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ABSTRACT. We consider in this work the Boltzmann equation in the presence of a Yang-Mills fields in temporal gauge,
which generalizes to the non-Abelian case the electromagnetic field. We prove, using the method presented by N. Nout-
chegueme and R. D. Ayissi [2], a local in time existence and uniqueness theorem for the regular solutions.
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1. Introduction

A plasma is a collection of particles moving at very high speed and under the effect of the forces
they create. For the electrons, in the Abelian case, the forces created are electromagnetic forces and
when we consider the particles evolving with collisions, the self-mained phenomenon is governed by
the Maxwell-Boltzmann system. Many authors have studied the relativistic Boltzmann equation alone
(which is one of the basic equations of the relativistic Kinetic theory) or this equation coupled with the
Maxwell equations : For the non classical solution, we can refer to [9], [13]] and [14]. For the regular
solutions, we can refer to [2], [[LO]], [12] and references therein.

In this work, we consider a more general plasma with particles having non-Abelian charges, for
example the field of quarks and gluons that one meets in chromodynamics, the electromagnetic field
is replaced by the Yang-Mills field. The plasma obtained here, called “plasma quarks-gluons™, is suppo-
sed to exist at very high temperature. In the collisionless case where the Boltzmann equation is replaced
by the Vlasov equation, many authors have already studied this kind of phenomenon : Y. Choquet-Bruhat
and N. Noutchegueme in [3] studied the Yang-Mills-Vlasov system using the characteristic method and
obtained a local in time existence result. They also studied in [6] the Yang-Mills-Vlasov system only
for the zero mass particles case and obtained a global existence theorem in Minkowski space-time for
small initial data. N. Noutchegueme and P. Noudjeu in [15] proved a local in time existence theorem of
solutions of the Cauchy problem for the Yang-Mills system in temporal gauge with current generated
by a distribution function that satisfies a Vlasov equation. R. D. Ayissi and al in [1]] obtained the visco-
sity solutions for the one-Body Liouville equation in Yang-Mills charged Bianchi models with non-zero
mass.

We prove here a local in time existence theorem of regular solution for the Boltzmann equation in
the presence of a given Yang-Mills field in Minkowski space-time. To our knowledge, there is not such
result, even for mild solution, in literature. In this case, unlike in the Abelian’s one, the unknow of the
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Boltzmann equation, depends over and above on the position () = (2°, 2) and the 4-momentum of
particles denoted by p = (p®) = (p°,p%), i = 1,2,3; but also on the non-Abelian charge of particles
denoted by ¢ = (¢*), a = 1,2,..., N ; where N is the dimension of the Lie algebra G of a Lie group G.
We follow the method used in [2, [11].

The paper is organized as follows : In section 2] we recall some preliminary results and present the
equation in the corresponding space-time. Section [3]is devoted to the functional framework and energy
estimates. Whereas in section 4] we state and prove the existence and uniqueness theorem.

2. Preliminary Results and Equations

e In all what follows, unless otherwise specified, Greek indices range from O to 3 and Latin ones from
1 to 3. We use the Einstein summation convention i.e., A, B* = > A,B®*.
e

e We consider the collision evolution of a kind of fast moving massive and charged particles in the
Minkowski space-time (R*, ), where the metric g is of signature (—, +, +, +). Let (%) = (2, %), the
global canonical coordinates system on R*, where 2° = ¢ is the time coordinate and z’ are the spatial
coordinates.

e Denote by A, a Yang-Mills potential represented by a 1-form on R* which takes its values in an
N —dimensional real Lie algebra G of a Lie group (G, endowed with an Ad-invariant scalar product
denoted by a dot """, which enjoys the following property :

flk 0 =[f.klL,  YfkleG, (1)

where [,] stands for the Lie brackets of the Lie algebra G. We consider that G is a vector space on R
whose dimension is N > 2 and (¢7) an orthonormal basis of G, then the Yang-Mills potential is locally
defined as follows :

A= Auda", with A, = Aler, I=1,2,..N. (2)

e The Yang-Mills field is the curvature of the Yang-Mills potential. It is represented by a G-valued
antisymmetric 2-form F' = (F),), linked to the potential A by :

F, = VAL — v, AL + [Ax, Al 3)
with
[A)n AH]I = CI{CAI/)\A/CN “4)

where C_ are the structure constants of G. We require that A verifies the temporal gauge condition, which
means that Ay = 0.

e We also suppose that the non-Abelian charge ¢ of the Yang-Mills particles is a C'** class function
from R* to G whose given norm is e > 0. To clarify this idea, ¢ takes its values in a orbit of G, which is
a sphere v whose equation is :

9igq=lqf* = ¢ (5)
where, |.| stands for the norm deduced from the scalar product.
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e The trajectories of particles with momentum p = (p®) = (p°, p) and charge ¢ = (¢’) in a Yang-Mills
field F', are no longer geodesics of space-time (R*, g), but verify the following differential system :

dz® dp® dq’ 7

_— = o _— = « _— = 6

ds P ds " ds @ 6)
where :

P = IS5, 0" + p 0 F5, Q' = —CipAod’, (7)

and I'§ | the Christoffel symbols of the Levi-Civita connection associated to g. This system expresses the
fact that, tangent vector Y to the trajectory of a particle in P = T(R?) x G is:

Y = (p*, P*,Q") = (", —T\.p"" + p’q.F§, —Clp* Abgt) . (8)
e We consider that particles have the same rest mass m > 0 normalized to the unity i.e., m = 1 and a

charge ¢ of given size e. Then their phase space, that is the domain described by their trajectories is a
subset [P, . of P whose equation is :

Pio = {gapp®p® = -1, |gI° = €*}. )

Or, using the expression of g and (3)), we have :

N-1 3
=1+ + )+ ()] andg" = [62 - Z(qlf‘)] (10)
=1
where, the choice of p° > 0 symbolizes the fact that, naturally, the particles eject towards the future.
Hence, the local coordinates in P, = T(R*) x G are : 2° = ¢, 2, p, ¢/ with, I =1,2,.... N — 1.

e We denote by f the unknown distribution function which measures the probability density of the
presence of particles in a given domain. f is a function defined on P; . to R and will be subject to
the Boltzmann equation. Using the fact that we are studying a homogeneous phenomenon, we obtain
that the distribution function of Yang-Mills particles is definitely a function of independent variables
(t,p',q") = (t,p,q). Then, f = f(t,p,¢),t € R,p € R? g€ RN,

e The relativistic Boltzmann equation in f for the Yang-Mills charged particles in Minkowski space-
time can be written :
0 ‘ q.Fi;\ O ¢ o) L
ot o) opt P og! 1P
The left hand side multiply by p° is in fact the Lie derivative of f with respect to the vectors field Y
defined by (8)). The right hand side is the collision operator over p’, we now introduce :

: (11)

e According to Lichnerowicz and Chernikov, we consider a scheme in which, at a given position (¢, z*),
only two particles collide, without destroying each other, the collision affecting only the momentum and
the charge of each particle, which change after the shock; only the sum of the two momenta and the
sum of the two charges being preserved. If (p, p.) (resp. (¢, ¢.)) stand for the two momenta (resp. tow
charges) before the shock, and (p , p,) (resp. (¢ , ¢,)) stand for the two momenta (resp. tow charges) after
the shock, then we have :

p+ps=p +p, (12)
q+ag«=q +gq, (13)
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The collisions operator £ is defined, using two functions f and g on IP; . and the above notations, by :

L(f,9)(t,p,q) = LT(t,p.q) — L™ (t,D,q), (14)
where
1 WA 7 =7

LY(f,g) = / Edﬁ*wq* / f',qd)9(p;, q,)odwdd

R3 x99 i S2x SN—-2
_ 1 o
L(f,9) = / ﬁdp*wq; / f(D,0)9(p«, ¢x)odwdf

R3 x4 - S2x SN—-2

with :

e S? the unit sphere of R3, whose element is denoted dw

o SV=2 the unit sphere of RV, whose element is denoted § and df his volume element

oo = 0(t,p,q, Dx, Gr, ];', qN', p_/*, qN;) is a positive regular function called the collision kernel or the cross-
section of the collisions, on which we require that

300>0, OSO’SC()
(Hy): ¢ A+ 1D 0600 xe) € LX), 0|8l <m+3,0<1<m+3
(1+[p)PI719] yo € L¥(Q x QA x &), 1 < [B| <m +3

where, 5 € N3 Q = R® x RVt and & = S? x SV2. & measures interactions effects between
particles and determines their nature.

e The conservation law of momenta (I12)) splits into :
Pl =p" +p! (15)
p+p=p +p. (16)

(I5) express the conservation of the quantity € = /1 + | ]5|2 +14/1+ |ps |2, called the elementary energy

of the unit rest mass of particles, we parameterize (16) by setting, following N. Noutchegueme and al in
[14], p' = p + d(p, px,w)w and p, = p, — d(p, px,w)w with w € S? in which, d is a regular function
given by :

28"l [w.(pe — )]
W) = o P

where, p = p%, Dy = 5—5. The scalar product in is the usual one in R3.

(17)

The Jacobian of the transformation (p, p,) — (15', g;'*) is given by :
ow.r.) __»°p)
(P, p+) pOp?

The conservation law of charges (I3)) splits into :

(18)

N+ =gV 4N (19)
i+i.=d +d. 20

(19) expresses the conservation of the quantity & = lez — S (¢! )2]
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We can also parameterized (20) by setting, following the sketch given in [14] for the parametrization of
the post-collisional momentum :

7= q+ U(Q7~CI*~7‘91)‘91 | 6, € SN2, o
qx = qx — U(Q7 qx, 01)01

By raising each member of (I9) to square and invoking (21)), in the sequel, we get after reduction :

> +n(G—g.0) +d ¢ —vVB=0, (22)

where, B = 7' + 21" (4 - 4.00) + 7 | =26 + (@.)° + (@) — 4(20)) (@.00)] +
2 |(@ = 360) (a))" +{(a")? = (@)} @0)| +¢' = @) + @°] + (@8.)".
Multiplying 22) by 7* 4+ 1 (§ — ¢..01) + ¢"¢Y + /B, we obtain after computation :
UK {(qN +q) )+ (G + 6-91)2] +2n (¢V +¢) [(3.00)a) — (¢.01)¢"] =0,

and since 7 # 0, we finally have :
2 (™ + ) [(G-01)g™ = (G.01)qY]

67 6*7 0 = ~ (23)
e S RS (A YAVl
The Jacobian of the transformation (§, g ) — (q ,q*) is given by :
2, d.) q’Nq;N
J = — = = (24)
9(4, ¢ N aY

3. Functional Space and Energy Estimates

In all what follows, set = R? x RVl and & = $% x SV2,
Definition 1. Ler T > 0, ] € Nand d € R™.
LK) ={u: Q—R, (1+ |]§|)d+‘ﬁ‘8éq)u € L*(Q),|B] < 1}, endowed with the norm
Il @) = maz, |1+ |p|>d+ﬁa<ﬂm>“‘ 12(0)’
2.K(0,T;9) = {u € C([0,T],C(Q), (1+[p)*1710], ult,.) € L), |8] < 1}, endowed with the

norm || u ||Kz (0,7:9)= Oilg)Togg‘:gl H (1+ |p|)d+\ﬁ\a(ﬁﬁ’q)u(t, )‘ L)

3. EL0,T;9Q) = {u e C([0,T],C(Q)), (1+ |ﬁ|)d+‘5‘Déq)u(t, ) € L3(Q),|8| < 1}, endowed with the

norm || w |[gt o, r:0)= OquT Ogg‘ail H (1+ |[—,|)d+\B\D(ﬁﬁ’q)u(t, )

Where, D(ﬁ’q) denotes the derivative in the sens of distributions. For § > 0, we also define
4. Kiz,&(OaT; Q) = {u € K}(0,T;Q), ||u||Kld(O,T;Q) <4}

5. El5(0,T;9) = {u € EL(0,T59Q), |lullgq.r.0) < 0}

Lemma 1. (/[ |/l]) LetT > 0,l € Nandd € R;

i) EL(0,T;Q) is a Banach space.

2i) KL(0,T; Q) is dense in EL(0, T, Q) for the norm ||.||E2(0’T79).

3i) EL(0,T; Q) is a separable Hilbert space.

4i) The space E275(0, T; Q) is a complete metric subspace of EL(0,T; ).

L2(Q)
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Remark 1. /) The unknown function f = f(t,p,q) € € RY*2 must to be continuously differentiable and
has to belong to the space Cbl(RN +2). We have from Sobolev injection theorem

N+2 N+4
Wi CHRY2)  if I>1+ 2+ = 2+ .
Then, the smallest integer which satisfied this is | = (N ) 4 1.

2)If N =2mor N = 2m + 1 then, | = m + 3. From now and on, we will use [ = m + 3.

3) The Sobolev space EZ”F?’(Q) is a separable Hilbert space ([]]] p=70) since for ty € [0,T], the norm
1+ [paHBIDE (¢, . is equivalent to H 1+ |p d*‘ﬁ‘Dﬁ H

(1+ )0 et )|, 2 o

This last norm emanate from the scalar product define for u,v € Em+3(Q) by

L*(Q)
(wf)gpeog = 5 ((U+[PNHIDE u/(1+ [p)HeB0D] 0)”
d 0<|8|<m+3 7

4) For more details on the weighted Sobolev spaces, see [7].

max ‘
0<[B]<m+3

Lemma 2. i) Let T' > 0. The we have :
@) = [w.F+p)? > 2 (25)

2i) The function (p,p,, w) 8§d(]_),]_) w), is bounded for [ € N3 1< <m+3.
3i) The function (q, G, 0) — 8?*77(61' Gx, 0), is bounded for 5 € N , 1 <8 <m+3.

Démonstration. i) We have |w.(p+ p.)| < |w|[p+ ps/, then (€)% — [w.(B+7,)]2 > (8)2 — (Jw||p + p])>.
Since |w|* = (w? + w3 + w3) = 1, it then follows that :

@)? = [w.(p+p.)° 2 ()~ Ip+pl = (&) — (Ipf* + o> + 2pllp]) . (a)

= (VIF TP+ 1+ 5] ) > 2+ (I + [p2[* + 2Ip]|p-]), using (a), one has @23).
21) For the second case, let 3 € N’ such that 1 < |8] < m + 3.If | 8] = 1 see [L1].
If |3] > 2, we can look 85 d(p,p,,w), with d given by (I7)), as a rational function whose the degree of the
denominator is greater or equal to the degree of the numerator and as the order of derivation increases, the
degree of the denominator gains more power compared to that of the numerator. So, 8§ d(p,p,, w) — 0

when |p| — +00, hence for ¢ = 1, there exists § > 0 such that |p| > § = 85(1(1_9,1_9*,10)‘ < 1.

In other hand, according to (23)), the denominator of the function 85 d(p, D, w) never vanishes, so it’s
(O class function and therefore bounded on the compact |p| < §. Hence 2i).
31) is similar to 2i). [

Lemma 3. The following estimates holds :

i) (1+ |p))? <2(0°)% 2i) (1+ [p]) < V2(

Démonstration. 1) (1 + |p|)* = <1 + 4/ i)l(pi)2 ) <2 <1 + Zi:l(pl)2> = 2(pY)2.

2i) It follows from i) that, (1 + |p|) < v2p° < v2(p° +p?) = V200 + p;o)._Besides, )

p° < V2(1+|p]) and p < v2(1 + [p.]), from where (1 + [p]) < V2(1+ |p'|)(1 + |p.]).

3i) Thereafter, combining (21) and (i), we then haﬁve :

(1+11)% < 41+ P (1 + (X + ' DA + [pL]) < 8p°p2p p2. O

(1 +|p.]) and 3i) (1+|p])* < 8p°plp p2.
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Remark 2. Let (a;)!" ; € R". We have :

(Z ai> <n Z a?. (26)
i=1 i=1
Proposition 1. Let d €]|X +ool. If f, g € K[ (Q) then,

Ha+mw$£Wﬁm

<C ||f||KgL+3(Q) ||g||KgL+3(Q) :

L2(Q)
Démonstration. We have :
2

2 d

1+ p WA N _

H(1+|p|) Lty :/ %/podp*wq / £, d)g(0., ) odwdd | dpwg
L2 4 o G2y GN 2
2
1
:/( ZL(lm / f(p.d)g (p*,q*)mmdwdedp*wq dpoy,
4 p p*

We apply the Cauchy-Schwartz inequality to the integral over Q x & (& = S? x S¥~2) to obtain :
2
< (27)

L2(Q)

(L4 D%, =0y = = 2dpdp.
C/dwd9 / po—pgIf(p,q)|2Ig(p*,q*)|2 0 T

*
S OQxQ

G+WW$£Wﬁm

since || o ||1oxe)€ L>°(€2) and o is bounded. According to (18) and (24), we also know that :

dpdp dp' dp’
PP 0 and wawg, = wows . (28)
Y Ly Yo D "Dy 7 9«
With p%po < 1, @7) gives using 2i) and 3i) in Lemma[3]:

2

<

L2(Q)

C [+ VUi < [0+ 1P d )Pl
Q Q

HO+@W$£Wﬁm

Then,

1+ BB (9| < O iy N9y -

Proposition 2. Let d €]2 +oo[and p € NV*2 8| = 1. If f,g € KJ(Q) then :

o, | el

< Ol l19llkm+3(q) -
L2(Q)

The proof of this proposition will be given by lemmas 4] and [5
Lemma 4. Let d E]M, +oolandiy =1,2,3. If f, g € KZH?’(Q), then :

a2 e

< Cllf Mmooy g llgr+aoy -
. K@) 19k @)
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Démonstration. Since (1 + |p|) < +v/2p° and |pi| < Cp°, after computation, we have :

-

< A + CBy, (29)
L (Q)

“.0)

2

_\d+1 2
where Ay = H%% L4 (f,9)] @ and By = H(l + |]—,|)d1%5+(f, g)‘ L)

The term By in (29) is estimated in the proposition [Il In the sequel, for the term Ay, the lemma [2] gives
that |0, p'| and |0, p,,| are bounded and using (26), it comes that :

2

~\d+1 ~ o
b :/ % / pigdp*wa* / ain{f(ﬁ,q’)g(p;,q;)U}dwdQ dpw;
Q Q S
< C (A1 + B+ (), 0
( /] 2
A = fgdpwq“ﬁ‘pﬁ lfmg —— 1 dp, dOwg, dw]
\fffaulg\

—\2d+2
whete By = [, dpwy lfoe

| 2d+2

0,0
=/ dpwq% [fgxe |fgp - |d «dOwg, dw]
For the term A1 in (30), using Cauchy-Schwartz’s inequality and the assumptions (), we obtain :

1 )2d+2 0 1, 2
A < / dpws % / ﬂd dfw, dw / odp,dwg. dw
p

2
——dp.dOwg, dw]Z

xG

1 2d+2 a iy 2
< C/ +|p| / | f| |g| ——————dp,dfwg. dw | dpwy.

Considering (28)) and the lemma 3] yields to

2d+2 dd*
A1<C/dd9/ *'p' 00 1 Plol Tt g

0
axQ P
(1+[p)2(1 + [p])** dpdps
<C / popo |8 iy f| | |2 p() WqWg.,
OxQ * *
(1+ [p))2(L + [p' %41 + [p.])* dp dp*
<c | r 0 £ Pla* 5 5 g
D D 9+
Qx0
<C [ o Py [0+ |ﬁ*|>2d|g|2dﬁ*wq1 .
Q
Which means that :
2 2
Ay < C[fllgm+s @ N9llkm+s @) - (€29)

For the term B; in (3Q), interchanging the role play by f and ¢ in A;, we obtain an inequality similar to

for B;.
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Now we have for the last term C in (30), using Cauchy-Schwartz inequality and (H;) :

1 =1\ 2d+2 26 it
C1<C / dm% Wd P, dwdd / 10,1, 0|dpwg, dwdd
p e

Ox6 Ox6
2d+2
<C %m g |2 * WA
q*qx-
p p

*

Qx€)

We use in which we replace 9,/;, f by [ to obtain :

Cr<C [Py x [+ 1) gPdruy
Q Q
2 2
< Cllf ligm+s ) 9 llkm+s ) - (32)

From (31)), (32) and the proposition [Il, we have the proof of Lemma [4l. O

Lemma 5. let d E]%,—i—oo[and a=1,..N—1LIff g€ K?+3(Q), then :

a2 | el

2 2
<C ||f||KZ”3(Q) ||9||Kg”3(ﬂ) ‘
L3 (Q)

Démonstration. Given lemma[2] |04e1¢'| and |0,e1 ¢, | are bounded and using (26), we obtain after com-

putation :
a5 (5570

_ 1 + p| )+ h3 _ a N 7
/dpwq % / Edp*wq; / %{f(p ,d )g<p*7 Q*)U}dwde S A2 + B2 + 027
Q Q &

2

= (33)
L)

(P°)?

( 2
2d+2 tar
= C Jo dpwg = foG g dwdfdp.wg, 1
2d+2 lofo ’a19| lz

where < (1+
=C [y dpwq% QxS
2d+2 a a1 0
Cy = C foy dpuog = e 'fgp* L dwdddpoug |
For the term Ay in (33)), using Cauchy-Schwartz inequality and the assumptions (), we have :

1+ 7 2d+-2 dp*dp
Aw</ﬁ—%%}—mﬂﬂ|ﬁ oy

—r—dwdfdp,wy,

OQxQ

(1 + |ﬁ|> 2 2 2dp*dp
< 000 Y 7.
< [ R 1P+ 10,0 T PloP g

Which means that :

Az < Clf llzegsey 9oy - (34)
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For the term B, in (33)), interchanging the role play by f and ¢ in A,, we obtain an inequality similar to

(34) for Bs.
For the last term C given by (33)), proceeding like in (32), we have :
2 2
Co < O\ f k3 l19llkm+3(q) - (35)
and (33) end the proof of lemma 3l n

Lemma 6. There exists a constant C > 0 such that, V3 € N3 with 0 < |3| < m + 3, we have :
1
= B
150 ()

Démonstration. For the sake of clarity, we start the proof of this lemma by a conjecture on the module
of the multi-index 3, before concluding by a recursion reasoning. Let 5 € N® with 0 < |3| < m + 3 and
q(|8|) be the proposition defined by :

”3C > 0, such that 0 < |5| < m + 3, we have ‘(1 + |]5|)|5|85 (1%)‘ < CI%”.

For || = 0, the result is obvious, from where ¢(0) is true.

For |3| = 1, letd; = 1,2,3, we have (1 + |p])0,u (z%) =—(1+ |ﬁ|)%. Considering the fact that :

(1+1p]) < v2p° |p| < Cp° and z% < 1, we obtain :

1
< 0.
p

1 1
‘(1 + 1p])Opin (—0> ‘ < C—;, from where g(1) is true.
p p
(. 0\3 a9 iy, 0
For |3 = 2, let 71,4 = 1,2, 3, we have : 0y, |:8pi1 (#)} - _ |:51112(p )(po)?;p 2p'tp ] Since (1 + |p])? <
2(p®)? and |p’| < Cp°, we obtain :
1292 1 1 .
(1+1p))*0iapin | =5 || < C'—5 from where ¢(2) is true.
p p

For 8| = 3, let i1,1i9,13 = 1,2, 3, we have :

. léﬂ (_1 )] ~ 30i,p" N 3(0iyisD'? + Oigiyp™)  3pipPp®
i3 o mil = — .
p p*2p pO <p0)5 <p0)5 <p0)7

Likewise, we get :
1 1
‘(1 + |]3|)38;’¢3p¢2pil (—O> ‘ < C—;, from where ¢(3) is true.
p p

We now suppose that V3 € N3 such that 3 < |3| < m + 2, the proposition ¢(|3|) is true and show that
q(|B| + 1) is also true.
Let 3 € N3 such that 3 < |B| < m + 2, in view of the foregoing, we can write :

JOR—

where x can be regarded as a polynomial in p with bounded coefficients of degree strictly inferior to
2|8] + 1.
Let 5 = 1,2, 3. Using (1A), we have the following relation :

@4%CNZ@MWW—MMHWWW?X o)

0 (p0)4IB1+1 ’
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and taking into account (1 + [p|)I?l < (v/2)!#+1(p°)I8l in the recurrence hypothesis, we established that :
x| < C”)?, (34) [Bpix| < C () (44)

By combining (3A), (4A), (1 + [p|)"*! < C(T)(p°)"*" and 75 < 11in (2A), we obtain :
(1 1 ' /
‘(1 + [p])? o, (—0>‘ < C=, V3 € N’such that 5] = 1,
p p

hence ¢(|3] + 1) is true. Which completes the proof of Lemma [6l ]

Remark 3. Vi € NV*2 with 0 < |k| < m + 3, there is a unique pair of multi index
(k1, ko) € N? x NV=L such that k = (ky, ko). We have

)=l 7

0 else

Proposition 3. let d €]23 oo[; f, g € K7 () and 3 € N2 such that :
2< Bl <m+2.If

H + [p) o], (]%ﬁ(f,g))

< Cllf sy gl
@) k@) 191l @)

then, Vﬁ/ e NV*2 such that |6/| =1, we have :

_ "1
oy (Se0)

< Ol l19llkm+s(q) -
L2(Q)

Démonstration. By setting
a=f+f wehave |a| < [5] +|5] < m+3,

and using the Leibniz formula, we obtain :

/1 1 1
B+8 _ e k ak a—k
Opa) (ﬁ L/ ’9>> = 3% (L) + Y. Cidgg <—> Wy (£7) -

0
k<a, |k|>1 p
Which imply
1
H(HI p) o 4 (—Oﬁ(f,g)) < A+ A, (36)
p L2(9)
where :
2
_ —\d+|al 1 Qa +
A= D50 027 L
2 (37)
Ag = (| el S kol () o ()
k<a, |k|>1 L2(Q)

In A, given by (37), perform the following factorization
1 1
Ay =|| (1 + |p|)dHe ck1+ 1aN*ex [ = ) ok (ot 2
2=l ) S ek ety (5 ) 5 (€)M

k<a, |k|>1
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Using lemmal6l we have :
2 2
Ay < C|fllgm+s oy lgllgmes o (38)
since || — |k| < m + 2 because |k| > 1 and |a| < m + 3, we conclude from the recurrence hypothesis.

We then have to study A; given by (37). one has
o 1 o
a(ﬁ@)ﬁ*(f, g) = /Edp*wq; /8(@@) (fgo) dwdb.
Q S

Applying twice successively the Leibniz’s formula we obtain :

s 90) = X0 CH (0) X0 (130

k<a A<k
Which yields
2
I T s |p| Y k Ao— k: A kX
A = | dpwy; dp*wq* Z Cadlp, Z C’kﬁp 0 ()04 (9)dwdd
Q k<« A<k

By using (26)), we get :

A <CY I, (39)

k<«

2
1 d+\a| a .

mkah@%[wme%gak>§@%www@w4-

Let s; € N™*3_ arbitrarily chosen and satisfying s; < a. For k = s1, we have according to (26) :

Jo <CD I,

A<s1
L dtla 2
where, I, = [,, dpw; [% Joo g, o 8851 (0)0) 4 ( f)a;;;)wg)dwde] .
let s, € NV+2 arbitrarily chosen and satisfying sy < 1.
Estimation of /) for \ = so
Apply the Cauchy-Schwartz inequality for the integral on €2 x G, we get by considering the assumptions
on the collision kernel (H) :

s $1—S8 2
(1 |p|y2el 103 5 F110 42 ]
I, < C’/dpwq- )2 )2 dpswg, dwdo.
Q Ox6 -

Using the lemma 3 and the inequality |o| < |5| 4+ 1 we have :

(1+ |ﬁ|>2d+2\a\|aszf|2|881*82g|2 - B
I, <C / dpwg, dpwg
2 TRk R
QxN
s o $1—S (1 + |]5|)2 dﬁdp_*
<c / 2d+2‘5‘|a 2f| ( 4 |p*|>2d+2\ﬁ\|a 2g|2 p0p0 p0p0 Wg, Wg

OQxQ
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<C [ D0 L 0 g i,
OxQ

<C [ Do P, [ 0 g Pl
Q Q

Which means :

2 2
Iy, < Ol f llgmeso N9llgmes @) - (40)

As s9 1s arbitrarily chosen, we have :

1 > >
Jo SCY I < O fllgmesiay l9llznss gy - (41)
=0

Likewise, as s; is arbitrarily chosen in (41))
2 2
A < CZ Jr < Ol flgm+aq) 19lkm+sq) - (42)
k<«
(38) and end the proof of proposition 3l O
Theorem 1. Let d €], +oo[ and f, g € K[ (2). We have :
Y 1 3 1 3

ii) There exists C' > 0 such that

‘ p

Lot (t.)
;

< Ol fllgm+s o N9llgm+aq) -
KPS k() 19lkp+(@)

1 .
—L(f,9) < O ks l19llkm+s(q) -

Ky 3(9)

Démonstration. We show that, V3 € N2 guch that 0 < || < m + 3 we have :

<C ||f||KZ”3(Q) ||9||K3”3(9)‘
L2(Q)

s m g, (e

For that, we reason by recurrence on the module of the multi index 5. The conclusion is obtained using
propositions [I, 2l and 3 For the term in £ (f, g) we proceed in the same way. [l

Lemma 7. Let d €], +ooland f, g € EJ7(Q2). We have :

W) || (5 1) = 5 0:0) [ g < € (M gy + lsllegos) 1 = ol
2) L) = 5700y < € (I gy + ol ) 1F = gl
Démonstration. For the proof of this lemma, we use the bilinearity of the collision operator. O
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Theorem 2. Let d €] +oo[ and f, g € E]'3(Q). then, we have :
i) 1

ii) There exists C' > 0 such that

1

Em+3 (Q)

i) | 520.5) = 509 yragy <20 (Ilprsqy + Iallegssiay) 1f = gllegrsca
d

Démonstration. a) We use the density of K7 (Q) in E/*3(2) and therefore, reason for f and g €
K73(Q) to conclude classically that ]%L( f,9) € ETT3(Q).
Let f, g € K" (Q) and 8 € N3 0 < |8] < m + 3, we have :
SE(F0) = L7 (F.9) — L (Fr0)
P P P
We conclude using the theorem [2] that Z%L( f,9) € KI'3(Q), and there is C > 0 such that

L(f.9g HK’”“(Q) < O fllgp+s ) l19llkm+3(q) -

b) For iii), we use the bilinearity of collision operator and lemma/[7] ]

4. Existence and Uniqueness Theorem

We will prove that, the Boltzmann equation which writes :

of f Iaf 1
5 Tt 3 p0£<f, f); (43)

with f(0, p, q) = fo € IE%*?’(Q), has in IEZ”&*?’(Q) a local unique and bounded solution.
Where P = — (q.Fi0 + %) and Q' = —5; L C Al
We will suppose that the Yang-Mills potential A and the Yang-Mills field F are given in C5°([0,+00[xR3),
the space of restrictions to [0, +o0o[xR? of C'° functions, or G—values tensors, with compact support on
R4,

Lemma 8. i) Let t € [0, T, the application t — p(t) is uniformly bounded.

ii) P* and Q" are bounded.

i) (1 + |]5|)|5|*18(Bﬁ q.)Pi is bounded, for all 3 € NYT2 with 1 < |3] < m + 3,

) (1+ |]5|)|5|*18(%’q~)621 is bounded, for all 3 € NV2 with 1 < |3| <m + 3.

Démonstration. Knowing that in the Minkowski space-time, I'} , = 0, using (6) we have,
(g = — (q.Fio + %) Combining (3, z% and the fact that F' € C5°([0, +00[xR?), we get

3 . .
Ipi(t)| < C Z |9’ (t)| + C*, where C* = C(e, |F|) and the dot stands for the derivative with respect to ¢.
By setting C} = Z C* = CO(e, |F)|), it follows that :

p(t)] < Clp(t)] + Ch. (44)
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In the sequel, integrating relation (44]) over [0, ¢], ¢ € [0, T'], one obtains

|p<>|<|p<>|+caT+c/| )/ ds.

Applying the Gronwall lemma, one has |p(t)| < (|p(0)| + C1T)eT, t € [0,T].
ii) is immediate using i) and the fact that the Yang-Mills potential A and the Yang-Mills field F' are
bounded.
iii) For all 5 € N¥*2 such that 1 < |3] < m + 3, we have :
o p oy _ a8 (PaFy
PP’ = =04 (F") = 0, ( 0 > -
Knowing that the application ¢ — p(t) is uniformly bounded on [0, 7'[, immediately

L+ 1) 07 (a.F)| < C(T, e | F)). 1B

Furthermore, the Leibniz’s formula applied twice successively gives

B pjg qFZ - ﬁ—k)—A

k<p A<B—k
1
_ k K| ok -
—Z%(HIPD‘ %q)( ) > Coilha? Vg (aFy) % LR
k<p A<B—k

Invoking the lemmal6l and the fact that W < 1, we get :

= —1498 pjg q 1 A A i1 aB—k—\
1+ 12D %@)( 20 >|<C(1+|p| )G 5 ORI 0 F) |
k<p A<B—k

we conclude that :

N P] ”sz
(1) (L) < e ), (B)
(1B) and (2B) complete the proof of iii). The proof for iv) is similar to iii) (]

Let f € ]Em+3(§2). The linearized Boltzmann equation in f is the equation

%{ f +Q' =7 f 10£<f,f> (45)

with £(0,7,q) = fo. Where P' = — (q.Fi0 + %) and Q! = CgcAf ‘.

We will prove that (@3) has in E7""*(02) a local unique and bounded solutlon. We use the Faedo-Galerking
method by constructing a sequence and we prove that this sequence is bounded in ]EZLJF?’(Q).

Construction of the sequence
Let f be given in E7""3(12). Let (vy,)ren- be a hilbertian basis of E7"3(0) (since it is a separable Hilbert
space). We follow the method used in [2] for the construction of the sequence ( f M )ar which will converge
to the solution f of (43). We then write

M
= Z/\k;vk;, M € N* (46)
k=1
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where the coefficients )\ are derivable functions of ¢ and are given as solutions of the following system
of linear first order differential equations :

, 1 - -
(0cf™ Jv;) + (P10 fM Ju;) + (Q1 0, M ;) = (Eﬁ(f,f)/vj> : (47)
with the initial data :
i (0) = (fo/vj); (48)
where (./.) stands for the scalar product in E//*?. Thus we obtain, that :
. 1 - -
O+ PO + QLo = SL(F. ). (49)
So M is solution of (43)), with the initial data :
M M
= Z Ak(0)vg, = Z(fo/vk)vk
k=1 k=1
Proposition 4. Let d €)X oof, fM € ET(Q), o, B € NV2, || < |B] < m + 3, then
‘ ((1 + |ﬁ|)d+‘6‘a(ﬁﬁ,q) [PlaplfM} /(1 + |ﬁ|)d+|ﬁ|8(p,q)fM) L2() <
e lF) | 3 ||arlah e ag M L @ e,

lal<[B

where : C = C (T, e,|F|) and (/) stands for the scalar product in L*(X2).

The proof of this proposition is given by Lemmas 9] [I0l and

Lemma 9. Let d €)% oo and fM € E]J*3(Q), then :
M
((1 + 1p1)* lPi aa];i ] /(1 + |15|)dfM>

Démonstration. We have 0,:[(1 + [p]) fM] = 0,:[(1 + [p))f™M + (1 + |p])0,: fM, from where

(s iy [%’;M] /(01 1) )

By = (P [(1+ 1B M)/ (1 + [p)f )L?(Q)
By = (Pou[(L+ |p) ™ /(1 + 18D ™) o
For the term B; given by (50), we also have :
By = (0 [(1+ DM/ P+ 1) M) o
= — ((L+ B M /3, (P + 1) + P[0 + [ FM]) 12y -

Using the symmetry and bilinearity of the scalar product to the second member of the previous inequality,
one has :

By =5 (@ PTO+ D Y1/ 4 1)) -

< C(T,e,|F|)||(1+ |25|)dfM||iz(Q)

L2(Q)

< |Bi| + | Bl (50)

with
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According to lemma 8, 9, (P") is bounded. Hence,
1 i _ _ 2
By < 5 10| I (1 1P [y < CT,e FI) (1 D)7 g

For the last term Bs in (30), we have 0,:[(1 + [p])9] = PR oo imply that :

p(1+[pl)

Pip'd(1 + |p|)
p[(1+ [p])
(GQ), (51) and (52) complete the proof of Lemma 9.

Lemma 10. Ler d E]N+4 oo, fM € Eg+3(Q), i1=123anda; =1,...,.N — 1. Then :

By <

\H (14 B0 gy < O e, [FI) [+ ) P

; S1\d+1 lan —\d M
@ [(@r o, [PO2) jas grt) |<
3
C(T,e,|F)) {Z L+ ) 0 Y| g }x||<1+p|>d“apnfMm);
1=1
; d+1 ’Lan —\d M
@) (4100 |POEE| S0 100 ) |
p* L2(Q)

3
C(T,e,|F|) {Z (1 + |p)d“8psz||L2(m} < |1+ 181 0o £ 12
i=1

Démonstration. (i) We have 0,i, [P0, f M) = Oyin PO, f My Piﬁzzlp M from where

(L 12D 9y [P0y £ (14 D™ 0 £V) gy | < 15l + 1Bl

By = (04 )" PO 0 1)
By = ((1+ )™ 0y [P10y S /(L + 1PD T/ 0pis [M) 2
For the term By in (53), since 0, P’ is bounded (Lemmal8)), we get :
3
By < C(T,e, [F)Y | (14 )™ 0 £ N2y x I (L + 18D 0 £ 1320y
i=1
Now, for the term Bs in (33]), we have

Oy [(1+ [P0y fY] = (1 + [B1) 105,

with

SN+ 0,1+ )0 S

Thus, By < |By| + By, with By = (PO [(1 + [p)** 0,0 1)/ (1 + [])F Oy f) 1 and
By = (PO, [(1+ [p))0, /(1 + |p|)d+18pi1fM)L2(Q). Where, we have on the one hand

|Bs| < C(T.e. |[FI) | (L+[p)T 0y f¥ (720

and on the other hand 9,:[(1 + |p|)*™] = (A D)p' (1t p) ™ , which imply that :

o (1+p])
(d+1)Pp'(L+[p)™! i
O A A A

< C(T,e, |F|) || (L4 D 0 M 1720
The inequality (34)), (53) and (56) end the proof for (i).

B3| <
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2i) For the case 2i) We have Oger [P0, fM] = 0yor P10, fM + P10?

. M from where

ofM

((1+| 2 [P’ 5 ]/(1+|p|)d8qa1fM> < |Bs| + | Bs|. (57)

L2(9)
B5 = ((1 + |p|>d+1aqa1 PlaplfM/(l + |Z§|)daqa1 fM)LQ(Q)
B:(l )L pig2 M /(] —dalM)

o= (4 D PG 0 )0 )
In the term Bs given by (57), since J,e1 P’ is bounded (Lemmal§)), we get :

with

|Bs| < (T, e, [F)[|(1+ [2) 0 fY || o (L4 18D Dga S]] 2 - (58)
For the term Bg in (37]), we have :

Oy [(L 4 1B1) " Ogar fM] = (1 + [P 02 gar S+ 0 (1 + D)) Oger £
Thus | Bs| < | Bg| +|Bg|, with By = (P8, {(1 + |p])* 0 fM} /(1 + [P Dy f1) 2 and B; =
(Piapz—(l +1p)) 1 04er fM /(1 + |]) 4Dy fM)L o In which we have on the one hand

’ _ 2
Bl < C(T e, |F]) || (1 + B Ogor £ 2y (59)

and the other hand

oo [ d+D)Ip (1 + |p)t _diln M
B.| < 1+ 0,a
< O(Toe, |F) |1+ 12D 0gos [ 2y - (60)
The inequality (38)), (539) and (60) end the proof for (2i) n

Lemma 11. Let d €]2H oo, fM € E7"(Q) and 8 € NVT2 8] <m + 2 if

(10705, [P v iy fM) <

L2(Q)

C(T,e | FI) | D2 ||+l log,,
| <|B]

then, V3 € NN+3_|5'| = 1, we have :

zan _ /
((1+|p|)d+5+185+ﬁ [P o ]/(1+|p|)d+lﬁ|+1a(ﬁ;’r£ fM> <
L2(Q)

|a|<[B+5']

H 1+| | dHﬁHlaﬁ-i—ﬁ fM

L2(Q)

Démonstration. We set A = 3+ 3. According to the Leibniz formula, we have :

O of
B+B _ kqk i A=k
Yo l oy ] =D O P0G, (ap )

k<A
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which imply

a /
(s ipreagy [PE) v oy 7)<l on

L2(Q)

_ = iof+8 (oM D g
Ky — ((1 4 |p|)d+|ﬁl+1p 5(5@) ( afpi ) /(14 |p|)d+|ﬁ|+1a(ﬁ@ fM> o

Ky = ((1 + [p|) o Dok<n, Jki>1 C;fak'j:ﬁ,d PlaA ) ( ap’ ) /(L+ |p|)d+\6\+1a(ﬁ;£ fM)

Estimation of K : According to lemma (8] 8’“ P’ is bounded. Thus,

where :

L2(Q)

gj<c Y &

((1+|p|)d+6 \k\+28(mk ((9fp >/(1+| |)d+|ﬁ|+1aﬁ+ﬁ fM>

k<A, [k[=1 L2(Q)
—0 5 o R () fa s g ),
k<A, [k[=1 L2(Q)
with v € N? such that || = 1. Hence,
< d+|ﬁ| |k|+2 >\+7 kEsMN d+|ﬁ|+1 B+B M
K| < C 1+ |pl) Opay | 1+ |pl) Opa) (62)
k<, |k|>1 L2(Q)

Estimation of K given by (61). We have :

M
0 |1+ o002 1 | =0y [0+ ] 032 4+ (Lt (5.

from where

K| < |K|+ K, (63)

;= (P [ phereags ) s eeiap o)
with | , , L
;= (P [+ =] 0 P+ e )

Since P is bounded, one has :

2
K, < (e ) 0+ 0 (64
L2(Q)
furthermore, 8, [(1 + [p|)¢HAI1] = (d+‘B‘Hh);(il(ﬁgﬁ)dﬂﬁm , imply that :
, 2
K < C(T.e P 10+ )0 (©5)
L2(Q)
With (63)), (64) and (63), we get :
, 2
i < (e P 1+ 10 (©6)
12(0)

The inquality (61)), (62) and (66) complete the proof of lemma [11] n

© 2020 ISTE OpenScience — Published by ISTE Ltd. London, UK — openscience.fr Page | 19



Proposition 5. Let d ]2 oo, fM € EF™(Q), o, 8 € NV2, |a| < |B] < m + 3, then

<

(0 1070 [0 ) 00+ 10,7

L2(Q)

e lFl) | D |l g |, | @+ ag,
|a|<]5]

where : (/) stands for the scalar product on L*((Q).

Démonstration. The proof of this proposition is similar to that of proposition 4] O]

Proposition 6. Let d €]2 oo, fM € EJ(Q), f € EP(Q), 8€ NV*2 8| <m+3and T > 0.
We have :

|+ 1p)iag C(T, e, |F))

Démonstration. Since f € E753(0,T,9), fM € Ef*?(Q) and using theorem 2, we have
]%E(f, f) € EMT3(Q) and (1 + |}5|)d+|5|8(5ﬁq~)fM € L?*(Q), for § € N3 such that | 3| < m + 3. From
(49), using the bilinearity of the scalar product, we have :

(1 1) *7l0g, 5 01/ (1 + o) 70g, o ) L+
(0 B0, (P o, )/ )y o) )

L2(Q)
(L 17100, Q"0 Y1/ (1 4 P10 £1)

1 .
= (1 pheeg, (L A+ )P0 ) (©7)
L2(Q)

Given that (1 + |p|)**/8! does not depend on ¢, we have :
(1+ [p) V10, o 0] = or(1 + [p) 07, o M),
It comes that :

(4 )00, o1/ 1 + |ﬁ|>d+'ﬁ'0ﬁf o) ey =

(01 + )™ 1707, o £ /0 + 1B 1900, 1) @+ 1B I0E, 1 ey

L2(Q) "2 dt
From (67)), we then have :

2
+ 1) 00, o 17

a0 o

= (004 100, [P0y P10+ P00 1)

+ (0 1o *l07 5 [@1a M G £V ) L

- ((1 ) %aﬁ P+ |ﬁ|>d+'ﬁ'ag@fM) . (68)

L2(2)
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Furthermore, according to the Cauchy-Schwartz’s inequality, we have :

((1 +[p) oy []%z(f, I+ |p|>d+5855@fM>

L2(2)

H L+ )0 (5, )

x| @+ e
12() (P,q)

_E For 1 = d+‘ﬁ‘aﬁ_~
L) E:;+3<mXH( + o) "ag,
So, from (68)) we have :
2
d+Bly8 [ M <
mHHH) Ol ey < (69)
= (W IBD™0G, o [Pa P11 (L ) 00, o )
= (D" l0g @10 M G, ) L+
—L(f. f) x ||+ 1))+l
‘ 0 B () H (P,4)

Introducing propositions 4 and [3]in (69)), we get :

d+ﬁ\(9@~ M‘ 70
2dtH +| | [f ] L2(Q) (70)
<CTelFl) [ 0 |+ Ip)* g, |+ o,
jol<18]
1 .
+ || =L(f. ] o3 [
e, x Jos ey,
Knowing that :
(1 d+ﬁ‘aﬁ7~ H 1+ 15 d+ﬁ\aﬁ M‘ H (1 d+5|85
2|+ (1) 0G, o ) g a7 [ 12D ,
dividing (70) by ||( H + |10|)d+‘5‘(96_~ fMH , we have :
(1 e 71
Sla+i 1)
— ol qa 1 For
<Celr) | 3 [[a i elor, 0 .
lol<15] P B (©)
Summing (71)) over |3| =0, 1,2, ...,m + 3, we get :
d
(2 fosmeon,
|B|<m+3
NP L5
c@elr) | X sy, +c\ Leg|
18] <m+3 p ;T (9)
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By the Gronwall’s lemma, using theorem 2 the above inequality yields :

2
> [atmyay | < et [nfonw(m +or||].... (m] . (73)
|B]<m+3 !
Since f, fy € E7'(€2), we conclude that H(l + |p|)d+|ﬁ|8(ﬁﬁvq)fM‘ L) < C(T,e,|F)). O

Theorem 3. Let fy € E;’?g) fe E;’?g) be given. Then the linearized Boltzmann equation (43) has in

E73(Q) a local unique and bounded solution.

Démonstration. The proof of this theorem will be done into two steps.

Existence : According to the proposition [6] the sequence (), is bounded in E[""(Q) which is a
Hilbert space. So (™), admits a subsequence ( f+),;, which converges weakly to f € E7""3(Q), the
solution of the linearized Boltzmann equation (43). From (@7)), we have :

(athk/Uk) + (Piapika/Uk) + (QfaquM’“/vk) = (%E(f:, f)/vk> .

At the limit when & — +o0, we obtain & f + PO, f + Qlaqz = Z%,C(f, f). Hence f is a solution of
the Boltzmann equation (45]) satisfying the condition f(0) = f.

Uniqueness : We assume that, there is another solution f~ of @3) with the same initial data f;. By setting
g=f—Ff B g is the solution of the following cauchy problem

9 i 0 199 _
ot tPlak +Q 5k = (74)
9(0)=0
Next, proceeding as in the proof of the proposition [6] we show that admits ¢ = 0 as a unique
solution. Thus f = f/ O

Theorem 4. Let f; € Eg}(;r 3(Q) be given. Then the Boltzmann equation has in Eg}(;“g(ﬂ) a local
unique solution f such that f(0,p,q) = fo(p, ).

Démonstration. We consider the application
0 Byt — EFP(Q); [ o(f) = f

where f is the unique solution of (43)). The proof of this theorem will be divided into two steps.
1) We will show that one can choose f, € £7;*(Q2) and T > 0 such that ¢ sends E7*(Q) in itself.

In fact, this is to show that one can choose f; € Egb(;r?’(Q) and 7' > 0 such that
| lgmes < 0 = 1 sy < 6.

By introducing in (72), one has :

d

a Z S\d+HBl 98 M
dt H(1+|p|> Ypaf ‘LQ(Q) =
|B]<m+3
C(T. e, |F cr|f|’ LT
o+ OT [ + |67 .
(T, e, |F]) { follgm+s o f Ems) | || 70 (f, f) S~
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Integrating this inequality on [0, ¢,

PGP <0

> [y, > fa+ |ﬁ|>d+'ﬁ'a§,,q~)fM<o>\ Lt
|B|<m+3 |B|<m+3
CHﬁJﬂNWﬂMﬂQT+CWﬁ+&T)
But, we have
17 lgpes < W follgg s + C(Ts e, |FD) (1l follggsoy T + CT6* + 6°T) (75)

Since § > 0 is given, if we take fy € EZ?;?’(Q) and 7" > 0 such that :

)
I fo gy < 5 and CT e, |F1) (| follgg o) T+ CT6? + 8°T) <

l\3|0'1

(73) imply || /A ||Em+3 < 6. Since the sequence (), converges weak star to f in E7"(Q), we have
| £l < 0. This shows that HfHIE;”+3(Q) < 8= | fllgpag < 6
2)We show that ¢ is a contraction in the space ]Em+3(Q).
Suppose that ¢(f;) = f;, 7 = 1,2 where
fi(0) = fo and HfJ‘
show that
11 = follegss < TO(R,T) | fi = o,

<6, j=1,2

B} (@)

+3(Q)

Setting G = f; — foand G = f; — fo then, G € E3(Q) is a solution of the following Cauchy problem

96 | PioyG +Q'0,G = LL(J1,G) + 5L(G, ) a6
G(0) = 0
gives
dt H 1) D g GE >‘ L2(Q) —
5 _ I = = 1~ -
A Y R LR e RGP N )| H

Integrating on [0, t] for ¢ € [0, T and applying Gronwall’s lemma, knowing that G(0) = 0, we obtain :

1 d+ﬁD@~Gt‘ < 77
H( B *IDE G|, < (7
d+ﬁ| 5 1 e 1 N7
TeUW 1+ P Do | QU1 G) + 5 Q(G, f1) dr.
P p L3 ()
Then, taking the supremum in (77), for ¢, we get :
I G(t) | gmes@y< C(Tye, [FNT || G(1) [lgmes g (78)

According to (78)), ¢ is a contracting map if 7" > 0 is chosen such that " x C'(T, e, |F|) < 1. So, by the
Banach-Picard’s theorem, ¢ has a unique fixed point f solution of the Boltzmann equation ]
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Remark 4. The only explicit dependence of C with respect to T' is given in the proof of lemma|8 where
we have (in line 8 of this proof) |p(t)| < (|p(0)| + C1T) e“™.

The other dependence of C' with respect to T comes through the one’s of the components of the Yang-
Mills field F' and the components of the Yang-Mills potential A, which are given continuous functions
of time t. Since [0, T is a compact set, the constant C' can be taken absolutely with respect to T'. So the
quantity T' x C(T, e, | F|) tends to zero with T. We can then choose T such that TC < 1.

Conclusion. We have obtained a local in time regular solution for the relativistic Boltzmann equation
in Yang-Mills field, taking as background the Minkowski space-time. In future work, we will try to
generalize this result in the Robertzon-Walker-space-time which is a curved Lorentzian manifold.
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