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ABSTRACT. The aim of this paper is to construct invariant regions of a generalized m-component reaction-diffusion
system with tridiagonal symmetric Toeplitz diffusion matrix and nonhomogeneous boundary conditions and polynomial
growth for the nonlinear reaction terms. Using the eigenvalues and eigenvectors of the diffusion matrix and the parabolicity
conditions. So we prove the global existence of solutions using Lyapunov functional.
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1. Introduction

Reaction-diffusion systems are systems involving constituents locally transformed into each other by
chemical reactions and transported in space by diffusion. They arise, in many applications, in chemistry,
chemical engineering and biology. They have been the subject of countless studies in the past few
decades. One of the most important aspects of this broad eld is proving the global existence of solutions
under certain assumptions and restrictions.

In 2001, Kouachi [[11] prove that solutions of 2-component reaction-diffusion systems with a diagonal
diffusion matrix exist globaly via a Lyapunov fonctional. Later in [13]] he generalized his result to the case
of 2 x 2 Toeplitz diffusion matrix and in [12]] he showed the global existence of solutions assuming the
reaction terms of a 3 X 3 diagonal system exhibit a polynomial growth. In 2007, Abdelmalek [3] proved
the global existence of solutions for reaction-diffusion systems of three equations with a tridiagonal
matrix of diffusion coefficients. And too one of the main results of these studies was obtained in 1989 by
Morgan [16]], where all the components satisfy the same boundary conditions (Neumann or Dirichlet),
and the reaction terms are polynomially bounded and satisfy certain inequalities. In 1993, Hollis [8]]
completed the work of Morgan and established the global existence in the presence of mixed boundary
conditions if certain structure requirements are placed on the system. In 2007, Abdelmalek and Kouachi
[4] represented the proof of global existence of solutions of m-component reaction-diffusion systems
(m > 2) with a diagonal diffusion matrix and nonhomogeneous Neumann, Dirichlet or Robin conditions,
where the reaction terms are polynomially growth. Later in 2014, Abdelmalek [2]] generalized the result
of [4] to the case of m x m tridiagonal symmetric Toeplitz diffusion matrix and to the case of m x m
arbitrary tridiagonal Toeplitz matrix in [[1].
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In this paper we shall generalize the results obtained in [2]. We prove the existence of global solutions
of m-component reaction-diffusion systems with tridiagonal symmetric Toeplitz diffusion matrix and
nonhomogeneous Neumann, Dirichlet or Robin conditions. The reaction terms are assumed to be of
polynomial growth.

We consider the following m-equations of reaction-diffusion system, with m > 2:

%_[Z _ ALAU = F(U) in (0, +00) x ©, (1.1)

where ) is an open bounded domain of class C' in R”, the vectors U and F' and the matrix A,, are
defined as:

U = (u, ...,um>T = ((Us>;n:1)T7

F=(F,.,F)" = (F)™)7,

s=1
[a b 0 0\
by ay by
An=1 0 by a3 - 0 . (1.2)
N
0 -+ 0 bp_1 am
The constants (a;);", , (bz):':l1 are supposed to be strictly positive and satisfy the condition
42 cos? <L> < @;ai41, (1.3)
m+1

which reflects the parabolicity of the system and implies at the same time that the diffusion matrix A,,
is positive defnite. That means the eigenvalues (\;)"; (A1 > A2 > ... > \,,) of A, are positive. The
boundary conditions and initial data (respectively) for the proposed system are assumed to satisfy:

alU+ (1 —a)0,U =B on (0,+00) x 0L, (1.4)
and
U0,z) =Uy(x) on €, (1.5)

where a% denotes the outward normal derivative on the boundary 02, the vectors B and U, are defined
as:

B =((B:)1)"
Up = ((ug)y)"

Here will consider three type of boundary conditions:

(i) Nonhomogeneous Robin boundary conditions, corresponding to

0<a<l1and BeR™;

(i1) Homogeneous Neumann boundary conditions, corresponding to

a=0and B=0;
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(i11) Homogeneous Dirichlet boundary conditions, corresponding to

l—a=0and B =0.

The initial data are assumed to be in the regions:

w? = (V,,Up) <0 if (V,,B) <0, 2€3
— m: z z9 — zZ — Y 16
26,3 {UOER {wg:a@,U@zo if (V,,B)>0, s€& [’ (1.6)

where
GN3=¢,6U3={1,2,....,m}.

The notation (.,.) denotes the inner product in R™ and Vi = (v,y,...,vsn)’ the eigenvector of the
diffusion matrix A,, associated with the eigenvalue ()7 ;. Hence, we can see that there are 2™ regions.

Remark 1.1. If we substitude (b;)" 7' = b and (a;)", = a in and in (L3)), we get the matrix of
diffusion and the parabolicity condition used in [2)].

The following assumptions are also made on the function ¥ defined by:

U= ((T)m )", Uy={((-1)"V,,F), is=1.2.

s=1

(A1) W, are continuously differentiable on R’ and W is quasipositive, i.e. W,(W) > 0 for all W =
(W1, .y Ws—1, We, Ws 41, - -+, W) > 0 with ws = 0. These conditions on ¥ guarantee local ex-
istence of unique, nonnegative and classical solutions on a maximal time interval [0, T},..), see
Hollis and Morgan [9].

(A2) The inequality
(S, U (W) <Cy(1+ (W, 1)), (1.7)
such that
S = (dy,da,...,dn-1,1),

for all wy > 0,s = 1,...,m and all constants d, satisfy d; > d,, s =1,...,m — 1, where Cy > 0
and d, are positive constants sufficiently large.

(A3) U, has polynomial growth, see Hollis and Morgan [9], which means there are constants C; >
0 and N > 1, such that

T, (W)| < Cy (1+ (W, )™, (1.8)

foral W e R ands=1,...,m.

2. Existence of local solutions
The usual norms in the spaces L? (Q2) , L> (Q2) and C (Q) are denoted respectively by:
1
Jully = o f u ()7 i,
925

lulloo = esssup fu ()] and [Juflyq) = max fu(z)].
TEN e
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For any initial data in C' (ﬁ) or L*> (Q2) local existence and uniqueness of solutions to the initial values
problem (L)) follow from the basic existence theory for abstract semi-linear differential equations (see
Friedman [6], Henry [7], Pazzy [17]). As a consequence, the system with the conditions (1.4)-(L.3))
admits a unique classical solution U on [0, T},4;) X €2, where T},q0 (||w?HOO , ||wg||oo . ||w%||w)
denotes the eventual blow-up time. Furthermore, if 7},,,, < 400, then

m

I t, )l = +oo.
2 (s (& )lloe = +00

Therefore, if there exists a positive constant C' such that
Yo flus (8, )|l < C forall t e [0, Ty,
s=1

then, 1},,,. = +00.

3. Eigenvalues and eigenvectors

Our aim in this section is to get a three term reccurence relation of characteristic polynomial of the
matrix A of dimension m X m in terms of matrices of dimensions (m — 1) x (m — 1) and (m — 2) x
(m — 2) so the eigenvectors of this matrix. The eigenvalues of the matrix A,, are \ along with the
solutions of characteristic polynomial det (A, — Al,;) = 0. We denote the characteristic polynomial of
Ay Am—1, Am—2 by & (A) o1 (A) , dm—2 (X) respectively.

Lemma 3.1. (See [15]) Let A,, be the tridiagonal matrix defined in (1.2). The eigenvalues of A,, are
distinct and interlace strictly with the eigenvalues of A,,_1 and A,, o, for m > 2.

60 (A\) =1, d1(N) = a1 = X dm (V) = @1 (A) = U 10m—2 (A) - (3.1)

Lemma 3.2. (See [5]) Let A,, be the real symmetric tridiagonal matrix definied in (1.2), with diagonal
entries positive. If

™ .
4(712 cos? (m——|—1> < a1, t=1,....m—1,

then A,, is positive definite.

Lemma 3.3. (See [15]) The real symmetric tridiagonal matrix A,,, defined in (L2), is positive definite if
and only if its principal minors det Ay, for s = 1, ..., m, are positive.

Lemma 3.4. The eigenvector of the matrix A, given in (L2) associated with eigenvalue )\, for s =

L,...,mis given by Vs = (vs1, . .. ,U3m>T, where vy (f = 1,...,m) are given by the following expres-
sions:,
Vsm = 1,
Us(m—1) = =2, (3.2)
gy = — PO R 1,2
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Proof. Recall that the diffusion matrix is positive definite, hence its eigenvalues are necessarily pos-
itive, the eigenvectors of the diffusion matrix associated with the eigenvalues )\, are defind as V' =
(v1,...,vm)" . For an eigenpair (X, V), the components in A,V = AV are

a1v1 + blUQ = )\Ul,

by_1Vg—1 + agvg + bpvgy = Avg, 2 <4 <m— 1,

bi—1Vm—1 + AUy = AUy,
If v,, = 0, then under the assumption by # 0 for all £ = 1,...,m — 1 we have that all v, are zero. We
can therefore take v,, = 1 and V' = (vy,...,v,,_1) is a solution of upper triangular system

be—1ve—1 + (ag — AN) v+ bpvgy =0, 2<0<m—2,
bm—2vm—2 + (am—l - )\) Um—1 = _bm—h
bmflvmfl =A— Q-

The solution of this system is given by

Um—1 = b;i?’
bevet1+(ag—A) vy
1)1271=——+b£(_1 e p—m—1,...,2

4. Invariant Regions

Usually to construct an invariant regions for systems such (L.I) we make the linear change of variables
u; defined by the formula to obtain a new equivalent system with diagonal diffusion matrix for
which standard techniques can be applied to deduce global existence (see, e.g., Kouachi [14]).

Since the initial conditions are in 26’3, then under the assumptions (A1)-(A2), the next proposition
says that the classical solution of the system with the boundary conditions and initial data
(L3) on [0, Thnaz) X €2 remains in 2673 for all ¢ in [0, T}az )-

Proposition 4.1. Suppose that the assumptions (Al)-(A2) are satisfied. Then for any Uy in 26’3 the
classical solution U of the system (1)) with the conditions (L4)-(L3) on [0, Tiyaz) X € remains in 2673
foralltin |0, Thaz)-

Proof. Let Vi = (vg, ... ,vsm)T be an eigenvector of the matrix A,, associated with its eigenvalue
(As)™, where A\; > Ay > ... > \,,. Multiplying the k" equation of by (—=1)#V, is = 1,2 and
k =1,...,m, and adding the resulting equations, we get

Wi — diag(A1, Aay - oo, ) AW =T (W) in (0, +00) X £, 4.1)

with the boundary conditions and initial data are satisty
aW+(1—-—a)0,W =T on (0,400) x 0f2, 4.2)
and

W (0,2) =W, in €, 4.3)
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where
W= ((w8>;n:1>T7 Ws = <(_1)is‘/:?7 U> ) (4.4)
U= ((T))", To=((-1)"V,,F),
L=((p)m)?, )= {(-1)"V,,B),
Wo = (wd)’,  wd = {(=1)"V;,U).

Note that condition (I.3)) guarantees the parabolicity of the proposed system (L. 1), which with the con-
ditions (1.4)-(L.3), is equivalent to (4.1))-(4.3)) in the region:

Ses={Us € R™ :wd = {(~1)"V,,Up) > 0 if p0={((~1)"V,,B) >0},
where s = 1,...,m and i, = 1, 2. This region can be written as:

0= (V,,Up) >0 ifpY = (V,,B) >0,s€ &
— R™ . 5 ’ - H i —
263 {%e { g:@@MﬁSOiﬂ8=U@B>SQzeB}

where
GN3=0,6U3={1,2,...,m}.

This implies that the components w; are necessarily positive. ]

Once the invariant regions are constructed, one can apply the Lyapunov technique and establish the
global existence.

5. Existence of global solutions

It is well-known that in order to prove the global existence of solutions to a reaction-diffusion system

(see, e.g., Henry [7] and Rothe [18]) it suffices to derive a uniform estimate of the associated reaction

n

term on [0, Tinay) in the space LP (€2) for some p > 4. Our aim is to construct Lyapunov polynomial

functionals allowing us to obtain L”-bounds on the components, which leads to global existence.

Since the reaction terms V,, s = 1,...,m are continuously differentiable on R, it follows that for

any initial data in C'(£2), it is easy to check directly their Lipschitz continuity on bounded subsets of the
domain of a fractional power of the operator

MA O .0
0 XA ... 0

D=—1 . . . N (5.1)
0 0 ... A

Under these assumptions, the local existence result is well known (see Friedman [6], Henry [7], Pazzy

[L7D).

Assumption (A1) contains smoothness and quasi-positivity conditions that guarantee local existence
and nonnegativity of solutions as long as they exist, via the maximum principle (see Smoller [19]).
Assumption (A3) is the usual polynomial growth condition necessary to obtain uniform bounds from
p-dependent LY estimates, (see Abdelmalek and Kouachi [4], and Hollis and Morgan [9]).
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Before we present the main results of this paper, let us define
Kf =K/ K = [H7) r=3,...,1, (5.2)

where

HT det ] ! k=r—2 det [k o(r—k—2) 5 1
RS (A1) 7£k:7£l._.1.7..7.’r+ (det [£]) A A

K7 —Al)\ZHQ (et H9 e lnek 1

.

P
positive value

and
2 -1 2 2 m—1 2
H} = My 2on L0 T 0 [0 A — A Au]
k=2 k=1
M positive value
the exprission det | (ask) denotes the determinant of the r-square symmetric matrix ob-
1<s,k<I s#L,..r+1
k#£l—1,..r
tained from (as ), <, by removing the (r+1)", (r42)™" .. " rows and the ", (r+ 1), ... (I—
1) columns, and det [1], ..., det [m] are the minors of the matrix (as),., ;- The elements of the
matrix are:
As + Ak o per1)?  pPa—t)” g2 (o +2)°
G = = 2o Bk gpt N RN i 00, (5.3)
where )\, is defined in (3.1). Note that A, = 2/\\/% forall s,k = ,myand s, s =1,...,(m—1)
are positive constants.
The main results are based on the following key proposition.
Proposition 5.1. Suppose that the functions Vs, s = 1,...,m, are of polynomial growth and satisfy
conditions (L7) and (L8). Let (w1(t,.),ws(t,.), ..., wny(t,.)) be the solution of @.1)-@.3) and
t) = [Hp, (w1 (t,x) ,we (t,x), ..., wy (t,2))dz, (5.4)
Q
where
Pm 2
Hy (w1, s, w) = 5 . > CBnot ORI eﬁg’; R ST

Pm71=0 p1:0

with py, is a positive integer and Cl* = D! - Also suppose that the following condition is satisfied

Ps!(Pe—ps

Kl >0,1=2,...,m. (5.5)

where K ll was defined in (3.2)). Then the functional L is uniformly bounded on the interval [0, T%],T* <
Tmaw-

Before proving this proposition, we first need the following preparatory Lemmas, see [[11]] and [4]].
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Lemma 5.2. Let H,, , be the homogeneous polynomial defined by (5.4)). Then

pm_l _ 1 2
auqum = i Z Z pm 1 Cpleim-i-l) N ‘9((:1(71)1)+ )
Pm—1= 0 p1=0
% w1171w1272*p1w§3*p2 o w%m_l)_pm_l, (5.6)
pm_l 2 p 1 1 (p(m—1)+1)2
00y, =pn 3 o S Cpm L apt el
Pm—-1= 0 p1= =0
) P wh P BT P Pmot (5.7)
foralls=2,.... m—1, and
ot R — P2 ~P1 pP D3 Plm—1)
I m— 2 1 m—
Ownm Hp,, = pmp E::O .. 'péocpmfl OO 011057 '9(m71)
x WPk Pbi P w%)mfl)*pmfl_ (5.8)
Lemma 5.3. The second partial derivatives of H,, & are given by
Pm—2 P3 P2 p 1
aw%Hn = DPm (pm - 1) Z Z Z R 0521
Pm—1= 0 p2=0p1=0
2
mo1)+2 _ _9)_
NS .9((5;_1)” V ur | qplon2rmes, (5.9)
Pm—2
angn = DPm (pm - 1) Z Z 5: 12 0521
Pm—1= O pP1= =0
p2 p2 P%S_l) <2 2 (p(m_1)+2)2
911022 o .. 0(871) egp + ) DY e(m_l)
Wl P P2 Pt (5.10)
foralls=2,.... m—1, and
Pm—2
awswan = DPm (pm - 1) Z Z Cpm 1 0521
Pm—1= 0 p1= =0
p2 »2_ (ps+1)? (pp—1+1)? (Prt2)? <p(m_1)+2)2
>< 01 DT 95_1 95 o e ek:_l 0[{: DT e(m_l)
x wltwh? P P Pmo (5.11)
forall 1 < s < k < m. Finally, the second derivative in w,, is
P2 p 1 D1 p% p%m—l)
Ow2 Hy = D (P — 1)p ; ; plz:() OOy .«9(m_1)
X Ptk P qpPm=2)mpmet (5.12)

Lemma 5.4. Let A, be the m-square symmetric matrix defined by A,, = (asx) with 1 < s,k < m.
Then

k=m—2
K™ =det[m] [[ (det[k])*™ "2 m>2,

k=1 (5.13)
K2 = det [2],
where the expressions of K! and H! are already defined in (3.2).
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Proof of Proposition 5.1l The aim is to prove that L(t) is uniformly bounded on the interval [0, 7], T* <
Tomaz- Let us start by differentiating L with respect to ¢.

L(t) = [0H, dx = [S 0w H,, 2 dn
Q Q=1 ot

S0 H,, (\Aw, + W) da

Qs=1
=1+ J,
where
I= ({i/\S&USHpmAwsdm, (5.14)
and
J = ({i@wsHpm\Psdm. (5.15)

Using Green’s formula, we can divide [ into two parts /; and /5, where

I = [ > Xs0u, Hy,, Opwsda (5.16)
0N s=1
and
As + A
L=—[(T, (ﬂawkwsﬂpm> T dz, (5.17)
Q 2 1<s,k<m
where

T = (Vwy, Vs, ..., Vwy,)T.
Applying Lemma(5.2] and Lemma[5.3] yields

As + A P2 P2 B
(—k@wkwsHpm> =pm(Pm—1) > .. X Ch . (5.18)
2 1<s5,k<m pm—1=0 p1=0

P1 D1 (pm—2)—pm—1
c ((a37k)1587k§m) wit.ow

where (a5 ), -, <, is the matrix defined in (5.3).
Now, in order to prove that [ is bounded, we will show that there exists a positive constant C'y independent
of t € [0, T}4z) such that

L <Cy forall te€l0,Tha), (5.19)
and that
I, <0, (5.20)

for several boundary conditions. First let us prove (5.19):

(i) If 0 < a < 1, then using the boundary conditions we obtain

I = f Y AsOw, Hp,, (75 — 0sws) ds,
0N s=1
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where

and v, = ,s=1,...,m.
Since

H (W) = S A0, Hy,, (4 — 04t0s) = Po_y (W) — Q (W)

s=1
where P, 1 and (),, are polynomials with positive coefficients and respective degrees n — 1 and n,
and since the solution is positive it follows that

limsup H (W) = —oc, (5.21)

Z |ws|—+o0
s=1
which proves that H is uniformly bounded on R and consequently proves (5.19).

(i) IfVs = 1,...,m : « = B, = 0, then the boundary conditions (#.2)) become J,w, = 0,Vs =
L,...,mon[0,T,4) x 0. Consequently, from (5.16), it follows that /; = 0 on [0, T},42)-

(i11) The case of homogeneous Dirichlet conditions is trivial, since in this case the positivity of the
solution on [0, T},4,) X  implies 0wy < 0,Vs = 1,...,mon [0, T;4,) x 0. Consequently, one
obtains the same result in (3.19) with Cy = 0. Hence the proof of (5.19)) is complete.

Now, we prove (5.20). The quadratic form (with respect to Vwsg, s = 1,...,m) associated with the ma-
trix (asx)1<s k<m Which we defined in (5.3) is positive definite since its minors det[1], det[2], ..., det[m]
are all positive. Let us prove their positivity by induction. The first minor

2
det [1] = ,\1Q§P1+2)29(p2+2)2 - e(p(m_l)Jrz) »

2 Oim-1)
forp; = 0,....p2, p2o =0,...,p3,..., Pm-1 = 0,...,pn — 2. For the second minor det[2], and
according to Lemma[5.4] we have:
am—1 2
detf2] = K = Xdaf ™ IO [0 — A3

Using (5.5) for | = 2 we get det[2] > 0. Similarly, for the third minor det[3], and again using Lemma
we have:

K3 = det [3] det [1] .
Since det[1] > 0, we conclude that
sign (K3) = sign(det[3]).

Again, using (5.5)) for [ = 3, we obtain det[3] > 0. To conclude the proof, let us suppose det[k] > 0 for
k=1,2,...,1—1, and show that det[l] is necessarily positive. We have

k=1-2 o(i—k—2)
detlk] >0,k =1,...,(l—1)= ][] (det[k]) > 0. (5.22)
k=1
From Lemma we obtain
k=l—2

K} =det[l] T[ (det[k])*!=*=2)
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and from (5.22)) , we obtain sign(K}) = sign(det[l]).

Since K} > 0 according to (5.3), then det[l] > 0 and the proof of (5.20) is finished. It follows from(5.19)
and (5.20)) that I is bounded. No let us prove that .J in (3.13)) is bounded. Substituting the expressions of
the partial derivatives given by Lemma[5.2]in the second integral of (5.13) yields

Q Pm—1—= 0 p1= =0

Ppm—1
_ CPm—1 p1,, P2—P1 Pm—1—pm—1
J = f [pm Z Z pm,1 C’plwl Wy W m ]

=2 k=1 s=k

— —1k—1 m—
<H oD g, +Z Hepk HepS“ Uy + Heps )da:

pm—1

= f [ m Y Z Cgmill Cpl pl p2 p1_._w%m1pm1]
Q

pm—1=0 p1=0

m—1 Ps —1k—1 m— Ps m—1
<H 9( +1)2 \111—1- Z H Hpk H 9(0+1) \IJk—l—\If ) H Hggdx
s=1

— o —2 k=1 s=k 05

_ CPm—1 P1opPLopP2 P Pm—1—pm—1
f[m Z Z pm—1" C{1w1w2 - Wm ]

Q
(ps+1> am—1 o412 m=2 o (pm- 1+1)3 m-1
bs 6P 0s Dk Om 2
<<H EH o ,--.,Hé)k—z 1,0 [T 07 da.

k=1 ot
Hence using the COHdlthIl (7)), we deduce that

Pm—1
J<Csf

D2
DY ch.. Cpm SJwitwh P .wﬁ{”_l_pm‘l (1+ (W, 1>)] dzx.
Q

Pm—1=0 p1=0

To prove that the functional L is uniformly bounded on the interval [0, 7], let us first write

pm—1 P2
SO O TP ke TP (1 (W 1)
Pm—1=0 p1=0
= Ry, (W) +5p,,—1 (W),
where R, (W) and S,,,_1 (W) are two homogeneous polynomials of degrees p,,, and p,,_1, respectively.
Since all the polynomials H,,, and I?,, are of degree p,,, then there exists a positive constant C such

that
prm (W)dz < C@prm (W) dz. (5.23)
Q Q

Applying Holder’s inequality to the following integral one obtains

pm—1

S Sp—1 (W) der < (m‘mﬂ)ﬁ <f (Spp—1 (W)>p’€lnil dx) o
o Q

Since for all wy, ws, ..., wy,,—1 > 0 and w,, > 0

(Sprm—1 (W))p:ﬁl ~ (Spt (@, @0, T 1))51—"1—1

Hpm (W) B Hpm (3:17 X2,y Tm—1, 1) ,
where for all 36{1,2,...,m—1}:x5:#i1and
Pm
Sy, _1,1))pm—T
lim ( Pm 1($17$27 y Tm—1, )) <+OO,

Ts—+00 H,, (z1,22,...,Tm-1,1)
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one asserts that there exists a positive constant C7 such that

ot (W)
H,, (W)

S
( P < 07, for all w1, W, ..., Wn—-1 > 0. (524)

Hence the functional L satisfies the differential inequality

pm—1

L'(t) < CeL (t) + Cs L5 (1),

which for Z = Lo can be written as
pmZ < CeZ + Cs. (5.25)
A simple integration gives the uniform bound of the functional L on the interval [0, 7*]. This ends the
proof. ]
We can now establish the main results of this paper.

Theorem 5.5. Under the assumptions (Al)-(A3), all solutions of (4.1)-(d.3) with positive initial data in
L> () are in L™ (0,T*; LP (2)) for some p > 1.

Corollary 5.6. Under the assumptions of Theorem and assuming moreover that the condition
is satisfied, all solutions of A.1))-(4.3) with positive initial data in L™ (2) are global for some p > %
Proof of Theorem The proof is an immediate consequence of Proposition 5.1l and the inequality

[ (W, 1)’ dx < CoL (t) on [0,T7], for some p > 1. (5.26)
Q

O

Proof of Corollary 5.6l From Theorem[5.3] it follows that there exists a positive constant C'y such that

f <W, 1>p dx S CIO- (527)
Q

From (L.8), we have that for all s € {1,2,...,m}
Wy (W)F < Cuy (14 (W, 1)) (5.28)

Since wy, wy, . .., wy, are in L= (0,7*; LP (1)) and £ > %, then the solution is global. O

6. Final remarks

Recall that if V' = (vg1, vs2, ..., vsm)T 1s an eigenvector of diffusion matrix AT associated with eigen-
value A, then (—1)V is also. Let us consider the diagonalizing matrix of eigenvectors

P= (1)1 (~1#Va 1 (<)),

with the powers i
is€{1,2},s=1,...,m.
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Pre-multiplying the system by PT yields
PT(U, — A, AU) = PTF
PTU, — APT AU = PTF
PTU, — APTA,,(P")'PTU = PTF. (6.1)
Now, let us simplify the expression P A,,(PT)~1, PTU and PTF
PTAm(PT)il — PT(AZQ)T(Pil)T
= (A, P) (P!

— (P 'AT pYT
= (diag( M1, Moy -, Am))T
= diag()\l, )\2, ce ,)\m>. (62)
PTU = ((=D)" Vi1 (=D)2Vy 1 ..o (1) V) TU
= (<(_1)15Vi7 U> ’ <(_1)is‘/27 U> PRI <(_1>isvm’ U>)T
= (wy,wy, ..., wy)T =W. (6.3)
Hence, PTU; = W;. Similarly, we get
PTF = ((=1D)"Vi 1 (=1)2Vy 1 ... (=) V) TF
= (((=1)"Vi, F) {(=1)2Va, F) ... (1) V;, F))"
= (U, Ty,...,0,) =W, (6.4)

Substituting (6.2)-(6.4)), in (6.1)) results in the equivalent system (4.1)). Pre-multiplying by PT, we
get the boundary condition (4.2])

aPTU + (1 - a)0,PTU = PTB, (6.5)
where
P'B = ((-1)"Vi1 (=1)2Va1...1 (=1)V,,)TB
= (((=1)"Vi, B) . ((=1)*Va, B) ..., (1) V;u, B))"
= (p},05,...,p%) =T (6.6)

Substituting (6.3) and (6.6) in (6.5) gives the boundary condition for the equivalent system (4.1)).
Note that condition (L.3)) guarantees the parabolicity of the proposed reaction-diffusion system in (L))
with the conditions (L.4)-(1.3)), which implies it is equivalent to (4.1))-(4.3)) in the regions:

> ={Uo e R™ :w) = ((—1)"V;,Up) > 0if p = ((—1)"*Vi, B) > 0},

where i, € {1,2},s=1,...,m.

e If i, = 1, we have

ZSZ{erRmiwg

(—1)V4, Up) > 01if p2 = ((~1)Vi, B) >0},
tantamount to

Yes = {U € R :wl = (V.,Up) <0if pY = (V, B) <0,z € 3}
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e [f 1, = 2, we have
5, = {Uo € R™: wfl = (Vi,Ug) > 0if 0 = (Vi, B) > 0}
equivalent to

Yes=1Uo € R" :wl=(V,,Up) 2 0if p! = (V;, B) < 0,5 € &}

Then for s = 1,...,m the regions ) are equivalent to following regions

O: > . O: >
de3 = {Uo € R™such that{ wy = (Vs,Up) 20 if py = (Vi,B) 20,5 €& }

wd = (V,,Up) <0 ifp?=(V,,B) <0,2€3

where

SGN3=0,6U3={1,2,...,m}.
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