ |β| ≤ m+ 3, 0 ≤ l ≤ m+ 3

(1 + |p̄|)|β|−1∂β
(p̄,q̃)σ ∈ L∞(Ω× Ω×S), 1 ≤ |β| ≤ m+ 3

where, β ∈ N
m+3, Ω = R

3 × R
N−1 and S = S2 × SN−2. σ measures interactions effects between

particles and determines their nature.

• The conservation law of momenta (12) splits into :

p0 + p0∗ = p
′0 + p

′0
∗ (15)

p̄+ p̄∗ = p̄′ + p̄′
∗ (16)

(15) express the conservation of the quantity ẽ =
√

1 + |p̄|2+
√

1 + |p̄∗|2, called the elementary energy
of the unit rest mass of particles, we parameterize (16) by setting, following N. Noutchegueme and al in
[14], p̄′ = p̄ + d(p̄, p̄∗, ω)w and p̄′

∗ = p̄∗ − d(p̄, p̄∗, ω)w with w ∈ S2 in which, d is a regular function
given by :

d(p̄, p̄∗, ω) =
2ẽp0p0∗

[
ω.(ˆ̄p∗ − ˆ̄p)

]
ẽ2 − [ω. (p̄+ p̄∗)]2

, (17)

where, ˆ̄p = p̄
p0 , ˆ̄p∗ = p̄∗

p0∗
. The scalar product in (17) is the usual one in R

3.

The Jacobian of the transformation (p̄, p̄∗) −→ (p̄′, p̄′
∗) is given by :

∂(p̄′, p̄′
∗)

∂(p̄, p̄∗)
= −p

′0p
′0
∗

p0p0∗
(18)

The conservation law of charges (13) splits into :

qN + qN∗ = q
′N + q

′N
∗ (19)

q̃ + q̃∗ = q̃′ + q̃′
∗. (20)

(19) expresses the conservation of the quantity ĉ =

[
e2 −

N−1∑
I=1

(qI)2
] 1

2

+

[
e2 −

N−1∑
I=1

(qI∗)
2

] 1
2

.
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We can also parameterized (20) by setting, following the sketch given in [14] for the parametrization of
the post-collisional momentum :{

q̃′ = q̃ + η(q̃, q̃∗, θ1)θ1
q̃′
∗ = q̃∗ − η(q̃, q̃∗, θ1)θ1

, θ1 ∈ SN−2. (21)

By raising each member of (19) to square and invoking (21), in the sequel, we get after reduction :

η2 + η (q̃ − q̃∗.θ1) + qNqN∗ −
√
B = 0, (22)

where, B = η4 + 2η3 (q̃ − q̃∗.θ1) + η2
[
−2e2 + (q̃∗)

2
+ (q̃)

2 − 4 (q̃.θ1) (q̃∗.θ1)
]
+

2η
[
(q̃∗ − q̃.θ1)

(
qN∗
)2

+ {(qN)2 − (qN∗ )2} (q̃∗.θ1)
]
+ e4 − e2

[
(q̃∗)

2 + (q̃)2
]
+ (q̃.q̃∗)

2
.

Multiplying (22) by η2 + η (q̃ − q̃∗.θ1) + qNqN∗ +
√
B, we obtain after computation :

η2
[
(qN + qN∗ )2 + (q̃∗ + q̃.θ1)

2
]
+ 2η

(
qN + qN∗

) [
(q̃.θ1)q

N
∗ − (q̃∗.θ1)qN

]
= 0,

and since η 
= 0, we finally have :

η(q̃, q̃∗, θ1) =
2
(
qN + qN∗

) [
(q̃∗.θ1)qN − (q̃.θ1)q

N
∗
]

[(qN + qN∗ )2 + {(q̃∗ + q̃).θ1}2] . (23)

The Jacobian of the transformation (q̃, q̃∗) �−→ (q̃′, q̃′
∗) is given by :

J =
∂(q̃′, q̃′

∗)
∂(q̃, q̃∗)

= −q
′Nq

′N
∗

qNqN∗
. (24)

3. Functional Space and Energy Estimates

In all what follows, set Ω = R
3 × R

N−1 and S = S2 × SN−2.

Definition 1. Let T > 0, l ∈ N and d ∈ R
+.

1. Kl
d(Ω) = {u : Ω −→ R, (1 + |p̄|)d+|β|∂β

(p̄,q̃)u ∈ L2(Ω), |β| ≤ l}, endowed with the norm

‖u‖
Kl

d(Ω)
= max

0≤|β|≤l

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)u

∥∥∥
L2(Ω)

.

2. Kl
d(0, T ; Ω) = {u ∈ C([0, T ], C(Ω)), (1 + |p̄|)d+|β|∂β

(p̄,q̃)u(t, .) ∈ L2(Ω), |β| ≤ l}, endowed with the

norm ‖ u ‖Kl
d(0,T ;Ω)

= sup
0≤t≤T

max
0≤|β|≤l

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)u(t, .)

∥∥∥
L2(Ω)

.

3. El
d(0, T ; Ω) = {u ∈ C([0, T ], C(Ω)), (1 + |p̄|)d+|β|Dβ

(p̄,q̃)u(t, .) ∈ L2(Ω), |β| ≤ l}, endowed with the

norm ‖ u ‖El
d(0,T ;Ω)

= sup
0≤t≤T

max
0≤|β|≤l

∥∥∥(1 + |p̄|)d+|β|Dβ
(p̄,q̃)u(t, .)

∥∥∥
L2(Ω)

.

Where, Dβ
(p̄,q̃) denotes the derivative in the sens of distributions. For δ > 0, we also define

4. Kl
d,δ(0, T ; Ω) = {u ∈ K

l
d(0, T ; Ω), ‖u‖Kl

d(0,T ;Ω)
≤ δ}

5. El
d,δ(0, T ; Ω) = {u ∈ E

l
d(0, T ; Ω), ‖u‖El

d(0,T ;Ω)
≤ δ}.

Lemma 1. ([7, 11]) Let T > 0, l ∈ N and d ∈ R ;
i) El

d(0, T ; Ω) is a Banach space.
2i) Kl

d(0, T ; Ω) is dense in E
l
d(0, T,Ω) for the norm ‖.‖

El
d(0,T,Ω)

.

3i) El
d(0, T ; Ω) is a separable Hilbert space.

4i) The space E
l
d,δ(0, T ; Ω) is a complete metric subspace of El

d(0, T ; Ω).
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Remark 1. 1) The unknown function f = f(t, p̄, q̃) ∈ R
N+2 must to be continuously differentiable and

has to belong to the space C1
b (R

N+2). We have from Sobolev injection theorem

W l
2 ↪→ C1

b (R
N+2) if l > 1 +

N + 2

2
=

N + 4

2
.

Then, the smallest integer which satisfied this is l = E(N+4
2 ) + 1.

2) If N = 2m or N = 2m+ 1 then, l = m+ 3. From now and on, we will use l = m+ 3.
3) The Sobolev space Em+3

d (Ω) is a separable Hilbert space ([11] ; p=70) since for t0 ∈ [0, T ], the norm

max
0≤|β|≤m+3

∥∥∥(1 + |p̄|)d+|β|Dβ
(p̄,q̃)u(t, .)

∥∥∥
L2(Ω)

is equivalent to
∑

0≤|β|≤m+3

∥∥∥(1 + |p̄|)d+|β|Dβ
(p̄,q̃)u(t, .)

∥∥∥
L2(Ω)

.

This last norm emanate from the scalar product define for u, v ∈ E
m+3
d (Ω) by

(u/v)
E
m+3
d (Ω) =

∑
0≤|β|≤m+3

(
(1 + |p̄|) 1

2 (d+|β|)Dβ
(p̄,q̃)u/(1 + |p̄|) 1

2 (d+|β|)Dβ
(p̄,q̃)v

)L2(Ω)

.

4) For more details on the weighted Sobolev spaces, see [7].

Lemma 2. i) Let T > 0. The we have :

(ẽ)2 − [w.(p+ p∗)]
2 > 2. (25)

2i) The function (p, p∗, w) �→ ∂β
p d(p, p∗, w), is bounded for β ∈ N

3

, 1 ≤ |β| ≤ m+ 3.

3i) The function (q̃, q̃∗, θ) �→ ∂β
q̃∗η(q̃, q̃∗, θ), is bounded for β ∈ N

N−1

, 1 ≤ |β| ≤ m+ 3.

Démonstration. i) We have |w.(p̄+ p̄∗)| ≤ |w||p̄+ p̄∗|, then (ẽ)2− [w.(p+p∗)]2 ≥ (ẽ)2− (|w||p̄+ p̄∗|)2.
Since |w|2 = (w2

1 + w2
2 + w2

3) = 1, it then follows that :

(ẽ)2 − [w.(p+ p∗)]
2 ≥ (ẽ)2 − |p̄+ p̄∗|2 = (ẽ)2 − (|p̄|2 + |p̄∗|2 + 2|p̄||p̄∗|

)
. (a)

As (ẽ)2 =
(√

1 + |p̄|2 +√
1 + |p̄∗|2

)2
≥ 2 +

(|p̄|2 + |p̄∗|2 + 2|p̄||p̄∗|
)
, using (a), one has (25).

2i) For the second case, let β ∈ N
3

such that 1 ≤ |β| ≤ m+ 3. If |β| = 1 see [11].
If |β| ≥ 2, we can look ∂β

p d(p, p∗, w), with d given by (17), as a rational function whose the degree of the
denominator is greater or equal to the degree of the numerator and as the order of derivation increases, the
degree of the denominator gains more power compared to that of the numerator. So, ∂β

p d(p, p∗, w) −→ 0

when |p̄| −→ +∞, hence for ε = 1, there exists δ > 0 such that |p̄| > δ ⇒
∣∣∣∂β

p d(p, p∗, w)
∣∣∣ < 1.

In other hand, according to (25), the denominator of the function ∂β
p d(p, p∗, w) never vanishes, so it’s

C∞ class function and therefore bounded on the compact |p̄| ≤ δ. Hence 2i).
3i) is similar to 2i).

Lemma 3. The following estimates holds :
i) (1 + |p̄|)2 ≤ 2(p0)2, 2i) (1 + |p̄|) ≤ √

2(1 +
∣∣p̄′∣∣)(1 + ∣∣p̄′

∗
∣∣) and 3i) (1 + |p̄|)2 ≤ 8p0p0∗p

′0p
′0
∗ .

Démonstration. i) (1 + |p̄|)2 =
(
1 +

√
3∑

i=1

(pi)2

)
≤ 2

(
1 +

3∑
i=1

(pi)2
)

= 2(p0)2.

2i) It follows from i) that, (1 + |p̄|) ≤ √
2p0 ≤ √

2(p0 + p0∗) =
√
2(p

′0 + p
′0∗ ). Besides,

p
′0 ≤ √

2(1 + |p̄′|) and p
′0
∗ ≤ √

2(1 + |p̄′
∗|), from where (1 + |p̄|) ≤ √

2(1 + |p̄′|)(1 + |p̄′
∗|).

3i) Thereafter, combining (2i) and (i), we then have :
(1 + |p̄|)2 ≤ 4(1 + |p̄|)(1 + |p̄∗|)(1 + |p̄′|)(1 + |p̄′

∗|) ≤ 8p0p0∗p
′0p

′0
∗ .
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Remark 2. Let (ai)ni=1 ∈ R
n. We have :(

n∑
i=1

ai

)2

≤ n

n∑
i=1

a2i . (26)

Proposition 1. Let d ∈]N+4
2 ,+∞[. If f, g ∈ K

m+3
d (Ω) then,∥∥∥∥(1 + |p|)d 1

p0
L+(f, g)

∥∥∥∥
L2(Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .

Démonstration. We have :∥∥∥∥(1+|p̄|)d 1
p0
L+(f, g)

∥∥∥∥
2

L2(Ω)

=

∫
Ω

⎡
⎣(1 + |p̄|)d

p0

∫
Ω

1

p0∗
dp̄∗wq̃∗

∫
S2×SN−2

f(p̄′, q̃′)g(p̄′
∗, q̃

′
∗)σdwdθ

⎤
⎦
2

dp̄wq̃

=

∫
Ω

(1 + |p̄|)2d
(p0)2

⎡
⎣ ∫
Ω×S

f(p̄′, q̃′)g(p̄′
∗, q̃

′
∗)

p0∗
σ

1
2σ

1
2dwdθdp̄∗wq̃∗

⎤
⎦
2

dp̄wq̃.

We apply the Cauchy-Schwartz inequality to the integral over Ω×S (S = S2 × SN−2) to obtain :∥∥∥∥(1 + |p̄|)d 1
p0
L+(f, g)

∥∥∥∥
2

L2(Ω)

≤ (27)

C

∫
S

dwdθ

∫
Ω×Ω

(1 + |p̄|)2d
p0p0∗

|f(p̄′, q̃′)|2|g(p̄′
∗, q̃

′
∗)|2

dp̄dp̄∗
p0p0∗

wq̃wq̃∗,

since ‖ σ ‖L1(Ω×S)∈ L∞(Ω) and σ is bounded. According to (18) and (24), we also know that :

dp̄dp̄∗
p0p0∗

= −dp̄′dp̄′
∗

p′0p′0∗
and wq̃wq̃∗ = w

q̃
′w

q̃
′
∗
. (28)

With 1
p0p0∗

< 1, (27) gives using 2i) and 3i) in Lemma 3 :∥∥∥∥(1 + |p̄|)d 1
p0
L+(f, g)

∥∥∥∥
2

L2(Ω)

≤

C

∫
Ω

(1 + |p̄′ |)2d|f(p̄, q̃′)|2dp̄′w
q̃′
×
∫
Ω

(1 + |p̄′
∗|)2d|g(p̄′

∗, q̃
′
∗)|2dp̄′

∗wq̃′∗
.

Then,
∥∥∥(1 + |p|)d 1

p0L+(f, g)
∥∥∥
L2(Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .

Proposition 2. Let d ∈]N+4
2 ,+∞[ and β ∈ N

N+2, |β| = 1. If f, g ∈ K
m+3
d (Ω) then :∥∥∥∥(1 + |p̄|)d+1∂β

(p̄,q̃)

[
1

p0
L+(f, g)

]∥∥∥∥
L2(Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .

The proof of this proposition will be given by lemmas 4 and 5.

Lemma 4. Let d ∈]N+4
2

,+∞[ and i1 = 1, 2, 3. If f, g ∈ K
m+3
d (Ω), then :∥∥∥∥(1 + |p̄|)d+1 ∂

∂pi1

[
1

p0
L+(f, g)

]∥∥∥∥
L2(Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .
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Démonstration. Since (1 + |p̄|) ≤ √
2p0 and |pi| ≤ Cp0, after computation, we have :∥∥∥∥(1 + |p̄|)d+1 ∂

∂pi1

[
1

p0
L+(f, g)

]∥∥∥∥
L2(Ω)

≤ A0 + CB0, (29)

where A0 =
∥∥∥ (1+|p̄|)d+1

p0
∂

∂pi1
[L+(f, g)]

∥∥∥2
L2(Ω)

and B0 =
∥∥∥(1 + |p|)d 1

p0L+(f, g)
∥∥∥2
L2(Ω)

.

The term B0 in (29) is estimated in the proposition 1. In the sequel, for the term A0, the lemma 2 gives
that |∂pi1 p̄′| and |∂pi1 p̄′

∗| are bounded and using (26), it comes that :

A0 =

∫
Ω

⎡
⎣(1 + |p̄|)d+1

p0

∫
Ω

1

p0∗
dp̄∗wq̃∗

∫
S

∂

∂pi1
{f(p̄′, q̃′)g(p̄′

∗, q̃
′
∗)σ}dwdθ

⎤
⎦
2

dp̄wq̃

≤ C (A1 +B1 + C1) , (30)

where

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

A1 =
∫
Ω dp̄wq̃

(1+|p̄|)2d+2

(p0)2

[∫
Ω×S

|gσ∂
p
′i1 f |

p0∗
dp̄∗dθwq̃∗dw

]2

B1 =
∫
Ω dp̄wq̃

(1+|p̄|)2d+2

(p0)2

[∫
Ω×S

|fσ∂
p
′i1∗

g|
p0∗

dp̄∗dθwq̃∗dw

]2
C1 =

∫
Ω dp̄wq̃

(1+|p̄|)2d+2

(p0)2

[∫
Ω×S

|fg∂
pi1

σ|
p0∗

dp̄∗dθwq̃∗dw
]2

For the term A1 in (30), using Cauchy-Schwartz’s inequality and the assumptions (H1), we obtain :

A1 ≤
∫
Ω

dp̄wq̃
(1 + |p̄|)2d+2

(p0)2

⎛
⎝ ∫
Ω×S

|∂p′i1f |2|g|2σ
(p0∗)2

dp̄∗dθwq̃∗dw

⎞
⎠
⎛
⎝ ∫
Ω×S

σdp̄∗dθwq̃∗dw

⎞
⎠

≤ C

∫
Ω

(1 + |p̄|)2d+2

(p0)2

⎛
⎝ ∫
Ω×S

|∂p′i1f |2|g|2σ
(p0∗)2

dp̄∗dθwq̃∗dw

⎞
⎠ dp̄wq̃.

Considering (28) and the lemma 3, yields to

A1 ≤ C

∫
S

dwdθ

∫
Ω×Ω

(1 + |p̄|)2d+2

p0p0∗
|∂p′i1f |2|g|2

dp̄dp̄∗
p0p0∗

wq̃wq̃∗

≤ C

∫
Ω×Ω

(1 + |p̄|)2(1 + |p̄|)2d
p0p0∗

|∂p′i1f |2|g|2
dp̄dp̄∗
p0p0∗

wq̃wq̃∗

≤ C

∫
Ω×Ω

(1 + |p̄|)2(1 + |p̄′|)2d(1 + |p̄′
∗|)2d

p0p0∗
|∂p′i1f |2|g|2

dp̄′dp̄′
∗

p′0p′0∗
w

q̃′
w ˜

q
′
∗

≤ C

∫
Ω

(1 + |p̄′|)2d+2|∂p′i1f |2dp̄′w
q̃′

∫
Ω

(1 + |p̄′
∗|)2d|g|2dp̄′

∗w ˜
q
′
∗
.

Which means that :

A1 ≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) . (31)

For the term B1 in (30), interchanging the role play by f and g in A1, we obtain an inequality similar to
(31) for B1.
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Now we have for the last term C1 in (30), using Cauchy-Schwartz inequality and (H1) :

C1 ≤ C

∫
Ω

dp̄wq̃
(1 + |p̄|)2d+2

(p0)2

∫
Ω×S

|f |2|g|2∂pi1σ|
(p0∗)2

dp̄∗wq̃∗dwdθ

∫
Ω×S

|∂p′i1σ|dp̄∗wq̃∗dwdθ

≤ C

∫
Ω×Ω

(1 + |p̄|)2d+2

p0p0∗
|f |2|g|2dp̄dp̄∗

p0p0∗
wq̃wq̃∗.

We use (31) in which we replace ∂p′i1f by f to obtain :

C1 ≤ C

∫
Ω

(1 + |p̄′|)2d|f |2dp̄′w
q̃
′ ×

∫
Ω

(1 + |p̄′
∗|)2d|g|2dp̄′

∗w ˜
q
′
∗

≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) . (32)

From (31), (32) and the proposition 1, we have the proof of Lemma 4.

Lemma 5. let d ∈]N+4
2

,+∞[ and a1 = 1, ..., N − 1. If f, g ∈ K
m+3
d (Ω), then :∥∥∥∥(1 + |p̄|)d+1 ∂

∂qa1

[
1

p0
L+(f, g)

]∥∥∥∥
L2(Ω)

≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) .

Démonstration. Given lemma 2, |∂qa1 q̃′| and |∂qa1 q̃′
∗| are bounded and using (26), we obtain after com-

putation : ∥∥∥∥(1 + |p̄|)d+1 ∂

∂qa1

(
1

p0
L+(f, g)

)∥∥∥∥
2

L2(Ω)

= (33)

∫
Ω

dp̄wq̃

⎡
⎣(1 + |p̄|)d+1

p0

∫
Ω

h3

p0∗
dp̄∗wq̃∗

∫
S

∂

∂qa1
{f(p̄′, q̃′)g(p̄′

∗, q̃
′
∗)σ}dwdθ

⎤
⎦
2

≤ A2 +B2 + C2,

where

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

A2 = C
∫
Ω dp̄wq̃

(1+|p̄|)2d+2

(p0)2

[∫
Ω×S

|σg∂
q
′a1 f |

p0∗
dwdθdp̄∗wq̃∗

]2

B2 = C
∫
Ω dp̄wq̃

(1+|p̄|)2d+2

(p0)2

[∫
Ω×S

|σf∂
q
′a1∗

g|
p0∗

dwdθdp̄∗wq̃∗

]2
C2 = C

∫
Ω dp̄wq̃

(1+|p̄|)2d+2

(p0)2

[∫
Ω×S

|fg∂qa1σ|
p0∗

dwdθdp̄∗wq̃∗

]2
For the term A2 in (33), using Cauchy-Schwartz inequality and the assumptions (H1), we have :

A2 ≤
∫

Ω×Ω

(1 + |p̄|)2d+2

p0p0∗
|∂q′a1f |2|g|2

dp̄∗dp̄
po∗p0

wq̃∗wq̃

≤ C

∫
Ω

(1 + |p̄|)2
p0p0∗

(1 + |p̄′|)2d(1 + |p̄′
∗|)2d|∂q′a1f |2|g|2

dp̄′
∗dp̄

′

p′0∗ p
′0 wq̃′

w ˜
q
′
∗
.

Which means that :

A2 ≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) . (34)
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For the term B2 in (33), interchanging the role play by f and g in A2, we obtain an inequality similar to
(34) for B2.
For the last term C2 given by (33), proceeding like in (32), we have :

C2 ≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) . (35)

(34) and (35) end the proof of lemma 5.

Lemma 6. There exists a constant C > 0 such that, ∀β ∈ N
3 with 0 ≤ |β| ≤ m+ 3, we have :∣∣∣∣(1 + |p̄|)|β|∂β

p̄

(
1

p0

)∣∣∣∣ ≤ C
1

p0
.

Démonstration. For the sake of clarity, we start the proof of this lemma by a conjecture on the module
of the multi-index β, before concluding by a recursion reasoning. Let β ∈ N

3 with 0 ≤ |β| ≤ m+ 3 and
q(|β|) be the proposition defined by :

”∃C > 0, such that 0 ≤ |β| ≤ m+ 3, we have
∣∣∣(1 + |p̄|)|β|∂β

p̄

(
1
p0

)∣∣∣ ≤ C 1
p0”.

For |β| = 0, the result is obvious, from where q(0) is true.

For |β| = 1, let i1 = 1, 2, 3, we have (1 + |p̄|)∂pi1
(

1
p0

)
= −(1 + |p̄|) pi1

(p0)3 . Considering the fact that :

(1 + |p̄|) ≤ √
2p0, |pi1| ≤ Cp0 and 1

p0
< 1, we obtain :∣∣∣∣(1 + |p̄|)∂pi1

(
1

p0

)∣∣∣∣ ≤ C
1

p0
, from where q(1) is true.

For |β| = 2, let i1, i2 = 1, 2, 3, we have : ∂pi2
[
∂pi1

(
1
p0

)]
= −

[
δi1i2(p

0)3−3pi2pi1p0

(p0)6

]
. Since (1 + |p̄|)2 ≤

2(p0)2 and |pi| ≤ Cp0, we obtain :∣∣∣∣(1 + |p̄|)2∂2
pi2pi1

(
1

p0

)∣∣∣∣ ≤ C
1

p0
, from where q(2) is true.

For |β| = 3, let i1, i2, i3 = 1, 2, 3, we have :

∂pi3

[
∂2
pi2pi1

(
1

p0

)]
=

3δi1i2p
i3

(p0)5
+

3(δi1i3p
i2 + δi2i3p

i1)

(p0)5
− 3pi1pi2pi3

(p0)7
.

Likewise, we get :∣∣∣∣(1 + |p̄|)3∂3
pi3pi2pi1

(
1

p0

)∣∣∣∣ ≤ C
1

p0
, from where q(3) is true.

We now suppose that ∀β ∈ N
3 such that 3 ≤ |β| ≤ m + 2, the proposition q(|β|) is true and show that

q(|β|+ 1) is also true.
Let β ∈ N

3 such that 3 ≤ |β| ≤ m+ 2, in view of the foregoing, we can write :

∂β
p̄

(
1

p0

)
=

χ

(p0)2|β|+1
, (1A)

where χ can be regarded as a polynomial in p̄ with bounded coefficients of degree strictly inferior to
2|β|+ 1.
Let j = 1, 2, 3. Using (1A), we have the following relation :

∂pj

[
∂β
p̄

(
1

p0

)]
=

(∂pjχ)(p
0)2|β| − 2(|β|+ 1)pj(p0)2|β|−2χ

(p0)4|β|+1
, (2A)
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and taking into account (1+ |p̄|)|β| ≤ (
√
2)|β|+1(p0)|β| in the recurrence hypothesis, we established that :

|χ| ≤ C(p0)|β|, (3A) |∂pjχ| ≤ C(p0)|β|−1. (4A)

By combining (3A), (4A), (1 + |p̄|)|β|+1 ≤ C(T )(p0)|β|+1 and 1
p0 < 1 in (2A), we obtain :∣∣∣∣(1 + |p̄|)|β|+1∂β+β

′

p̄

(
1

p0

)∣∣∣∣ ≤ C
1

p0
, ∀β ′ ∈ N

3 such that |β ′| = 1,

hence q(|β|+ 1) is true. Which completes the proof of Lemma 6.

Remark 3. ∀k ∈ N
N+2 with 0 ≤ |k| ≤ m+ 3, there is a unique pair of multi index

(k1, k2) ∈ N
3 × N

N−1 such that k = (k1, k2). We have

∂k
(p̄,q̃)

(
1

p0

)
=

{
∂k
p̄

(
1
p0

)
if k2 = 0NN−1

0 else

Proposition 3. let d ∈]N+4
2 ,∞[ ; f, g ∈ K

m+3
d (Ω) and β ∈ N

N+2 such that :
2 < |β| ≤ m+ 2. If∥∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)

(
1

p0
L+(f, g)

)∥∥∥∥
L2(Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω)

then, ∀β ′ ∈ N
N+2 such that |β ′| = 1, we have :∥∥∥∥(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃)

(
1

p0
L+(f, g)

)∥∥∥∥
L2(Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .

Démonstration. By setting

α = β + β
′

we have |α| ≤ |β|+ |β ′| ≤ m+ 3,

and using the Leibniz formula, we obtain :

∂β+β
′

(p̄,q̃)

(
1

p0
L+(f, g)

)
=

1

p0
∂α
(p̄,q̃)

(L+
)
+

∑
k≤α, |k|≥1

Ck
α∂

k
(p̄,q̃)

(
1

p0

)
∂α−k
(p̄,q̃)

(L+
)
.

Which imply∥∥∥∥(1 + |p̄|)d+|α|∂α
(p̄,q̃)

(
1

p0
L+(f, g)

)∥∥∥∥
L2(Ω)

≤ A1 + A2, (36)

where :⎧⎪⎪⎪⎨
⎪⎪⎪⎩

A1 =
∥∥∥(1 + |p̄|)d+|α| 1

p0∂
α
(p̄,q̃)L+

∥∥∥2
L2(Ω)

A2 =

∥∥∥∥∥(1 + |p̄|)d+|α| ∑
k≤α, |k|≥1

Ck
α∂

k
(p̄,q̃)

(
1
p0

)
∂α−k
(p̄,q̃) (L+)

∥∥∥∥∥
2

L2(Ω)

(37)

In A2 given by (37), perform the following factorization

A2 =‖ (1 + |p̄|)d+|α| ∑
k≤α, |k|≥1

Ck
α(1 + |p̄|)|k|∂k

(p̄,q̃)

(
1

p0

)
∂α−k
(p̄,q̃)

(L+
) 1

(1 + |p̄|)|k| ‖
2
L2(Ω) .
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Using lemma 6, we have :

A2 ≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) , (38)

since |α| − |k| ≤ m+ 2 because |k| ≥ 1 and |α| ≤ m+ 3, we conclude from the recurrence hypothesis.

We then have to study A1 given by (37). one has

∂α
(p̄,q̃)L+(f, g) =

∫
Ω

1

p0∗
dp̄∗wq̃∗

∫
S

∂α
(p̄,q̃) (fgσ) dwdθ.

Applying twice successively the Leibniz’s formula we obtain :

∂α
(p̄,q̃)(fgσ) =

∑
k≤α

Ck
α∂

α−k
(p̄,q̃)(σ)

∑
λ≤k

Cλ
k∂

λ
(p̄,q̃)(f)∂

k−λ
(p̄,q̃)(g).

Which yields

A1 =

∫
Ω

dp̄wq̃

⎡
⎣(1 + |p̄|)d+|α|

p0

∫
Ω

1

p0∗
dp̄∗wq̃∗

∫
S

∑
k≤α

Ck
α∂

α−k
(p̄,q̃)(σ)

∑
λ≤k

Cλ
k∂

λ
(p̄,q̃)(f)∂

k−λ
(p̄,q̃)(g)dwdθ

⎤
⎦
2

.

By using (26), we get :

A1 ≤ C
∑
k≤α

Jk, (39)

where : Jk =
∫
Ω dp̄wq̃

[
(1+|p̄|)d+|α|

p0

∫
Ω

1
p0∗
dp̄∗wq̃∗

∫
S ∂α−k

(p̄,q̃)(σ)
∑
λ≤k

Cλ
k∂

λ
(p̄,q̃)(f)∂

k−λ
(p̄,q̃)(g)dwdθ

]2
.

Let s1 ∈ N
m+3, arbitrarily chosen and satisfying s1 ≤ α. For k = s1, we have according to (26) :

Js1 ≤ C
∑
λ≤s1

Iλ,

where, Iλ =
∫
Ω
dp̄wq̃

[
(1+|p̄|)d+|α|

p0

∫
Ω

1
p0∗
dp̄∗wq̃∗

∫
S
∂α−s1
(p̄,q̃) (σ)∂

λ
(p̄,q̃)(f)∂

s1−λ
(p̄,q̃) (g)dwdθ

]2
.

let s2 ∈ N
N+2, arbitrarily chosen and satisfying s2 ≤ s1.

Estimation of Iλ for λ = s2
Apply the Cauchy-Schwartz inequality for the integral on Ω×S, we get by considering the assumptions
on the collision kernel (H1) :

Is2 ≤ C

∫
Ω

dp̄wq̃
(1 + |p̄|)2d+2|α|

(p0)2

∫
Ω×S

|∂s2
(p̄,q̃)f |2|∂s1−s2

(p̄,q̃) g|2
(p0∗)2

dp̄∗wq̃∗dwdθ.

Using the lemma 3 and the inequality |α| ≤ |β|+ 1 we have :

Is2 ≤ C

∫
Ω×Ω

(1 + |p̄|)2d+2|α||∂s2f |2|∂s1−s2g|2
(p0∗)2(p0)2

dp̄∗wq̃∗dp̄wq̃

≤ C

∫
Ω×Ω

(1 + |p̄′|)2d+2|β||∂s2f |2(1 + |p̄′
∗|)2d+2|β||∂s1−s2g|2 (1 + |p̄|)2

p0∗p0
dp̄dp̄∗
p0∗p0

wq̃∗wq̃
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≤ C

∫
Ω×Ω

(1 + |p̄′|)2d+2|β||∂s2f |2(1 + |p̄′
∗|)2d+2|β||∂s1−s2g|2dp̄′dp̄′

∗wq̃′∗
w

q̃′

≤ C

∫
Ω

(1 + |p̄′|)2d+2|β||∂s2f |2dp̄′w
q̃
′

∫
Ω

(1 + |p̄′
∗|)2d+2|β||∂s1−s2g|2dp̄′

∗wq̃
′
∗
.

Which means :

Is2 ≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) . (40)

As s2 is arbitrarily chosen, we have :

Js1 ≤ C

s1∑
λ=0

Iλ ≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) . (41)

Likewise, as s1 is arbitrarily chosen in (41)

A1 ≤ C
∑
k≤α

Jk ≤ C ‖f‖2
K

m+3
d (Ω) ‖g‖2Km+3

d (Ω) . (42)

(38) and (42) end the proof of proposition 3.

Theorem 1. Let d ∈]N+4
2 ,+∞[ and f, g ∈ K

m+3
d (Ω). We have :

i)
1

p0
L+(f, g) ∈ K

m+3
d (Ω),

1

p0
L−(f, g) ∈ K

m+3
d (Ω).

ii) There exists C > 0 such that∥∥∥∥ 1

p0
L+(f, g)

∥∥∥∥
K

m+3
d (Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .∥∥∥∥ 1

p0
L−(f, g)

∥∥∥∥
K

m+3
d (Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .

Démonstration. We show that, ∀β ∈ N
N+2 such that 0 ≤ |β| ≤ m+ 3 we have :∥∥∥∥(1 + |p|)d+|β|∂β

(p,q̃)

(
1

p0
L+(f, g)

)∥∥∥∥
L2(Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .

For that, we reason by recurrence on the module of the multi index β. The conclusion is obtained using
propositions 1, 2 and 3. For the term in L−(f, g) we proceed in the same way.

Lemma 7. Let d ∈]N+4
2 ,+∞[ and f, g ∈ E

m+3
d (Ω). We have :

l1)
∥∥∥ 1
p0L+(f, f)− 1

p0L+(g, g)
∥∥∥
K

m+3
d (Ω)

≤ C
(
‖f‖

K
m+3
d (Ω) + ‖g‖

K
m+3
d (Ω)

)
‖f − g‖

K
m+3
d (Ω)

l2)
∥∥∥ 1
p0L−(f, f)− 1

p0L−(g, g)
∥∥∥
K

m+3
d (Ω)

≤ C
(
‖f‖

K
m+3
d (Ω) + ‖g‖

K
m+3
d (Ω)

)
‖f − g‖

K
m+3
d (Ω) .

Démonstration. For the proof of this lemma, we use the bilinearity of the collision operator.
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Theorem 2. Let d ∈]N+4
2 ,+∞[ and f, g ∈ E

m+3
d (Ω). then, we have :

i) 1

p0
L(f, g) ∈ E

m+3
d (Ω).

ii) There exists C > 0 such that∥∥∥∥ 1

p0
L(f, g)

∥∥∥∥
E
m+3
d (Ω)

≤ C ‖f‖
E
m+3
d (Ω) ‖g‖Em+3

d (Ω) .

iii)
∥∥∥ 1
p0
L(f, f)− 1

p0
L(g, g)

∥∥∥
E
m+3
d (Ω)

≤ 2C
(
‖f‖

E
m+3
d (Ω) + ‖g‖

E
m+3
d (Ω)

)
‖f − g‖

E
m+3
d (Ω) .

Démonstration. a) We use the density of Km+3
d (Ω) in E

m+3
d (Ω) and therefore, reason for f and g ∈

K
m+3
d (Ω) to conclude classically that 1

p0L(f, g) ∈ E
m+3
d (Ω).

Let f, g ∈ K
m+3
d (Ω) and β ∈ N

m+3, 0 ≤ |β| ≤ m+ 3, we have :

1

p0
L(f, g) = 1

p0
L+(f, g)− 1

p0
L−(f, g).

We conclude using the theorem 2 that 1
p0
L(f, g) ∈ K

m+3
d (Ω), and there is C > 0 such that∥∥∥ 1

p0L(f, g)
∥∥∥
K

m+3
d (Ω)

≤ C ‖f‖
K

m+3
d (Ω) ‖g‖Km+3

d (Ω) .

b) For iii), we use the bilinearity of collision operator and lemma 7

4. Existence and Uniqueness Theorem

We will prove that, the Boltzmann equation which writes :

∂f

∂t
+ P i ∂f

∂pi
+QI ∂f

∂qI
=

1

p0
L(f, f), (43)

with f(0, p̄, q̃) = f0 ∈ E
m+3
d,δ (Ω), has in E

m+3
d,δ (Ω) a local unique and bounded solution.

Where P i = −
(
q.F i0 + pjq.Fij

p0

)
and QI = − pi

p0C
I
bcA

b
iq

c.

We will suppose that the Yang-Mills potentialA and the Yang-Mills fieldF are given in C∞
0 ([0,+∞[×R

3),
the space of restrictions to [0,+∞[×R

3 of C∞ functions, or G−values tensors, with compact support on
R

4.

Lemma 8. i) Let t ∈ [0, T [, the application t −→ p̄(t) is uniformly bounded.
ii) P i and QI are bounded.
iii) (1 + |p̄|)|β|−1∂β

(p̄,q̃)P
i is bounded, for all β ∈ N

N+2 with 1 ≤ |β| ≤ m+ 3,

iv) (1 + |p̄|)|β|−1∂β
(p̄,q̃)Q

I is bounded, for all β ∈ N
N+2 with 1 ≤ |β| ≤ m+ 3.

Démonstration. Knowing that in the Minkowski space-time, Γα
λμ = 0, using (6) we have,

dpi

ds
= −

(
q.F i0 + pjq.Fij

p0

)
. Combining (5), 1

p0
and the fact that F ∈ C∞

0 ([0,+∞[×R
3), we get

|ṗi(t)| ≤ C
3∑

j=1

|pj(t)|+C i, where C i = C(e, |F |) and the dot stands for the derivative with respect to t.

By setting C1 =
3∑

i=1

C i = C(e, |F |), it follows that :

| ˙̄p(t)| ≤ C|p̄(t)|+ C1. (44)

© 2020 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 14



In the sequel, integrating relation (44) over [0, t], t ∈ [0, T [, one obtains

|p̄(t)| ≤ |p̄(0)|+ C1T + C

t∫
0

|p̄(s)|ds.

Applying the Gronwall lemma, one has |p̄(t)| ≤ (|p̄(0)|+ C1T )e
CT , t ∈ [0, T [.

ii) is immediate using i) and the fact that the Yang-Mills potential A and the Yang-Mills field F are
bounded.
iii) For all β ∈ N

N+2 such that 1 ≤ |β| ≤ m+ 3, we have :

∂β
(p̄,q̃)P

i = −∂β
(p̄,q̃)

(
q.F i0

)− ∂β
(p̄,q̃)

(
pjq.Fij

p0

)
.

Knowing that the application t −→ p̄(t) is uniformly bounded on [0, T [, immediately

(1 + |p̄|)|β|−1
∣∣∣∂β

(p̄,q̃)

(
q.F i0

)∣∣∣ ≤ C(T, e, |F |). 1B

Furthermore, the Leibniz’s formula applied twice successively gives

∂β
(p̄,q̃)

(
pjgiiq.Fij

p0

)
=
∑
k≤β

Ck
β∂

k
(p̄,q̃)

(
1

p0

) ∑
λ≤β−k

Cλ
β−k∂

λ
(p̄,q̃)p

j∂β−k−λ
(p̄,q̃) (q.Fij)

=
∑
k≤β

Ck
β(1 + |p̄|)|k|∂k

(p̄,q̃)

(
1

p0

) ∑
λ≤β−k

Cλ
β−k∂

λ
(p̄,q̃)p

j∂β−k−λ
(p̄,q̃) (q.Fij)× 1

(1 + |p̄|)|k| .

Invoking the lemma 6 and the fact that 1
(1+|p̄|)|k| < 1, we get :

|(1 + |p̄|)|β|−1∂β
(p̄,q̃)

(
pjgiiq.Fij

p0

)
| ≤ C(1 + |p̄|)|β|−1

∑
k≤β

Ck
β

1

p0

∑
λ≤β−k

Cλ
β−k|∂λ

(p̄,q̃)p
j||∂β−k−λ

(p̄,q̃) (q.Fij) |,

we conclude that :∣∣∣∣(1 + |p̄|)|β|−1∂β
(p̄,q̃)

(
pjgiiq.Fij

p0

)∣∣∣∣ ≤ C(T, e, |F |). (2B)

(1B) and (2B) complete the proof of iii). The proof for iv) is similar to iii)

Let f̃ ∈ E
m+3
d,δ (Ω). The linearized Boltzmann equation in f is the equation

∂f

∂t
+ P i ∂f

∂pi
+QI ∂f

∂qI
=

1

p0
L(f̃ , f̃) (45)

with f(0, p̄, q̃) = f0. Where P i = −
(
q.F i0 + pjgiiq.Fij

p0

)
and QI = − pi

p0
CI

bcA
b
iq

c.

We will prove that (45) has in E
m+3
d (Ω) a local unique and bounded solution. We use the Faedo-Galerking

method by constructing a sequence and we prove that this sequence is bounded in E
m+3
d (Ω).

Construction of the sequence
Let f̃ be given in E

m+3
d (Ω). Let (vk)k∈N∗ be a hilbertian basis of Em+3

d (Ω) (since it is a separable Hilbert
space). We follow the method used in [2] for the construction of the sequence (fM)M which will converge
to the solution f of (45). We then write

fM =
M∑
k=1

λkvk, M ∈ N
∗ (46)
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where the coefficients λk are derivable functions of t and are given as solutions of the following system
of linear first order differential equations :

(
∂tf

M/vj
)
+
(
P i∂pif

M/vj
)
+
(
QI∂qIf

M/vj
)
=

(
1

p0
L(f̃ , f̃)/vj

)
, (47)

with the initial data :

λj(0) = (f0/vj); (48)

where (./.) stands for the scalar product in E
m+3
d . Thus we obtain, that :

∂tf
M + P i∂pif

M +QI∂qIf
M =

1

p0
L(f̃ , f̃). (49)

So fM is solution of (45), with the initial data :

fM(0) =
M∑
k=1

λk(0)vk =
M∑
k=1

(f0/vk)vk

Proposition 4. Let d ∈]N+4
2

,∞[, fM ∈ E
m+3
d (Ω), α, β ∈ N

N+2, |α| ≤ |β| ≤ m+ 3, then∣∣∣∣((1 + |p̄|)d+|β|∂β
(p̄,q̃)

[
P i∂pif

M
]
/(1 + |p̄|)d+|β|∂(p̄,q̃)fM

)
L2(Ω)

∣∣∣∣ ≤
C(T, e, |F |)

⎛
⎝ ∑

|α|≤|β|

∥∥∥(1 + |p̄|)d+|α|∂α
(p̄,q̃)f

M
∥∥∥
L2(Ω)

⎞
⎠∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

where : C = C(T, e, |F |) and (/) stands for the scalar product in L2(Ω).

The proof of this proposition is given by Lemmas 9, 10 and 11.

Lemma 9. Let d ∈]N+4
2

,∞[ and fM ∈ E
m+3
d (Ω), then :∣∣∣∣∣

(
(1 + |p̄|)d

[
P i∂f

M

∂pi

]
/(1 + |p̄|)dfM

)
L2(Ω)

∣∣∣∣∣ ≤ C(T, e, |F |) ∥∥(1 + |p̄|)dfM
∥∥2
L2(Ω)

.

Démonstration. We have ∂pi[(1 + |p̄|)dfM ] = ∂pi[(1 + |p̄|)d]fM + (1 + |p̄|)d∂pifM , from where∣∣∣∣∣
(
(1 + |p̄|)dP i

[
∂fM

∂pi

]
/(1 + |p̄|)dfM

)
L2(Ω)

∣∣∣∣∣ ≤ |B1|+ |B2|, (50)

with

{
B1 =

(
P i∂pi[(1 + |p̄|)dfM ]/(1 + |p̄|)dfM

)
L2(Ω)

B2 =
(
P i∂pi[(1 + |p̄|)d]fM/(1 + |p̄|)dfM

)
L2(Ω)

For the term B1 given by (50), we also have :

B1 =
(
∂pi[(1 + |p̄|)dfM ]/P i(1 + |p̄|)dfM

)
L2(Ω)

= − ((1 + |p̄|)dfM/∂pi(P
i)(1 + |p̄|)dfM + P i∂pi[(1 + |p̄|)dfM ]

)
L2(Ω)

.

Using the symmetry and bilinearity of the scalar product to the second member of the previous inequality,
one has :

B1 = −1

2

(
∂piP

i[(1 + |p̄|)dfM ]/(1 + |p̄|)dfM
)
L2(Ω)

.
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According to lemma 8, ∂pi(P i) is bounded. Hence,

B1 ≤ 1

2

∣∣∂piP i
∣∣ ‖ (1 + |p̄|)dfM ‖2L2(Ω)≤ C(T, e, |F |) ∥∥(1 + |p̄|)dfM

∥∥2
L2(Ω)

. (51)

For the last term B2 in (50), we have ∂pi[(1 + |p̄|)d] = pid(1+|p̄|)d
|p̄|(1+|p̄|) , which imply that :

B2 ≤
∣∣∣∣P ipid(1 + |p̄|)d

|p̄|(1 + |p̄|)
∣∣∣∣ ∥∥(1 + |p̄|)dfM

∥∥2
L2(Ω)

≤ C(T, e, |F |) ∥∥(1 + |p̄|)dfM
∥∥2
L2(Ω)

(52)

(50), (51) and (52) complete the proof of Lemma 9.

Lemma 10. Let d ∈]N+4
2

,∞[, fM ∈ E
m+3
d (Ω), i1 = 1, 2, 3 and a1 = 1, ..., N − 1. Then :

(i)

∣∣∣∣∣
(
(1 + |p̄|)d+1∂pi1

[
P i∂f

M

∂pi

]
/(1 + |p̄|)d∂pi1fM

)
L2(Ω)

∣∣∣∣∣ ≤
C(T, e, |F |)

{
3∑

i=1

∥∥(1 + |p̄|)d+1∂pif
M
∥∥
L2(Ω)

}
× ∥∥(1 + |p̄|)d+1∂pi1f

M
∥∥
L2(Ω)

;

(2i)

∣∣∣∣∣
(
(1 + |p̄|)d+1∂qa1

[
P i∂f

M

∂pi

]
/(1 + |p̄|)d∂qa1fM

)
L2(Ω)

∣∣∣∣∣ ≤
C(T, e, |F |)

{
3∑

i=1

∥∥(1 + |p̄|)d+1∂pif
M
∥∥
L2(Ω)

}
× ∥∥(1 + |p̄|)d+1∂qa1f

M
∥∥
L2(Ω)

.

Démonstration. (i) We have ∂pi1 [P
i∂pif

M ] = ∂pi1P
i∂pif

M + P i∂2
pi1pi

fM , from where∣∣∣((1 + |p̄|)d+1∂pi1 [P
i∂pif

M ]/(1 + |p̄|)d+1∂pi1f
M
)
L2(Ω)

∣∣∣ ≤ |B3|+ |B4|, (53)

with

⎧⎨
⎩ B3 =

(
(1 + |p̄|)d+1P i∂2

pi1i
fM/∂pi1f

M
)
L2(Ω)

B4 =
(
(1 + |p̄|)d+1∂pi1 [P

i]∂pif
M/(1 + |p̄|)d+1/∂pi1f

M
)
L2(Ω)

For the term B4 in (53), since ∂pi1P
i is bounded (Lemma 8), we get :

B4 ≤ C(T, e, |F |)
3∑

i=1

‖ (1 + |p̄|)d+1∂pif
M ‖L2(Ω) × ‖ (1 + |p̄|)d+1∂pi1f

M ‖2L2(Ω) . (54)

Now, for the term B3 in (53), we have

∂pi[(1 + |p̄|)d+1∂pi1f
M ] = (1 + |p̄|)d+1∂2

pi1pif
M + ∂pi[(1 + |p̄|)d+1]∂pi1f

M .

Thus, B3 ≤ |B′
3|+ |B′′

3 |, with B
′
3 =

(
P i∂pi[(1 + |p̄|)d+1∂pi1f

M ]/(1 + |p̄|)d+1∂pi1f
M
)
L2 and

B
′′
3 =

(
P i∂pi[(1 + |p̄|)d+1]∂pi1f

M/(1 + |p̄|)d+1∂pi1f
M
)
L2(Ω)

. Where, we have on the one hand

|B′
3| ≤ C(T, e, |F |) ‖ (1 + |p̄|)d+1∂pi1f

M ‖2L2(Ω), (55)

and on the other hand ∂pi [(1 + |p̄|)d+1] = (d+1)pi(1+|p̄|)d+1

|p̄|(1+|p̄|) , which imply that :

|B′′
3 | ≤

∣∣∣∣(d+ 1)P ipi(1 + |p̄|)d+1

|p̄|(1 + |p̄|)
∣∣∣∣ ‖ (1 + |p̄|)d+1∂pi1f

M ‖2L2(Ω)

≤ C(T, e, |F |) ‖ (1 + |p̄|)d+1∂pi1f
M ‖2L2(Ω) . (56)

The inequality (54), (55) and (56) end the proof for (i).
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2i) For the case 2i) We have ∂qa1
[
P i∂pif

M
]
= ∂qa1P

i∂pif
M + P i∂2

qa1pif
M , from where∣∣∣∣∣

(
(1 + |p̄|)d+1∂qa1

[
P i∂f

M

∂pi

]
/(1 + |p̄|)d∂qa1fM

)
L2(Ω)

∣∣∣∣∣ ≤ |B5|+ |B6|. (57)

with

⎧⎨
⎩

B5 =
(
(1 + |p̄|)d+1∂qa1P

i∂pif
M/(1 + |p̄|)d∂qa1fM

)
L2(Ω)

B6 =
(
(1 + |p̄|)d+1P i∂2

qa1pif
M/(1 + |p̄|)d∂qa1fM

)
L2(Ω)

In the term B5 given by (57), since ∂qa1P
i is bounded (Lemma 8), we get :

|B5| ≤ C(T, e, |F |) ∥∥(1 + |p̄|)d+1∂pif
M
∥∥
L2

∥∥(1 + |p̄|)d+1∂qa1f
M
∥∥
L2 . (58)

For the term B6 in (57), we have :

∂pi
[
(1 + |p̄|)d+1∂qa1f

M
]
= (1 + |p̄|)d+1∂2

piqa1f
M + ∂pi(1 + |p̄|)d+1∂qa1f

M .

Thus |B6| ≤ |B′
6|+ |B′′

6 |, with B
′
6 =

(
P i∂pi

{
(1 + |p̄|)d+1∂qa1f

M
}
/(1 + |p̄|)d+1∂qa1f

M
)
L2(Ω)

and B
′′
6 =(

P
i

∂pi(1 + |p̄|)d+1∂qa1f
M/(1 + |p̄|)d+1∂qa1f

M
)
L2(Ω)

. In which we have on the one hand

|B′
6| ≤ C(T, e, |F |) ∥∥(1 + |p̄|)d+1∂qa1f

M
∥∥2
L2(Ω)

, (59)

and the other hand

|B′′
6 | ≤

∣∣∣∣(d+ 1)|pi|(1 + |p̄|)d+1

|p̄|(1 + |p̄|)
∣∣∣∣ ∥∥(1 + |p̄|)d+1∂qa1f

M
∥∥
L2(Ω)

≤ C(T, e, |F |) ∥∥(1 + |p̄|)d+1∂qa1f
M
∥∥
L2(Ω)

. (60)

The inequality (58), (59) and (60) end the proof for (2i)

Lemma 11. Let d ∈]N+4
2 ,∞[ , fM ∈ E

m+3
d (Ω) and β ∈ N

N+2, |β| ≤ m+ 2 if(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)

[
P i∂f

M

∂pi

]
/(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M

)
L2(Ω)

≤

C(T, e, |F |)
⎛
⎝ ∑

|α|≤|β|

∥∥∥(1 + |p̄|)d+|α|∂α
(p̄,q̃)f

M
∥∥∥
L2(Ω)

⎞
⎠∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

then, ∀β ′ ∈ N
N+3, |β ′| = 1, we have :(
(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃)

[
P i∂f

M

∂pi

]
/(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

)
L2(Ω)

≤

C(T, e, |F |)
⎛
⎝ ∑

|α|≤|β+β′|

∥∥∥(1 + |p̄|)d+|α|∂α
(p̄,q̃)f

M
∥∥∥
L2(Ω)

⎞
⎠∥∥∥∥(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

∥∥∥∥
L2(Ω)

Démonstration. We set λ = β + β
′
. According to the Leibniz formula, we have :

∂β+β
′

(p̄,q̃)

[
P i∂f

M

∂pi

]
=
∑
k≤λ

Ck
λ∂

k
(p̄,q̃)P

i∂λ−k
(p̄,q̃)

(
∂fM

∂pi

)
,
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which imply∣∣∣∣∣
(
(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃)

[
P i∂f

M

∂pi

]
/(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

)
L2(Ω)

∣∣∣∣∣ ≤ |K1|+ |K2|, (61)

where :

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

K1 =

(
(1 + |p̄|)d+|β|+1P i∂β+β

′

(p̄,q̃)

(
∂fM

∂pi

)
/(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

)
L2(Ω)

K2 =

(
(1 + |p̄|)d+|β|+1

∑
k≤λ, |k|≥1C

k
λ∂

k
(p̄,q̃)P

i∂λ−k
(p̄,q̃)

(
∂fM

∂pi

)
/(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

)
L2(Ω)

Estimation of K2 : According to lemma 8, ∂k
(p̄,q̃)P̃

i is bounded. Thus,

|K2| ≤ C
∑

k≤λ, |k|≥1

Ck
λ

∣∣∣∣∣
(
(1 + |p̄|)d+|β|−|k|+2∂λ−k

(p̄,q̃)

(
∂fM

∂pi

)
/(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

)
L2(Ω)

∣∣∣∣∣
= C

∑
k≤λ, |k|≥1

Ck
λ

∣∣∣∣∣
(
(1 + |p̄|)d+|β|−|k|+2∂λ+γ−k

(p̄,q̃)

(
fM

)
/(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

)
L2(Ω)

∣∣∣∣∣ ,
with γ ∈ N

3 such that |γ| = 1. Hence,

|K2| ≤ C
∑

k≤λ,|k|≥1

∥∥∥(1 + |p̄|)d+|β|−|k|+2∂λ+γ−k
(p̄,q̃) fMN

∥∥∥
L2(Ω)

∥∥∥∥(1 + |p̄|)d+|β|+1∂β+β
′

(p̄,q̃) f
M

∥∥∥∥
L2(Ω)

(62)

Estimation of K1 given by (61). We have :

∂pi

[
(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

]
=∂pi

[
(1 + |p̄|)d+|β|+1

]
∂β+β

′

(p̄,q̃) f
M + (1+|p̄|)d+|β|+1∂β+β

′

(p̄,q̃)

(
∂fM

∂pi

)
.

from where

|K1| ≤ |K ′
1|+ |K ′′

1 |, (63)

with

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

K
′
1 =

(
P i∂pi

[
(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

]
/(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

)
L2(Ω)

K
′′
1 =

(
P i∂pi

[
(1 + |p̄|)d+|β|+1

]
∂β+β

′

(p̄,q̃) f
M/(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

)
L2(Ω)

Since P̃ i is bounded, one has :

K
′
1 ≤ C(T, e, |F |)

∥∥∥∥(1 + |p̄|)d+|β|+1∂β+β
′

(p̄,q̃) f
M

∥∥∥∥
2

L2(Ω)

. (64)

furthermore, ∂pi
[
(1 + |p̄|)d+|β|+1

]
= (d+|β|+1)pi(1+|p̄|)d+|β|+1

|p̄|(1+|p̄|) , imply that :

K
′′
1 ≤ C(T, e, |F |)

∥∥∥∥(1 + |p̄|)d+|β|+1∂β+β
′

(p̄,q̃) f
M

∥∥∥∥
2

L2(Ω)

. (65)

With (63), (64) and (65), we get :

K1 ≤ C(T, e, |F |)
∥∥∥∥(1 + |p̄|)d+|β|+1∂β+β

′

(p̄,q̃) f
M

∥∥∥∥
2

L2(Ω)

. (66)

The inquality (61), (62) and (66) complete the proof of lemma 11.
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Proposition 5. Let d ∈]N+4
2 ,∞[, fM ∈ E

m+3
d (Ω), α, β ∈ N

N+2, |α| ≤ |β| ≤ m+ 3, then∣∣∣∣((1 + |p̄|)d+|β|∂β
(p̄,q̃)

[
QI∂qIf

M
]
/(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
)
L2(Ω)

∣∣∣∣ ≤
C(T, e, |F |)

⎛
⎝ ∑

|α|≤|β|

∥∥∥(1 + |p̄|)d+|α|∂α
(p̄,q̃)f

M
∥∥∥
L2(Ω)

⎞
⎠∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

where : (/) stands for the scalar product on L2(Ω).

Démonstration. The proof of this proposition is similar to that of proposition 4.

Proposition 6. Let d ∈]N+4
2

,∞[, fM ∈ E
m+3
d (Ω), f̃ ∈ E

m+3
d,δ (Ω), β ∈ N

N+2, |β| ≤ m+ 3 and T > 0.
We have :∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

≤ C(T, e, |F |)

Démonstration. Since f̃ ∈ E
m+3
d,δ (0, T,Ω), fM ∈ E

m+3
d (Ω) and using theorem 2, we have

1
p0L(f̃ , f̃) ∈ E

m+3
d (Ω) and (1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M ∈ L2(Ω) , for β ∈ N

m+3 such that |β| ≤ m+ 3. From
(49), using the bilinearity of the scalar product, we have :(

(1 + |p̄|)d+|β|∂β
(p̄,q̃)[∂tf

M ]/(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
)
L2(Ω)

+(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[P
i∂pif

M ]/(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
)
L2(Ω)

+(
(1 + |p̄|)d+β|∂β

(p̄,q̃)[Q
I∂qIf

M ]/(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
)
L2(Ω)

=

(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[
1

p0
L(f̃ , f̃)]/(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M

)
L2(Ω)

. (67)

Given that (1 + |p̄|)d+|β| does not depend on t, we have :

(1 + |p̄|)d+|β|∂β
(p̄,q̃)[∂tf

M ] = ∂t(1 + |p̄|)d+β|∂β
(p̄,q̃)[f

M ].

It comes that : (
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[∂tf
M ]/(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
)
L2(Ω)

=(
∂t(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M/(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
)
L2(Ω)

=
1

2

d

dt
‖ (1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M ‖2L2(Ω) .

From (67), we then have :

1

2

d

dt

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)[f

M ]
∥∥∥2
L2(Ω)

+
(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[P
i∂pif

M ]/(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

N
)
L2(Ω)

+
(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[Q
I∂qIf

M ]/(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
)
L2(Ω)

=

(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[
1

p0
L(f̃ , f̃)]/(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M

)
L2(Ω)

. (68)
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Furthermore, according to the Cauchy-Schwartz’s inequality, we have :∣∣∣∣∣
(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[
1

p0
L(f̃ , f̃)]/(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M

)
L2(Ω)

∣∣∣∣∣
≤
∥∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)[
1

p0
L(f̃ , f̃)]

∥∥∥∥
L2(Ω)

×
∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

≤
∥∥∥∥ 1

p0
L(f̃ , f̃)

∥∥∥∥
Em+3

d (Ω)

×
∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

.

So, from (68) we have :

1

2

d

dt

∥∥∥(1 + |p̄|)d+β|∂β
(p̄,q̃)[f

M ]
∥∥∥2
L2(Ω)

≤ (69)

−
(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[P
i∂pif

M ]/(1 + |p̄|)d+β|∂β
(p̄,q̃)f

M
)
L2(Ω)

−
(
(1 + |p̄|)d+|β|∂β

(p̄,q̃)[Q
I∂qIf

M ]/(1 + |p̄|)d+β|∂β
(p̄,q̃)f

M
)
L2(Ω)

+∥∥∥∥ 1

p0
L(f̃ , f̃)

∥∥∥∥
Em+3

d (Ω)

×
∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

.

Introducing propositions 4 and 5 in (69), we get :

1

2

d

dt

∥∥∥(1 + |p̄|)d+β|∂β
(p̄,q̃)[f

M ]
∥∥∥2
L2(Ω)

(70)

≤ C(T, e, |F |)
⎛
⎝ ∑

|α|≤|β|

∥∥∥(1 + |p̄|)d+|α|∂α
(p̄,q̃)f

M
∥∥∥
L2

⎞
⎠∥∥∥(1 + |p̄|)d+β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

+

∥∥∥∥ 1

p0
L(f̃ , f̃)

∥∥∥∥
E
m+3
d (Ω)

×
∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

.

Knowing that :

1

2

d

dt

∥∥∥(1+|p̄|)d+β|∂β
(p̄,q̃)f

M
∥∥∥2
L2(Ω)

=
∥∥∥(1 + |p̄|)d+β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

d

dt

∥∥∥(1 + |p̄|)d+β|∂β
(p̄,q̃)f

M
∥∥∥
L2(Ω)

,

dividing (70) by
∥∥∥(1 + |p̄|)d+|β|∂β

(p̄,q̃)f
M
∥∥∥
L2(Ω)

, we have :

d

dt

∥∥∥(1 + |p̄|)d+β|∂β
(p̄,q̃)f

M
∥∥∥
L2(Ω)

(71)

≤ C(T, e, |F |)
⎛
⎝ ∑

|α|≤|β|

∥∥∥(1 + |p̄|)d+α|∂α
(p̄,q̃)f

M
∥∥∥
L2(Ω)

⎞
⎠+

∥∥∥∥ 1

p0
L(f̃ , f̃)

∥∥∥∥
Em+3

d (Ω)

.

Summing (71) over |β| = 0, 1, 2, ...,m + 3, we get :

d

dt

⎛
⎝ ∑

|β|≤m+3

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
∥∥∥
L2(Ω)

⎞
⎠ ≤ (72)

C(T, e, |F |)
⎛
⎝ ∑

|β|≤m+3

∥∥∥(1 + |p̄|)d+|β|∂α
(p̄,q̃)f

M
∥∥∥
L2(Ω)

⎞
⎠+ C

∥∥∥∥ 1

p0
L(f̃ , f̃)

∥∥∥∥
E
m+3
d (Ω)

.
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By the Gronwall’s lemma, using theorem 2, the above inequality yields :∑
|β|≤m+3

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
∥∥∥
L2

≤ eCT

[
‖f0‖Em+3

d (Ω) + CT
∥∥∥f̃∥∥∥2

E
m+3
d (Ω)

]
. (73)

Since f̃ , f0 ∈ E
m+3
d,δ (Ω), we conclude that

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
∥∥∥
L2(Ω)

≤ C(T, e, |F |).

Theorem 3. Let f0 ∈ Em+3
d,δ(Ω)

, f̃ ∈ Em+3
d,δ(Ω)

be given. Then the linearized Boltzmann equation (45) has in

E
m+3
d (Ω) a local unique and bounded solution.

Démonstration. The proof of this theorem will be done into two steps.
Existence : According to the proposition 6, the sequence (fM)M is bounded in E

m+3
d (Ω) which is a

Hilbert space. So (fM)M admits a subsequence (fMk)Mk
which converges weakly to f ∈ E

m+3
d (Ω), the

solution of the linearized Boltzmann equation (45). From (47), we have :

(
∂tf

Mk/vk
)
+
(
P i∂pif

Mk/vk
)
+
(
QI∂qIf

Mk/vk
)
=

(
1

p0
L(f̃ , f̃)/vk

)
.

At the limit when k −→ +∞, we obtain ∂tf + P i∂pif +QI∂qIf = 1
p0L(f̃ , f̃). Hence f is a solution of

the Boltzmann equation (45) satisfying the condition f(0) = f0.

Uniqueness : We assume that, there is another solution f
′
of (45) with the same initial data f0. By setting

g = f − f
′
, g is the solution of the following cauchy problem{

∂g
∂t

+ P i ∂g
∂pi

+QI ∂g
∂qI

= 0

g(0) = 0
(74)

Next, proceeding as in the proof of the proposition 6, we show that (74) admits g = 0 as a unique
solution. Thus f = f

′

Theorem 4. Let f0 ∈ Em+3
d,δ (Ω) be given. Then the Boltzmann equation (43) has in Em+3

d,δ (Ω) a local
unique solution f such that f(0, p̄, q̃) = f0(p̄, q̃).

Démonstration. We consider the application

φ : Em+3
d −→ Em+3

d (Ω); f̃ �−→ φ(f̃) = f

where f is the unique solution of (43). The proof of this theorem will be divided into two steps.
1) We will show that one can choose f0 ∈ Em+3

d,δ (Ω) and T > 0 such that φ sends Em+3
d,δ (Ω) in itself.

In fact, this is to show that one can choose f0 ∈ Em+3
d,δ (Ω) and T > 0 such that

‖ f̃ ‖
E
m+3
d (Ω)≤ δ ⇒ ‖f‖

E
m+3
d (Ω) ≤ δ.

By introducing (73) in (72), one has :

d

dt

⎛
⎝ ∑

|β|≤m+3

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
∥∥∥
L2(Ω)

⎞
⎠ ≤

C(T, e, |F |)
(
‖f0‖Em+3

d (Ω) + CT
∥∥∥f̃∥∥∥2

E
m+3
d (Ω)

+

∥∥∥∥ 1

p0
L(f̃ , f̃)

∥∥∥∥
E
m+3
d (Ω)

)
.
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Integrating this inequality on [0, t], 0 ≤ t < T , we obtain using
∥∥∥ 1
p0
L(f̃ , f̃)

∥∥∥
E
m+3
d

≤ δ2 :

∑
|β|≤m+3

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M
∥∥∥
L2

≤
∑

|β|≤m+3

∥∥∥(1 + |p̄|)d+|β|∂β
(p̄,q̃)f

M(0)
∥∥∥
L2

+

C(T, e, |F |)
(
‖f0‖Em+3

d (Ω) T + CT 2δ2 + δ2T
)
.

But, we have∥∥fM
∥∥
E
m+3
d

≤ ‖f0‖Em+3
d

+ C(T, e, |F |)
(
‖f0‖Em+3

d (Ω) T + CT 2δ2 + δ2T
)

(75)

Since δ > 0 is given, if we take f0 ∈ E
m+3
d,δ (Ω) and T > 0 such that :

‖ f0 ‖Em+3
d (Ω)≤

δ

2
and C(T, e, |F |)

(
‖f0‖Em+3

d (Ω) T + CT 2δ2 + δ2T
)
≤ δ

2

(75) imply
∥∥fM

∥∥
E
m+3
d (Ω)

≤ δ. Since the sequence (fM)M converges weak star to f in E
m+3
d (Ω), we have

‖f‖
E
m+3
d (Ω) ≤ δ. This shows that

∥∥∥f̃∥∥∥
E
m+3
d (Ω)

≤ δ ⇒ ‖f‖
E
m+3
d (Ω) ≤ δ.

2)We show that φ is a contraction in the space E
m+3
d,δ (Ω).

Suppose that φ(f̃j) = fj, j = 1, 2 where

f̃j(0) = f0 and
∥∥∥f̃j∥∥∥

E
m+3
d (Ω)

≤ δ, j = 1, 2

show that

‖f1 − f2‖Em+3
d

≤ TC(F̃ , T )
∥∥∥f̃1 − f̃2

∥∥∥
E
m+3
d (Ω)

Setting G = f1− f2 and G̃ = f̃1− f̃2 then, G ∈ E
m+3
d (Ω) is a solution of the following Cauchy problem{

∂G
∂t + P i∂piG +QI∂qIG = 1

p0L(f̃1, G̃) + 1
p0L(G̃, f̃2)

G(0) = 0
(76)

(72) gives

d

dt

∥∥∥(1 + |p̄|)d+|β|Dβ
(p̄,q̃)G(t)

∥∥∥
L2(Ω)

≤

C

∥∥∥∥(1 + |p̄|)d+|β|Dβ
(p̄,q̃)G(t) ‖L2(Ω) + ‖ (1 + |p̄|)d+|β|Dβ

(p̄,q̃)

(
1

p0
Q(f̃1, G̃) +

1

p0
Q(G̃, f̃1)

)∥∥∥∥
L2(Ω)

.

Integrating on [0, t] for t ∈ [0, T [ and applying Gronwall’s lemma, knowing that G(0) = 0, we obtain :∥∥∥(1 + |p̄|)d+|β|Dβ
(p̄,q̃)G(t)

∥∥∥
L2(Ω)

≤ (77)

C(T, e, |F |)
t∫

0

∥∥∥∥(1 + |p̄|)d+β|Dβ
(p̄,q̃)

(
1

p0
Q(f̃1, G̃) +

1

p0
Q(G̃, f̃1)

)∥∥∥∥
L2(Ω)

dτ.

Then, taking the supremum in (77), for t, we get :

‖ G(t) ‖Em+3
d (Ω)≤ C(T, e, |F |)T ‖ G̃(t) ‖

E
m+3
d (Ω) (78)

According to (78), φ is a contracting map if T > 0 is chosen such that T × C(T, e, |F |) < 1. So, by the
Banach-Picard’s theorem, φ has a unique fixed point f solution of the Boltzmann equation (43)

© 2020 ISTE OpenScience – Published by ISTE Ltd. London, UK – openscience.fr Page | 23



Remark 4. The only explicit dependence of C with respect to T is given in the proof of lemma 8 where
we have (in line 8 of this proof) |p̄(t)| ≤ (|p̄(0)|+ C1T ) e

CT .
The other dependence of C with respect to T comes through the one’s of the components of the Yang-
Mills field F and the components of the Yang-Mills potential A, which are given continuous functions
of time t. Since [0, T ] is a compact set, the constant C can be taken absolutely with respect to T . So the
quantity T × C(T, e, |F |) tends to zero with T . We can then choose T such that TC < 1.

Conclusion. We have obtained a local in time regular solution for the relativistic Boltzmann equation
in Yang-Mills field, taking as background the Minkowski space-time. In future work, we will try to
generalize this result in the Robertzon-Walker-space-time which is a curved Lorentzian manifold.
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