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ABSTRACT. This paper is concerned with the existence of an eigenvalue for a p(x)-biharmonic Kirchhoff problem with
Navier boundary condition. Under some suitable conditions, we establish that any A > 0 is an eigenvalue. The proofs
combine variational methods with energy estimates. The main results of this paper improve and generalize the previous
one introduced by Kefi and Radulescu (Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. 29 (2018), 439-463).
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1. Introduction

In this paper, we establish, under appropriate conditions, the existence of a weak nontrivial solution for
the nonlocal p(x)-biharmonic problem with variable exponents

M(t)(A;(x)u + B(x) [ulP@=2u) = AV (2)|ul?@ 2y, inQ

1
u=Au=0, on 0f), )

where () is a smooth bounded domain in RY (N > 1), M is a continuous function such that

- [ (x) (x)
= Q/ S (18uP + B ),

A is a positive parameter while p, ¢ are continuous functions.
Note that the conditions on the function V' will be mentioned later.

The operator A?)(I)u = A(JAu|P®) =2 Au) is called the p(z)-biharmonic operator of fourth order where
p 1s a continuous non-constant function. This differential operator is a natural generalization of the
p-biharmonic operator AZu := A(]Au[’">Au), where p > 1 is a real constant. However, the p(x)-
biharmonic operator possesses more complicated non-linearity than the p-biharmonic operator, due to
the fact that Ai(z) is nonhomogeneous. Note that the study of this kind of operators is very interesting
in many fields like electrorheological fluids see [33], elastic mechanics see [36], stationary thermo-
rheological viscous flows of non-Newtonian fluids, image processing see [6] and the mathematical de-
scription of the processes filtration of barotropic gas through on porous medium see [1]].

Problem () is related to the stationary version of the Kirchhoff equation introduced by Kirchhoff
in 1883 [23]]. This equation is an extension of the classical d’ Alembert wave equation by considering
the effects of the changes in the length of the strings during the vibrations. Due to the presence of
the function M, problem (1)) is called nonlocal problem, which implies that the equations in (1) are no
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longer pointwise. This provokes some mathematical difficulties which make the study of such a problem
particulary interesting.

After the work of Lions see [24], various equations of Kirchhoff type have been investigated, see
[2,8]. Moreover, Kirchhoff-type equations involving p-Laplacian and p(x)-Laplacian have been studied
in many papers; see [[7, 10, [13} 14, [15, 17, 27,28, 29, 130, 134]].

Finally, we mention that fourth-order elliptic equations arise in many domains like micro-electro-
mechanical systems, surface diffusion on solids, thin film theory, flow in Hele-Shaw cells and phase
field models of multiphasic systems, see [4, [12, [26]]. Recent contributions concerning a fourth order
elliptic problems involving the p(z)-biharmonic operator can be found in [16, 19} 20, 21}, 22]

Note that problem (I)) has been the object of study in [21]. More precisely, the authors established the
existence of a continuous spectrum consisting in an interval. Inspired by the above-mentioned paper, we
show, under appropriate conditions that any A > 0 is an eigenvalue for problem (I)).

This paper is divided into three sections. In the second section, we recall some Mathematical Back-
ground concerning the properties of the generalized Lebesgue-Sobolev spaces and the p(z)-biharmonic
operator which will be used to the proof of main results.

In the third section, we give some existence results of weak solutions of problem (I)).

Throughout this paper, the letters ¢, ¢;,7 = 1,2, .... denote positive constants which may change from
line to line.

2. Mathematical Background

To deal with the p(x)-biharmonic problems, we need to introduce some functional spaces LP(*) (),
W@ (Q), Wi *“) () and properties of the p(x)-biharmonic operator which we will use later. Denote
by S(£2) the set of all measurable real-valued functions defined in €2 and by

C.(Q):={f:feC), f(x)>1,forall z € Q}.
Note that two measurable functions are considered as the same element of S(2) when they are equal
almost everywhere.

For any p € C(Q), we denote 1 < p~ := minp(x) < p* = max p(r) < oo and
xeQ e

LPD(Q) = {u € S(Q) : / u(z)|P@dr < oo},
Q

with the norm

. u\xr x
|Uulp(z) = |t]re) () = inf {v>0: /|¥|p( Vdz < 1}.
0

The space (LP®)(€2), |u|,(,)) becomes a Banach space. We call it variable exponent Lebesgue space.
Moreover, this space is a separable, reflexive and uniform convex Banach space; see [25, Theorems 1.6,
1.10, 1.14].
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Clearly, when p(z) = p, the space LP®) () is the classical Lebesgue space LP(2) and the norm |u/,(,)
is the standard norm ||ul|z» = / |u|Pdx) % in LP(£2).

For any positive integer £, let

WEPE)(Q) = {u € LPW(Q) : D € LPP)(Q), |a| < K},
N
where o = (al, ag, ... ,aN> iS a multi—indeX, |a| — Z Q; and Dau = % Then Wk,P(fE) (Q)

i=1
1s a separable and reflexive Banach space equipped with the norm

k,p(x Z | DUl p(a)

o<k

e

The space W) (Q) is the closure of C°(€2) in W) ().

Let L7 (*)(Q) be the conjugate space of LP(*)(Q) with % + 1 = 1. Then the following Holder-type

p
inequality
L. (@) @)
wodr| < | — + TR || p(2)|V]p(2), forallu € LP(Q), v € LP(Q) (2)
p p
Q

holds. Moreover, if fi, f> and f3 : © — (1,00) are Lipschitz continuous functions such that 1/ f;(x) +
1/fo(x) +1/f3(x) = 1, then for any u € L"'®)(Q),v € LR2®(Q) and w € L) (Q) the following
inequality holds (see [[11, Proposition 2.5]):

1 1 1
wow dz| < ——f———i——) U] 1,V £ () W] £5(2)- 3)
/ (fl f2 f3 fi(z) fa(z) f3(z)

Inequality (2)) and its generalized version (3)) are due to Orlicz [31].

The modular on the space LP(*)(9) is the map p,,(,) : LF)(€2) — R defined by

= / |u|p(‘r)da:
Q

and satisfy the following proposition

Proposition 1. (See[25]) For all u,v € LP@®)(Q), we have

L |ulpe) < 1(resp. =1,> 1) & ppay(u) < 1 (resp. =1,>1).
. - + - +

2. min(ful) ., [ull ) < ppe)(u) < max(ful) . [ul),)-

3. Ppa)(u—v) = 0 |u—v|pm — 0.

Proposition 2. (See|9)) Let p and q be measurable functions such thatp € L>(2), and 1 < p(z)q(z) <
o0, for a.e. v € . Letu € LI%)(Q), u # 0. Then

. + N T - *
i ([} oy (¥l ayay) < 1l oty < max((ull ey [l 00
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Definition 1. Assume that spaces E, F' are Banach spaces, we define the norm on the space X := ENF
as |lullx = llullz + llullF .

In order to discuss problem (Il), we need some properties of the space X := WO1 P (‘r)(Q) N W2 (Q).
From Definition [T, we know that for any v € X we have |Jul| = [Jull;pu) + [|u
U] p(z) + [Vulpe) + Z | Dl(z). In Zang and Fu [35]], the equivalence of the norms was proved, and

|a|=2
it was even proved that the norm |Au/,,) is equivalent to the norm ||u|| (see [35, Theorem 4.4]). Note
that (X, ||.||) is a separable and reflexive Banach space.

2,p(z)» thus ||U|| =

Let

A
|ullg := inf ,U>0:/(|7u|p(x)+5(x)|%|p(x)> dr <1 for u € X.

Since 3 € L*°(2) and essinf,cqf8 > 0, we deduce that ||u||s is equivalent to the norms ||u|| and |Awu/,,)
in X. In our paper, we will use the norm [|u|s and the modular is defined as p,,) : X — R by

poi () = [ (18P -+ Ba) ),
Q

which satisfies the same properties as Proposition [Il Accordingly, we have the following property.

Proposition 3. For all u € LP®)(Q), we have

L lullg < 1(resp. =1,> 1) & pyy(u) <1 (resp. =1,>1).
. - + - +
2. min(llullg , [[ullf ) < ppe)(u) < max(fJullf , lullf ).
3. |Jun|lg — O (respectively, — 00) <> ppz)(un) — 0 (respectively, — 00).

1

AulP 4+ B(2)|ulP))dx, then
p(x)(| | B(x)|ulP)

Proposition 4. Ler L(u) = /
Q

1. L: X — Ris sequentially weakly lower semi continuous, L € C1(X,R).
2. The mapping L' : X — X* is a strictly monotone, bounded homeomorphism and is of type (S,.).

That is, if u, — u and limsup L' (uy,)(u, — u) < 0, then u, — u.
n—-+00

Finally, we recall that the critical Sobolev exponent is defined as follows

Np(x) <N
- Vom0
+00, p(r) 2 -

It is known, for ¢ € C+(Q) with ¢(2) < p3(x) for all z € Q, that the injection X < L*) () is compact
and continuous.
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In this work the function M satisfy the following conditions:
(Hop) M : R — [myg, +00) is a continuous function, with mgy > 0;

(H,) there exists 0 < 6 < 1 such that

—~

t
M(t) > (1 —0)M(t)t forall t > 0, where J/W\(t) = /M(s)ds;
0

3. Auxiliary and main results for problem (1)

Definition 2. We say that A € R is an eigenvalue of problem (1), if there exists u € X \ {0} such that
Au = 0 on 0f) and

(A @ @)= (@) _
M(Q/p(x)un'p + B(x)|ul? )dx) Q/(|Au|p 2AuAv—|—ﬂ(gj)|u|p QUU)d:E_

A / V(z)|u"™2uds
Q

for any v € X. Moreover, if X is an eigenvalue of problem ({I), then the corresponding u € X \ {0} is a
weak solution of problem ().

In the sequel and in order to prove our main results, we recall the following Theorem

Theorem 1. (see[3]) Let g be a continuous function defined on all of RY. If g is coercive, then g has
a global minimizer. Furthermore, if the first partial derivatives of g exists on all RN, then any global
minimizers of g can be founded among the critical points of g.

3.1. V :Q — R is a sign-changing function andV € L>((2)

In this section, we consider problem (II) in the case when V' : Q@ — R is a sign-changing function.
More precisely, we assume that the function V' € L*°((Q) satisfies

(V) there exist an xy € () and two positive constants  and R with 0 < r < R such that Bg(z() C Q2
and V' (z) = 0 for z € Bg(zo) \ Br(zo) and one of the following conditions hold

V(z) > 0,Vz € By(z) and V(z) <0,z € Q\ Br(zo) (V3)
or

V(z) < 0,Vz € By(xy) and V(z) > 0,Vz € Q\ Brlzo). (Vi)

Moreover, we assume that

Q1) 1< q(x) < pi() = 5oals forall v € O
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(Q)2) Either

max ¢(z) <p~ <p" <  min q(z) (le)
2E€Br(x0) z€Q\Br(z0)
or
max ¢(x) <p  <p" < min gq(x). (lel)
€N\ Br(zo) x€DBr(x0)

We can see that there are many functions satisfying the conditions (15), (¢)1) and (()2), for that we refer
the reader to the work of B. Ali et Al [3]. Our first result is the following

Theorem 2. Assume that the conditions (Hy), (H1), (V2) and (Q1) are satisfied. Moreover, either the
conditions (Vy) — (Q,) or the conditions (Vy ) — (Qy) hold. Then any X > 0 is an eigenvalue of problem

(@.
For any A\ > 0, let us define the functional ¥)(u) : X — R by

Uy (1) = M(/LOAMM@ + B @) - A/ V()
@ Q

q(z)

|u|q(x)dx,

p(x)

then by the hypothesis (()1) and the continuous embedding of X in L®) we can show that the functional
U, is well-defined on X and ¥y, € C''(X,R) with the derivative given by

¥ (u)(v) = M / ]%(muw + B ) / (18U 2 Auno + B(a)|ul"@~2uv)d
Q Q
—)\/V(:U)|u|q(‘r)2uvda:

Q

for all u,v € X. Therefore, the weak solutions of problem (I]) are exactly the critical points of the
functional V. For the proof of this result we refer to the work of Kefi and Radulescu (See Proposition 5
in[21]]).

In order to prove Theorem[2] Let us define the functions ¢; and g5 as follows ¢; : B, (xg) — (1, +00),q1(x) =

q(z) forany x € B,(xo) and ¢z : Q\Bpr(x¢) — (1,+00), ¢2(x) = g(x) for any x € Q\Br(x(). We also
introduce here the notations

qgp = min_qi(z), q¢f = maz g (z)
2E€Br(x0) x€Br(x0)

G = min @), ¢ = mar g()
2€Q\BRr(zo) 2€Q\BRr(z0)

By the conditions (Q;) and (Q,)
1<q <qf <p <p'<qy <qf <pb(z)foralz e, (4)

hence, fori = 1,2, X is continuously embedded in L% (£2), we deduce that there exists a positive constant
¢; such that

[u| o) < cilullg, forall uw € Xandi=1,2. (5)
The following result asserts the existence of a “valley" for W) near the origin.
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Lemma 1. There exists ¢ € X, such that p > 0, p # 0, and V(typ) < 0 for any t > 0 small enough.

Proof. By hypothesis (H;), there exists ty > 0 such that for all ¢t > ¢, we have

— Mt
M(t) < <10)t_0 = 5t

Let ¢ € C§°(R2), ¢ > 0 and there exist 1 € B,.(z¢) and € > 0 such that for any x € B.(x1) C B,(xo)
we have p(z) > 0. Letting 0 < ¢t < 1 we then obtain

Viz)

—~ 1
Wy(t) = M /— A(t)|P@ + B(z)|tplP@)dx —)\/ to| 1@ da
A(t) (Q Sy (AP + (@)t ) [
<, (/ Z?(:JC)(|A |p(x)+5(37)| |p(q;))dx)ﬁ_/\ V(I>tq1 | |q1 ) dox
Q Br(l'O)
tto e A
< o ([ aer swler i) T =T [ vileas
Q ! Br(x0)
s A
< et ([4aeP® + el in) - 2 [ V@ldn s
1
Q B

1

Obviously, we have U, (tp) < 0 forany 0 < t < §* ~% , where

A / V(@)] gl @ drdz

caq]

{1, Belon) —_ }
([ 0261 + sa)opiz) ™

Q

0<d<min

Finally, we point out that

/(m@'p(@ + B(2)|pP™)dz > 0.

Q

Indeed, supposing the contrary we have /(|Ag0|p(x) + B(x)|u[P®)dx = 0,
QO

By Proposition 3] we deduce that ||¢||s = 0 and consequently ¢ = 0 in € which is a contradiction.
The proof of Lemmal([I]is complete. O

Proof of Theorem 2. We will prove Theorem Zin details for the case when the conditions (V) — (Qs)
hold, the remaining one can be made by similarly arguments so we omit it. Using Holder inequality (2)
for ||u||s > 1 combined with relations (), it follows for any A > 0 and all u € X with [Ju|[s > 1,

Uy(u) = M(/@(mmpm+5(:1:)|u|p(x))da:) —)\/V(x)|u|Q(x)da:
Q Q

q(z)
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AV
E
_’B
|
\‘>’
—
~
&
=
=)
&
N
g

p+ J
mo - A
> Wl - SVl [ s
By (z0)
myo - A +
> 2Nl — Vo mane (el off Jullf)

By (Q,), we have ¢f” < p~, then W (u) — +00, as ||u||s — +oo. This implies that ¥, is coercive and
bounded from below on X. On the other hand, by (Q,), the embedding X — L?®)(Q) is compact, so
U, is weakly lower semicontinuous then it has a global minimizer w. Due to Theorem [, w is weak
solution of problem (I)). However, we must show that Aw = 0 on 0f2. For this result, we encourage
the reader to refer to the work [20, 21]]. Finally, we point out that due to the Lemmal I} this minimizer is
nontrivial and thus any A > 0 is an eigenvalue of problem (I). Which ends the proof.

3.2. V :Q — R is a sign-changing function andV € L (Q)

In this part, we study problem (1) under the following assumptions

(H2) 1 < q(z) < p(z) < & < s(z), forallz € Q, V € LF@(Q)and V > 01in Qy CC Q, with

| Qo |> 0. We point out that Kefi in [18] was the first to introduce assumption like (Hj) to study
problems involving Lebesgue and Sobolev spaces with variable exponents.

Let s'(x) the conjugate exponent of the function s(x) and set r(z) := Sig)_ég)

We announce than have the following remark

Remark 1. Assume that assumption (Hs) is fulfilled, then max(r(z), s'(x)q(x)) < p5(x), forall z € Q,
consequently the embeddings X — L* @4®)(Q) and X — L"®)(Q) are compact and continuous.

Our main result in this part is the following

Theorem 3. Assume that hypotheses (Hy), (Hy), (H2) are fulfilled. Then, for any X\ > 0 problem (1)) has
a weak solution with negative energy.

In order to describe the variational framework associated to (1)), we define the functionals ®, J : X —
R defined as follows:

— 1 V(x)
d(u :M(/— Al + B(x)|uP® da:) and J(u :/ w1 dz.
(u) p(m>(| | ()[u[") (u) q(x)l |
Q Q
By Proposition 2l and Remark[1l J is well defined and for all u € X
LVl e ftloorate) < 1,

1
q q,|V| |u|q Yg(z)” if |u|8’(x)q(x) > 1.

We recall that the Euler-Lagrange functional corresponding to problem (1)) can be written as

Uy (u) == P(u) — A\J(u).
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3.3. Proof of Theorem[3

We start with the following auxiliary property.

Proposition 5. Assume that hypotheses (Hy), (H1) and (Hs) are fulfilled. Then V) € C'(X,R) is
weakly lower semi-continuous and uw € X is a critical point of V if and only if u is a weak solution of

problem (1.

Proof. we chose to omit the proof since it is the same as that presented in the work of Kefi and
Radulescu (See Proposition 5 in[21]).

O
In order to prove our result, we start by announcing the following Lemma
Lemma 2. Suppose that the hypotheses of Theorem 3 are fulfilled. Then V) is coercive in X
Proof. Since the embedding X — L* (1)4(#) () is continuous, we have
U5 (2)q(z) < C2llu]|g, forallu € X. (6)

where ¢, is the positive constant. Moreover, by hypothesis (Hj), we have M (t) > myt. In what follows,
let us assume that that ||u||g > 1, by combining Holder’s inequality (2)), Proposition[3]and inequality (),
we deduce that for all u € X with ||u|lz > 1

—~ 1 A
W0) = B [ s (1aar) + ) fup)ds) = = [ Vil
Q Q

mo - A x

> p—JrHuHZZ} - q_|v|5(x)||u|q( )|S’(:r)
Mo - A - +

> p—+||U||Z - qT|V|s(x)ma$(|u|z/(x)q(x)a |U|z/(;p)q(;p)>
mo - A - - + +

> p—+|IUIIZ — —Vls@maz(c [lull§ ,c3 [[ullf )

Since gt < p~, then Uy, 3(u) — +00, as ||ullg — 400, consequently ¥ is coercive. which ends the
proof. O

The following result asserts the existence of a valley for W) near the origin.

Lemma 3. There exists p € X \ {0} such that p > 0 and V(tp) < 0, for t > 0 small enough.

Proof. By hypothesis (H;), there exists ty > 0 such that for all ¢t > ¢, we have

— Mt
M(t) < (10)tﬁ = 5t T,

Moreover, by (Hs), we have q(z) < p(z), for all z € Q.
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In the sequel, we denote
¢y = infq(z) and p, = infp(x).
Qo Q0

Let €y be such that ¢, + ¢y < p,. Since ¢ € C (ﬁo), there exists an open set {21 C )y such that
lg(z) — gy | < €0, forall x € Q. It follows that ¢(z) < q5 + €y < pg, forall x € Q.

Let o € C§°(£2) be such that supp (¢) C 21 C Q, ¢ = 1 ina subset Q] C supp(¢),and 0 < ¢ <1
in €2;. It follows that

V(x)

— 1
Wtg) = M( [ (18P + sl / e
Q
p(z) V 37
< ¢ AopP@) 4 p(x / q(x
< o [ S 08eP + @l V@)
Qo
Pq _
t1-o . T A\t T .
< ([ aer® 4 8@l ar) T - 2 [Vl
(0y) ™ g
Po Qo 0 Q1
5 =7 Atdo T
< e ( [1a6l + s)oreir) T - 222 [
Qo 0 Ql
Therefore
Ua(tp) <0
for t < ¢/ (Po =% ~) with
( )
2 [V
0<d<min{ 1, h — 5.
-0
([ 020P= + 5a)lol)ds)
\ Q0 Y,

Finally, we point out that

[ 1860 + @z > 0

Qo

Indeed, supposing the contrary we have / (|A@P®) + B(2)|u[P™)dz = 0. By Proposition Bl we deduce

Q
that ||¢||s3 = 0 and consequently ¢ = 0 in {2 which is not true. The proof of Lemma[3is complete. O

Proof of Theorem [3] completed. Due to Lemma 2 V) is coercive and consequently has a global
minimizer. By using Theorem [I] and Proposition[3, we conclude that this minimizer is a critical point of
U, and consequently a solution of problem (I). Moreover due to Lemma 3] this minimizer is nontrivial,
which ends the proof.
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3.4. An example

Let M (t) = ¢ + ~yt, where (, vy are positive constants and
1
ti= | —(JAuP™ + B(2)|u|P™)dz.
Jp@¢|| (@)l

We first observe that

Taking 6 = %, we have

M(t) = / M(s)ds = Ct + %7752 > %(g +At)t = (1 — )M (1)L,

Consider the nonlocal problem

{AHWA%w+ﬂ@Mﬁ@2w = W@l 2, o€ -

u=Au=0, x € 0L,
where 8 € L>°(Q2) such that essinf,cq3(z) > 0.

Assume that assertions of Theorem 2] or Theorem [3 are fulfilled, then any A > 0 is an eigenvalue for
problem ([7)).

Finally, We suggest to extend the methods developed in this paper to the more general problem and in
particular the one who was studied by K. Kefi and V. Radulescu ( See equation (2) page 440 in [21]).
Moreover we suggest to extend our work on Musielak-Orlicz-Sobolev spaces (see [32, Chaper 4]) for a
collection of stationary problems studied in these function spaces.
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